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4 Lqwurgxfwlrq

Rqh ri wkh pdlq lpsolfdwlrqv ri d prqhwdu| xqlrq lv wkh orvv ri wkh h{fkdqjh
udwh dqg prqhwdu| srolf| dv lqvwuxphqwv ri pdfurhfrqrplf vwdelol}dwlrq1 Lq
wkh devhqfh ri ixoo|  h{leoh sulfhv dqg zdjhv/ dv zhoo dv oderxu prelolw|/ dv
dgmxvwphqw phfkdqlvpv/ jryhuqphqwv kdyh wr ghdo zlwk vkrfnv xvlqj �vfdo
srolf|1 Wkh lpsolfdwlrqv ri d prqhwdu| xqlrq uhjduglqj �vfdo srolf| zloo
ghshqg rq wkh dv|pphwu| ri wkh vkrfnv/ ehfdxvh frxqwu|0vshfl�f vkrfnv duh
vxssrvhg wr pdnh gl!fxow wkh zhoo ixqfwlrqlqj ri wkh xqlrq1 Ed|rxpl dqg
Hlfkhqjuhhq +4<<6, �qg wkdw wkh frvwv ri wkh Hxurshdq prqhwdu| xqlrq zloo
eh odujhu li wkh frxqwulhv kdyh wr ghdo zlwk dv|pphwulf vkrfnv/ zklfk uhtxluh
frxqwu|0vshfl�f dgmxvwphqw srolflhv1 Rq wkh rwkhu kdqg/ Hunho0Urxvvh
dqg Pìolw} +4<<8, frqfoxgh wkdw �vfdo srolf| lv dq lpsruwdqw dgmxvwphqw
lqvwuxphqw zkhq idflqj dv|pphwulf vkrfnv1 Pruh uhfhqwo|/ Gulyhu dqg Zuhq0
Ohzlv +4<<<, �qg wkdw wkh srwhqwldo frvwv ri Hxurshdq prqhwdu| xqlrq
iroorzlqj dq dv|pphwulf vkrfn duh vljql�fdqw/ lq sduwlfxodu li �vfdo srolf| lv
qrw xvhg dv d vwdelol}dwlrq wrro +vlplodu uhvxowv fdq eh irxqg lq Gðd} +5333,,1
Ehfdxvh ri wkdw/ zh zloo vwxg| krz �vfdo srolf| frxog ghdo zlwk dv|pphwulf
vkrfnv lq d prqhwdu| xqlrq1

Prvw vwxglhv rq wkh uroh ri �vfdo srolf| lq d prqhwdu| xqlrq kdyh glvfxvvhg
wkh ghjuhh ri vwdelol}dwlrq dqg lqvxudqfh surylghg e| d ihghudo0ohyho exgjhw/
dv zhoo dv wkh ghvljq ri dq dxwrpdwlf lqvxudqfh phfkdqlvp lq rughu wr idfh
frxqwu|0vshfl�f vkrfnv +vhh Vdod0l0Pduwðq dqg Vdfkv +4<<5,/ yrq Kdjhq dqg
Kdpprqg +4<<;,/ dqg Edmr dqg Gðd} +4<<<,/ dprqj rwkhuv,1 Exw/ lq dq|
fdvh/ wkhuh lv qr ixoo djuhhphqw rq wkhvh lvvxhv vlqfh wkh vfrsh ri wkh sursrvdov
lv dq hpslulfdo txhvwlrq1

Pruh jhqhudoo|/ wkh edvlf dvshfwv rq wkh ghvljq dqg lpsohphqwdwlrq ri
�vfdo srolf| lq prqhwdu| xqlrqv duh vxuyh|hg/ dprqj rwkhuv/ lq Jrrgkduw
+4<<8,/ Dohvlqd hw do1 +4<<8, dqg Gh Judxzh +4<<:,1 Lq sduwlfxodu/ d vshfldo
uhihuhqfh wr wkh Hxurshdq prqhwdu| xqlrq fdq eh irxqg lq Pdvvrq dqg
Pìolw} +4<<4,/ zkr vwxg| wkh srvvlelolwlhv ri wkh lqghshqghqfh ri �vfdo srolf|/
uhodwlqj wkh qhhg ri frruglqdwlrq zlwk wkh dv|pphwu| ri wkh vkrfnv> dovr/
Ehhwvpd dqg Eryhqehuj +4<<;, dqdo|vh wkh lpsolfdwlrqv ri �vfdo glvflsolqh
rq �vfdo srolf| frruglqdwlrq1

Xqolnh wkh zlgh udqjh ri vwxglhv rq prqhwdu| srolf| frruglqdwlrq/ wkh
dydlodeoh olwhudwxuh kdv kdugo| glvfxvvhg wkh srvvlelolw| ri �vfdo srolf|
frruglqdwlrq1 Zh frxog phqwlrq/ dprqj rwkhuv/ Nhkrh +4<;:,/ Wxuqryvn|
+4<;;,/ Wdehoolql +4<<3,/ Ervfä dqg Ruwv +4<<4,/ Iuhqnho dqg Ud}lq +4<<5,/
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Ud}lq dqg Vdgnd +4<<7,/ ydq Dduoh dqg Kxduw +4<<:, dqg Gl{rq dqg Vdqwrql
+4<<:,> doo ri wkhp dqdo|vh wzr0frxqwu| prghov/ dowkrxjk Nhkrh h{whqgv wkh
uhvxowv wr d pxowl0frxqwu| prgho1 Lq jhqhudo/ wkh uhvxowv rewdlqhg gr qrw
vxssruw �vfdo srolf| frruglqdwlrq1 Rq wkh rwkhu kdqg/ qrqh ri wkhvh vwxglhv
suhvhqw prghov h{solflwo| ghvljqhg iru d prqhwdu| xqlrq> dq h{fhswlrq lv Gh
Erqlv +4<<7,/ zkr ghyhorsv d prgho iru d prqhwdu| xqlrq +iruphg e| wzr
frxqwulhv,/ dqg dqdo|vhv prqhwdu| dqg �vfdo srolf| frruglqdwlrq ehwzhhq wkh
prqhwdu| xqlrq dqg wkh uhvw ri wkh zruog1

Jlyhq wkh lqwhughshqghqfh wkdw d prqhwdu| xqlrq lpsolhv/ wkh txhvwlrq
lv zkhwkhu �vfdo srolf| frruglqdwlrq pd| eh suhihudeoh wr qrq0frrshudwlyh
vroxwlrqv1 D uhfhqw olqh ri uhvhdufk kdv glvfxvvhg wkh dgydqwdjhv ri �vfdo
srolf| frruglqdwlrq lq wkh Hxurshdq prqhwdu| xqlrq1 Wkh lqvwlwxwlrqdo
iudphzrun surylghg e| wkh Pddvwulfkw Wuhdw|/ uhjduglqj h{fhvvlyh gh�flwv/
fdq eh lqwhusuhwhg dv d uxoh ri frrshudwlrq1 Exw lpsrvlqj olplwv rq gh�flwv
gr qrw uhgxfh ulvn1 Dv phqwlrqhg lq Ervfä dqg Ruwv +4<<4, wkh Pddvwulfkw
fulwhuld grhv qrw dvvxuh dq h!flhqw �vfdo srolf|/ xqohvv wkh olplwv duh wkh
uhvxow ri dfwlqj frrshudwlyho|1 Exlwhu hw do1 +4<<6, frqfoxgh wkdw lq wkh
Hxurshdq prqhwdu| xqlrq/ xqfrruglqdwhg �vfdo srolflhv pd| eh lqh!flhqw
exw lw lv qrw srvvleoh wr ghwhuplqh li wkh| ohdg wr dq h{fhvvlyh gh�flw1 Pruh
uhfhqw vwxglhv glvfxvv wkh lpsolfdwlrqv ri wkh �vfdo glvflsolqh hqirufhg e| wkh
Sdfw iru Vwdelolw| dqg Jurzwk +vhh h1j1 Hlfkhqjuhhq dqg Z|sorv} +4<<;,
dqg Revwihog dqg Shul +4<<;,,1 Lw kdv ehhq dujxhg wkdw wkh Vwdelolw| Sdfw
uhsuhvhqwv d pruh frpsoh{ uxoh ri frrshudwlrq/ vlqfh lwv frqvwudlqwv duh pruh
uhvwulfwlyh wkdq wkh olplwv ri wkh Pddvwulfkw Wuhdw|/ uhgxflqj �vfdo srolf|
 h{lelolw| dqg wkh h{whqw ri dxwrpdwlf vwdelol}dwlrq1 Exw wkh qhhg ri �vfdo
srolf| frruglqdwlrq lq d prqhwdu| xqlrq lv vwloo dq rshq lvvxh1

Wkh dlp ri wklv sdshu lv wr wu| wr r�hu d uhvsrqvh wr wkdw txhvwlrq/
e| vkrzlqj gl�huhqw k|srwkhvlv rq wkh vfhqdulr dqg hyroxwlrq ri d prqhwdu|
xqlrq1 Wklv zloo ohw xv nqrz xqghu zklfk frqglwlrqv �vfdo srolf| frruglqdwlrq
pljkw eh xvhixo1

Dv phqwlrqhg hduolhu/ prvw vwxglhv rq �vfdo srolf| frruglqdwlrq gr qrw
ghyhors d prgho iru d prqhwdu| xqlrq dqg wkh| gr qrw dozd|v lqfoxgh wkh
vxsso| vlgh hlwkhu1 Wkh rqo| h{fhswlrq/ wr rxu nqrzohgjh/ lv Gh Erqlv +4<<7,/
zkr ghyhorsv d wkuhh0frxqwu| prgho +wzr ri wkhp iruplqj wkh prqhwdu|
xqlrq/ dqg wkh uhvw ri wkh zruog, exw/ zkhq dqdo|vlqj wkh srvvlelolwlhv ri
frruglqdwlrq/ vkh vwxglhv wkh lqwhudfwlrq ehwzhhq wkh prqhwdu| xqlrq dqg
wkh uhvw ri wkh zruog/ zklfk lv htxlydohqw wr dqdo|vh d wzr0frxqwu| prgho1

Lq wklv sdshu/ zh zloo ghyhors dq djjuhjdwh ghpdqg0djjuhjdwh vxsso|
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wkuhh0frxqwu| prgho lq zklfk frxqwulhv vkrz gl�huhqw suhihuhqfhv uhjduglqj
remhfwlyhv/ dqg idfh dv|pphwulf glvwxuedqfhv1 Wzr ri wkh frxqwulhv irup d
prqhwdu| xqlrq zkhuh dq lqghshqghqw fhqwudo edqn frqwurov prqhwdu| srolf|/
dqg �vfdo srolf| lv ghwhuplqhg e| �vfdo dxwkrulwlhv dw wkh qdwlrqdo ohyho1 Wkh
exgjhw gh�flw lv wkh rqo| lqvwuxphqw xvhg wr pdlqwdlq wkh hfrqrplf srolf|
wdujhwv/ dqg �vfdo dxwkrulwlhv kdyh wr fkrrvh wkh rswlpdo exgjhw gh�flw lq
hdfk frxqwu| lq rughu wr ghdo zlwk prqhwdu|/ uhdo dqg vxsso| vkrfnv1 Wkh
dxwkrulwlhv fdq dfw lqglylgxdoo| ru frrshudwlyho| dqg/ lq wkh uhvw ri wkh sdshu/
zh lghqwli| dxwkrulwlhv* frrshudwlrq zlwk srolf| frruglqdwlrq1

Dv dq ruljlqdo frqwulexwlrq ri wklv sdshu/ wkh vxsso| vlgh lv hperglhg lqwr
wkh prgho/ dqg d prgho h{solflwo| ghvljqhg iru d prqhwdu| xqlrq lv ghyhorshg1
Pruhryhu/ zkhq dqdo|vlqj wkh uroh ri �vfdo srolf| wr idfh vkrfnv iurp erwk
d phpehu frxqwu| ri wkh xqlrq dqg wkh uhvw ri wkh zruog/ zh wuhdw yduldeohv
iurp wkh uhvw ri wkh zruog dv hqgrjhqrxv> lq rwkhu zrugv/ zh ghyhors d prgho
iru d �elj� prqhwdu| xqlrq1 Dq lpsruwdqw uhvxow ghulyhg iurp rxu dqdo|vlv
lv wkdw wkh ghvludelolw| ri �vfdo srolf| frruglqdwlrq lv qrw rqo| uhodwhg wr
wkh fkdudfwhulvwlfv ri wkh vkrfnv/ exw lv dovr uhodwhg wr krz wkhlu h�hfwv duh
wudqvplwwhg dfurvv frxqwulhv1 Lq sduwlfxodu/ wkh uroh sod|hg e| wkh fkdqqhov
ri wudqvplvvlrq ri wkh vkrfnv +wkh djjuhjdwh ghpdqg/ dqg wkh lqwhuhvw udwh
dqg wkh h{fkdqjh udwh, zloo suryh wr eh ghflvlyh iru wkh uhvxowv1

Wkh pdlq uhvxowv ri wkh sdshu duh/ �uvw/ wkdw �vfdo srolf| frruglqdwlrq
ehwzhhq wkh phpehu frxqwulhv ri wkh xqlrq lv frxqwhusurgxfwlyh zkhq
djjuhjdwh ghpdqg lv wkh fkdqqho ri wudqvplvvlrq ri wkh vkrfnv/ lqghshqghqwo|
ri wkh qdwxuh +ghpdqg0vlgh ru vxsso|0vlgh, dqg wkh ruljlq ri wkh vkrfnv +d
frxqwu| ri wkh xqlrq ru wkh uhvw ri wkh zruog,1 Vhfrqg/ zkhq wkh lqwhuhvw
udwh dqg wkh h{fkdqjh udwh dfw dv wkh fkdqqho ri wudqvplvvlrq ri wkh vkrfnv/
frrshudwlrq lv frxqwhusurgxfwlyh rqo| djdlqvw uhdo vkrfnv iurp wkh prqhwdu|
xqlrq1 Krzhyhu/ frrshudwlrq uhvxowv xvhixo iru wkh uhvw ri wkh fdvhv> wkdw lv/
zkhq ghdolqj zlwk uhdo vkrfnv iurp wkh uhvw ri wkh zruog/ dqg zlwk prqhwdu|
dqg vxsso| vkrfnv lqghshqghqwo| ri wkhlu ruljlq1

Wkh sdshu lv vwuxfwxuhg dv iroorzv1 Lq vhfwlrq 5 d wkhruhwlfdo prgho iru
d prqhwdu| xqlrq lv ghyhorshg/ zklfk zloo doorz xv wr vwxg| wkh h�hfwv ri
vkrfnv rq wkh xqlrq*v phpehu frxqwulhv1 Qh{w/ lq vhfwlrq 6 zh dqdo|vh lq
vwudwhjlf whupv krz wkh dxwkrulwlhv fdq ghdo zlwk vkrfnv xvlqj �vfdo srolf|
zlwk vwdelol}lqj sxusrvhv1 Zh dovr vkrz krz �vfdo srolf| frruglqdwlrq pd|
lqwhuqdol}h wkh vslooryhu h�hfwv ri dq lqglylgxdo ghflvlrq dqg zh h{dplqh krz
wkh vxshulrulw| ri wkh frrshudwlyh vroxwlrq ghshqgv rq wkh vrxufhv ri wkh
glvwxuedqfhv/ wkh xqghuo|lqj hfrqrplf iudphzrun/ dqg wkh dv|pphwu| ri
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wkh suhihuhqfhv1 Lq vhfwlrq 7/ zh glvfxvv wkh zhoiduh dvshfwv ri wkh rswlpdo
vroxwlrq dqg wkh h{whqw wr zklfk d frpprq �vfdo srolf| pd| lq xhqfh wkh
shuirupdqfh dqg hyroxwlrq ri wkh prqhwdu| xqlrq1 Ilqdoo|/ lq vhfwlrq 8 zh
suhvhqw wkh pdlq frqfoxvlrqv1

5 Wkh prgho

Zh zloo frqvlghu d prgho ri wzr v|pphwulf hfrqrplhv= wkh prqhwdu| xqlrq
dqg wkh uhvw ri wkh zruog/ zlwk  h{leoh h{fkdqjh udwhv dqg shuihfw fdslwdo
prelolw| ehwzhhq wkhp1 Doo wkh yduldeohv duh gh�qhg dv udwhv ri fkdqjh dqg
wkrvh iurp wkh uhvw ri wkh zruog duh ghqrwhg zlwk dq dvwhulvn1

Wkh prqhwdu| xqlrq lv ghvfulehg e| wkh iroorzlqj vhw ri htxdwlrqv/ zkhuh
doo sdudphwhuv/ ghqrwhg e| Juhhn ohwwhuv/ duh qrqqhjdwlyh=

+ ' �koz n �} n qEez n RW � R� n B+W n s +4,

6� R ' w+ � �oz +5,

RS ' E� � >�Rn >ERW n ez� +6,

� � 0RS ' �RoJ_� #�n 5 � � +7,

R� � ' ��RoJ_ � )� +8,

+r ' ?n RoJ_ +9,

Htxdwlrq +4, uhsuhvhqwv wkh jrrgv pdunhw htxloleulxp frqglwlrq1 Rxwsxw
ghshqgv rq wkh zruog lqwhuhvw udwh oz/ wkh exgjhw gh�flw }/ wkh uhdo h{fkdqjh
udwh ehwzhhq wkh xqlrq dqg wkh uhvw ri wkh zruog EeznRW�R�/ wkh uhvw ri wkh
zruog*v rxwsxw +W/ dqg d srvlwlyh uhdo vkrfn s 1 Qrwlfh wkdw wkh dvvxpswlrq
ri shuihfw fdslwdo prelolw| lpsolhv wkdw o ' oW ' oz1 Zh dovr dvvxph wkdw
wkh Pduvdoo0Ohuqhu frqglwlrq krogv/ vr wkdw d uhdo h{fkdqjh udwh ghsuhfldwlrq
ohdgv wr d srvlwlyh h�hfw rq wkh edodqfh ri wudgh dqg rxwsxw ri wkh prqhwdu|
xqlrq/ zklfk lpsolhv q wr eh srvlwlyh1
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Htxdwlrq +5, vkrzv wkh prqh| pdunhw htxloleulxp frqglwlrq/ zkhuh 6

ghqrwhv wkh xqlrq*v prqh| vxsso|/ dqg wkh ghpdqg iru prqh| ghshqgv rq
wkh xqlrq*v rxwsxw dqg wkh zruog lqwhuhvw udwh1

Htxdwlrqv +6, wr +9, uhsuhvhqw wkh djjuhjdwh vxsso| ri wkh hfrqrp|/ exlow
dorqj wkh olqhv ri Od|dug/ Qlfnhoo dqg Mdfnpdq*v +4<<4, prgho/ +vhh dovr
Qlfnhoo +4<<3, iru d vxuyh|,1 Htxdwlrq +6, lv wkh gh�qlwlrq ri wkh frqvxphu
sulfh lqgh{/ dv d zhljkwhg dyhudjh ri wkh xqlrq jrrgv* dqg wkh lpsruwhg
jrrgv* sulfhv lq whupv ri wkh frpprq fxuuhqf|1

Htxdwlrq +7, vkrzv wkdw qrplqdo zdjhv duh ghwhuplqhg e| wkh ghjuhh ri
lqgh{dwlrq zlwk uhvshfw wr wkh frqvxphu sulfh lqgh{/ ghshqglqj rq 0> oderxu
surgxfwlylw|/ RoJ_> wkh xqhpsor|phqw udwh/ �> zdjh suhvvxuh idfwruv/ 5> dqg
wkh zd| lq zklfk djhqwv irup wkhlu h{shfwdwlrqv/ fdswxuhg e| wkh yduldeoh �1

Wkh sdudphwhu 0 ghqrwhv wkh ghjuhh ri zdjh uljlglw|/ zlwk f _ 0 _ �1
Wkh ydoxh 0 ' � lpsolhv uhdo zdjh uljlglw|/ vr wkdw qrplqdo zdjhv duh ixoo|
lqgh{hg wr fkdqjhv lq wkh frqvxphu sulfh lqgh{ RS> zkhuhdv li 0 ' f zh kdyh
qrplqdo zdjh uljlglw|1 Lq rxu prgho/ zh zloo dvvxph wkh lqwhuphgldwh fdvh
vr wkdw f 	 0 	 �1

Rq wkh rwkhu kdqg/ wkh h�hfwv ri h{shfwdwlrqv rq wkh frqvxphu sulfh
lqgh{ lv fdswxuhg e| wkh yduldeoh �1 Lq d �Qhz Fodvvlfdo Pdfurhfrqrplfv�

iudphzrun/ dvvxplqj udwlrqdo h{shfwdwlrqv/ wkh glvfuhsdqflhv ehwzhhq wkh
dfwxdo fkdqjh lq wkh frqvxphu sulfh lqgh{ dqg lwv h{shfwhg fkdqjh lv gxh wr
udqgrp djhqwv* plvwdnhv/ l1h1= RS� ReS ' eooJo/ vr wkdw � @ 0 eooJo / dqg li
eooJo lv htxdo wr }hur +l1h1 wkh djhqwv gr qrw pdnh plvwdnhv, iru 0 9' f/ wkh
xqhpsor|phqw udwh rewdlqhg iurp htxdwlrqv +7, dqg +8, zloo eh wkh qdwxudo
udwh ri xqhpsor|phqw1 Dowhuqdwlyho|/ lq d �Qhz Nh|qhvldq Pdfurhfrqrplfv�

iudphzrun/ li wkh djhqwv irup wkhlu h{shfwdwlrqv dvvxplqj wkdw wkh h{shfwhg
fkdqjh ri wkh frqvxphu sulfh lqgh{ lv htxdo wr lwv fkdqjh lq wkh suhylrxv
shulrg/ ReS ' RSc3�/ wkhq RS� ReS ' RS � RSc3� ' { RS/ dqg � ' 0{ RS zrxog
fdswxuh fkdqjhv lq wkh lq dwlrq udwh iru wkh frqvxphu sulfh lqgh{1 Lq wkdw
fdvh/ iru 0 9' f/ wkh xqhpsor|phqw udwh rewdlqhg iurp htxdwlrqv +7, dqg +8,
zloo eh wkh QDLUX1 Wkhuhiruh/ wklv jhqhudo irupxodwlrq doorzv xv wr lqfoxgh
erwk prghov +Qhz Fodvvlfdo dqg Qhz Nh|qhvldq, dv sduwlfxodu fdvhv1

Lq htxdwlrq +8,/ sulfhv duh iruphg e| dgglqj d pdujlq wr zdjhv/ zklfk
ghshqgv rq surgxfwlylw|/ RoJ_/ dqg xqhpsor|phqw udwh/ �1 Zh dovr dvvxph
wkdw wkh sdudphwhu � lv wkh vdph wkdw lq wkh zdjh htxdwlrq +7,1 Wklv
dvvxpswlrq/ zklfk vlpsol�hv wkh dqdo|vlv zlwkrxw dowhulqj wkh edvlf uhvxowv/
lv frpprqo| xvhg lq wkh olwhudwxuh/ dqg lv mxvwl�hg vlqfh lq wkh orqj whup
surgxfwlylw| fkdqjhv gr qrw d�hfw wkh xqhpsor|phqw udwh +vhh h1j1 Od|dug/
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Qlfnhoo dqg Mdfnpdq +4<<4,,1
Ilqdoo|/ htxdwlrq +9, gh�qhv fkdqjhv lq rxwsxw dv wkh vxp ri fkdqjhv lq

hpsor|phqw/ ? / dqg surgxfwlylw|/ RoJ_ 1

Wkh vhfrqg hfrqrp| dqdo|vhg lv wkh uhvw ri wkh zruog1 Dv phqwlrqhg
hduolhu/ zh ghyhors d prgho iru wzr v|pphwulf hfrqrplhv> frqvhtxhqwo|/
htxdwlrqv ghvfulelqj wkh uhvw ri wkh zruog duh htxlydohqw wr wkh prqhwdu|
xqlrq*v htxdwlrqv1 Zh dovr dvvxph dv|pphwulf vkrfnv lq ruljlq ohdglqj
wr gl�huhqw h�hfwv rq wkh xqlrq dqg wkh uhvw ri wkh zruog/ vr zh kdyh wkh
iroorzlqj vhw ri htxdwlrqv=

+W ' �koz � qEez n RW � R� n B+ n sW +:,

6W � RW ' w+W � �oz +;,

RWS ' E� � >�RW n >ER� ez� +<,

�W � 0RWS ' �RoJ_W � #�W n 5W � �W +43,

RW � �W ' ��RoJ_W � )�W +44,

+Wr ' ?W n RoJ_W +45,

Qrwlfh wkdw lq wkh jrrgv pdunhw htxloleulxp frqglwlrq/ zh qhjohfw wkh
�vfdo yduldeoh }W/ zklfk lv lpsolflwo| lqfoxghg lq wkh uhdo vkrfn s W/ vlqfh rxu
dlp lv wr vwxg| wkh uroh ri wkh phpehu frxqwulhv* �vfdo srolflhv zkhq ghdolqj
zlwk h{rjhqrxv vkrfnv1

Iurp htxdwlrqv +4, wr +9, iru wkh prqhwdu| xqlrq dqg +:, wr +45, iru wkh
uhvw ri wkh zruog/ zh fdq rewdlq wkh djjuhjdwh ghpdqg ixqfwlrqv iru hdfk
hfrqrp|=

+_ '
k

� n kw
E6�R�n

q�

� n kw
EeznRW�R�n

B�

� n kw
+W_n

��

� n kw
}n

�

� n kw
s

+46,

:



+W_ '
k

� n kw
E6W�RW��

q�

� n kw
Eezn RW� R�n

B�

� n kw
+_n

�

� n kw
s W +47,

Frpelqlqj wkh gh�qlwlrq ri wkh frqvxphu sulfh lqgh{ +6, zlwk wkh
djjuhjdwh vxsso| htxdwlrqv/ +7, wr +9,/ dqg uhsodflqj � ' , � ? +zkhuh ,

ghqrwhv dfwlyh srsxodwlrq, zh fdq rewdlq wkh prqhwdu| xqlrq*v djjuhjdwh
vxsso|=

+r ' �bE0� ��R� b0>Eez n RW � R�� b5 n b� n , n RoJ_

zkhuh b ' �

#n)
1

Wr vlpsoli|/ zh jurxs doo wkh h{rjhqrxv vxsso| vkrfnv lq d frqwudfwlrqdu|
glvwxuedqfh r=

r ' 5 � � � �

b
, � �

b
RoJ_

zkhuh r hperglhv wkh qhjdwlyh h�hfw rq rxwsxw ri dq lqfuhdvh lq wkh ghjuhh
ri zdjh suhvvxuh/ 5> dqg wkh srvlwlyh h�hfwv ri lqfuhdvhv lq wkh h{shfwdwlrqv
huuruv/ �> dfwlyh srsxodwlrq/ ,> dqg surgxfwlylw|/ RoJ_1

Wkhq/ wkh djjuhjdwh vxsso| ri wkh xqlrq zloo eh=

+r ' �bE0� ��R� b0>Eez n RW � R�� br +48,

dqg/ lq d vlplodu zd|/ iru wkh uhvw ri wkh zruog=

+Wr ' �bE0� ��RW n b0>Eez n RW � R�� brW +49,

zkhuh=

rW ' 5W � �W � �

b
,W � �

b
RoJ_W

514 Wkh frxqwulhv ri wkh xqlrq

Lq rughu wr vwxg| wkh lqwhudfwlrq ehwzhhq wkh phpehu frxqwulhv ri wkh
prqhwdu| xqlrq dqg wkh h{whqw wr zklfk �vfdo dxwkrulwlhv fdq ghdo zlwk
vkrfnv/ zh qhhg wr nqrz wkh hfrqrplf iudphzrun ri wkh phpehu frxqwulhv 4
dqg 51

;



Wkh vhw ri htxdwlrqv iru frxqwu| 4 lv wkh iroorzlqj=

+� ' �koz n �}� n qEez n RW � R�� n qER2 � R��

nB+W n BE+2 � +�� n s� +4:,

RS� '
E�� >�

2
R� n

E�� >�

2
R2 n >ERW n ez� +4;,

�� � 0RS� ' �RoJ_� � #�� n 5� � �� +4<,

R� � �� ' ��RoJ_� � )�� +53,

+r� ' ?� n RoJ_� +54,

Zh dvvxph wkdw frh!flhqw q lv wkh vdph iru erwk wkh sulfh gl�huhqwldo
ehwzhhq wkh xqlrq*v frxqwulhv +qrwlfh wkdw qrplqdo h{fkdqjh udwh glvdsshduv
lq wklv fdvh,/ dqg wkh uhdo h{fkdqjh udwh ehwzhhq wkh xqlrq dqg wkh uhvw ri
wkh zruog1 Lq d vlplodu zd|/ frh!flhqw B lv wkh vdph iru wkh rxwsxw ri frxqwu|
5 dqg wkh rxwsxw ri wkh uhvw ri wkh zruog1 Gl�huhqw dvvxpswlrqv zrxog qrw
fkdqjh wkh edvlf uhvxowv1

Wkh htxdwlrqv iru frxqwu| 5 zrxog eh v|pphwulf=

+2 ' �koz n �}2 n qEez n RW � R2� n qER� � R2�

nB+W n BE+� � +2� n s2 +55,

RS2 '
E�� >�

2
R� n

E�� >�

2
R2 n >ERW n ez� +56,

�2 � 0RS2 ' �RoJ_2 � #�2 n 52 � �2 +57,

R2 � �2 ' ��RoJ_2 � )�2 +58,

+r2 ' ?2 n RoJ_2 +59,

<



Rq wkh rwkhu kdqg/ wkh prqh| pdunhw htxloleulxp frqglwlrq 0htxdwlrq
+5,0 lv frpprq wr wkh wzr frxqwulhv1 Zh fdq uhzulwh lw dv iroorzv=

6�
�

2
R� �

�

2
R2 '

w

2
+� n

w

2
+2 � �oz +5:,

Qrwlfh wkdw/ vlqfh doo wkh yduldeohv duh lq udwhv ri fkdqjh/ wkh yduldeohv ri
wkh prqhwdu| xqlrq duh htxdo wr wkh zhljkwhg vxp ri wkh phpehu frxqwulhv*
yduldeohv/ dqg zh fdq dvvxph wkdw wkhlu uhodwlyh zhljkwv uh hfw wkh edujdlqlqj
srzhu ri hdfk frxqwu| lqvlgh wkh xqlrq1 Wkdw lv/ iru dq| yduldeoh %=

% '
t�

t
%� n

t2

t
%2

zkhuh %c%�c %2 duh wkh udwhv ri fkdqjh ri hdfk yduldeoh iru wkh xqlrq/ frxqwu|
4/ dqg frxqwu| 5 uhvshfwlyho|> tc t�c t2 duh wkhlu ohyhov ri rxwsxw/ dqg t�n
t2 ' t 1 Iru frqyhqlhqfh/ zh kdyh dvvxphg t�

t
' t2

t
' �

2
1 Vr/ iurp wkh

zhljkwhg vxp ri htxdwlrqv +4:, wr +54, dqg +55, wr +59,/ zh fdq rewdlq
htxdwlrqv +4,/ dqg +6, wr +9, iru wkh prqhwdu| xqlrq1

515 Wkh wudqvplvvlrq ri wkh vkrfnv

Iurp htxdwlrqv +4, wr +9, dqg +:, wr +45,/ dqg dvvxplqj htxloleulxp lq wkh
jrrgv pdunhw= +r ' +_ ' + dqg +Wr ' +W_ ' +W/ zh fdq rewdlq wkh uhgxfhg
irupv iru wkh prqhwdu| xqlrq dqg wkh uhvw ri wkh zruog +vhh Dsshqgl{ D1L,1

+ ' @+6	 K+6
W n S+} n _+s 	 �+s

W � �+r� �+r
W +5;,

+W ' @+6
W 	 K+6	 &+} n _+s

W 	 �+s � �+r
W � �+r +5<,

R ' @R6	 KR6
W n SR} n _Rs n �Rs

W n �Rrn �Rr
W +63,

RW ' @R6
W 	 KR6n &R} n _Rs

W n �Rs n �Rr
W n �Rr +64,

Htxdwlrqv +5;, wr +64, vkrz wkh lqwhughshqghqfh ehwzhhq wkh wzr
hfrqrplhv/ jlyhq e| wkh lqwhudfwlrq ri wkh yduldeohv1 Rq wkh rwkhu kdqg/
li wkh yduldeohv ri wkh prqhwdu| xqlrq duh htxdo wr wkh zhljkwhg vxp ri wkh
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phpehu frxqwulhv* yduldeohv/ dqg wkh lqwhudfwlrq wdnlqj sodfh ehwzhhq wkhp
lv htxlydohqw wr wkh lqwhudfwlrq ehwzhhq wkh xqlrq dqg wkh uhvw ri wkh zruog/
zh frxog uhzulwh wkh suhfhglqj htxdwlrqv dv iroorzv +vhh Dsshqgl{ D1L,=

+4 ' @+6	 K
�

+6
W n S

�

+}4 	 S
��

+}5 n _
�

+s4 	 _
��

+s5

	�
�

+s
W � �

�

+r4 � �
��

+r5 � �
�

+r
W +65,

+5 ' @+6	 K
��

+6
W n S

�

+}5 	 S
��

+ }4 n _
�

+s5 	 _
��

+s4

	�
��

+s
W � �

�

+r5 � �
��

+r4 � �
��

+ r
W +66,

+W ' @+6
W 	 K+6	 &

�

+}4 	 &
��

+ }5 n _+s
W

	�
�

+s4 	 �
��

+s5 � �+r
W � �

�

+r4 � �
��

+ r5 +67,

R4 ' @R6	 K
�

R6
W n S

�

R}4 n S
��

R}5 n _
�

Rs4 n _
��

Rs5

n�
�

Rs
W n �

�

Rr4 n �
��

Rr5 n �
�

Rr
W +68,

R5 ' @R6	 K
��

R6
W n S

�

R}5 n S
��

R}4 n _
�

Rs5 n _
��

Rs4

n�
��

Rs
W n �

�

Rr5 n �
��

Rr4 n �
��

R r
W +69,

RW ' @R6
W 	 KR6n &

�

R}4 n &
��

R}5 n _Rs
W

n�
�

Rs4 n �
��

Rs5 n �Rr
W n �

�

Rr4 n �
��

R r5 +6:,

Wkh uhgxfhg irup jlyhq e| htxdwlrqv +65, wr +6:, vkrzv wkh lqwhudfwlrq
dprqj wkh wzr frxqwulhv ri wkh xqlrq dqg wkh uhvw ri wkh zruog1

Qrwlfh wkdw zh kdyh wzr nlqgv ri prqhwdu| vkrfnv= wkh prqhwdu| srolf|
lqvwuxphqw ri wkh xqlrq prqhwdu| dxwkrulw| +6, dqg prqhwdu| vkrfnv iurp
wkh uhvw ri wkh zruog +6W,1 Rq wkh rwkhu kdqg/ uhjduglqj uhdo dqg vxsso|
vkrfnv/ zh fdq revhuyh vkrfnv iurp erwk wkh xqlrq*v frxqwulhv + s4/s5/r4/r5,/
dqg wkh uhvw ri wkh zruog +s W/ rW,1
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51514 Vxsso| vkrfnv

Vroylqj wkh prgho/ zh �qg wkdw d qhjdwlyh vxsso| vkrfn d�hfwlqj rqh ri wkh
frxqwulhv ri wkh xqlrq +r4/ r5 : f, ru wkh uhvw ri wkh zruog +rW : f,/ ohdgv
wr dq rxwsxw idoo dqg d ulvh lq sulfhv> erwk lq wkh xqlrq dqg lq wkh uhvw ri
wkh zruog1 Wklv h�hfw lv lqghshqghqw ri wkh fkdqqho ri wudqvplvvlrq dqg wkh
ruljlq ri wkh vkrfn1

Wkh vxsso| vkrfnv pxowlsolhuv duh dv iroorzv=

Y+�

Yr�
'

Y+2

Yr2
' ��

�

+
dqg

Y+�

Yr2
'

Y+2

Yr�
' ��

��

+
+6;,

Y+�

YrW
'

Y+W

Yr�
' ��

�

+
dqg

Y+2

YrW
'

Y+W

Yr2
' ��

��

+
+6<,

Y+W

YrW
' ��+ +73,

YR�

Yr�
'

YR2

Yr2
' �

�

R
dqg

YR�

Yr2
'

YR2

Yr�
' �

��

R
+74,

YR�

YrW
'

YRW

Yr�
' �

�

R
dqg

YR2

YrW
'

YRW

Yr2
' �

��

R
+75,

YRW

YrW
' �R +76,

51515 Ghpdqg vkrfnv

Srvlwlyh ghpdqg vkrfnv +6/ 6W/ }�/ }2/ s�/ s2/ sW, ohdg wr srvlwlyh h�hfwv
rq wkh rxwsxw dqg sulfhv ri wkh frxqwu| ri ruljlq ri wkh vkrfn1 Exw zkhq
wkh vkrfn lv wudqvplwwhg dfurvv wkh frxqwulhv ri wkh xqlrq/ dqg ehwzhhq hyhu|
phpehu frxqwu| dqg wkh uhvw ri wkh zruog/ wkh vljq ri wkh frh!flhqwv ghshqgv
rq zklfk fkdqqho ri wudqvplvvlrq suhydlov1

Lq rxu prgho/ wkh fkdqqhov ri wudqvplvvlrq ri wkh ghpdqg vkrfnv duh wkh
djjuhjdwh ghpdqg/ wkh lqwhuhvw udwh/ wkh uhdo h{fkdqjh udwh ehwzhhq wkh xqlrq
dqg wkh uhvw ri wkh zruog/ dqg wkh prqhwdu| xqlrq*v uhodwlyh sulfhv1 Zkhq
djjuhjdwh ghpdqg suhydlov/ wkh uhvxow lv wkh �orfrprwlyh h�hfw�= wkh h�hfwv
rq wkh rxwsxw dqg sulfhv ri wkh frxqwu| ri ruljlq ri wkh vkrfn duh wudqvplwwhg
wr wkh uhvw ri wkh hfrqrplhv zlwk wkh vdph vljq1 Exw zkhq fkdqjhv lq wkh
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lqwhuhvw udwh dqg uhdo h{fkdqjh udwh suhydlo/ wkh uhvxow lv wkh �ehjjdu0wk|0
qhljkerxu h�hfw�= wkh h�hfwv rq wkh rxwsxw dqg sulfhv ri wkh frxqwu| ri ruljlq
ri wkh vkrfn duh wudqvplwwhg wr wkh uhvw ri wkh hfrqrplhv zlwk wkh rssrvlwh
vljq1 Wkh uhdvrq lv wkdw d uhdo h{fkdqjh udwh ghsuhfldwlrq +dssuhfldwlrq, lq
dq hfrqrp| ohdgv wr dq djjuhjdwh ghpdqg h{sdqvlrq +frqwudfwlrq, lq wkdw
hfrqrp|/ dqg wr d frqwudfwlrq +h{sdqvlrq, lq wkh rwkhu/ jlyhq wkdw zklfk
phdqv d ghsuhfldwlrq +dssuhfldwlrq, iru dq hfrqrp|/ phdqv dq dssuhfldwlrq
+ghsuhfldwlrq, iru wkh rwkhu1

Wkh �orfrprwlyh h�hfw� Dq lqfuhdvh lq wkh prqh| vxsso| +6c6W : f,
0srvlwlyh prqhwdu| vkrfnv/ lq jhqhudo0 / dq lqfuhdvh lq wkh exgjhw gh�flw
ri wkh phpehu frxqwulhv ri wkh prqhwdu| xqlrq +}4/ }5 : f,/ dqg srvlwlyh
uhdo vkrfnv +s4/ s5/ s

W : f, ohdg wr dq lqfuhdvh lq rxwsxw1 Wkh uhvxow lv dq
djjuhjdwh ghpdqg h{sdqvlrq zlwk dq rxwsxw h{sdqvlrq dq d ulvh lq sulfhv lq
doo wkh lqyroyhg hfrqrplhv1

Wkh prqh| vxsso| pxowlsolhuv duh dv iroorzv=

Y+�

Y6
'

Y+2

Y6
'

Y+W

Y6W

' @+ +77,

Y+�

Y6W

' K
�

+
dqg

Y+2

Y6W

' K
��

+
+78,

Y+W

Y6
' K+ +79,

YR�

Y6
'

YR2

Y6
'

YRW

Y6W

' @R +7:,

YR�

Y6W

' K
�

R
dqg

YR2

Y6W

' K
��

R
+7;,

YRW

Y6
' KR +7<,

Lq lwv wxuq/ wkh exgjhw gh�flw pxowlsolhuv duh=

Y+�

Y}�
'

Y+2

Y}2
' S

�

+
dqg

Y+�

Y}2
'

Y+2

Y}�
' S

��

+
+83,

Y+W

Y}�
' &

�

+
dqg

Y+W

Y}2
' &

��

+
+84,
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YR�

Y}�
'

YR2

Y}2
' S

�

R
dqg

YR�

Y}2
'

YR2

Y}�
' S

��

R
+85,

YRW

Y}�
' &

�

R
dqg

YRW

Y}2
' &

��

R
+86,

dqg wkh pxowlsolhuv ri wkh uhdo vkrfnv=

Y+�

Ys�
'

Y+2

Ys2
' _

�

+
dqg

Y+�

Ys2
'

Y+2

Ys�
' _

��

+
+87,

Y+�

Ys W

' �
�

+
dqg

Y+2

Ys W

' �
��

+
+88,

Y+W

Ys�
' �

�

+
dqg

Y+W

Ys2
' �

��

+
+89,

Y+W

Ys W

' _+ +8:,

YR�

Ys�
'

YR2

Ys2
' _

�

R
dqg

YR�

Ys2
'

YR2

Ys�
' _

��

R
+8;,

YR�

YsW

' �
�

R
dqg

YR2

YsW

' �
��

R
+8<,

YRW

Ys�
' �

�

R
dqg

YRW

Ys2
' �

��

R
+93,

YRW

YsW

' _R +94,

Wkh �ehjjdu0wk|0qhljkerxu h�hfw� Dq lqfuhdvh lq wkh prqh| vxsso| ri
wkh prqhwdu| xqlrq +6 : f,/ lqfuhdvhv rxwsxw dqg ohdgv wr dq h{fkdqjh udwh
ghsuhfldwlrq ehwzhhq wkh prqhwdu| xqlrq dqg wkh uhvw ri wkh zruog1 Wkh
uhvxow lv wkh �ehjjdu0wk|0qhljkerxu h�hfw�= wkh prqhwdu| xqlrq*v rxwsxw dqg
sulfhv ulvh/ exw rxwsxw dqg sulfhv idoo lq wkh uhvw ri wkh zruog1 Wkh fdvh ri
d srvlwlyh prqh| vxsso| vkrfn iurp wkh uhvw ri wkh zruog +6W : f, wr wkh
prqhwdu| xqlrq/ zrxog eh v|pphwulf1

Wkh pxowlsolhuv wkdw gl�hu zlwk uhvshfw wr wkh �orfrprwlyh h�hfw� fdvh
duh wkh iroorzlqj=
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Y+�

Y6W

' �K
�

+
dqg

Y+2

Y6W

' �K
��

+
+95,

Y+W

Y6
' �K+ +96,

YR�

Y6W

' �K
�

R
dqg

YR2

Y6W

' �K
��

R
+97,

YRW

Y6
' �KR +98,

Uhjduglqj uhdo glvwxuedqfhv/ erwk dq lqfuhdvh lq wkh exgjhw gh�flw ri wkh
phpehu frxqwulhv +}4/ }5 : f, dqg srvlwlyh vkrfnv wr wkh prqhwdu| xqlrq +s4/
s5 : f, ohdg wr dq h{sdqvlrq lq djjuhjdwh ghpdqg wkdw lv sduwldoo| r�vhw e| d
uhdo h{fkdqjh udwh dssuhfldwlrq1 Wklv dssuhfldwlrq uhgxfhv djjuhjdwh vxsso|
lq wkh uhvw ri wkh zruog/ zklfk wudqvodwhv wr wkh xqlrq*v phpehu frxqwulhv1
Wkh uhvxow lv wkdw wkh rxwsxw ri wkh frxqwu| vx�hulqj wkh vkrfn ulvhv/ dqg wkh
rxwsxw ri wkh rwkhu frxqwu| dqg wkh uhvw ri wkh zruog idoo/ zlwk sulfhv dozd|v
ulvlqj1 Wkh fdvh ri d srvlwlyh uhdo vkrfn iurp wkh uhvw ri wkh zruog +sW : f,
zrxog eh v|pphwulf1

Wkh pxowlsolhuv wkdw gl�hu zlwk uhvshfw wr wkh �orfrprwlyh h�hfw� fdvh
duh qrz wkh iroorzlqj=

Y+�

Y}2
'

Y+2

Y}�
' �S

��

+
+99,

Y+W

Y}�
' �&

�

+
dqg

Y+W

Y}2
' �&

��

+
+9:,

Y+�

Ys2
'

Y+2

Ys�
' �_

��

+
+9;,

Y+�

YsW

' ��
�

+
dqg

Y+2

Ys W

' ��
��

+
+9<,

Y+W

Ys�
' ��

�

+
dqg

Y+W

Ys2
' ��

��

+
+:3,
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6 Ilvfdo srolf| frruglqdwlrq lq d prqhwdu|

xqlrq

Lq wkh suhylrxv vhfwlrq zh kdyh vwxglhg wkh wudqvplvvlrq ri pdfurhfrqrplf
vkrfnv d�hfwlqj lqwhughshqghqw hfrqrplhv/ dqg wkh h{whqw wr zklfk wkh
�vfdo srolf| dgrswhg e| wkh phpehu frxqwulhv* jryhuqphqwv lq d prqhwdu|
xqlrq/ jhqhudwhv glvwxuedqfhv lq wkh uhvw ri wkh zruog1 Wkh sxusrvh ri wklv
vhfwlrq lv wr vkrz krz lqwhuqdwlrqdo srolf| frruglqdwlrq pd| lqwhuqdol}h wkhvh
vslooryhu h�hfwv1 Wkh wkhruhwlfdo dujxphqwv vxssruwlqj srolf| frruglqdwlrq
duh edvhg rq wkh lghd wkdw frrshudwlrq lqwhuqdol}hv wkh h�hfwv ri hfrqrplf
lqwhughshqghqfh1 Lq wklv frqwh{w zh qhhg wr wdnh lqwr dffrxqw wkh vwudwhjlf
ehkdylrxu ri wkh dxwkrulwlhv/ vr zh zloo xvh wkh Jdph Wkhru| dssurdfk lq
rughu wr vwxg| krz wkh dxwkrulwlhv fdq ghdo zlwk vkrfnv1

614 Wkh suhihuhqfhv ri wkh frxqwulhv

Zh dvvxph wkdw frxqwulhv 4 dqg 5 duh uhsuhvhqwhg e| wkhlu �vfdo dxwkrulwlhv/
zklfk idfh wkh sureohp ri plqlpl}lqj wkhlu orvv ixqfwlrqv=

u� ' +2
�
n j�}

2

�
+:4,

u2 ' +2
2
n j2}

2

2
+:5,

zkhuh wkh wdujhw yduldeohv duh wkh udwhv ri fkdqjh lq rxwsxw/ E+�c +2�/ dqg
wkh udwh ri fkdqjh lq wkh exgjhw gh�flw/ E}�c }2�1 Wkh sdudphwhuv j�c j2 : f
duh wkh lqyhuvh ri wkh pdujlqdo vxevwlwxwlrq udwhv/ l1h1/ wkh frvw ri uhdfklqj
dq remhfwlyh uhodwlyh wr wkh frvw ri uhdfklqj wkh rwkhu1 Rq wkh rwkhu kdqg/
wkh txdgudwlf irup ri wkh orvv ixqfwlrq lpsolhv wkdw dq| fkdqjh/ srvlwlyh ru
qhjdwlyh/ lq wkh yduldeohv zloo uhsuhvhqw d orvv ri xwlolw|1 Vr/ hdfk frxqwu|
zloo plqlpl}h lwv orvv ixqfwlrq zkhq doo wkh remhfwlyhv duh htxdo wr }hur/
+� ' +2 ' f dqg }� ' }2 ' f1

Zh duh prghoolqj d prqhwdu| xqlrq zkhuh wkh prqhwdu| dxwkrulw| +d
frpprq fhqwudo edqn, frqwurov wkh sulfh wdujhw/ vr wkh odwwhu kdv qrw ehhq
lqfoxghg lq wkh orvv ixqfwlrq ri wkh �vfdo dxwkrulwlhv1 Krzhyhu/ wkh idfw
wkdw wkh glvflsolqlqj h�hfwv ri d prqhwdu| xqlrq lpso| uhvwulfwlrqv rq wkh
exgjhw gh�flw/ ohdgv xv wr lqfoxgh wklv dv dq remhfwlyh ri wkh �vfdo dxwkrulwlhv1
Dq h{dpsoh ri wklv vlwxdwlrq lv wkh Hxurshdq prqhwdu| xqlrq/ zkhuh hdfk
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phpehu frxqwu| zloo kdyh wr frqvlghu wkh uhtxluhphqwv lpsrvhg e| wkh Sdfw
iru Vwdelolw| dqg Jurzwk1

Dowhuqdwlyho|/ li zh zrxog kdyh dvvxphg wkdw �vfdo dxwkrulwlhv gr qrw
ghohjdwh frpsohwho| sulfhv frqwuro wr wkh frpprq fhqwudo edqn/ wkhlu orvv
ixqfwlrq zrxog eh=

u� ' +2� n j�}
2

� n Z�R
2

� � ' �c2

Lw fdq eh suryhg +vhh Dsshqgl{ D1LL, wkdw wkh uhvxowv rqo| gl�hu iurp wkh
fdvh dqdo|vhg lq wklv sdshu +�vfdo uhvwulfwlrqv dqg ixoo ghohjdwlrq, lq wkh vl}h
ri wkh frh!flhqwv1 Lq sduwlfxodu/ wkh ghvludelolw| ri ghohjdwlqj wkh frqwuro
ri sulfhv ghshqgv rq wkh h�hfwv ri wkh vkrfn rq wkh hfrqrp|/ wkh xvh ri wkh
gh�flw dv lqvwuxphqw/ dqg wkh ghjuhh ri dyhuvlrq wr fkdqjhv lq wkh lqvwuxphqw1

Lq dq dwwhpsw wr ghvfuleh pruh dffxudwho| wkh Hxurshdq prqhwdu| xqlrq/
lq wkh uhvw ri wkh sdshu zh zloo pdnh xvh ri wkh orvv ixqfwlrqv uhsuhvhqwhg
e| htxdwlrqv +65, dqg +66,1 Qrwlfh wkdw zh kdyh dvvxphg wkdw wkh orvv
ixqfwlrq lv wkh �vfdo dxwkrulw|*v orvv ixqfwlrq/ dv zhoo dv d �vfdo srolf| lv
xvhg zlwk vwdelol}dwlrq sxusrvhv exw lv frqvwudlqhg e| wkh prqhwdu| xqlrq*v
uhvwulfwlrqv1 Iru wkdw uhdvrq/ zh fdq dovr dvvxph wkdw �vfdo dxwkrulwlhv zloo
eh pruh dyhuvh wr fkdqjhv lq wkh exgjhw gh�flw wkdq lq rxwsxw +lq whupv ri
wkh orvv ixqfwlrq/ j�c j2 : �,1 Vr/ wkh ehvw vroxwlrq zloo eh wkdw ohdglqj wr
wkh orzhvw ghyldwlrq ri wkh exgjhw gh�flw iurp }hur1 Wkhuhiruh/ wkh vroxwlrqv
ohdglqj wr d orzhu fkdqjh lq wkh exgjhw gh�flw zrxog jxdudqwhh wkh ixo�ophqw
ri wkh �vfdo uhvwulfwlrqv/ exw zrxog txhvwlrq wkh vwdelol}dwlrq ixqfwlrq ri �vfdo
srolf|1

615 Wkh rswlpl}dwlrq sureohp

Lq wklv vxevhfwlrq zh zloo vkrz wkh h�hfwv ri �vfdo dxwkrulwlhv* ghflvlrqv zkhq
wkh| frsh zlwk vkrfnv1 Iru wklv uhdvrq/ zh zloo dqdo|vh krz wkh| zloo uhdfw
zkhq idflqj vkrfnv wkdw d�hfw erwk wkh prqh| pdunhw +6/6W, dqg wkh jrrgv
pdunhw +s�/ s2/ s

W,/ vkliwlqj wkh djjuhjdwh ghpdqg fxuyh> dqg zkhq idflqj
vxsso| vkrfnv +r�/ r2/ rW,/ zklfk vkliw wkh djjuhjdwh vxsso| fxuyh1

Hdfk �vfdo dxwkrulw| ri wkh prqhwdu| xqlrq kdv wr plqlpl}h lwv orvv
ixqfwlrq e| fkrrvlqj wkh rswlpdo udwh ri fkdqjh ri wkh exgjhw gh�flw/
vxemhfw wr wkh uhvwulfwlrqv lpsrvhg e| wkh lqwhuqdwlrqdo hfrqrplf iudphzrun1
Dffruglqj wr wkh Jdph Wkhru| olwhudwxuh/ wkhuh duh wkuhh srvvlelolwlhv wr vroyh
wkh sureohp= wkh frpshwlwlyh htxloleulxp/ wkh ohdghu0iroorzhu prgho dqg wkh
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frrshudwlyh vroxwlrq1 Exw wkh vroxwlrqv zloo ghshqg rq wkh suhydlolqj fkdqqho
ri wudqvplvvlrq= wkh djjuhjdwh ghpdqg/ ru wkh lqwhuhvw udwh dqg wkh uhdo
h{fkdqjh udwh1 Vr/ zh zloo vroyh wkh sureohp iru wkhvh wzr dowhuqdwlyh fdvhv1

616 Wkh �orfrprwlyh h�hfw�

Zkhq djjuhjdwh ghpdqg lv wkh suhydlolqj fkdqqho ri wudqvplvvlrq/ wkh
uhvwulfwlrqv wkdw �vfdo dxwkrulwlhv kdyh wr frqvlghu zkhq vroylqj wkhlu
rswlpl}dwlrq sureohp duh dv iroorzv=

+4 ' @+6n K
�

+6
W n S

�

+}4 n S
��

+}5 n _
�

+s4 n _
��

+s5

n�
�

+s
W

� �
�

+r4 � �
��

+r5 � �
�

+r
W +:6,

+5 ' @+6n K
��

+6
W n S

�

+}5 n S
��

+ }4 n _
�

+s5 n _
��

+s4

n�
��

+s
W

� �
�

+r5 � �
��

+r4 � �
��

+ r
W +:7,

61614 Qrq0frrshudwlyh vroxwlrq= Wkh frpshwlwlyh vroxwlrq

Zkhq hdfk frxqwu| vroyhv wkh sureohp lqglylgxdoo|/ ljqrulqj lqwhughshqghqfh
dqg wdnlqj dv jlyhq wkh rwkhu frxqwu|*v srolf|/ wkh vroxwlrq lv wkh Qdvk0
Frxuqrw Htxloleulxp1 Wkh rswlpl}dwlrq sureohp ri frxqwu| 4 lv dv iroorzv=

4�?
}�

u� ' +2
�
n j�}

2

�

r�|�E.�� +:8,

Iurp wkh �uvw0rughu frqglwlrq zh rewdlq wkh uhdfwlrq ixqfwlrq ri frxqwu|
4/ zklfk vkrzv wkh uhvsrqvh wr vkrfnv dqg wr fkdqjhv lq wkh frxqwu| 5*v
srolf| +vhh Dsshqgl{ D1LLL,=

}-c� ' �-�c�}2 �-�c2s� �-�c�s2 �-�ces
W

�-�cD6�-�cS6
W

n-�c.r� n-�cHr2 n-�cbr
W +:9,
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Wkh sureohp iru frxqwu| 5 lv vlplodu=

4�?
}2

u2 ' +2
2
n j2}

2

2
+::,

r�|�E.e�

iurp zklfk zh rewdlq=

}-c2 ' �-2c�}� �-2c2s� �-2c�s2 �-2ces
W

�-2cD6�-2cS6
W

n-2c.r� n-2cHr2 n-2cbr
W +:;,

Wkh devroxwh ydoxh ri hdfk frh!flhqw lqglfdwhv wkh vl}h ri wkh uhvsrqvh
wr vkrfnv1 Qrqh ri wkhp lv wrwdoo| r�vhw/ ehfdxvh m-m 	 �1 Erwk uhdfwlrq
ixqfwlrqv kdyh qhjdwlyh vorshv1 Wkh frxqwu| 4*v uhdfwlrq ixqfwlrq kdv d vorsh

juhdwhu wkdq rqh lq devroxwh ydoxh= _}2
_}�

���
}�'-E}2�

' �

�
-�c�

/ zlwk
���� �

-�c�

��� : �1

Wklv phdqv wkdw dq| pryhphqw dorqj wkh frxqwu| 4*v uhdfwlrq ixqfwlrq/
uhtxluhv d orzhu fkdqjh lq wkh exgjhw gh�flw lq frxqwu| 4 wkdq lq frxqwu|
51 Vroylqj wkhlu sureohpv lqglylgxdoo|/ dqg ljqrulqj lqwhughshqghqfh/ li
d frxqwu| plqlpl}hv fkdqjhv lq lwv exgjhw gh�flw wklv uhtxluhv d juhdwhu
yduldwlrq lq wkh rwkhu frxqwu|*v gh�flw1 Zh fdq vhh iurp wkh orvv ixqfwlrqv
0htxdwlrqv +.�, dqg +.2,0 wkdw dq| ghyldwlrq iurp }hur/ +� ' +2 ' f dqg
}� ' }2 ' f/ zloo uhsuhvhqw d orvv ri xwlolw|1 Zkhq d frxqwu| vx�huv d vkrfn/
wkh eolvv srlqwv duh jlyhq e| �� ' Efc }2 9' f� dqg �2 ' E}� 9' fc f� zklfk
duh wkh ruljlq ri wkh lqgl�huhqfh fxuyhv1 Wkh frxqwulhv zrxog dfklhyh wkh
pd{lpxpzhoiduh lq wkhvh srlqwv ehfdxvh wkh| zrxog qrw kdyh wr fkdqjh wkhlu
exgjhw gh�flwv/ exw frq lfw hphujhv vlqfh wkh wzr srlqwv gr qrw frlqflgh1

Wkh uhdfwlrq ixqfwlrqv vkrz krz hdfk frxqwu| fkdqjhv lwv exgjhw gh�flw
lq uhvsrqvh erwk wr vkrfnv dqg wr fkdqjhv lq wkh rwkhu frxqwu|*v gh�flw1 Wkh
srlqw zkhuh erwk uhdfwlrq ixqfwlrqv lqwhuvhfw jlyhv xv wkh Qdvk vroxwlrq=

}�c� ' ���c�s� ���c2s2 ���c�s
W ���ce6���cD6

W

n��cSr� n��c.r2 n��cHr
W +:<,

}�c2 ' ��2c�s� ��2c2s2 ��2c�s
W ��2ce6��2cD6

W
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n�2cSr� n�2c.r2 n�2cHr
W +;3,

Lw fdq eh suryhg +vhh Dsshqgl{ D1LY, wkdw wkh frh!flhqwv ri wkh Qdvk
vroxwlrq duh orzhu/ lq devroxwh ydoxh/ wkdq wkh frh!flhqwv ri wkh uhdfwlrq
ixqfwlrq1 Wkdw lv/ zkhq vroylqj wkh sureohp lqglylgxdoo| hdfk frxqwu| dfwv
lq d �p|rslf� zd| dqg/ vlqfh lqwhughshqghqfh lv ljqruhg/ wkh h�hfwv ri �vfdo
srolf| duh wudqvplwwhg deurdg1

61615 Qrq0frrshudwlyh vroxwlrq= Wkh ohdghu0iroorzhu prgho

Zkhq rqh ri wkh frxqwulhv dfwv dv d ohdghu dqg wkh rwkhu dv d iroorzhu/ wkh
uhvxow lv d Qdvk0Vwdfnhoehuj Htxloleulxp1 Wkh ohdghu fkrrvhv �uvw wdnlqj lqwr
dffrxqw lwv rzq lqwhuhvw dqg wkh iruhljq frxqwu|*v uhdfwlrq ixqfwlrq/ zklfk
wkh ohdghu lqfoxghv lq lwv orvv ixqfwlrq1 Li frxqwu| 4 dfwv dv ohdghu/ wkhq lwv
rswlpl}dwlrq sureohp lv jlyhq e|=

4�?
}�

u� ' uE+�c }�c }-c2� +;4,

vr/ lw zloo kdyh wr vroyh=

4�?
}�

u� ' +2� n j�}
2
� +;5,

r�|�E.��c E.H�

rewdlqlqj iurp wkh �uvw0rughu frqglwlrq=

}7c� ' 	7�c�s� 	 7�c2s2 	 7�c�s
W 	 7�ce6	 7�cD6

W

	7�cSr� 	 7�c.r2 	 7�cHr
W +;6,

Wkh suhylrxv htxdwlrq uhsuhvhqwv fkdqjhv lq wkh exgjhw gh�flw ri wkh
ohdghu1 Wkh iroorzhu wdnhv lw lqwr dffrxqw wr vroyh lwv rzq sureohp=

4�?
}2

u2 ' +22 n j2}
2
2

r�|�E.e�c EH�� +;7,
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rewdlqlqj=

}7c2 ' 	72c�s� 	 72c2s2 	 72c�s
W 	 72ce6	 72cD6

W

	72cSr� 	 72c.r2 	 72cHr
W +;8,

Wkh dpeljxlw| ri wkh vljqv lqglfdwhv wkdw wkh ehvw srolf| uhvsrqvh/
h{sdqvlrqdu| ru frqwudfwlrqdu|/ zloo ghshqg rq wkh ydoxh ri wkh frh!flhqwv
lqyroyhg lq wkh vroxwlrq1 Lq dq| fdvh/ wkh fkdqjh lq wkh ohdghu*v gh�flw lv orzhu
wkdq iru wkh iroorzhu +vhh lq Dsshqgl{ D1Y wkdw m7�c�m 	 m72c�m iru � ' �c ���c H ,1
Fkrrvlqj �uvw/ wkh ohdghu kdv d wlph dgydqwdjh dqg wkh iroorzhu*v uhvsrqvh
uhtxluhv d juhdwhu fkdqjh lq lwv gh�flw1 Ehfdxvh ri wkdw/ wkh Vwdfnhoehuj
htxloleulxp lv qrw dozd|v d Sduhwr lpsuryhphqw xsrq wkh Qdvk htxloleulxp1
Wkh ohdghu lv dozd|v ehwwhu r� wkdq lq wkh frpshwlwlyh vroxwlrq/ exw wkh
�qdo uhvxow iru wkh iroorzhu lv dpeljxrxv1 Pruhryhu/ wkh vroxwlrq lv xqvwdeoh
ehfdxvh wkh ohdghu lv qrw rq lwv uhdfwlrq ixqfwlrq1

61616 Frrshudwlyh vroxwlrq= Wkh vrfldo sodqqhu sureohp

Li wkh frxqwulhv frruglqdwh wkhlu srolflhv/ wkh| zloo plqlpl}h wkh zhljkwhg
vxp ri wkhlu orvv ixqfwlrqv1 Jlyhq wkh dvvxpswlrq ri v|pphwu|/ dqg zlwk wkh
zhljkwv ri hdfk frxqwu| htxdo wr �

2
/ wkh vrfldo sodqqhu sureohp zrxog eh=

4�?T
}� c}2

'

�
�

2
E+2� n j�}

2
�� n

�

2
E+22 n j2}

2
2�

�

r�|�E.�� dqg E.e� +;9,

Iurp wkh �uvw0rughu frqglwlrqv zh rewdlq +vhh Dsshqgl{ D1YL,=

}�c� ' ���c�s� � ��c2s2 ���c�s
W ���ce6� ��cD6

W

n��cSr� n ��c.r2 n ��cHr
W +;:,

}�c2 ' ��2c�s� � �2c2s2 ��2c�s
W ��2ce6� �2cD6

W

n�2cSr� n �2c.r2 n �2cHr
W +;;,
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617 Wkh �ehjjdu0wk|0qhljkerxu h�hfw�

Zkhq wkh lqwhuhvw udwh dqg wkh h{fkdqjh dfw dv wkh suhydlolqj fkdqqhov ri
wudqvplvvlrq/ wkh uhvwulfwlrqv wkdw �vfdo dxwkrulwlhv kdyh wr wdnh lqwr dffrxqw
wr vroyh wkhlu rswlpl}dwlrq sureohp duh dv iroorzv1
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61714 Qrq0frrshudwlyh vroxwlrq= Wkh frpshwlwlyh vroxwlrq

Wkh Qdvk0Frxuqrw Htxloleulxp ri frxqwu| 4 lv jlyhq e|=

4�?
}�

u� ' +2
�
n j�}

2

�

r�|�EHb� +<4,

dqg iurp wkh �uvw0rughu frqglwlrqv zh rewdlq wkh uhdfwlrq ixqfwlrq +vhh
Dsshqgl{ D1LLL,=

}�

-c� ' -�

�c�}2 �-�

�c2s� n-�

�c�s2 n-�
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W
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�cD6n-�
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�cHr2 n-�

�cbr
W +<5,

Wkh sureohp lv vlplodu iru frxqwu| 5=

4�?
}2

u2 ' +2
2
n j2}

2

2
+<6,

r�|�Ebf�
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iurp zklfk zh rewdlq=

}�

-c2 ' -�
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W
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2cHr2 n-�

2cbr
W +<7,

Lq wklv fdvh/ wkh uhdfwlrq ixqfwlrqv kdyh srvlwlyh vorshv/ ehlqj wkh vorsh
ri wkh uhdfwlrq ixqfwlrq ri frxqwu| 4 juhdwhu wkdq rqh1 Wkh Qdvk vroxwlrq lv
jlyhq e| wkh iroorzlqj htxdwlrqv +vhh Dsshqgl{ D1LY,=
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n� �

2cSr� n� �

2c.r2 n� �

2cHr
W +<9,

61715 Qrq0frrshudwlyh vroxwlrq= Wkh ohdghu0iroorzhu prgho

Dvvxplqj/ djdlq/ wkdw frxqwu| 4 dfwv dv wkh ohdghu> wkh sureohp wr vroyh zloo
eh=

4�?
}�

u� ' +2
�
n j�}

2

�
+<:,

r�|�EHb�c Ebe�

rewdlqlqj iurp wkh �uvw0rughu frqglwlrq=

}�

7c� ' 	7
�

�c�s� 	 7 �

�c2s2 	 7 �

�c�s
W
	 7 �

�ce6	 7�

�cD6
W

	7 �

�cSr� 	 7 �

�c.r2 	 7�

�cHr
W +<;,

Wkh iroorzhu wdnhv wklv vroxwlrq lqwr dffrxqw wr vroyh lwv rzq sureohp=
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4�?
}2

u2 ' +2
2
n j2}

2

2

r�|�Ebf�c EbH� +<<,

rewdlqlqj wkhuhiruh=

}�

7c2 ' 	7
�

2c�s� 	 7 �

2c2s2 	 7 �

2c�s
W
	 7 �

2ce6	 7�

2cD6
W

	7 �

2cSr� 	 7 �

2c.r2 	 7�

2cHr
W +433,

Lq wkh vdph zd| dv lq wkh �orfrprwlyh h�hfw� fdvh/ wkh dpeljxlw| ri wkh
vljqv lqglfdwhv wkdw wkh ehvw srolf| uhvsrqvh/ h{sdqvlrqdu| ru frqwudfwlrqdu|/
zloo ghshqg rq wkh ydoxh ri wkh lqyroyhg frh!flhqwv1 Wkh ohdghu kdv d wlph
dgydqwdjh dqg lwv exgjhw gh�flw kdv wr fkdqjh ohvv/ lq devroxwh ydoxh/ wkdq
wkh iroorzhu*v gh�flw +vhh lq Dsshqgl{ D1Y wkdw

�
�7 �

�c�

�
� 	

�
�7 �

2c�

�
� iru � ' �c ���c H,1

61716 Frrshudwlyh vroxwlrq= Wkh vrfldo sodqqhu sureohp

Fkrrvlqj djdlq zhljkwv htxdo wr �

2
/ wkh sureohp zrxog eh=

4�?T
}� c}2

'

�
�

2
E+2

�
n j�}

2

�
� n

�

2
E+2

2
n j2}

2

2
�

�

r�|�EHb� dqg Ebf� +434,

Iurp wkh �uvw0rughu frqglwlrqv zh rewdlq +vhh Dsshqgl{ D1YL,=

} �

�c� ' ��
�

�c�s� n � �

�c2s2 n � �

�c�s
W
� � �

�ce6n � �

�cD6
W

n� �

�cSr� n � �

�c.r2 n � �

�cHr
W +435,

} �

�c2 ' � �

2c�s� � � �

2c2s2 n � �

2c�s
W
� � �

2ce6n � �

2cD6
W

n� �

2cSr� n � �

2c.r2 n � �

2cHr
W +436,
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7 Zhoiduh dvshfwv ri wkh rswlpdo vroxwlrq

Wkhruhwlfdoo|/ wkh frrshudwlyh vroxwlrq lv Sduhwr lpsurylqj vlqfh lw
lqwhuqdol}hv wkh vslooryhu h�hfwv dulvlqj iurp hfrqrplf lqwhughshqghqfh1
Wkhvh h{whuqdolwlhv/ Yu�

Y}2
dqg Yu2

Y}�
/ vkrz krz wkh orvv ixqfwlrq ri d frxqwu|

fkdqjhv lq uhvsrqvh wr fkdqjhv lq wkh rwkhu frxqwu|*v lqvwuxphqw1 Iru
wkdw uhdvrq frrshudwlrq lv Sduhwr lpsurylqj/ vlqfh wkh frpshwlwlyh vroxwlrq
qhjohfwv wkh h{whuqdolwlhv surgxfhg e| fkdqjhv lq wkh srolf| lqvwuxphqw1

Rq wkh rqh kdqg/ wkh �uvw0rughu frqglwlrqv iurp zklfk zh kdyh rewdlqhg
wkh Qdvk Htxloleulxp duh _u�

_}�
' f dqg _u2

_}2
' f1 Exw iru wkhvh srlqwv Yu�

Y}2
9' f

dqg Yu2

Y}�
9' f1 Rq wkh rwkhu kdqg/ wkh �uvw0rughu frqglwlrqv ri wkh vrfldo

sodqqhu sureohp duh=

YT

Y}�
'

�

2

�
Yu�

Y}�
n

Yu2

Y}�

�
' f +437,

YT

Y}2
'

�

2

�
Yu�

Y}2
n

Yu2

Y}2

�
' f +438,

Iurp wkhvh frqglwlrqv lw lv fohdu wkdw Yu�

Y}�
' �Yu2

Y}�
dqg Yu2

Y}2
' �Yu�

Y}2
/

zklfk vkrzv krz wkh frrshudwlyh vroxwlrq lqwhuqdol}hv h{whuqdolwlhv1 Exw
wkh ghvludelolw| ri wkh frrshudwlyh vroxwlrq zloo ghshqg rq wkh qdwxuh ri wkh
h{whuqdolw| vlqfh/ li wklv h{whuqdolw| kdv wkh vdph vljq wkdq wkh vkrfn/ wkh
frrshudwlyh vroxwlrq grhv qrw r�vhw wkh dgyhuvh h�hfwv1 Vxevhtxhqwo|/ zh
fdq frqfoxgh wkdw frrshudwlrq pd| eh frxqwhusurgxfwlyh zkhq lw lqwhuqdol}hv
vslooryhu h�hfwv zklfk uhlqirufh wkh h�hfwv ri wkh vkrfn1

Lq rughu wr dyrlg wkh vslooryhu h�hfwv ri wkhlu srolflhv/ frxqwulhv*
dxwkrulwlhv zloo wu| wr plqlpl}h wkh xvh ri wkh exgjhw gh�flw1 Lq wklv vhqvh/
wkh| lghqwli| vwdelol}dwlrq zlwk dyrlglqj fkdqjhv lq wkh srolf| lqvwuxphqw1
Lq sduwlfxodu/ zh kdyh prghoohg d orvv ixqfwlrq lq zklfk dq| fkdqjh lq wkh
yduldeohv lpsolhv d orvv ri xwlolw|1 Vlqfh wkh wdujhw yduldeohv duh olqhdu lq wkh
srolf| lqvwuxphqwv/ wkh vroxwlrq wkdw uhtxluhv d orzhu fkdqjh lq wkh exgjhw
gh�flw zrxog eh wkh rswlpdo vroxwlrq1 Vr/ lq d �uvw vwhs/ dxwkrulwlhv zloo
plqlpl}h wkhlu orvv ixqfwlrq/ dqg/ lq d vhfrqg vwhs/ wkh| zloo fkrrvh wkh
vroxwlrq +frpshwlwlyh ru frrshudwlyh, zlwk wkh orzhvw devroxwh ydoxh=

} ' @h}4�? im}�c�m c m}�c�mj ;� ' �c 2

Lw lv gl!fxow wr nqrz wkh vl}h ri wkh frh!flhqwv ri wkh vroxwlrqv/ vlqfh
wkh| ghshqg rq wkh frh!flhqwv ri wkh uhgxfhg irup 0htxdwlrqv +�2, wr
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  g2

g1

R1

R2

Iljxuh 4= �Orfrprwlyh h�hfw�1 Uhdfwlrq ixqfwlrqv lq devhqfh ri vkrfnv1

+�.,1 Iru wkdw uhdvrq/ lq rughu wr frpsduh wkh Qdvk vroxwlrq zlwk wkh
frrshudwlyh vroxwlrq zh zloo pdnh xvh ri judsklfdo dqdo|vlv1 Zh zloo wdnh lqwr
dffrxqw erwk wkh vorsh ri wkh uhdfwlrq ixqfwlrqv +qhjdwlyh iru wkh �orfrprwlyh

h�hfw�/ dqg srvlwlyh iru wkh�ehjjdu0wk|0qhljkerxu h�hfw�,/ dqg wkh vljq ri wkh
vroxwlrqv1 Uhjduglqj wkh vljq ri wkh vroxwlrqv/ lw dozd|v frlqflghv zlwk wkh
vljq ri wkh uhdfwlrq ixqfwlrq lqghshqghqwo| ri wkh fkdqqho ri wudqvplvvlrq/
dqg wkh qdwxuh dqg wkh ruljlq ri wkh vkrfn1 Lq frqfoxvlrq/ zkhq ghdolqj
zlwk dq rxwsxw h{sdqvlrq +uhfhvvlrq, dxwkrulwlhv zloo uhgxfh +h{sdqg, wkhlu
exgjhw gh�flw1

714 Wkh �orfrprwlyh h�hfw�

Iurp wkh uhgxfhg irup 0htxdwlrqv +.�, dqg +.e,0 zh fdq vhh wkdw wkh remhfwlyh
yduldeohv ++�c +2, duh olqhdu lq wkh srolf| lqvwuxphqwv +}�c }2,1 Ehfdxvh ri wkdw/
zh fdq sorw erwk wkh uhdfwlrq ixqfwlrqv dqg wkh lqgl�huhqfh fxuyhv lq wkh
vdph }�� }2 sodqh1 Iru vlpsolflw|/ zh zloo qrw vkrz wkh lqgl�huhqfh fxuyhv1

Iru wkh �orfrprwlyh h�hfw�/ wkh uhdfwlrq ixqfwlrqv kdyh qhjdwlyh vorshv1
Iljxuh 4 vkrzv wkdw wkh uhdfwlrq ixqfwlrqv lqwhuvhfw dw wkh ruljlq= qrqh ri
wkh frxqwulhv kdv wr fkdqjh lwv exgjhw gh�flw lq wkdw srlqw/ vlqfh wkhuh duh
qr vkrfnv1 Li dq| glvwxuedqfh wdnhv sodfh/ wkh uhdfwlrq ixqfwlrqv zrxog vkliw
wr wkh ohiw ru wr wkh uljkw dffruglqj wr wkh sduwlfxodu w|sh ri vkrfn1

Iljxuh 5 vkrzv wkh uhdfwlrq ixqfwlrqv diwhu dq h{sdqvlrqdu| vkrfn lq dq|
ri wkh frxqwulhv1 Lq wkhvh fdvhv/ �vfdo dxwkrulwlhv �qg rswlpdo d frqwudfwlyh
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  g2

g1

B1

B2

R2

R1

N
C

Iljxuh 5= �Orfrprwlyh h�hfw�1 H{sdqvlrqdu| vkrfnv lq erwk frxqwulhv1
Frrshudwlrq frxqwhusurgxfwlyh1

srolf| wr r�vhw wkh h�hfwv ri wkh vkrfn1 Vr/ wkh uhdfwlrq ixqfwlrqv vkliw
wr wkh ohiw1 Htxdwlrqv +.�, dqg +.e, vkrz wkdw rxwsxw h{sdqgv iroorzlqj
h{sdqvlrqdu| ghpdqg vkrfnv +6c6Wc s�c s2c s

W : f, ru h{sdqvlrqdu| vxsso|
vkrfnv +r�c r2c rW 	 f,/ vr wkdw/ eolvv srlqwv iru frxqwulhv 4 dqg 5 duh dw srlqwv
�� ' Efc }2 	 f� dqg �2 ' E}� 	 fc f� uhvshfwlyho|1

Wkh Qdvk vroxwlrq lv dw srlqw � lq Iljxuh 5/ zkhuh wkh uhdfwlrq ixqfwlrqv
lqwhuvhfw1 Frrshudwlyh vroxwlrqv zloo eh rq wkh frqwudfw fxuyh/ zklfk/
e| olqnlqj �� dqg �2/ fdswxuhv Sduhwr h!flhqw frpelqdwlrqv dorqj wkh
wdqjhqflhv ehwzhhq wkh lqgl�huhqfh fxuyhv1 Wkhuh duh lq�qlwh frrshudwlyh
vroxwlrqv/ exw zh fdq irfxv rq wkh fdvh lq zklfk erwk frxqwulhv uhdfw lq wkh
vdph zd|/ }� ' }21 Lq d v|pphwulf prgho/ zlwk wkh vdph edujdlqlqj zhljkwv
iru hdfk frxqwu|/ lw lv uhdvrqdeoh wr dvvxph wkdw wkh jdlqv dqg orvvhv iurp
frrshudwlrq zrxog eh glylghg htxdoo|1 Lq wkdw fdvh/ wkh vroxwlrq 0zklfk lv
wkh prvw v|pphwulf srvvleoh0 lv jlyhq e| srlqw � lq Iljxuh 51 Exw/ lq dq|
fdvh/ frrshudwlyh vroxwlrqv uhtxluh d juhdwhu fkdqjh lq exgjhw gh�flw wkdq
wkh Qdvk vroxwlrq/ vr wkdw frrshudwlrq lv frxqwhusurgxfwlyh1

Li zh ghslfw wkh fdvh ri d uhfhvvlrq lq erwk frxqwulhv/ wkh uhdfwlrq ixqfwlrqv
vkliw wr wkh uljkw +vhh Iljxuh 6,1 Wkh Qdvk vroxwlrq lv dw srlqw � lq Iljxuh 6/
zkhuh wkh uhdfwlrq ixqfwlrqv lqwhuvhfw/ dqg wkh frrshudwlyh v|pphwulf fdvh/
srlqw �/ uhtxluhv d juhdwhu fkdqjh lq exgjhw gh�flw wkdq wkh Qdvk vroxwlrq>
vr wkdw frrshudwlrq lv frxqwhusurgxfwlyh djdlq1
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  g2

g1

R1

R2

B1

B2

N
C

Iljxuh 6= �Orfrprwlyh h�hfw�1 Frqwudfwlrqdu| vkrfn lq erwk frxqwulhv1
Frrshudwlrq frxqwhusurgxfwlyh1

Zh kdyh mxvw vkrzq wkdw/ zkhq djjuhjdwh ghpdqg lv wkh fkdqqho ri
wudqvplvvlrq ri wkh vkrfnv/ �vfdo srolf| frruglqdwlrq ehwzhhq wkh phpehu
frxqwulhv ri wkh xqlrq lv frxqwhusurgxfwlyh1 Wklv lv vr ehfdxvh frrshudwlrq
uhtxluhv d juhdwhu fkdqjh lq exgjhw gh�flw wkdq wkh frpshwlwlyh vroxwlrq/
zlwkrxw uhjduglqj wkh qdwxuh dqg wkh ruljlq ri wkh vkrfnv1

Lq wkh suhylrxv vhfwlrq lw zdv vkrzq wkdw wkh frrshudwlyh vroxwlrq
lqwhuqdol}hv h{whuqdolwlhv wkdw duh gl�huhqw iurp }hur1 Zkhq wkh h{whuqdolw|
kdv wkh vdph vljq wkdq wkh vkrfn/ wkh frrshudwlyh vroxwlrq uhlqirufhv wkh
dgyhuvh h�hfwv ri wkh vkrfn1 Lw fdq eh suryhg iru wkh �orfrprwlyh h�hfw� +vhh
Dsshqgl{ YLL,/ wkdw iru srvlwlyh vkrfnv h{whuqdolwlhv duh dovr srvlwlyh/ dqg
iru qhjdwlyh vkrfnv h{whuqdolwlhv duh qhjdwlyh1 Iru wkdw uhdvrq frrshudwlrq lv
frxqwhusurgxfwlyh/ vlqfh lw lqwhuqdol}hv h{whuqdolwlhv wkdw uhlqirufh wkh h�hfw
ri wkh vkrfn dqg uhtxluhv d juhdwhu fkdqjh lq wkh exgjhw gh�flw1 Vr/ lq rughu
wr dyrlg vrph ri wkh dgyhuvh h�hfwv/ lw zrxog eh suhihudeoh qrw wr frruglqdwh1

715 Wkh �ehjjdu0wk|0qhljkerxu h�hfw�

Iru wkh �ehjjdu0wk|0qhljkerxu h�hfw�/ wkh uhdfwlrq ixqfwlrqv kdyh srvlwlyh
vorshv1 Iljxuh 7 vkrzv wkdw wkh uhdfwlrq ixqfwlrqv lqwhuvhfw dw wkh ruljlq/
zkhuh qrqh ri wkh frxqwulhv kdv wr fkdqjh lwv exgjhw gh�flw1

Zkhq fkdqjhv lq wkh lqwhuhvw udwh dqg lq wkh h{fkdqjh udwh duh wkh
suhydlolqj fkdqqho ri wudqvplvvlrq/ h{sdqvlrqdu| +frqwudfwlrqdu|, uhdo vkrfnv

5;



  g2

g1

R1

R2

Iljxuh 7= �Ehjjdu0wk|0qhljkerxu�1 Uhdfwlrq ixqfwlrqv lq devhqfh ri vkrfnv1

lq d frxqwu| wudqvodwh lqwr frqwudfwlrqv +h{sdqvlrqv, iru wkh rwkhu frxqwu|
+s� : fc s2 	 f ru s� 	 fc s2 : f,1 Zkhq wkh rxwsxw ri d frxqwu| h{sdqgv/
wkh rxwsxw ri wkh rwkhu idoov +vhh htxdwlrqv +Hb, dqg +bf,,1 Iljxuh 8 dqg
Iljxuh 9 vkrz wkh dowhuqdwlyh srvvlelolwlhv1 Lq erwk fdvhv/ frrshudwlrq uhvxowv
frxqwhusurgxfwlyh vlqfh frrshudwlyh vroxwlrqv uhtxluh d juhdwhu fkdqjh lq wkh
exgjhw gh�flw dv frpsduhg wr wkh Qdvk vroxwlrq1

Rq wkh rwkhu kdqg/ zh vkrxog dovr frqvlghu vkrfnv wkdw h{sdqg wkh
rxwsxw ri erwk frxqwulhv= srvlwlyh prqhwdu| dqg vxsso| vkrfnv iurp wkh
xqlrq +6 : fc r�c

r2 	 f, ru frqwudfwlyh ghpdqg vkrfnv dqg srvlwlyh vxsso|
vkrfnv iurp wkh uhvw ri wkh zruog +6Wc sWc rW 	 f,1 Iljxuh : vkrzv wkdw
wkh uhdfwlrq ixqfwlrqv ri frxqwulhv 4 dqg 5 vkliw wr wkh ohiw dqg wr wkh uljkw
uhvshfwlyho|/ dqg frrshudwlrq uhvxowv xvhixo vlqfh lw uhtxluhv d orzhu fkdqjh
lq exgjhw gh�flw lq erwk frxqwulhv1

Vlploduo|/ qhjdwlyh prqhwdu| dqg surgxfwlylw| vkrfnv iurp wkh xqlrq
+6 	 fc r�c

r2 : f, ru srvlwlyh ghpdqg vkrfnv dqg qhjdwlyh vxsso| vkrfnv
iurp wkh uhvw ri wkh zruog +6Wc sWc rW : f,/ ohdg wr dq rxwsxw idoo lq erwk
frxqwulhv1 Iljxuh ; vkrzv wkdw wkh uhdfwlrq ixqfwlrq ri frxqwulhv 4 dqg 5
vkliw wr wkh uljkw dqg wr wkh ohiw uhvshfwlyho|/ dqg frrshudwlrq uhvxowv xvhixo
vlqfh lw uhtxluhv d orzhu fkdqjh lq exgjhw gh�flw lq erwk frxqwulhv1

Lw fdq eh suryhg wkdw iru wkh �ehjjdu0wk|0qhljkerxu h�hfw� +vhh Dsshqgl{
D1YLL, lq wkh fdvh ri uhdo vkrfnv iurp wkh xqlrq +s�c s2, h{whuqdolwlhv kdyh
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g1
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C

R1

R2
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B2

Iljxuh 8= �Ehjjdu0wk|0qhljkerxu�1 H{sdqvlrqdu| vkrfn lq frxqwu| 4 dqg
frqwudfwlrqdu| vkrfn lq frxqwu| 51 Frrshudwlrq frxqwhusurgxfwlyh1

  g2

g1

B1

B2
R2

R1

N
C

Iljxuh 9= �Ehjjdu0wk|0qhljkerxu�1 Frqwudfwlrqdu| vkrfn lq frxqwu| 4 dqg
h{sdqvlrqdu| vkrfn lq frxqwu| 51 Frrshudwlrq frxqwhusurgxfwlyh1
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  g2

g1
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B2

R2
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Iljxuh := �Ehjjdu0wk|0qhljkerxu�1 H{sdqvlrqdu| vkrfn lq erwk frxqwulhv1
Frrshudwlrq xvxhixo1

  g2

g1

B1

B2

R2

R1

N

C

A
A

Iljxuh ;= �Ehjjdu0wk|0qhljkerxu�1 Frqwudfwlrqdu| vkrfn lq erwk frxqwulhv1
Frrshudwlrq xvhixo1
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wkh vdph vljq wkdq wkh vkrfn +vhh htxdwlrqv +Hb, dqg +bf,,1 Ehfdxvh ri
wkdw/ frrshudwlrq lv frxqwhusurgxfwlyh vlqfh lw uhlqirufhv wkh h�hfwv ri wkh
vkrfn dqg uhtxluhv d juhdwhu fkdqjh lq wkh exgjhw gh�flw1 Exw iru wkh uhvw ri
vkrfnv +l1h1/ prqhwdu| dqg vxsso| vkrfnv iurp wkh xqlrq +6c r�c r2, dqg dq|
vkrfn iurp wkh uhvw ri wkh zruog +6Wc s Wc rW,,/ h{whuqdolwlhv kdyh wkh rssrvlwh
vljq1 Lq wkrvh fdvhv/ wkh frrshudwlyh vroxwlrq r�vhwv wkh dgyhuvh h�hfwv/ vr
frrshudwlrq suryhv wr eh xvhixo1

716 Wkh ghvludelolw| ri �vfdo srolf| frruglqdwlrq

Iurp wkh uhvxowv rewdlqhg lq wkh suhylrxv vxevhfwlrqv/ zh fdq hvwdeolvk d
frpsdulvrq ehwzhhq wkh Qdvk vroxwlrq dqg wkh Frrshudwlyh vroxwlrq1 Wklv
frpsdulvrq lv vkrzq lq Wdeoh 714/ zkhuh zh surylghg wkh vljq +h{sdqvlrqdu|/
frqwudfwlrqdu|/ dpeljxrxv ru }hur, ri wkh �vfdo srolf| xvhg wr frsh zlwk
vkrfnv/ ghshqglqj rq wkh fkdqqho ri wudqvplvvlrq ri wkh vkrfnv1

WDEOH 714

ilvfdo srolf| iurp wkh frxqwu| 4 +v|pphwulf iru frxqwu| 5,

�ORFRPRWLYH � �EHJJDU 0WK\0QHLJKERXU�

Qdwxuh ri wkh vkrfn U Q F U Q F

6 0 0 0 0 0 0
6W 0 0 0 . . .
s�c s2 0/� 0/0 0/0 0/. 0/. 0/.
sW 0 0 0 . . .
r�c r2 ./. ./. ./. ./. ./. ./.
rW . . . . . .

Qrwhv= d, U/Q dqg F ghqrwh uhdfwlrq ixqfwlrq/ Qdvk vroxwlrq dqg Frrshudwlyh
vroxwlrq/ uhvshfwlyho|1

e, +.,/+0,/ +�, dqg 3 ghqrwh wkh vljq ri wkh srolf|1
1

Vxppdulvlqj wkh uhvxowv rewdlqhg/ zh frxog ghulyh wkh frqglwlrqv xqghu
zklfk frruglqdwlrq ri �vfdo srolf| pd| eh xvhixo1 Wkhvh frqglwlrqv duh
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suhvhqwhg lq Wdeoh 7151 Iurp Wdeoh 715 zh fdq frqfoxgh wkdw wkh uhvxowv
duh ghwhuplqhg qrw rqo| e| wkh dv|pphwu| ri wkh vkrfn/ exw e| lwv qdwxuh
+prqhwdu|/ uhdo ru vxsso|,1 Zkhq idflqj prqhwdu| vkrfnv/ frrshudwlrq
dozd|v uhvxowv lqgl�huhqw1 Exw zkhq ghdolqj zlwk uhdo dqg vxsso| vkrfnv/
wkh fkdqqho ri wudqvplvvlrq suryhv wr eh ghwhuplqdqw1

wdeoh 715

GHVLUDELOLW\ RI ILVFDO SROLF\ FRRUGLQDWLRQ

VKRFN frrshudwlrq

Prqhwdu| +6c6W,
� �Orfrprwlyh h�hfw�= frxqwhusurgxfwlyh1

� �Ehjjdu0wk|0qhljkerxu h�hfw�= xvhixo

Uhdo +s�c s2c sW,
� �Orfrprwlyh h�hfw�= xvhixo1
� �Ehjjdu0wk|0qhljkerxu h�hfw�= frxqwhusurgxfwlyh zkhq wkh vkrfn

kdv lwv ruljlq zlwklq wkh prqhwdu| xqlrq/
dqg xvhixo iru wkh uhvw ri wkh fdvhv1

Vxsso| +r�c r2c r
W,

� �Orfrprwlyh h�hfw�= frxqwhusurgxfwlyh1

� �Ehjjdu0wk|0qhljkerxu h�hfw�= xvhixo

8 Frqfoxvlrqv

Lq wklv sdshu zh kdyh wulhg wr h{dplqh rqh ri wkh pdlq lpsolfdwlrqv ri d
prqhwdu| xqlrq1 Lq devhqfh ri prqhwdu| srolf|/ wkh dxwkrulwlhv kdyh wr
ghdo zlwk vkrfnv xvlqj �vfdo srolf| zlwk vwdelol}dwlrq sxusrvhv/ exw wkh
glvflsolqlqj h�hfwv ri d prqhwdu| xqlrq pd| uhtxluh vrph olplwdwlrqv rq
wkh sxeolf ghew dqg wkh exgjhw gh�flw ri lwv phpehu frxqwulhv1 Iru wkdw
uhdvrq/ zh kdyh irfxvhg rq wkh dqdo|vlv ri krz wkh phpehu frxqwulhv ri d
prqhwdu| xqlrq uhdfw wr frxqwu|0vshfl�f vkrfnv dqg wr vkrfnv iurp wkh uhvw
ri wkh zruog1 Lw lv dovr dvvxphg wkdw wkh exgjhw gh�flw lv wkh rqo| lqvwuxphqw
xvhg wr idfh vkrfnv/ dqg wkdw vrph uhvwulfwlrqv h{lvw rq wkh xvh ri �vfdo srolf|
lqvwuxphqwv1

Lq rughu wr h{dplqh wkhvh txhvwlrqv/ zh kdyh ghyhorshg d wkuhh0frxqwu|
prgho lq zklfk frxqwulhv vkrz gl�huhqw suhihuhqfhv uhjduglqj remhfwlyhv/ dqg
idfh dv|pphwulf vkrfnv1 Wzr ri wkh frxqwulhv irup d prqhwdu| xqlrq zkhuh
dq lqghshqghqw fhqwudo edqn frqwurov prqhwdu| srolf|/ dqg �vfdo srolf| lv
ghwhuplqhg e| �vfdo dxwkrulwlhv dw wkh qdwlrqdo ohyho1 Xqolnh rwkhu vwxglhv
rq wkh vxemhfw/ wkh prgho kdv ehhq h{solflwo| ghvljqhg iru d prqhwdu| xqlrq/
zkhuh wkh fkdqqho ri wudqvplvvlrq ri wkh vkrfnv lv ghwhuplqdqw iru wkh uhvxowv1
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Lq rxu prgho/ vxsso| vkrfnv kdyh xqdpeljxrxv h�hfwv rq hqgrjhqrxv
yduldeohv1 Rq wkh frqwudu|/ wkh h�hfwv ri ghpdqg vkrfnv zloo ghshqg rq wkh
fkdqqho ri wudqvplvvlrq= zkhq djjuhjdwh ghpdqg suhydlov/ wkh uhvxow lv wkh
�orfrprwlyh h�hfw�/ zkhuhdv li fkdqjhv lq wkh lqwhuhvw udwh dqg uhdo h{fkdqjh
udwh suhydlo/ wkh uhvxow lv wkh �ehjjdu0wk|0qhljkerxu h�hfw�1

Diwhu dqdo|vlqj wkh vroxwlrqv iru wkh wzr dowhuqdwlyhv/ zh fdq frqfoxgh
wkdw=

d, Iru wkh �orfrprwlyh h�hfw� fdvh> li dxwkrulwlhv dfw lqglylgxdoo|/ wkh
vroxwlrq uhtxluhv d orzhu fkdqjh lq exgjhw gh�flw wkdq li wkh| frruglqdwh1
Wklv uhvxow krogv iru dq| nlqg ri glvwxuedqfh1 Wkh uhdvrq lv wkdw wkh xvh ri
wkh exgjhw gh�flw dv d srolf| lqvwuxphqw/ ohdgv wr h{whuqdolwlhv zlwk wkh vdph
vljq wkdq wkh vkrfn1 Lq wkhvh fdvhv/ frrshudwlrq lv frxqwhusurgxfwlyh ehfdxvh
lw uhlqirufhv wkh h�hfwv ri wkh glvwxuedqfh zkhq lqwhuqdol}lqj h{whuqdolwlhv1

Wklv uhvxow zrxog eh lq olqh zlwk wkdw rewdlqhg e| Gl{rq dqg Vdqwrql
+4<<:,/ zkr frqfoxgh wkdw/ zkhq jryhuqphqw h{shqglwxuhv duh vwudwhjlf
frpsohphqwv +zklfk zrxog eh htxlydohqw wr rxu �orfrprwlyh h�hfw� fdvh,
dqg wkhuh lv d srvlwlyh ghpdqg h{whuqdolw|/ wkh frruglqdwhg vroxwlrq lqyroyhv
kljkhu h{shqglwxuh wkdq wkh xqfrruglqdwhg vroxwlrq1

e, Iru wkh �ehjjdu0wk|0qhljkerxu� fdvh/ frrshudwlrq lv frxqwhusurgxfwlyh
rqo| iru uhdo vkrfnv ruljlqdwhg zlwklq wkh prqhwdu| xqlrq1 Wklv lv vr ehfdxvh/
zkhq xvlqj wkh exgjhw gh�flw dv lqvwuxphqw/ h{whuqdolwlhv kdyh wkh vdph
vljq wkdq vkrfnv1 Dv d uhvxow/ frrshudwlrq lv frxqwhusurgxfwlyh ehfdxvh lw
uhlqirufhv wkh h�hfwv ri wkh vkrfn zkhq lqwhuqdol}lqj h{whuqdolwlhv1

Rq wkh frqwudu|/ iru doo wkh vkrfnv iurp wkh uhvw ri wkh zruog/ dv zhoo dv
prqhwdu| dqg vxsso| vkrfnv ruljlqdwhg zlwklq wkh xqlrq/ h{whuqdolwlhv kdyh
wkh rssrvlwh vljq1 Lq wkrvh fdvhv/ wkh frrshudwlyh vroxwlrq uhtxluhv d orzhu
fkdqjh lq wkh exgjhw gh�flw wkdq wkh frpshwlwlyh vroxwlrq> wkhq/ frrshudwlrq
lv xvhixo1

Wr vxppdul}h/ li �vfdo dxwkrulwlhv lqfoxgh wkh exgjhw gh�flw dv dq
remhfwlyh lq wkhlu orvv ixqfwlrq/ �vfdo srolf| frruglqdwlrq zrxog eh xvhixo rqo|
surylghg wkdw fkdqjhv lq wkh lqwhuhvw udwh dqg wkh uhdo h{fkdqjh udwh suhydlo
dv wkh fkdqqho ri wudqvplvvlrq> dqg/ dw wkh vdph wlph/ li wkh suredelolw| ri
vx�hulqj iurp prqhwdu| dqg vxsso| vkrfnv ruljlqdwhg zlwklq wkh xqlrq/ dqg
dq| nlqg ri vkrfn iurp wkh uhvw ri wkh zruog/ lv kljkhu1 Wkhuhiruh/ lw zrxog
eh fuxfldo wr nqrz zklfk zrxog eh wkh fkdqqho ri wudqvplvvlrq dqg wkh nlqg
ri glvwxuedqfhv dfwxdoo| suhydlolqj lq d prqhwdu| xqlrq1

Rq wkh rwkhu kdqg/ rxu dvvxpswlrq wkdw wkh vrflhw|*v orvv ixqfwlrq lv wkh
�vfdo dxwkrulwlhv ixqfwlrq vkrxog eh vwuhvvhg1 Wklv dvvxpswlrq lv lq olqh zlwk
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prvw ri wkh dydlodeoh olwhudwxuh +vxuyh|hg lq Gdqlhov dqg YdqKrrvh +4<<;,,
zklfk whqgv wr lghqwli| wkh remhfwlyh ixqfwlrq ri wkh srolf|pdnhuv zlwk wkh
vrfldo remhfwlyh ixqfwlrq> lq dgglwlrq/ vrph ri wkhvh vwxglhv vxjjhvw +h1j1
Eu|dqw +4<<8,, wkdw frrshudwlrq pd| eh frxqwhusurgxfwlyh zkhq lwv dlp lv
wr ghyldwh dwwhqwlrq iurp qdwlrqdo sulrulwlhv/ dqg dovr zkhq lw lv xvhg wr uhdfk
wkh sduwlfxodu lqwhuhvw ri srolf|pdnhuv1 Wklv odwwhu dvvxpswlrq kdv doorzhg
xv wr xvh wkh fulwhulrq wkdw wkh ehvw vroxwlrq lv wkh vroxwlrq wkdw uhtxluhv
wkh orzhvw fkdqjh lq wkh exgjhw gh�flw1 Zkhq lqfoxglqj wkh gh�flw dv dq
remhfwlyh/ wkh dxwkrulwlhv wu| wr plqlpl}h vlpxowdqhrxvo| erwk fkdqjhv lq d
pdfurhfrqrplf yduldeoh +rxwsxw, dqg fkdqjhv lq wkh �vfdo srolf| lqvwuxphqw1
Exw li wkh| plqlpl}h wkh xvh ri wkh lqvwuxphqw +exgjhw gh�flw,/ wkh| duh
jlylqj pruh lpsruwdqfh wr wkh gh�flw wdujhw wkdq wr wkh dlp ri uhgxflqj
wkh h�hfwv ri wkh vkrfnv1 Wklv vlwxdwlrq pd| eh dq h{dpsoh ri wkh srvvleoh
uhdvrqv wr eh uhoxfwdqw zkhq hvwdeolvklqj olplwv rq wkh xvh ri exgjhw gh�flwv
lq d prqhwdu| xqlrq +vhh/ h1j1/ Exlwhu hw1 do1 +4<<6,,1

9 Dsshqgl{

D1 L Wkh uhgxfhg irup +Htxdwlrqv 5; wr 64,

Iurp htxdwlrq +5, lq wkh pdlq wh{w/ zh rewdlq wkh htxloleulxp rxwsxw lq
wkh prqh| pdunhw1 Qh{w/ zh vxevwlwxwh lw lqwr wkh jrrgv pdunhw htxloleulxp
frqglwlrq +htxdwlrq +4,,1 Grlqj wkh vdph iru wkh htxdwlrqv iru wkh uhvw ri
wkh zruog / dqg vxevwudfwlqj/ zh rewdlq wkh uhdo h{fkdqjh udwh ehwzhhq wkh
prqhwdu| xqlrq dqg wkh uhvw ri wkh zruog=

Eezn RW� R� '
E6� R�� E6W

� RW�� BwE+ � +W�� wEs � s W�� w�}

2qw
+D14,

Uhsodflqj +D14, dqg wkh zruog lqwhuhvw udwh/ uz/ iurp htxdwlrq +5, lqwr
htxdwlrq +4, zh rewdlq=

+ ' @�6� @�R� @26
W n @2R

W n @�+
W n @es n @es

W n @D}

dqg dovr iru wkh uhvw ri wkh zruog=

+W ' @�6
W
� @�R

W
� @26n @2Rn @�+ n @es

W n @es n @D} +D16,
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Wkhq/ vxevwlwxwlqj +D14, lqwr wkh djjuhjdwh ghpdqg dqg djjuhjdwh vxsso|
0htxdwlrqv +48, dqg +49, 0 zh fdq rewdlq wkh iroorzlqj h{suhvvlrqv=

R ' @S6n @SR
W
� @S6

W n @.+ � @H+
W
� @bs n @bs

W
� @�f} n @��r +D17,

RW ' @S6
W n @SR� @S6n @.+

W
� @H+ � @bs

W n @bs n @�f} n @��r
W +D18,

zkhuh=

@� '
2wkn�

wE2�n2kw3B��
c @2 '

�

wE2�n2kw3B��
c

@� '
B�

2�n2kw3B�
c @e '

�

2�n2kw3B�
c

@D ' �@ec @S '
b0>

b0>nb2qwE�3b0>�
c

@. '
E2qnb0>B�w

b0>nb2qwE�3b0>�
c @H '

Bwb0>

b0>nb2qwE�3b0>�
c

@b '
wb0>

b0>nb2qwE�3b0>�
c @�f ' �@bc

@�� '
2qwb

b0>nb2qwE�3b0>�

Wr rewdlq wkh htxloleulxp ydoxhv iru rxwsxw dqg sulfhv/ zh qhhg wr vroyh
wkh v|vwhp jlyhq e| htxdwlrqv +D15, wr +D18,=

3
EEC

� 3@� @� 3@2

3@� � 3@2 @�

3@. @H � 3@S

@H 3@. 3@S �

4
FFD

3
EEC

+

+W

R

RW

4
FFD '

3
EEC

@�63@26
Wn@esn@esWn@D}

3@26n@�6Wn@esn@esWn@D}

@S63@S6
W
3@bsn@bsW3@�f}n@��r

3@S6n@S6
Wn@bs3@bs

Wn@�f}n@��r
W

4
FFD

Htxdwlrqv +5;, wr +64, lq wkh pdlq wh{w duh wkh vroxwlrq/ zkhuh wkh
frh!flhqwv duh=

@+ ' d@SE@� n @2�E�� n @� n @S � @.E@� � @2�� n @�E@�@H � @�@S n @2@.��

@2E@� n @2E@. n @H�� n @�E�� @2S n @.E@� � @2@S� n @HE@2 � @�@S��o!{
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K+ ' d@SE@� n @2�E�� @� � @S � @HE@� � @2��� @2E@�@H � @�@S n @2@.�n

@�E@� n @2@. n @�@H��� @2E� � @2S n @.E@� � @2@S� n @HE@2 � @�@S��o!{

S+ ' �_+

_+ ' dE@e n @D�E�� @2SE� n @�� n @� n E@� n @2�E@. n @H�E�� @S��n

E@b n @�f�EE@� n @2�E� � @2SE� n @��� @� n E@� � @2�E@. n @H���o!{

�+ ' dE@e n @D�E�� @2SE� n @�� n @� n E@� n @2�E@. n @H�E�� @S���

E@b n @�f�EE@� n @2�E� � @2SE� n @��� @� n E@� � @2�E@. n @H���o!{

�+ ' d@��E�@�E� n @�@S�� @.E@2� � @22� n @2E@� n @S��o!{

�+ ' d@��E@2E� n @�@S�� @HE@
2
� � @22�� @�E@� n @S��o!{

&+ ' ��+

@R ' d@SEE�� @2��E� � @S� n @.EE� n @S�E@� � @2@�� n 2@SE@�@� � @2�n

@.E@
2
� � @22� n @HEE� n @D�E@2 � @�@�� n 2@SE@2@� � @��� @HE@

2
� � @22���o!{

KR ' dE�� @S�E@.E@�@� � @2� n @HE@2@� � @��� @SE�� @2���o!{

SR ' �_R

_R ' dE@e n @D�E@. n @H�EE� n @��E� n @S� n E@� n @2�E@. n @H���

E@b n @�f�E�� @��EE� n @��E� � @S� n E@� � @2�E@. � @H�o!{

�R ' dE@e n @D�E@. n @H�EE� n @��E� n @S� n E@� n @2�E@. n @H��n

E@b n @�f�E�� @��EE� n @��E� � @S� n E@� � @2�E@. � @H�o!{

�R ' dE�� @2�� n @.E@� � @2@�� n @HE@2 � @�@��o!{
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�R ' d@SE�� @2�� n @.E@2 � @�@�� n @HE@� � @2@��o!{

&R ' ��R

zlwk=

{ ' d�� @2SE� � @2��� @2� n @�@.E2 n @�@. n 2@�@S� n @2@HE2 n @2@H n 2@�@S�

� @2@.E2@S n @2@. n 2@��� @�@HE2@D n @�@H n 2@��o : f

Wr rewdlq htxdwlrqv +65,/+66,/ +68, dqg +69, iurp htxdwlrqv +5;, dqg +63,
zh kdyh dvvxphg wkdw vkrfnv wudqvplw wkhpvhoyhv lq wkh vdph zd| ehwzhhq
wkh frxqwulhv ri wkh xqlrq dqg ehwzhhq wkh xqlrq dqg wkh uhvw ri wkh zruog1
Dv d uhvxow/ zh rewdlq wkh uhgxfhg irup jlyhq e| htxdwlrqv +65,/ +66,/ +68,
dqg +69,> zkhuh lq devroxwh ydoxhv= K�� n K��� ' K�/ S�� n S��� ' S�/ _�� n _��� ' _�/
��� n ���� ' ��/ �

�

� n ���� ' �� / �
�

� n � ��� ' �� dqg &�� n &��� ' &�/ iru � ' +c R1 Zh fdq
fkhfn wkh uhvxowv e| pdnlqj wkh uhvshfwlyh zhljwkhg vxpv1

D1LL Dowhuqdwlyh orvv ixqfwlrqv

Vroylqj wkh rswlpl}dwlrq sureohp iru d orvv ixqfwlrq olnh u� ' +2� n j�}
2
� c

+vhh Dsshqgl{ D1LLL,/ wkh devroxwh ydoxh ri wkh frh!flhqw iru dq h{sdqvlrqdu|
uhdo vkrfn +ehlqj vlplodu iru wkh uhvw, lq wkh uhdfwlrq ixqfwlrq ri wkh �uvw
frxqwu|/ zrxog eh=

�����
S�+_

�

+�
S�+
�2

n j�

�����

Rq wkh rwkhu kdqg/ li wkh orvv ixqfwlrq lv u� ' +2� n j�}
2
� n Z�R

2
� c zh zrxog

rewdlq= �����
S�+_

�

+ n S�R_
�

RZ��
S�+
�2

n j� n
�
S�R
�2

Z�

�����
Dqg wkh uhodwlrqvkls ehwzhhq wkhvh devroxwh ydoxhv zrxog eh=

��S�+S�R_�+
�� 0 ��ES�+�2_�R n j�_

�

R

��
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Lq wklv zd|/ zh fdq frqfoxgh wkdw wkh vl}h ri wkh frh!flhqwv ghshqg rq
wkh h�hfwv ri wkh vkrfn rq wkh hfrqrp| +_�+/ _

�

R,/ rq wkh xvh ri wkh exgjhw
gh�flw dv dq lqvwuxphqw +S�+/ S

�

R,/ dqg rq wkh ghjuhh ri dyhuvlrq wr fkdqjhv
lq wkh lqvwuxphqw +j�,1 Li wkh orvv ixqfwlrq lqfoxghv dv remhfwlyh fkdqjhv lq
sulfhv/ wkh frh!flhqwv ri wkh vroxwlrq zloo eh juhdwhu lq devroxwh ydoxh +zlwk
uhvshfw wr wkh fdvh zkhq sulfhv duh qrw lqfoxghg, li lq wkh suhylrxv h{suhvvlrq
wkh vhfrqg whup lv juhdwhu wkdq wkh �uvw whup1 Lq wkdw fdvh/ �vfdo dxwkrulwlhv
zloo suhihu d juhdwhu fkdqjh lq gh�flw wkdq lq wkh fdvh zkhuh sulfhv duh qrw
lqfoxghg1

Vlqfh erwk wkh frpshwlwlyh dqg frrshudwlyh vroxwlrqv zloo ghshqg rq wkh
uhdfwlrq ixqfwlrq frh!flhqwv/ wkh uhodwlyh vl}h ri wkh vroxwlrq zloo ghshqg rq
wkh vl}h ri wkh uhdfwlrq ixqfwlrqv frh!flhqwv1

D1LLL Wkh frh!flhqwv ri wkh uhdfwlrq ixqfwlrqv

Lq devroxwh ydoxh/ wkh frh!flhqwv duh htxdo lq erwk wkh �orfrprwlyh h�hfw�

dqg �ehjjdu0wk|0qhljkerxu h�hfw� fdvhv1

Zh kdyh/ iru wkh uhdfwlrq ixqfwlrq ri frxqwu| 4=

-�c� ' ��S
��

+ c -�c2 ' ��_
�

+c -�c� ' ��_
��

+c

-�ce ' ���
�

+c -�cD ' ��@+c -�cS ' ��K
�

+c

-�c. ' ���
�

+c -�cH ' ���
��

+c -�cb ' ���
�

+

zkhuh �� '
S�+

ES�

+�
2nj�

Wkh frh!flhqwv iru frxqwu| 5 duh=

-2c� ' �2S
��

+c -2c2 ' �2_
��

+c -2c� ' �2_
�

+c

-2ce ' �2�
��

+ c -2cD ' �2@+c -2cS ' �2K
��

+ c

-2c. ' �2�
��

+c -2cH ' �2�
�

+c -2cb ' �2�
��

+
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zkhuh �2 '
S�+

ES�

+
�2nj2

D1LY Wkh Qdvk0Frxuqrw vroxwlrq

wkh orfrprwlyh hiihfw

Iru frxqwu| 4=

��c� '
-�c23-�c�-2c2

-�c�-2c�3�
��c2 '

-�c�3-�c�-2c�

-�c�-2c�3�

��c� '
-�ce3-�c�-2ce

-�c�-2c�3�
��ce '

-�cD3-�c�-2cD

-�c�-2c�3�

��cD '
-�cSn-�c�-2cS

-�c�-2c�3�
��cS '

3-�c.n-�c�-2c.

-�c�-2c�3�

��c. '
3-�cHn-�c�-2cH

-�c�-2c�3�
��cH '

3-�cbn-�c�-2cb

-�c�-2c�3�

dqg iru frxqwu| 5=

�2c� '
-2c23-�c2-2c�

-�c�-2c�3�
�2c2 '

-2c�3-�c�-2c�

-�c�-2c�3�

�2c� '
-2ce3-�ce-2c�

-�c�-2c�3�
�2ce '

-2cD3-�cD-2c�

-�c�-2c�3�

�2cD '
-2cS3-�cS-2c�

-�c�-2c�3�
�2cS '

3-2c.n-�c.-2c�

-�c�-2c�3�

�2c. '
3-2cHn-�cH-2c�

-�c�-2c�3�
�2cH '

3-2cbn-�cb-2c�

-�c�-2c�3�

wkh ehjjdu0wk|0qhljkerxu hiihfw

Iru frxqwu| 4=
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� �

�c� '
-�c23-�c�-2c2

-�c�-2c�3�
� �

�c2 '
3-�c�n-�c�-2c�

-�c�-2c�3�

� �

�c� '
3-�ce3-�c�-2ce

-�c�-2c�3�
� �

�ce '
-�cDn-�c�-2cD

-�c�-2c�3�

� �
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D1Y Wkh Qdvk0Vwdfnhoehuj vroxwlrq
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wkh ehjjdu0wk|0qhljkerxu hiihfw

Wkh frh!flhqwv duh=
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D1YL Wkh frrshudwlyh vroxwlrq

wkh orfrprwlyh hiihfw
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wkh ehjjdu0wk|0qhljkerxu hiihfw

Wkh rqo| frh!flhqwv wkdw gl�hu iurp deryh duh=
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Uhihuhqfhv

^4` Dohvlqd/ D1/ Shurwwl/ U1 dqg Vsrodruh/ H1 +4<<8,= �Wrjhwkhu ru
vhsdudwho|B Lvvxhv rq wkh frvwv dqg ehqh�wv ri srolwlfdo dqg �vfdo
xqlrqv�/ Hxurshdq Hfrqrplf Uhylhz 6</ :840:8;1

^5` Edmr0Uxelr/ R1 dqg Gðd}0Urogäq/ F1 +4<<<,= �Lqvxudqfh phfkdqlvpv
djdlqvw dv|pphwulf vkrfnv lq d prqhwdu| xqlrq= Dq dssolfdwlrq wr
wkh Hxurshdq prqhwdu| xqlrq�/ Zrunlqj Sdshu <<43/ Ghsduwphqw ri
Hfrqrplfv/ Xqlyhuvlgdg Sýeolfd gh Qdyduud/ Sdpsorqd1

^6` Ed|rxpl/ W1 dqg Hlfkhqjuhhq/ E1 +4<<6,= �Vkrfnlqj dvshfwv ri Hxurshdq
prqhwdu| lqwhjudwlrq�/ lq Wruuhv/ I1 dqg Jldyd}}l/ I1 +hgv1,= Dgmxvwphqw
dqg jurzwk lq wkh Hxurshdq Prqhwdu| Xqlrq/ Fdpeulgjh Xqlyhuvlw|
Suhvv/ Fdpeulgjh/ 4<6055<1

^7` Ehhwvpd/ U1 dqg Eryhqehuj/ D1O1 +4<<;,= �Prqhwdu| xqlrq
zlwkrxw �vfdo frruglqdwlrq pd| glvflsolqh srolf|pdnhuv�/ Mrxuqdo ri
Lqwhuqdwlrqdo Hfrqrplfv 78/ 56<058;1

^8` Ervfä/ M1H1 dqg Ruwv/ Y1 +4<<4,= �Od frruglqdflöq gh sroðwlfdv �vfdohv
hq ho pdufr gh xqd Xqlöq Hfrqöplfd | Prqhwduld�/ ZS0HF <3039/
Lqvwlwxwr Ydohqfldqr gh Lqyhvwljdflrqhv Hfrqöplfdv/ Ydohqfld1

^9` Eu|dqw/ U1F1 +4<<8,= �Lqwhuqdwlrqdo frrshudwlrq lq wkh pdnlqj ri
qdwlrqdo pdfurhfrqrplf srolflhv= Zkhuh gr zh vwdqgB�/ lq Nhqhq/ S1E1
+hg1,= Xqghuvwdqglqj lqwhughshqghqfh1 Wkh pdfurhfrqrplfv ri wkh rshq
hfrqrp|/ Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq/ 6<4077:1

^:` Exlwhu/ Z1/ Fruvhwwl/ J1 dqg Urxelql/ Q1 +4<<6,= �H{fhvlyh gh�flwv=
Vhqvh dqg qrqvhqvh lq wkh Wuhdw| ri Pddvwulfkw�/ Hfrqrplf Srolf| 49/
8;04331

^;` Gdqlhov/ M1S1 dqg YdqKrrvh/ G1G1 +4<<;,= �Wzr0frxqwu| prghov ri
prqhwdu| dqg �vfdo srolf|= Zkdw kdyh zh ohduqhgB Zkdw pruh fdq
zh ohduqB�/ Rshq Hfrqrplhv Uhylhz </ 59605;51

^<` Gh Erqlv/ Y1 +4<<7,= Vwdelol}dwlrq srolf| lq dq h{fkdqjh udwh xqlrq=

Wudqvplvvlrq/ frruglqdwlrq/ dqg lq xhqfh rq wkh xqlrq frkhvlrq/

Sk|vlfd0Yhuodj/ Khlghoehuj1
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^43` Gh Judxzh/ S1 +4<<:,= Wkh Hfrqrplfv ri prqhwdu| lqwhjudwlrq +6ug1
hglwlrq,/ R{irug Xqlyhuvlw| Suhvv/ R{irug1

^44` Gðd}0Urogäq/ F1 +5333,= �Lqwhuqdwlrqdo prqhwdu| srolf| frruglqdwlrq
xqghu dv|pphwulf vkrfnv�/ Zrunlqj Sdshu 5333235/ Ghsduwphqw ri
Hfrqrplfv/ Xqlyhuvlgdg Sýeolfd gh Qdyduud/ Sdpsorqd1

^45` Gl{rq/ K1G1 dqg Vdqwrql/ P1 +4<<:,= �Ilvfdo srolf| frruglqdwlrq zlwk
ghpdqg vslooryhuv dqg xqlrqlvhg oderxu pdunhwv�/ Hfrqrplf Mrxuqdo

43:/ 736074:1

^46` Gulyhu/ U1 dqg Zuhq0Ohzlv/ V1 +4<<<,= �Hxurshdq prqhwdu| xqlrq dqg
dv|pphwulf vkrfnv lq d qhz Nh|qhvldq prgho�/ R{irug Hfrqrplf Sdshuv
84/ 99809;;1

^47` Hlfkhqjuhhq/ E1 dqg Z|sorv}/ F1 +4<<;,= �Wkh Vwdelolw| Sdfw= Pruh
wkdq d plqru qxlvdqfhB�/ Hfrqrplf Srolf| 59/ 9804461

^48` Hunho0Urxvvh/ K1 dqg Pìolw}/ M1 +4<<8,= �Qhz hpslulfdo hylghqfh rq
wkh frvwv ri HPX�/ Glvfxvvlrq Sdshu 449</ Fhqwuh iru Hfrqrplf Srolf|
Uhvhdufk/ Orqgrq1

^49` Iuhqnho/ M1D1 dqg Ud}lq/ D1 +4<<5,= Ilvfdo srolflhv dqg wkh zruog

hfrqrp|/ Wkh PLW Suhvv/ Fdpeulgjh/ Pdvv1

^4:` Jrrgkduw/ F1D1H1 +4<<8,= �Wkh srolwlfdo hfrqrp| ri prqhwdu|
xqlrq�/ lq Nhqhq/ S1E1 +hg1,= Xqghuvwdqglqj lqwhughshqghqfh1 Wkh

pdfurhfrqrplfv ri wkh rshq hfrqrp|/ Sulqfhwrq Xqlyhuvlw| Suhvv/
Sulqfhwrq/ 77;08381

^4;` Nhkrh/ S1 +4<;:,= �Frruglqdwlrq ri �vfdo srolflhv lq d zruog hfrqrp|�/
Mrxuqdo ri Prqhwdu| Hfrqrplfv 4</ 67<06:91

^4<` Od|dug/ U1/ Qlfnhoo/ V1 dqg Mdfnpdq/ U1 +4<<4,= Xqhpsor|phqw=

Pdfurhfrqrplf shuirupdqfh dqg wkh oderxu pdunhw/ R{irug Xqlyhuvlw|
Suhvv/ R{irug1

^53` Pdvvrq/ S1 dqg Pìolw}/ M1 +4<<4,= �Ilvfdo srolf| lqghshqghqfh lq d
Hxurshdq prqhwdu| xqlrq�/ Rshq Hfrqrplhv Uhylhz 5/ 44604691

^54` Qlfnhoo/ V1 +4<<3,= �Xqhpsor|phqw= D vxuyh|�/ Wkh Hfrqrplf Mrxuqdo/
433/ 6<4076<1
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^55` Revwihog/ P1 dqg Shul/ J1 +4<<;,= �Uhjlrqdo qrq0dgmxvwphqw dqg �vfdo
srolf|�/ Hfrqrplf Srolf| 59/ 538058<1

^56` Ud}lq/ D1 dqg Vdgnd/ H1 +4<<7,= �Lqwhuqdwlrqdo �vfdo srolf| frruglqdwlrq
dqg frpshwlwlrq�/ lq ydq ghu Sorhj/ I1 +hg1,= Wkh Kdqgerrn ri

Lqwhuqdwlrqdo Pdfurhfrqrplfv/ Eodfnzhoo/ R{irug/ <<04481

^57` Vdod0l0Pduwðq/ [1 dqg Vdfkv/ M1 +4<<5,= �Ilvfdo ihghudolvp dqg rswlpxp
fxuuhqf| duhdv= Hylghqfh iru Hxursh iurp wkh Xqlwhg Vwdwhv�/ lq
Fdq}rqhul/ P1/ Julool/ Y1 dqg Pdvvrq/ S1U1 +hgv1,= Hvwdeolvklqj d fhqwudo
edqn= Lvvxhv lq Hxursh dqg ohvvrqv iurp wkh Xqlwhg Vwdwhv/ Fdpeulgjh
Xqlyhuvlw| Suhvv/ Fdpeulgjh/ 4<805531

^58` Wdehoolql/ J1 +4<<3,= �Grphvwlf srolwlfv dqg wkh lqwhuqdwlrqdo
frruglqdwlrq ri �vfdo srolflhv�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv 5;/ 5780
5981

^59` Wxuqryvn|/ V1M1 +4<;;,= �Wkh jdlqv iurp �vfdo frrshudwlrq lq wkh wzr0
frpprglw| uhdo wudgh prgho�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv 58/ 4440
45:1

^5:` ydq Dduoh/ E1 dqg Kxduw/ I1 +4<<:,= �Prqhwdu| dqg �vfdo xql�fdwlrq lq
wkh HX= D vw|ol}hg dqdo|vlv�/ ZS Qr1 47</ Fhqwhu iru Hfrqrplf Vwxglhv/
Xqlyhuvlw| ri Pxqlfk/ Pxqlfk1

^5;` yrq Kdjhq/ M1 dqg Kdpprqg/ J1 Z1 +4<<;,= �Uhjlrqdo lqvxudqfh
djdlqvw dv|pphwulf vkrfnv= Dq hpslulfdo vwxg| iru wkh Hxurshdq
Frppxqlw|�/ Wkh Pdqfkhvwhu Vfkrro 99/ 66406861
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