This is a post-peer-review, pre-copyedit version of an article published in Israel Journal of Mathematics. The final
authenticated version is available online at: https://doi.org/10.1007/s11856-020-2061-5

LIPSCHITZ FREE p-SPACES FOR 0<p<1

FERNANDO ALBIAC, JOSE L. ANSORENA, MAREK CUTH,
AND MICHAL DOUCHA

ABSTRACT. This paper initiates the study of the structure of a
new class of p-Banach spaces, 0 < p < 1, namely the Lipschitz free
p-spaces (alternatively called Arens-Eells p-spaces) F,(M) over p-
metric spaces. We systematically develop the theory and show
that some results hold as in the case of p = 1, while some new
interesting phenomena appear in the case 0 < p < 1 which have
no analogue in the classical setting. For the former, we, e.g., show
that the Lipschitz free p-space over a separable ultrametric space
is isomorphic to ¢, for all 0 < p < 1. On the other hand, solving a
problem by the first author and N. Kalton, there are metric spaces
N C M such that the natural embedding from F,(N) to F,(M)
is not an isometry.

1. INTRODUCTION

It is safe to say that most of the research in functional analysis is
done in the framework of Banach spaces. While the theory of the
geometry of these spaces has evolved very rapidly over the past sixty
years, by contrast, the study of the more general case of quasi-Banach
spaces has lagged far behind despite the fact that the first papers in the
subject appeared in the early 1940’s ([5,8]). The neglect of non-locally
convex spaces within functional analysis is easily understood. Even
when they are complete and metrizable, working with them requires
doing without one of the most powerful tools in Banach spaces: the
Hahn-Banach theorem and the duality techniques that rely on it. This
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difficulty in even making the simplest initial steps has led some to
regard quasi-Banach spaces as too challenging and consequently they
have been assigned a secondary role in the theory. However, these
challenges have been accepted by some researchers and the number
of fresh techniques available in this general setting is now increasing
(see a summary in [13]). We emphasize that proving new results in
p-Banach spaces for 0 < p < 1 often provides an alternative proof even
for the limit case p = 1. Hence, quasi-Banach spaces help us appreciate
better and also shed new light on regular Banach spaces. Taking into
account that more analysts find that quasi-Banach spaces have uses in
their research, the task to know more about their structure seems to
be urgent and important.

Every family of classical Banach spaces, like the sequence spaces ¢,
the function spaces L, the Hardy spaces H),, and the Lorentz sequence
spaces d(w, p), have a non-locally convex counterpart corresponding to
the values of 0 < p < 1. In this paper we study Lipschitz free p-spaces
over quasimetric spaces. These new class of p-Banach spaces, denoted
by F,(M), are an analogy of the Lipschitz free spaces F(M), whose
study has become a very active research field within Banach space
theory since the appearance in 1999 of the important book [23] by
Weaver (here we cite the updated second edition) and, more notably,
after the seminal paper [11] by Godefroy and Kalton in 2003.

Lipschitz free p-spaces were introduced in [3] with the sole instru-
mental purpose to build examples for each 0 < p < 1 of two separable
p-Banach spaces which are Lipschitz-isomorphic but fail to be linearly
isomorphic. Whether this is possible or not for p = 1 remains as of to-
day the single most important open problem in the theory of non-linear
classification of Banach spaces. However, even though Lipschitz free
p-spaces were proved to be of substantial utility in functional analysis,
the structure of those spaces has not been investigated ever since. Our
goal in this paper is to fill this gap in the theory, to encourage further
research in this direction, and help those who want to contribute to
this widely unexplored topic.

To that end, after the preliminary Sect. 2 on the basics in quasimetric
and quasi-Banach spaces, in Sect. 3 we introduce the notion of metric
envelope of a quasimetric space M and relate it to the existence of
non-constant Lipschitz maps on M as well as to the Banach envelope
when M is a quasi-Banach space. In Sect. 4 we recall the definition of
Lipschitz free p-space and bring up to light the main differences and
setbacks of this theory with respect to the case p = 1. We also settle
a question that was raised in [3] and use molecules and atoms in order
to give an alternative equivalent definition of Lispchitz free p-spaces
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which will be very useful in order to provide examples of Lipschitz
free p-spaces isometrically isomorphic to £, and L, for 0 < p < 1. In
Sect. 5 we completely characterise Lipschitz free p-spaces over separable
ultrametric spaces, showing that for p <1 they are isomorphic to £,,.

The most important results are perhaps the ones in Sect. 6, where
we study the relation between the subset structure of a quasimetric
space M and the subspace structure of F,(M). To be precise, for each
p < 1 and each p < ¢ < 1 we provide an example of a subset N of
a ¢-metric space M such that F,(N) is not naturally a subspace of
F,(M). This fact evinces a very important dissimilarity with respect
to the case p = 1 and solves another problem raised in [3].

Throughout this note we use standard terminology and notation in
Banach space theory as can be found in [4]. We refer the reader to [23]
for basic facts on Lipschitz free spaces and some of their uses, and to
[14] for background on quasi-Banach spaces.

2. PRELIMINARIES

There are two main goals in this preliminary section. First we review
the notion of quasi-metric space along with the related notion of quasi-
Banach space and their main topological features. Second, we lay out
the notation and terminology used in this article.

2.1. Quasimetric spaces and Lipschitz maps. Given an arbitrary
nonempty set M, a quasimetric on M is a symmetric map p: M X
M — [0, 00) such that p(z,y) = 0 if and only if x = y, and for some
constant k > 1, p satisfies the quasi-triangle inequality

ple,z) < klp(z,y) +p(y, 2),  ,y,2€ M. (2.1)
The space (M, p) is then called a quasimetric space (see [16, p. 109]).
A quasimetric p on a set M is said to be a p-metric, 0 < p < 1, if p?
is a metric, i.e.,

pP(x,y) < pP(z,2) +pP(zy),  zy,2€M,

in which case we call (M, p) a p-metric space. An analogue of the Aoki-
Rolewicz theorem holds in this context (see [16, Proposition 14.5)):
every quasimetric space can be endowed with an equivalent p-metric 7
for some 0 < p <1, i.e., there is a constant C' = C'(k) > 1 such that

C'7(z,y) < pla,y) < Cr(z,y), z,yeM.

If (M, p) and (N, 7) are quasimetric spaces we shall say that a map
f: M — N is Lipschitz if there exists a constant C' > 0 so that

T(f(®), f(y) < Cp(z,y),  x,y€ M. (2.2)
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We denote by Lip(f) the smallest constant which can play the role of
C' in the last inequality (2.2), i.e.,

Lip(f) = sup {W

If f is injective, and both f and f~! are Lipschitz, then we say that
f is bi-Lipschitz and that M Lipschitz-embeds into N. If there is a
bi-Lipschitz map from M onto N, the spaces M and N are said to be
Lipschitz isomorphic. A map f from a quasimetric space (M, p) into
a quasimetric space (N, 7) is an isometry if

T(f(2), f(y)) = plz,y), @,y e M.

We shall say that (M, p) is a pointed quasimetric space (or a pointed p-
metric space, or a pointed metric space), if it has a distinguished point
that we call the origin and denote 0. The assumption of an origin is
convenient to normalize Lipschitz functions.

The Lipschitz dual of a quasimetric space (M, p), denoted Lip,(M),
is the (possibly trivial) vector space of all real-valued Lipschitz func-
tions f defined on M such that f(0) = 0, endowed with the Lipschitz

norm
T =sup{M: e M #y}.
p(z,y)

It can be readily checked that (Lip,(M), || - ||Lip) is @ Banach space.

:x,yEM,w#y} € [0,00).

2.2. Quasi-normed spaces and their Banach envelopes. Recall
that a quasi-normed space is a (real) vector space X equipped with a
map || - [|[x: X — [0,00) with the properties:

(i) ||z||x > 0 for all x # 0,
(ii) [Joz||x = |a|||z]x for all @ € R and all z € X,
(iii) there is a constant k > 1 so that for all x and y € X we have

I+ yllx < wlllzllx +[lyllx)- (2:3)

A quasi-norm || - ||x induces a linear metric topology. X is called a
quasi-Banach space if X is complete for this metric. Given 0 < p <1,
X is said to be a p-normed space if the quasi-norm || - ||x verifies (i),
(ii) and it is p-subadditive, i.e.,
(iv) flz +ylx <l + [yl for all 2,y € X.

Of course, (iv) implies (iii), and, by the Aoki-Rolewicz theorem (see
[14]), we also have that (iii) implies (iv). In the case when X is p-
normed, a metric inducing the topology can be defined by d(z,y) =
|z — y|l%. A quasi-Banach space with an associated p-norm is also
called a p-Banach space.
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A map ||-||lx: X — [0,00) that verifies properties (ii) and (iv) is
called a p-seminorm on X. Given a p-seminorm ||-||x on a vector space
X it is standard to construct a p-Banach space from the pair (X, ||- || x)
following the so-called completion method. For that we consider the
vector subset N = {z € X: ||z||x = 0} and form the quotient space
X/N, which is p-normed when endowed with || - ||x. Now we just
need to complete (X/N, |- ||x). The reader should be acquainted with
the fact that completeness and completion for quasi-metric spaces are
completely analogous to such notions for metric spaces.

Given 0 < p < 1, a subset C of a vector space V is said to be
absolutely p-convex if for any x and y € C and any scalars A and p
with |[A[P 4 |p|P <1 we have Az + py € C. The Minkowski functional
|| - ||c of an absolutely p-convex set C, given by

|zl =inf {A>0: A\'z eC},

defines a p-seminorm on span(C).

Given a nonempty subset Z of a vector space V' there is a method
for building a p-Banach space from it. Let co,(Z) denote the p-convez
hull of Z, i.e., the smallest absolutely p-convex set containing 7. If
N = {z € span(Z): ||7[|co,(z) = 0}, then the quotient space span(Z)/N
equipped with || - ||co,(z) is a p-normed linear space. In the case when
span(Z)* separates the points of span(Z) then || - [|co,(z) is a p-norm.

Definition 2.1. The completion of (span(Z)/N, || - ||co,(z)) Will be called
the p-Banach space constructed from Z by the p-convezification method
and will be denoted by (X, z, || - ||p.2)-

Notice that it is possible to give an explicit expression for || - ||, 2.
As a matter of fact, for x € X, ; we have
1S9 1/p 00
|||,z = inf (Z |aj|p) rr=> wm, v, €Zp. (24
j=1 j=1

When dealing with a quasi-Banach space X it is often convenient
to know which is the “smallest” Banach space containing X or, more
generally, given 0 < ¢ < 1, the smallest ¢-Banach space containing X.

Definition 2.2. Given a quasi-Banach space X and 0 < ¢ < 1, the
q-Banach envelope of X (resp. Banach envelope for ¢ = 1), denoted
()/(\‘1, |- |leq) (resp. (X, |- ||l.) for ¢ = 1) is the ¢-Banach space obtained
by applying to the unit ball Bx of X the g-convexification method.

Obviously ||z]|cq < ||z|| for all z € X, so that the identity map on X
induces a (not necessarily one-to-one) bounded linear map ix,: X —
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X7 whose range is dense in X7, This map possesses the following
universal property: if 7: X — Y is a bounded linear map and Y is an
arbitrary g-Banach space then T' factors through ix g,

T

X

Zx/\/;

X4

Y

and the unique “extension” T: X7 — Y has the same norm as T. In

particular, X and X4 have the same dual space.
For instance, the ¢g-Banach envelope of £, for 0 <p < ¢ <11is 4.
The following formula for the g-Banach envelope quasi-norm will be
very useful. The case ¢ = 1 was shown by Peetre in [19].

Lemma 2.3. Let X be a quasi-Banach space and 0 < g < 1. Then for
r € X,

n 1/q n
HxHC,q = inf (Z H%Hq) : ZQJZ =z, ;€ X,neN . (2.5)
=1

i=1

Proof. Let || - ||o be the g-seminorm on X defined by the expression in
(2.5) and X, be the g-Banach space obtained from (X, || - ||o) by the
completion method. If T': X — Y is a bounded linear map and Y is
¢-Banach, then [|T'(x)]| < ||T||||x|lo- Consequently, X, has the same

universal property as X4, thus Xy and X¢ are isometric. 0
2.3. p-norming sets in quasi-Banach spaces.

Definition 2.4. Given a quasi-Banach space X and 0 < p < 1, we say
that a subset Z of X is a p-norming set with constants C' and D if

1— -
ECOP(Z) Q BX g DCOP(Z).
In the case when C'= D = 1 we say that Z is isometrically p-norming.

Note that Z is a p-norming set of X if and only if || - ||,z defines an
equivalent quasi-norm on X. Consequently, if X admits a p-norming
set then X is isomorphic to a p-Banach space. Conversely, if X is a
p-Banach space, then a set Z C X is p-norming with constants C' and
D if and only if

éz C By C Deoy(2). (2.6)

Adopting the terminology from harmonic analysis it can be said that a
set Z is p-norming in X if and only if (Z, £,,) is an atomic decomposition
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of X. Recall that a pair (A,S), where A is a subset of X and S is a
symmetric sequence space, is said to be an atomic decomposition of X
if there are constants 0 < C, D < oo such that

(i) Given f = (an)22, € S and ()22, C A then > 7 a,a,
converges in X to a vector x verifying ||z|| < C|| f]|s, and
(ii) for any x € X there are f = (a,)5>, € S and (o), C A such

that . =57 a, o, and ||f|ls < DJz||.

n=1
We conclude this preliminary section enunciating for future reference
a few straightforward auxiliary results on p-norming sets.

Lemma 2.5. Suppose Z, and Zy are subsets of a quasi-Banach X such
that Zy C Zy, Zy is dense in Zy, and Zy 18 p-norming i X. Then Z;
15 a p-norming set in X with the same constants as Zs.

Lemma 2.6. Suppose that Z, and Zy are p-norming sets for quasi-
Banach spaces X1 and Xs, respectively. Let T' be a one-to-one linear
map from span(Zy) into Xy such that T(Zy) = Zy. Then T extends
to an onto isomorphism T: X1 — Xs. Moreover, in the case when Z;
and Zy are both isometrically p-norming sets, T is an isometry.

Lemma 2.7. Suppose that Z is a p-norming set for a quasi-Banach
space X with constants Cy and Cy and that Zy C Z. If there is a
constant C' such that every x € Z can be written as x =Yy " | ap Ty
for some [ = (a,)i>y € €, with ||f|l, < C and (x,)5>, in Zy, then Z,
1s a p-norming set for X with constants C7 and CCs.

Proof. By hypothesis Z C C'co,(Zp). Therefore co,(Z) C Cco,(Zy),
and so

1l — 1 —— -
FCOP(ZO) C FCOP(Z) C Bx C (Cyc0,(Z) CCCycou(Zp). 0O
1 1

3. THE METRIC ENVELOPE OF A QUASIMETRIC SPACE

Suppose (M, p) is a pointed quasimetric space. By analogy with the
universal extension property of the Banach envelope of a quasi-Banach
space, we are interested in the questiozlv on how to construct a metric
space (M, p), and a map @Q: M — M with Lip(Q) < 1 such that
whenever (M, d) is a metric space and f: M — M verifies the Lipschitz
condition

d(f(x), f(y) < Cplz,y),  zyeM, (3.7)

then f induces a Lipschitz map ]7: //\\fll — M with f = fvo @ and
A(f(x), [(y)) < Chla, ) for all 2,y € M.
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Note that if f verifies (3.7), then we will have

d(f(z), f(y)) < CZP(%‘, Tit1),

for any finite sequence x = xg, x1,..., 2,41 = y of (possibly repeated)
points in M. Therefore, in all fairness we define, for x,y € M,

plz,y) =inf > plwi,zi), (3.8)
i=0

where the infimum is taken over all sequences z = xg,z1,..., 2,11 =y
of finitely-many points in M. Clearly, p is symmetric, satisfies the
triangle inequality, and does not exceed p. Before going on, let us
point out that p(z,y) can be zero for different points z,y in M.

Ezample 3.1. A metric space (M, d) is metrically convex (see [6]) if for
every x,y € M and any 0 < A < 1 there exists z, € M with

d(x,zy) = Md(z,y) and d(y,zy) = (1 —N)d(z,y).

Let (M,d) be a metrically convex space and, for 0 < p < 1, consider
the p-metric p = d*/? on M. Then p(z,y) = 0 for any x,y € M.
Indeed, given = # y in M, by the metric convexity of M for every
n € N we can find a chain of points {zg,x1,...,2,} where o = z,
r, =y, and d(xj_1,z;) = d(x,y)/n for each j = 1,2,...,n. By the
definition we then have

plz,y) < <M>1/pn _day)

n nl/p=1
Thus, p(z,y) = 0.

In view of that, we shall identify points in M that are at a zero
p-distance, which leads to the following definition.

Definition 3.2. Let (M, p) be a quasimetric space and p as in (3.8).
We consider the equivalence relation

T~y <= p(z,y) =0,

and define M to be the quotient space M/ ~. If T and y denote the
respective equivalence classes of x and y, we put p(Z,7) = p(x,y). The

metric space (M, p), together with the quotient map @: M — M will
be called the metric envelope of (M, p).

Our discussion yields that the metric envelope of a quasimetric space
is characterized by the following universal property.
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Theorem 3.3. Suppose (Mv, p, Q) is the metric envelope of a quasi-
metric space (M, p). Then:

(i) Lip(Q) =1, and

(ii) whenever (M,d) is a metric space and f: (M,p) — (M,d) is
C-Lipschitz, there is a unique map f: (M,ﬁ) — (M,d) such
that f = fo Q is C-Lipschitz. Pictorially,

(\/)

M. p)

Remark 3.4. Theorem 3.3 can be rephrased as saying that for every
metric space (M, d) the mapping g — @ o g defines an isometry from

Lipy(M, M) onto Lip,(M, M), and so these two spaces can be natu-
rally identified.

Note that, in this language, Example 3.1 yields that for 0 < p < 1,

the metric envelope of R equipped with the p-metric p(z,y) = |z —y['/?
is trivial. On the other hand, by [1, Lemma 2.7], Lip,(R, p) = {0}.
Next we see that this is not a coincidence.

Proposition 3.5. Given a quasimetric space (M, p) the following are
equivalent.
o (M, p) is trivial.
e Lipy(M, M) = {0} for any metric space (M,d).
e Lipy(M) = {0}.
Proof. If (M, ) is trivial it is clear that Lipy(M, M) = {0} for any
metric space M. Using Remark 3.4 we get Lip,(M, M) = {0}.
If Lipy(M, M) = {0} for any metric space M in particular it holds
for M =R, i.e., Lipy(M) = {0}.
Finally, if (./\/l p) is non-trivial then clearly Lip,(M) is non-trivial
and so by Remark 3.4 we get Lip,(M) # {0}. O

Example 3.6. Let 0 < p < 1. We know that the p-metric space L]0, 1]
equipped with the usual p-metric induced by the p-norm, given by
p(f.9) =1If —gllp, f.9 € Lp[0,1]

has Lipy(L,[0,1]) = {0} (see [1, Proposition 2.8]). Then, by Proposi-
tion 3.5 we infer that its metric envelope is trivial.

Let us next show that the fact L [0 1] = {0} is related to the
well-known property that the Banach envelope of the p-Banach space



10 F. ALBIAC, J. L. ANSORENA, M. CUTH, AND M. DOUCHA

L,[0,1] for 0 < p < 1 is trivial. In fact, metric and Banach envelopes
are related by the following result.

Proposition 3.7. Let (X, | - ||) be a p-normed space. Consider on X
the p-metric p given by p(z,y) = || —yl|| and let 0 be the distinguished
point of X. Then p(x,y) = ||z — yl|. for all z,y € X, where || - || is
the norm introduced in Definition 2.2.

Proof. The set of all tuples (y;)j_, with yo = 2 and y,, = y coincides

with the set of all tuples of the form (z + 337_, 1)"
and 37 | x; =y — x. Hence,

n j j—1 n
Y) :inf{2p<x+2xk,x+2xk> : ij:y—x}
j=1 k=1 k=1 j=1
=mf{z|r:vju: S, =y—x} —lly - 2]l .
j=1 j=1

Remark 3.8. Note that it is possible to extend Definition 3.2 and Theo-
rem 3.3 to the case when 0 < ¢ < 1. Indeed, given a pointed quasimet-
ric space (M, p) we define its g-metric envelope (M4, p,) following the
same steps as in the construction of its metric envelope. The ¢g-metric
pq is given by

0, where zog = 0

n l/q
y) = inf (Z Pq(l'i,xiﬂ)) ) r,y €M,
=0

the infimum being taken over all finite sequences r = xg, x1,...,Tp11 =
y of points in M, and M¢? is the quotient space M/ ~,. The equiva-
lence relation here is the expected one, i.e.,

T~y <= pylx,y) =0.

Thus (j/\/l\:l, pq) is the pointed g-metric space (having as a distinguished
point the equivalence class of 0) characterized by the following universal
property: whenever (M, d) is a g-metric space and f: (M, p) = (M, d)

is C-Lipschitz then the map f: (/\/lq pq) — (M, d) such that f = foQ

is C-Lipschitz, where ): M — M4 denotes the canonical quotient
map:

(M \ / M, d)

(Mq pq
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Notice also that if we regard a p-Banach space (X, ||-||x) as a pointed
p-metric space in the obvious way (i.e., by taking 0 as the origin of the
vector space X equipped with the p-metric p(x,y) = ||z —y||x), Propo-
sition 3.7 can be generalized as well, and we can come to the conclusion
that the g-Banach envelope of X is the completion of its g-metric enve-
lope. We leave out for the reader to check the straightforward details.

4. LIPSCHITZ FREE P-SPACES OVER QUASIMETRIC SPACES

Every metric space embeds isometrically into a Banach space. Simi-
larly, the natural environment to isometrically embed quasimetric spaces
will be p-Banach spaces. Notice that for 0 < p < 1, every pointed p-
metric space M embeds isometrically into a “huge” p-Banach space,
namely the space Y = ¢ (M; L,(0,00)) of bounded functions from M
into the real space (L,(0,00), || - ||,) endowed with the p-norm

1flly = sup [[f(z)]],-
reEM

Indeed, with the convention that x5 = —X(@,q if @ > b, the map
W M = Lo (M Ly(0,00)) given by W(w) = (X(or(0.).07(e)]) yepq A0S
the job (see [3, Proposition 3.3]). Of course, depending on the p-metric
space we can find simpler (isometric) embeddings, like the map

©: (R,[-['7) = Ly(R), @(z) = X(0a] (4.9)

Once we have accomplished the task to embed a p-metric space M
into a p-Banach space, it seems natural to look for an “optimal” way
to do it, in the sense that every Lipschitz map from M into a p-Banach
space factors through it. The following construction from [3] attains
this goal.

Let R} be the space of all (not necessarily continuous) maps f: M —
R so that f(0) = 0 and let P(M) be the linear span in the linear dual
(R)")# of the evaluations 6(z), where z runs through M, defined by

(0(x), f) = f(x),  [eR" (4.10)
Note that 6(0) = 0.
If p =370, a;6(x;) € P(M), put

= sup , (4.11)

41l 7,

Zajf(%')

the supremum being taken over all p-normed spaces (Y, || - ||y) and all
1-Lipschitz maps f: M — Y with f(0) = 0. It is straightforward to
check that formula (4.11) defines a p-seminorm on P(M). In fact, the

Y
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following proposition shows that || - || ,, is a p-norm, thus settling a

p(M)
question posed in [3].

Proposition 4.1. Let (M, p) be a pointed p-metric space, 0 < p < 1.
Then (P(M), [ - |15, ny) s @ p-normed space.

Proof. Suppose that || Zjvzl a;0(z)|l 5, ne
and some ()}, in M\ {0}. Then Zle a;jf(z;) = 0 for every p-
Banach space X and every Lipschitz map f: M — X with f(0) = 0.
Pick i € {1,..., N} and for the sake of convenience denote the dis-
tinguished point of M by . Since the set N' = {z;: 0 < j < N}
is finite, the map from the metric space (N, p?) into (R, |- |) given by
xz; = 1 and z; — 0 for j # 4 is Lipschitz. By McShane’s theorem,
it extends to a Lipschitz map ¢g from (M, p?) into (R, |- |). In other
words, the map g is Lipschitz from (M, p) into (R, |- |*/?). If ® is as in
(4.9), then f := ®og: M — L,(R) is Lipschitz as well. Since f(0) =0,
we infer that a;x 1 = Z;VZI a;jf(x;) = 0. Hence, a;, = 0. O

Definition 4.2 (cf. [3]). Given a p-metric space M, the Lipschitz free
p-space over M, denoted by F,(M), is the p-Banach space resulting
from the completion of the p-normed space (P(M), || ||, .,,). We will
refer to the map dp: M — F,(M) given by dpm(x) = d(x) as the
natural embedding of M into F,(M).

In [15], Kalton uses the symbol F,,(M) to denote Lipschitz-free Ba-
nach spaces associated with metric spaces equipped with distances wod
that arise after snowflaking, where w is a gauge. This is of course dif-
ferent from what is considered in the present work, but we want the
reader to be warned to avoid possible confusions. Note that our con-
siderations are also independent of the work of Petitjean in [20], where
he studies Lipschitz-free spaces over metric spaces induced by p-norms.

_ N
= 0 for some (a;);Z, scalars

Remark 4.3. The choice of a base point in M is not relevant in the def-
inition of F,(M). Indeed, if we change the origin in M and apply the
construction, we have a natural linear isometry between the resulting
Lipschitz free p-spaces.

For expositional ease and further reference, let us point out the fol-
lowing easy consequence of the proof of Proposition 4.1.

Lemma 4.4. Let (M, p) be an infinite p-metric space, 0 < p < 1.
Then F,(M) is infinite dimensional.

Similarly to Lipschitz free Banach spaces over metric spaces, the
spaces J,(M) for 0 < p < 1 are uniquely characterised by the universal
property included in the following result from [3].
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Theorem 4.5. Let (M, p) be a pointed p-metric space. Then:

(a) dn is an isometric embedding.

(b) The linear span of {6m(z): v € M} is dense in F,(M).

(c) Fp(M) is the unique (up to isometric isomorphism) p-Banach
space such that for every p-Banach space X and every Lipschitz
map f: M — X with f(0) =0 there exists a unique linear map
Ty: Fpy(M) = X with Ty ooy = f. Moreover ||T¢|| = Lip(f).
Pictorially,

M ! X
k /f
Fp(M)

Corollary 4.6. The space F,(M) is separable whenever M is.

Proof. Note that the map 6: M — F,(M) is an isometric embedding
and that F,(M) is the closed linear span of §(M). O

Remark 4.7. If p = 1 (so that p is a metric) then it follows from the
Hahn-Banach theorem that F;(M) is the space denoted by F(M) in
[11,15] and the norm of pu = Zjvzl a;jz; € P(M) can be computed as

Zajf(l’j)

the supremum being taken over all 1-Lipschitz maps f: M — R with
f(0) = 0. Moreover, it is known (see, e.g., [23]) that Fj(M)* =
Lipy(M). We advance that the corresponding result also holds for
p <1, ie., F,(M)* = Lipy(M). We will prove this in Corollary 4.23.

= sup s

1l 7, any

Lipschitz free p-spaces provide a canonical linearization process of
Lipschitz maps between p-metric spaces: if we identify (through the
map d,q) a p-metric space M with a subset of F,(M), then any Lips-
chitz map from a p-metric space M; to a p-metric space My which
maps 0 to 0 extends to a continuous linear map from F,(M;) to

]:p(./\/lg). That 1s:

Lemma 4.8 (cf. [11, Lemma 2.2]). Let M; and My be pointed p-
metric spaces (0 < p < 1) and suppose f: My — My is a Lipschitz
map such that f(0) = 0. Then there exists a unique linear operator

Ls: Fy(My) = Fp(Ms) such that Lidp, = Om,f, i-e., the following
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diagram commutes

M1;‘M2

ormy l L5M2

Fo(My) L Fy(My)

and | L¢|| = Lip(f). In particular, if f is a bi-Lipschitz bijection then
Ly is an tsomorphism.

Proof. Since dpq, is an isometric embedding, the map ¢ := dpq, o f is
Lipschitz with ¢(0) = 0 and Lip(g) =Lip(f). Now the result follows
from Theorem 4.5. l

4.1. Molecules and atomic decompositions. Given a set M and
r € M, let x, denote the indicator function of the singleton set {z}.
Now, for z and y € M we put

Myy = Xa — Xy-

Let (M, p) be a p-metric space for some 0 < p < 1. A molecule of M
is a function m: M — R that is supported on a finite subset of M and
that satisfies ) _,,m(z) = 0. The vector space of all molecules of a
metric space M will be denoted by Mol(M).

A simple induction argument shows that every molecule has at least
one expression as a linear combination of molecules of the form m, ,, so
that Mol(M) coincides with the linear span of the family of molecules

A'(M) = Moy T,y e M,z #yp CRM
p(z,y)

Definition 4.9. We define the Arens-FEells p-space over M, denoted
E,(M), as the p-Banach space constructed from the set A’'(M) using
the p-convexification method (see Definition 2.1).

This way, if we give Mol(M) the p-seminorm

N 1/p N
|m|| £, = inf (Z |ai|p> cm = Zai Mo NeNY, (4.12)
i=1

i1 p(i, i)

we have that A,(M) is the completion of Mol(M) (a priori, modulo

the set of molecules with zero p-seminorm) with respect to || - ||z,
However, as we will see below, formula (4.12) defines in fact a p-norm
on Mol(M).

The following result establishes that the Arens-Eells p-space over M
can be identified with the Lipschitz free p-space over M.
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Theorem 4.10. Let 0 < p < 1 and (M, p) be a pointed p-metric space.
Then F,(M) and &E,(M) are isometrically isomorphic. In fact, there
is a linear onto isometry T: F,(M) — 4&,(M) such that T(6(z)) =

Xz — Xo = Mgy for all x € M.

Proof. Consider the map f: M — &E,(M) given by f(z) = my for
r € M. Clearly, f(0) = 0 and f(z) — f(y) = my, for all z, y €
M. Since f is 1-Lipschitz, Theorem 4.5 yields a norm-one linear map
Ty: Fp(M) — E,(M) such that T¢(0(z)) = my.y.

Since (X.)zem is a linearly independent family in RM, there is a
linear map from span{x,: ¢ € M} into P(M) that takes y, to d(z)
for every x € M. Let S; be its restriction to Mol(M). For z,y € M

with x # y we have
g ( Mgy ) o 5('17) _5(y)
1 - )
p(z,y)

H&@—5@)
p(z,y)

so by density S; extends to a norm-one operator S from /&,(M) into
Fp(M). Since T'(S(m)) = m for every molecule m, and S(T'(n)) = p
for every pu € P(M), by continuity and density it follows that 7o .S =
Id}EP(M) and SoT = Id]:p(M). U

and

Fp(M)

The following two results are re-formulations of Theorem 4.10. While
the expression of the norm in (4.11) relies on extraneous ingredients,
Corollary 4.12 provides an intrinsic formula for the p-norm on F,(M),
i.e., an expression that relies only on the quasimetric on the space M.

Corollary 4.11. Let (M, p) be a pointed p-metric space, 0 < p < 1.
The subset of P(M) given by

o(y) — o(x)

:Lyeﬂtx#y}
p(x,y)

A(M) = {

is isometrically p-norming for F,(M).

Corollary 4.12. Let (M, p) be a pointed p-metric space, 0 < p < 1.
For p € F,(M) we have

o0 1
. l’k - 5 yk)
= inf E aglP E
H/’LHIP(M) (kZI ‘ k| > PH= l'kayk)
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4.2. Applications: early examples and results. Next we use Corol-
lary 4.11 to identify the first examples of Lipschitz-free p-spaces over
quasimetric spaces for 0 < p < 1. The informed reader will see a re-
lation between the map considered in (4.13) and the (quite forgotten)
theory of flat spaces, developed by J.J. Schéffer and others in the 1970’
(see e.g. [12,21]).

Theorem 4.13. Let 0 < p < 1. Let I be an interval of R equipped
with the p-metric p(z,y) = |z — y|*/? for z,y € I. Then F,(I) = Ly(I)
isometrically. To be precise, if a is the base point of I, the map

FoI) = Lp(I),  61(%) = X(an] (4.13)
extends to a linear isometry.

Proof. Choose an arbitrary a € I as the base point of (I, |- |'/?). Set
_ Xyl
API_{’y_xyl/p'x7y€[7x<y}7

and let T: P(I) — R! be the linear map determined by (z) — X(au]
for x € I\ {a}. Using the notation of Corollary 4.11, we put

A(I):{M:x,yel,x#y}.

|z — y['/P
Since T(A(I)) = {£f: f € A, }, taking into account Corollary 4.11
and Lemma 2.6, it suffices to show that A, ; is an isometric p-norming
set for L,(I). To that end we need to verify that f € @o,(A, ) for
every f € L,(I) with [|f]|, < 1. By density it is sufficient to prove it
for step functions. Let f: I — R be a step function, i.e.,

N
f = Z Qi X(z;-1,25]
=1

for some zp < x; < --- <xj_; <z; <--- <y in I and some scalars

. N .
(a;)i,. Then, if b; = (z; — zj_1)YPa;, we have f = > j—1 bj [ with
fj S .Ap,[ and

N n
D b= laP(a; — i) = I FIE- O
n=1 j=1

Recall that a quasimetric space M is uniformly separated if

inf{p(z,y): v,y € M,z #y} > 0.
Let us note that each bounded and uniformly separated quasimetric

space is Lipschitz isomorphic to the {0, 1}-metric space, i.e., the metric
space whose distance attains only the values 0 and 1.
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Theorem 4.14. Let M be a bounded and uniformly separated quasi-
metric space. For 0 < p < 1 we have Fr(M) = £,(M \ {0}). To be
precise, the map

FpM) = LMAA{0}),  pm(z) = e,

where e, denotes the indicator function of the singleton {x}, extends
to a linear isomorphism.

Proof. Without loss of generality we can assume that (M, p) is the
{0, 1}-metric space. If z and y are two different points in M \ {0} we

can write
o(y) —o(x) _ ~ 4(x) ()
— N — Qay bx,y ;
p(e,y) p(0, ) p(0,)
where a,, = —1 and b,,, = 1. Since |a,,|” + |byy|? = 2, by Corol-

lary 4.11 and Lemma 2.7, the set

““‘{pm,x)' eM\{O}}—{au. e M\ {0}].

is p-norming for JF,(M) with constants 1 and 2'/?. Consider the linear
map T: P(M) — RMM% given by 6(x) — e,. We have that T(A) =
A(MN\{0}) := {e,: z € M\{0}}. Since A(M\{0}) is an isometrically
p-norming set for £,(M \ {0}), Lemma 2.6 finishes the proof. O

Notice that, quantitatively, the proof of Theorem 4.14 gives that if
M is equipped with the {0, 1}-metric, then
1/p 1/p
2 D DN B D D ] I N D
zeM\{0} zeM\{0} Fo(M) ze M\{0}
for all scalars (ay)zcan oy eventually null. Going further we are going

to be able to compute the quasi-norms H azo(x H in the
p q ZxEM\{O} (x) (M)

case when a, > 0. Our argument relies on the construction of a suitable
d-dimensional absolutely p-convex body for every d € N.

Proposition 4.15. For every d € N and every 0 < p < 1, there is a
p-norm || - ||y on R* such that:

(@) 1)1l = (iey @) VP if 25 > 0 for j € {1,...,d}, and
() llei —e;llp < 1 for alii, j € {1,....d}.

Proof. Given a vector space V and Z C V| set

k k
cor (Z) = {ijvj: EEN, X\ >0,) M< 1 eZ}.

j=1 j=1
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For d € N, put N[d] = {1,...,d}. Givens = (s;)9_; € R? we let M
be the endomorphism of R? given by

M((5)5=1) = (55 25)j=1-
Given A C N[d], we put M4 = M, where s = (s;)7_, is defined by s; =
1 for j € N[d]\ 4, and s; = —1 for j € A; that is, M, is the symmetry
with respect to the subspace {(z;){_, € R?: z; = 0 for all j € A}.
Denote

R = {(z;)%, € R*: @; > 0 for all j € N[d]},

d
By, = {(xj)?zl e R Z|xj|p < 1}7

j=1
By = {(:Ej)?zl € R%: |z;| < 1forall j € N[d]}.

Given 4,7 € N[d| with i # j, we define Z; ; C R% by

Zi,j = {aei +bej: 0 S a,b S ]_}
Given disjoint sets A, B C N[d| we define T4 5 C ]Ri by
{0} if A=B =1
cof({e;:iec A})) if A#0and B =19,
col‘f({ej:j € B}) if A=( and B # (),
coy (Ugij)eaxsZij)  otherwise.

Tas =

It is routine to prove that the the family of bodies (74 5) enjoys the
following properties.
(al) If A, u > 0 are such that N’ +p? < 1, then A Tag+uTas C Tan
for all disjoint A, B C N[d].
(a2) B, NR% C Typapa,a € B, for all A C N[d].
(a3) B, NRY = Tyya -
(ad) If AC Ay and B C By, then Tap C Ta, B, -
(ab) If x = (z;)9_, € Tap and z; = 0 for every j ¢ D, where
D C N[d], then x € Tanp. Bnp-
(a6) If 0 < z; < y; for every j € N[d] and (y;)%-, € Tas, for
A, B C N[d] disjoint, then (z;)9_, € T4 5.
Given A C N[d], put Ca = Ma(Tnjg\a,4). By definition,
(b1) =Ca = Cupapa-
We infer from (al), (a2), (a3) and (a6), respectively, that
(b2) if A, > 0 are such that A’ 4+ p? < 1, then A\Cq + uCs C Ca,
(b3) {(z;)9_, € By: {j: x; <0} = A} € Cs C B,
(b4) Cp = B,NRY, and
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(b5) if s € [0,1]? and x € C4 then My(x) € Ca.

Consider the d-dimensional body C,) = UacnqCa. Properties (b2),
(b3) and (b5) give, respectively,

(1) =Cip) = Cp),
(c2) B, C C(p) € B, and that
(¢3) if x € C(py and s € [0,1]%, then My(x) € Cyp).

We infer from (a4) and (a5) that
(c4) if x = (x;)_, € Cp) and
{j eN[d]: z; <0} C B C {j € Nd]: z; <0},
then x € Cp.
Combining (c4) with (b4) we obtain
(¢5) CpyNRL = B,NRY.
Let us prove that C(,) is absolutely p-convex. Let x = (a:j);i:l, y =
(45)}=1 € Cpy and A, € R with [A]P+ |u[? < 1. By (cl) we can assume
that A\, u > 0. Let
A= {j e N[d]: sgn(z;)sgn(y;) # —1},
D = {j € N[d] \ A: sgn(Az; + pny;) = 0},
E={jeN[d]\ A: sgn(Az; + py;) = sgn(z;)},
F={jeN[d\A: sgn(Az; + py;) = sgn(y;)}-
By construction (A, D, E, F) is a partition of N[d]. Note that A > 0 if
E#Qand p>0if F# (. We define X = (z;)7_,, ¥ = (y;)-, and
S = (Sj)?:l by

(xj’ijm ifj€A7
G s)) = (0,0,0) if j € D,
7o (2,0, M) YAy + py;))  ifj € E,

(0,95, (uy;) " (Az; + py;))  ifj e F.

By construction, s € [0, 1]? and Ax+ py = Ms(Ax+ py). Hence, taking
into account (c3), it suffices to prove that Ax 4+ puy € Cg,. Note that,
by construction, sgn(z;)sgn(y;) # —1 for every j € N[d]. Therefore,
the set {j € N[d]: ; <0} U {j € N[d]: g; < 0} is contained in

B:={jeN[d]: z; <0}n{j € Nd|: g; <0}

Since, by (c3), X, ¥ € C), we infer from (c4) that X, y € Cz. Then,
by (bQ), X+ py € Cp C C(p).
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Let || - ||(p) be the Minkowski functional associated to C,y. Taking
into account (c2) we infer that || - [/, is a p-norm on R%. By (c5),
x| ) = [|x]|p for every x € RY%. O

Proposition 4.16. Let M be the {0, 1}-metric space and (az)zem\ {0y
be an eventually null family of scalars. Then

1/p
> i) z| ¥
zeM\{0} FolM) ze/\/t>\({)0}

Proof. Let (az)zem oy € [0,00)MM% be eventually null. Pick d € N
and a one-to-one map ¢: N[d| — M \ {0} such that

{x € M\ {0}: a, > 0} C 6(N[d]) C {x € M\ {0}: a, > 0}.

Let || -|/(») be as in Proposition 4.15 and consider the mapping f: M —
(R% || - lpy) given by ¢(k) — e for all k € N[d] and = — 0 if = ¢
S(Nd). Since [lelg). lles — el < 1 for every i,j € Nidl, f is
1-Lipschitz. Therefore

d
Z ax5<x) > Z azf(-T) = Za¢(k)ek
zeM\{0} Fp(M) ze M\{0} ) k=1 (»)
1/p
d 1/p
_ p _
k=1 zeM\{0}
a;>0

On occasion it will be convenient to know that the Lipschitz free
p-space over a quasimetric space and the Lipschitz free p-space over its
completion are the same. Let us state this basic fact for reference and
provide a proof using the tools that we introduced before.

Proposition 4.17. Let M be a p-metric space for some 0 < p < 1
and let N be a dense subset of M equipped with the same quasimetric.
Then Fp(N) = F,(M) isometrically. In fact, the canonical linear map
18 an isometry.

Proof. The canonical linear map L,: P(N) — P(M) induced by the
inclusion j from A into M is one-to-one on P(N'). By density, the set
of molecules of M of the form

Ly(AWN)) = {5/‘/‘ Q;)(; 5;\4 (x)

::E,yEN,:U%y}
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is an isometrically p-norming set in F,(M). Lemma 2.6 and Corol-
lary 4.11 yield that L, extends to a linear isometry from F,(N') onto
Fp(M). O

We will study in detail some properties of the canonical map L;

in Section 6. For the time being, to finish this section we provide a
sufficient condition for L, to be an isomorphic embedding.

Definition 4.18. Let M be a p-metric space, 0 < p < 1, and let N
be a subset of M. A Lipschitz map r: M — N is called a Lipschitz
retraction if it is the identity on /. When such a Lipschitz retraction
exists we say that N is a Lipschitz retract of M.

Lemma 4.19 (cf. [11, Lemma 2.2]). Let M be a pointed p-metric space
(0 < p <1)andN be a Lipschitz retract of M. Then the inclusion map
7: N —= M induces an isomorphic embedding L,: F,(N') — F,(M)

onto a complemented subspace.

Proof. Without loss of generality we may and do assume that 0 € N.
Let 3: N'— M be the inclusion map and let r: M — N be a Lipschitz
retraction. Lemma 4.8 yields L, o L, = Idz,(v), i.e., L, o L, is a linear
projection from F,(M) onto the linear subspace L,(F,(N)) of F,(M)
and L, is an isomorphism. O

4.3. Envelopes and duality.
Proposition 4.20. Suppose M is a pointed p-metric space with q-

metric envelope M4, where 0 < p < q < 1. Then:

(a) The g-Banach envelope of F,(M) is fq(M).
(b) In the particular case that M is a p-Banach space X with q-
Banach envelope X, the q-Banach envelope of F,(X) is F,(X1).

Proof. The universal properties of ¢-metric envelopes and ¢-Banach
envelopes yield the commutative diagram

M—2 M
) lé
Fy(M) =2 Fy(Mo)
P
F(M)s

Since co,(A(M)) is dense in the unit ball B of F,(M) and i(co,(B)) is
dense in the unit ball of X := F,(M)4, we infer that co,(i(A(M))) is
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dense in the unit ball of X. Therefore, by Lemma 2.5, A := i(A(M)) is
an isometrically g-norming set for X. Moreover, L, is a bijection from

i(P(M)) onto P(M3) = P(Q(M)) and Lo(A) = A(M9) = A(Q(M)).

We deduce from Lemma 2.6 that L¢ is an isometric isomorphism. [J

Remark 4.21. The previous proposition implies, for example, that F,(R)
is not isomorphic to L, for p < 1. Indeed, its Banach envelope is Ly,
while the Banach envelope of L, is trivial, and if two p-spaces are iso-
morphic, their envelopes are also isomorphic.

Remark 4.22. Roughly speaking, it could be argued that given a 7-
metric space M, 0 < r < 1, the family (F,(MP))o<p<1, where F,(MP) =
Fp(M) if p <r, forms a scale of quasi-Banach spaces in the same way
as the family (¢,)o<,<1 does. Indeed, given p < ¢ < 1, Proposition 4.20
provides a canonical range-dense linear map L, : Fp(MP?) — F,(M9)
with || L,,|| <1 and, if ¢ <s <1, we have L, = Ly, 0 L.

Let us restrict our attention to the case when p < r. Then

L, Fy(M)— F.(M)

is the identity map on P(M) and, hence, it is one-to-one on a dense
subspace. However we do not know if this map is always injective.
In the case when » = 1 we would like to point out that the map
Ly,: Fp(M) = F(M) is one-to-one if and only if F,(M)* separates
the points of F,(M).

Corollary 4.23. Let M be a pointed p-metric space, 0 < p < 1.
Then F,(M)* = Lipy(M), i.e., given ¢ € F,(M)* there is a unique
f € Lipy(M) so that ¢( > a;6(xz;)) =3 a;f (z;) for every > a;6(x;) €
Fp(M), and the map ¢ — [ is a linear isometry of F,(M)* onto
Lipy(M). In particular, F,(M)* = {0} if Lipy,(M) = {0}.

Proof. By identifying M with §(M) C F,(M) we get that the restric-
tion of any ¢ € F,(M)* to M belongs to Lip,(M). And conversely,
any f € Lipy(M) uniquely extends by the universal property to an
element of F,(M)*. This correspondence is a linear isometry. U

Corollary 4.24. Let M and N be pointed metric spaces and suppose
0<p<l. If Fy(M) =~ F,(N) then F(M) = F(N).

Proof. Just take Banach envelopes in Proposition 4.20 (a). O

The last theorem of this section extends to the case when 0 < p < 1
a result of Naor and Schechtman [18].

Theorem 4.25. For any 0 < p < 1, the p-Banach spaces F,(R) and
F»(R?) are not isomorphic.
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Proof. The case p =1 was proved in [18]. The case 0 < p < 1 is taken
care of by Corollary 4.24. O

5. LIPSCHITZ FREE pP-SPACES OVER ULTRAMETRIC SPACES

The spaces F,(M) over quasimetric (or even metric) spaces provide a
new class of quasi-Banach spaces that in general are difficult to identify.
The point of this section is to see that by imposing a stronger condition
on M, namely being ultrametric, we can recognize the Lipschitz free
p-space over M.

Recall that a distance d on a set M is called an ultrametric provided
that in place of the triangle inequality, d satisfies the stronger condition

d(x,2) < max{d(z,y),d(y, =)}, ©.y,2 € M.

Note that ultrametrics can be characterized as metrics d such that d?
is a metric for every p > 0. Indeed, if (M, dP) is a metric space for
p € A, and the set A C R is unbounded, then

d(z,z) < (dP(z,y) +dP(y,2))""", z,y,2€ M, pe A

Letting p tend to infinity we get d(z, z) < max{d(z,y),d(y,z)}. The
converse implication is clear.

Before proceeding, let us digress a bit with the help of an exam-
ple. Let (M, <) be a totally ordered set and A = (A;)zepm a non-
decreasing family of positive numbers (it could also be non-increasing,

in which case we would consider the reverse order on M). Equipped
with dy: M x M — [0,00) defined by

Amax{z, if ©#£y

M is an ultrametric space. Since every set can be equipped with a total
order, if we put A, = 1 for all z € M, we infer that the {0, 1}-metric on
M and the ultrametric d) coincide. Thus the following theorem, which
extends to the case p < 1 a result from [7], also extends Theorem 4.14
in the separable case.

Theorem 5.1. Let (M, d) be an infinite separable pointed ultrametric
space. Then Fy(M,d) = £, for every 0 < p < 1.

The techniques we use to prove this theorem rely on the concepts
of R-tree and length measure. For the convenience of the reader we
include these definitions, which we borrow from [10, Sect. 2]. For more
details concerning R-trees see for instance [9, Chapter 3.

Definition 5.2. An R-tree is a metric space (7, d) satisfying:
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(i) For any points @ and b in T, there exists a unique isometry ¢
from the closed interval [0, d(a,b)] into T such that ¢(0) = a
and ¢(d(a,b)) = b.

(ii) Any one-to-one continuous mapping ¢: [0, 1] — 7T has the same
range as the isometry ¢ associated to the points a = ¢(0) and

b= p(1).

If 7 is an R-tree, given any x and y in 7 we denote by ¢,, the
unique isometry associated to  and y as in Definition 5.2, and write
[z,y] for the range of ¢,,. Such subsets of T are called segments.
Moreover, we say that v € T is a branching point of T if there are three
points xq, g, x3 € T \ {v} such that [z;,v] N [z;,v] = {v} whenever
i,j € {1,2,3}, i # j. We say that a subset A of T is measurable
whenever qﬁ;yl(A) is Lebesgue-measurable for any x and y in 7. If A
is measurable and S is a segment [z, y], we write Ag(A) for A(¢,, (4)),
where A is the Lebesgue measure on R. We denote by R the set of all
subsets of 7 that can be written as a finite union of disjoint segments.
For R = U}_, S (with disjoint Si) in R, we put

Ar(A) =D Ag, (A).

Now,
A7(A) = sup Ar(4)
ReR
defines a measure on the o-algebra of T-measurable sets called the
length measure. Note that this is nothing but the 1-dimensional Haus-
dorff measure (multiplied by the constant 2).
Suppose (S, d) is a closed subset of an R-tree 7 with a base point
0€S8. For s € S we put
L = inf d .
S(S) xe[gis)ms (87 :I:‘)
If Ls(s) > 0, we denote by os(s) the unique point from [0, s) NS with
d(s,0s(s)) = L(s). Finally, we put

S, :={se€S8: Ls(s) > 0}.

Lemma 5.3. Let (S,d) be a closed subset of an R-tree T with a point
0 € S. Let S have length measure zero. Then for all y € S and all
ze[0,y]NS,

diz.y)= > Ls(2).

z€(z,y)NS+
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Proof. Using the transformation ¢,,, we can assume without loss of
generality that z,y € R, 0 <z <y and S C [0,y]. Then, the subset
(x,y) \ S of R is open and, so, it can be expressed as Ucr(a;,b;),
where the intervals are disjoint. Since & has measure zero, we have
y—ax = ..,;(b —a;). Itis clear that b; € S and os(b;) = a; for
every i € I. Thus, it suffices to see that the map b: I — Sy, 1 — b; is
onto. Given s € S, since (0s(s),s) NS = 0, there exists i € I such
that (os(s),s) C (a;, b;). Taking into account that neither og(s) nor s
belong to (a;,b;), we infer that a; = os(s) and b; = s. O

In the case when p = 1 the following result was proved by Godard
(see [10, Proposition 2.3]). Below we give an alternative proof which
works for every 0 < p < 1 and for not necessarily separable R-trees T .

Proposition 5.4. Let (S,d) be a closed subset of an R-tree T such
that S contains all the branching points of T and has length measure
zero. Then F(S,d"/?) a £,(S,) isometrically. To be precise, the map

T((s) = Y, (Ls(x)'?e,,  s€S,

z€(0,s]NS+
extends to a linear isometry between F,(S,d'/?) and €,(S,).

Proof. Without loss of generality we assume that 0 € S, and for sim-
plicity, for each s € S, we denote os(s) by s*. For every y € S and
z € [0,y NS we have

Oy) —d(x) = Y (5(z) - 8(z%)). (5.14)

ZE(:E,y}méLf

To see this, if we consider in [z, y] the total order induced by the isom-

etry ¢,,, by Lemma 5.3 for any € > 0 we can get z; < 2 < -+ <
zn € (z,y] NSy with D = ‘ZLI d(z, 27 — d(z,y)‘ < e. With the

convention that zy = =z,

n

6(y) = d(x) = Y _(6(=) = 8(=]))
|

i=1

p

< [16(y) = o(za)lI” + Z 16(=7) = 6(zi0)|I”

< d(ywzn) + Zd(zl#,zi_l) =D< €,
=1
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where, in the last equality we used the fact that z;_; < zl# for every
t1=1,...,n. For s € S;, put
d(s) — d(s*)
a; = ——F—
d/p(s, s#)

and set A :=co, {a,: s € S, }. Note that T'(a,) = e since (57, s)NS =
(). By Lemma 2.6, in order to show that T extends to a surjective
isometry it suffices to show that for all x,y € S,

_ () = 4(y)
Ay y 1= () €A, (5.15)

To that end, given x,y € § there are three cases to take into account:
e CASE 1: If z € [0,y], then by the identity (5.14),

_ (Ls(2))"?
Qayy = Z dV/p(z,y) &
z€(z,y]NS+ ’

which, by Lemma 5.3, is a p-convex combination of a., and so a,, € A.

e CASE 2: If y € [0, x], switching the roles of z and y in the previous

case we easily get a,, € A.

e CASE 3: If neither Case 1 nor Case 2 occurs, there exists a branching

point ¢ € [x,y] with [0,2] N [0,y] = [0, ¢]. Then we can write

_dP(y,0) _ dVP(c,x)

T ARy " dey)

From the two previous cases we have a.,, a., € A, and since

d(x, c) +d(c,y)
d(z,y)

we conclude that a,, € A. Hence, (5.15) is fulfilled. O

ax’y - Aay’c + MG/C,IE7 >\

N+ P =

=1,

Since the real line is a trivial example of an R-tree we obtain:

Corollary 5.5. Let M be an infinite subset of R and 0 < p < 1. If the
closure of M has measure zero then F,(M, | -|Y/P) ~ ¢, isometrically.
In particular, the result holds if M is the range of a monotone sequence
of real numbers.

Proof of Theorem 5.1. Since d” is also an ultrametric whenever d is,
we need only show that JF,(M,d"/?) ~ (,. By [7, Proposition 12],
there exists a closed subset S of a separable R-tree 7 containing all
its branching points in such a way that S has length measure zero
and (M, d) is bi-Lipschitz isomorphic to a Lipschitz retract of S. De-
noting the metric on S by 7, we have that (M,d"/?) is bi-Lipschitz
isomorphic to a Lipschitz retract of (S,n'/?). By Proposition 5.4,
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Lemma 4.4, and Corollary 4.6, F,(S,n'/?) ~ ¢, hence, by Lemma 4.4
and Lemma 4.19, F,(M, d*/?) is isomorphic to an infinite-dimensional
complemented subspace of £,. Since every infinite-dimensional comple-
mented subspace of £, is isomorphic to £, by a classical result of Stiles
[22], we infer that JF,((M, d/?)) ~ {,, and the proof is over. O

Theorem 4.13 and Corollary 5.5 allow us to identify the free p-spaces
over some subsets of the real line equipped with the “anti-snowflaking”
quasimetric |-|'/?. However, identifying the free p-space over subsets of
R equipped with the Euclidean distance seems to be a more challenging
task. For the time being, let us just mention that since the Banach
envelope of F,(I) is Ly (1) for any interval  with the Euclidean distance
(to see this, apply Proposition 4.20(b) and Theorem 4.13 for p = 1),
the spaces F,(I) constitute a new class of p-Banach spaces.

6. LINEARIZATIONS OF LIPSCHITZ EMBEDDINGS

Lipschitz free p-spaces over quasimetric spaces constitute a nice family
of new p-Banach spaces which are easy to define but whose geometry
seems to be difficult to understand. To carry out this task sucessfuly
one hopes to be able to count on “natural” structural results involv-
ing free p-spaces over subsets of M. In this section we analyse this
premise and confirm an unfortunate recurrent pattern in quasi-Banach
spaces: the lack of tools can be an important stumbling block in the
development of the nonlinear theory. However, as we will also see, not
everything is lost and we still can develop specific methods that permit
to shed light onto the structure of F,(M).

If M is a pointed p-metric space and N is a subset of M containing
0, the linearization process of Lemma 4.8 applies in particular to the
canonical injection j: N' — M. If p = 1, McShane’s theorem [17]
ensures that L,: F(N) — F(M) is an isometric embedding. Thus
F(N) can be naturally identified with a subspace of F(M). However,
if p < 1 this argument crashes. In the case when p = 1, F(N) is
isometric to a subspace of F(M) and so the study of Lipschitz free
spaces over subsets is a powerful tool. We start by exhibiting that this
argument breaks down when p < 1, settling a problem raised in [3].

Theorem 6.1. For each 0 < p < 1 and p < q < 1 there is a q-
metric space (M, p) and a subset N C M such that the inclusion
map 3: N — M induces a non-isometric isomorphic embedding L, :
Fp(N) = Fp(M) with || L] > 244

Proof. Let N' = {0} UN and M = {0,z} UN, where z ¢ N. De-
fine p: M x M — [0,00) by p(z,z) = 0 for all x € M, p(j,2) =
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p(z,7) =27V for all j € N, and p(x,y) = 1 otherwise. It is clear that
(M, p) is a bounded and uniformly separated g-metric space. Then,
by Theorem 4.14, L, is an isomorphism.

Given € > 0, there is k € N and a k-tuple (a])J . such that a; > 0
for every 7 = 1, ..., k, Z] ya =1, and Z 1a; < e. Indeed, it
suffices to choose k 2 eP/=1) and put a; = k- l/p for 1 < j < k. On
the one hand, since p is the {0, 1}-metric on N, by Proposition 4.16,
| 2521 a;0(7)|l7w) = 1. On the other hand, considering the decom-
position

Zaj 0(j) = (Z ) +221/q 9- l/q(Z)

7j=1 j=1

and using Corollary 4.12, we have

k p k p k
o] < (a) 4Dty coram
=t Fomy NI j=1
Hence,
1
1LY > sup =2l/a, O

0 (e? + 2-P/a)1/p
The following problem seems to be open.

Question 6.2. Let 0 < p < 1 and NV C M be two p-metric (or metric)
spaces in inclusion. Is the canonical linear map of F,(N) into F,(M)
an isomorphic embedding?

The answer to Question 6.2 is positive in some special cases.

Proposition 6.3. If M is a {0, 1}-metric space, then the canonical
map of Fp(N) into F,(M) is isometric for every N C M.

Proof. Notice that a map f from a {0, 1}-metric space M into a quasi-
Banach space X is 1-Lipschitz if and only if || f(z) — f(y)| < 1 for
every x, y € M. Then, a 1-Lipschitz map f: N' — X with f(0) =

extends by f(z) =0 for x € M\ N to a 1-Lipschitz map from M into
X. This gives ||L,(10)|| 7,y = |lell 7 ) for every pe P(N). O

Proposition 6.4. Let M be a subset of R equipped with the quasimetric
plx,y) = |v —y|"? for 0 < p < 1. If the closure of M has measure
zero and N C M then the canonical mapping L,: F,(N) — F,(M) is
an isometry.

Proof. By Proposition 4.17 we can assume that both N and M are
closed. Let Th: Fp(M) — £,(My) and Tyr: F,(N) — £,(N;) be the
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isomotries provided by Proposition 5.4. If U = Ty o L, 0 Tj(,l, where
7: N'— M is the inclusion map, we have

( Z LYP(2)e., seN..
z€(op(8),s]NM 4+

By Lemma 5.3, |U(e)||, = 1 for every s € N,. Pick s, t € N,

with s < £. Since (on(8),s) NN = (), we have s < on(t). Then,

(on(s),s] N (on(t), t] = 0 and so (U(es))sen, is a disjointly supported

family in £,(M. ). Hence (U(es))sen, is isometrically equivalent to the

unit vector basis of £,(M), i.e., U is an isometric embedding. O

Ule) = s —on o

Question 6.5. Let 0 < p < 1. Can we identify the p-metric spaces
M for which the canonical linear map from F,(N) into F,(M) is an
isometry for every N' C M?
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