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Abstract 

Driver assistance systems and automate driving functions are being developed and 

implemented on vehicles in order to improve safety and comfort. Trajectory planning is a 

cornerstone in this field because it is the gateway for all the decisions related to motion of the 

car and the safety of the vehicle relies on those decisions. 

In the present Master Thesis an algorithm for trajectory planning in dynamic environments is 

proposed in a Model Predictive Control framework. 

A linear, varying parameter model is used to simulate the vehicle behavior. It is assumed that 

a reference trajectory through the static environment, which may not be obstacle-free, is 

known in advance. The evolution of the dynamic environment and its uncertainty for a 

determined prediction horizon are estimated based on initial data of the position, orientation 

and velocity of the obstacles. Taking into account all this information, an optimization 

problem is formulated whose goal is to generate a collision-free trajectory for the current 

horizon.  This problem is periodically reformulated and fed with new data as new prediction 

horizons are considered and the desired trajectory is recalculated subject to the new varying 

environment restrictions. 
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1 INTRODUCTION 

1.1 Motivation 

Current statistics show that traffic accidents are one of the major causes of mortality 

nowadays with 1.25 million deaths each year and the leading cause among young people aged 

15-29 years (World Health Organization 2016). 

According to the German federal bureau of statistics, there were 3475 deaths in 2015 in 

Germany due to traffics accidents. The average risk of dying in a traffic accident during the 

same period in this country was around 43 people per million of inhabitants and up to 73 

deaths per million of inhabitants in the State of Brandenburg (Statistisches Bundesamt 

2/25/2016). 

Most of the factors which lead to these fatalities are related to the driver, such as reckless 

driving, drowsy driving, distractions and driving under the influence of alcohol, drugs or 

psychoactive medicaments and they could be avoided. 

Three decades ago, research about safety began focusing on vehicle stability systems, such as 

ABS or ESP, and keeping this stability when there is a risk of losing control. One example of 

this technology is the possibility of braking each wheel independently in order to avoid 

understeering or oversteering. 

During the last decade, companies and research institutes have been developing Driver 

Assistance Systems (DAS) which try to make driving easier and safer. They implement 

different functions which go from alerting the driver to monitoring environment conditions 

and taking control of the vehicle in order to avoid collisions. 

In line with this trend, environment perception and prediction systems are being improved in 

order to have a detailed and accurate vision of the surroundings of the vehicle. These 

improvements enable the development of trajectory planners, still not implemented in DAS. If 

obstacles and lane bounds are properly detected and recognized, safe collision-free 

trajectories can be calculated in advanced and implemented on driver assistance systems. 

One possible approach for the implementation of trajectory planners are Model Predictive 

Control strategies. These techniques allow the control of a system previewing changes in 

references, targets and constraints. 



INTRODUCTION 

2 

This thesis proposes an algorithm for trajectory planning in a dynamic environment in Model 

Predictive Control framework. The main objective of this algorithm is to generate safe 

trajectories which follow a given reference through a static environment, avoid dynamic 

obstacles, if necessary, and keep the vehicle within the lane bounds. In addition, so as to keep 

the driving as comfortable as possible, the trajectories shall be smooth and provide low jerk.  

In this context, the following two approaches can be considered: the MPC Controller could be 

implemented only as the trajectory planner, in order to compute a reference for a lateral 

controller. However, it could also perform as the main controller for the actuators. Further 

work could lead to feasible autonomous driving modes or shared control with driver. 

1.2 State of the Art 

During the last years, different approaches for trajectory planning have been developed in 

different universities. One of the most remarkable ones at the national level is the dissertation 

of Werling (2011) from Karlsruher Instituts für Technologie. 

Werling’s (2011) algorithm for trajectory planning is a sampled-based approach. The road is 

sampled and splines for + and � Frenet coordinates are generated from the initial pose to those 

sampled points. The splines are 5th order polynomials, which are jerk minimal according to 

the same thesis. The result is a discretization of the space into a set of predefined possible 

trajectories. 

From this set of splines, the best one according to a determined cost function is chosen and 

the process is repeated several times per second.  

 

Figure 1.1 Longitudinal and transversal splines (Müller 2016) 

In contrast to Werling (2011) approach, this thesis proposes a Model Predictive Control 

approach. The safe area of the road is delimited with constraints and the controller can obtain 
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the optimal trajectory from this continuous area, and not from a previous discretization of the 

space. Moreover, front and rear steering modes can be combined in order to increase 

flexibility whereas in Werling approach always front steering is assumed. 

1.3 MOBILE 

MOBILE is a fully electric full-by-wire vehicle developed and built at the Institute of Control 

Engineering at TU Braunschweig for experimental and research purposes in the fields of 

vehicle electronics and dynamics.  

One of the most outstanding characteristics of MOBILE is its steer-by-wire system which 

allows steering each wheel independently and maximizes the maneuverability. With counter-

steering behavior, curved trajectories with smaller radius can be planned and with common-

steering the vehicle can drive laterally without turning. This flexibility is an advantage 

because the vehicle can maneuver faster and in narrower spaces. 

The steering angles per wheel and steering rate are approximately ±43 degrees and 130 

degrees per second at nominal load (Bergmiller 2014).  

MOBILE has also an electromechanical braking system, which has a faster response than 

most hydraulic brakes and guarantees deceleration of 1g with a maximal weight of 2.1 tons 

(Bergmiller 2014). 

Concerning the drive system, it consists of four drive motors, one for each wheel, with a peak 

power of 100kW. 

With regard to the power supply, each axle is powered by an independent battery pack of 

300V. In addition, there are also low voltage circuits for electronics and certain actuators. 

High voltage safety measures have been adopted while developing this project. 

From an electronic point of view, MOBILE is equipped with ECUs programmable in 

Matlab/Simulink which provide multiple input/output interfaces. All controllers can 

communicate via FlexRay/CAN bus. For user interaction, there is a touch-screen as an 

interface with the driver (Bergmiller 2014). 

All the components of MOBILE are integrated in a chassis made of steel and designed as an 

open structure to provide easier access to them. 

An overview of the main components of MOBILE is shown in Figure 1.2: 
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Figure 1.2 Actuators and mechanical set-up of MOBILE (Bergmiller 2014) 
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2 THEORETICAL BACKGROUND 

This section provides a basic explanation of the theoretic concepts applied during the 

development of the present thesis.  

2.1 Model Predictive Control  

As mentioned in Camacho, Bordons (2007), Model Predictive Control (MPC) is not a specific 

control strategy itself, but a set of multiple control methods aimed to predict future outputs 

based on a plant-model and obtain optimal control signals by minimizing a cost function. All 

these methods are based on a receding horizon strategy, which means that at a certain time 

instant , all the signals for the whole prediction horizon are calculated but only the first 

control signals are applied because in the next time step, new information is available and the 

whole horizon is recalculated. This process is shown in figure 2.1. 

 

Figure 2.1 Receding Horizon Concept according to IBPSA (2012) 

The basic elements of a MPC Controller are: 

The Model of the Process 

The MPC Controller uses a pre-defined internal model of the plant so as to create the 

predicted outputs �5(, + �|,). A state space model has typically the following representation: 

�(,) = � · �(, − 1) + � · 2(, − 1) 

�(,) = � · �(,) 



THEORETICAL BACKGROUND 

6 

where �, � and � are the system, input and output matrices respectively, � is the state vector, 2 is the input vector and � represents the output vector. The prediction for this model is given 

by (Camacho, Bordons 2007): 

�5(, + �|,) = � · �5(, + �|,) = �[�] · �(,) + ∑ �B_`�2(, + � − M|,)]]Bb` . 

This model should be as similar to the real plant as possible if the real outputs are wanted to 

match the predicted ones under the same control signals. If model and plant are not equal, a 

closed loop is needed so as to let the controller compensate the errors, taking the measured 

outputs into account in the optimization problem. 

Other models can also be added to the problem so as to introduce environment effects over 

the plant. They are called disturbance models and they affect the behavior of the controller. 

Reference 

The reference is a set of signals which describes the desired behavior of the system. The MPC 

Controller compares the measured outputs with these targets and acts over the actuators in 

order to reduce the difference between them. If the evolution of the reference ((, + �) is 

known in advanced, the controller also takes these setpoints into account when calculating the 

predicted future outputs. A reference signal for each state variable is needed. 

Some methods use a first order system response as softer approximation of the reference for 

the cost function, (Camacho, Bordons 2007): 

4(,) = �(,)       4(, + �) = 8 · 4(, + � − 1) + (1 − 8)((, + �)   � = 1 … � 

where 8 is an adjustable parameter whose value can be set between 0 and 1 and determines 

the smoothness of the approximation. 

Horizons 

Horizons are parameters which define the length of the predictions and their steps. 

o Control Interval: If the MPC Controller is only used to predict, this parameter 

is the length of each time step of the prediction and if the MPC is also acting as 

the controller, this value is the sample time of the controller. In this case, the 

controller updates the prediction for the whole horizon at each control interval. 

o Prediction Horizon, d: This parameter represents the time for which the 

controller calculates a prediction. It is expressed in number of control intervals 
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and it should be long enough to capture the whole dynamic response of the 

plant. 

o Control horizon, de: It represents the interval of the prediction horizon for 

which the control signals are estimated. It is expressed also in terms of number 

of control intervals and it can be equal or smaller than the prediction horizon. 

If it is smaller, the last value of the control signals is maintained until the end 

of the prediction horizon. 

These concepts are represented in figure 2.2. 

 

Figure 2.2 MPC Horizons according to Camacho, Bordons (2007) 

Optimization Problem 

The optimization problem configures the behavior of the controller and it includes a cost 

function and constraints: 

o Cost function: It is an equation which expresses the desire for the outputs to 

follow certain reference minimizing the effort necessary and observing some 

constraints. A general cost function can be expressed as follows (Camacho, 

Bordons 2007): 

f(�, � ) = g E�(�)[�5(, + �|,) − 4(, + �)]hi
]b` + g E∆ (�)[∆2(, + � − 1)]hij

]b`  

Note that both terms of the expression are quadratic error functions of 

estimators and reference signals or consecutive values of the control signals. 

Control Horizon  Nu 

Prediction Horizon  N 

Control Interval 
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Weights E�(�) and E∆ (�) can be adjusted so as to give different priorities 

along the horizon to each term of the equation.  

The cost function could also include in certain cases another quadratic error 

term which penalizes the difference between the control signals and a 

predefined target: 

f (� ) = g E (�)n2.?
A/.(, + �|,) − 2(, + �|,)ohij
]b`  

where E (�) is the weight for this term at �.Q interval.  

o Constraints: the constraints of the optimization problem are the limits of the 

system. They can be applied to the control signals or to the outputs and they 

are related to the actuators’ limits or to the desired work conditions. 

Constraints are typically expressed as follows (Camacho, Bordons 2007): 26B@(,) < 2(,) < 26?�(,)      ∀, ∆26B@(,) < 2(,) − 2(, − 1) < ∆26?�(,)      ∀, �6B@(,) < �(,) < �6?�(,)       ∀, 

and they can be constant or time-varying constraints depending on the process 

conditions. The addition of constraints complicates the resolution of the 

optimization problem. 

A basic structure of MPC Controller is shown in the following scheme: 

 

Figure 2.3 Basic structure of MPC according to Camacho, Bordons (2007) 

y5(t + k|t) 

u(t + k|t) 

u(t − j);   y(t − j) 
r(t + k) 
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As explained in Camacho, Bordons (2007), the process that the MPC Controller carries out is 

the following:  

The future outputs for a determined horizon, designed as: 

�5(, + �|,) yN( � = 1 … �, 

are estimated using the model, the past inputs 2.1, the previous outputs 2.2 and the future 

control signals 2.3: 

                                    2(, − P) yN( P = 1 … �,                            (2.1) 

�(, − P) yN( P = 0 … � − 1,                      (2.2) 

2(, + �|,) yN( � = 0 … � − 1           (2.3) 

where � is the number of control intervals of the prediction horizon and � indicates the 

number previous iterations of the problem. 

These future control signals are calculated by comparing the previous outputs to the reference 

and solving an optimization problem subject to certain constraints and weights. From these 

control signals, only the first one is applied to the real plant because, as soon as it is done, 

new information about the past inputs and current outputs is available and new future control 

signals can be calculated.  

The applicability to the trajectory planning problem is obvious. If a reference path, a model of 

the vehicle and the movement of the dynamic obstacles are known or can be predicted in 

advance, a safety and smooth trajectory can be planed.  

With regard to trajectory planning, Model Predictive Control is to some extent what humans 

do while driving a vehicle (Camacho, Bordons 2007). A driver always looks ahead, decides a 

future trajectory for a certain prediction horizon depending on the characteristics of the car, 

the conditions of the road, the present state of the vehicle and the presence of obstacles and 

takes the corresponding actions to follow the desired trajectory. As the first actions are taken, 

the situation changes and the driver recalculates again the desired trajectory and the actions 

required so as to follow it taking into account the new situation. 

In this simple example, the trajectory that the driver imagines at an instant , for a prediction 

horizon of � time steps would be our predicted outputs for the whole horizon: 

�5(, + �|,)  for � = 1 … � 
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And the actions that the driver must take, from which only the first one will be taken, are the 

control signals for the whole horizon: 

2(, + �|,)  for � = 0 … (� − 1) 

If the driver is an experienced driver, in other words, he knows how his vehicle behaves, he 

has a good model of the vehicle in mind, the resulting trajectory during a certain time interval �(,) should be similar to a combination of the first values of the imaginary trajectories 

evolved in each time step of this period of time. 

Moreover, the decisions of the driver are influenced by certain constraints, for example, the 

limits of the road or the maximum angle that the steering wheel can be turned. These 

constraints limit both, the predicted outputs and the control signals and must be respected. 

The driver knows in advance that the car should not get out of the road and that he cannot turn 

the hand steering wheel over the maximum angle and he will adapt his actions to these 

bounds. 

The decisions are also subject to a cost function when several goals are pursued. Continuing 

with the previous example, the driver evaluates whether it is more important to overtake an 

obstacle in a smooth way or return as faster as possible to the center of the lane. If the first 

option was chosen, having small changes in control signals would have a higher weight than 

having a small error between the trajectory and the reference obstacle-less path and vice 

versa. 

All these aspects related to MPC will be adapted to the specific case of this thesis in the 

following chapters. 

2.2 Frenet Frame 

The Frenet frame is a curvilinear dynamic reference frame whose origin moves along a 

predetermined path, (}(+), in this specific case, the reference trajectory through the static 

environment. This frame has two vectors, ,}
 and !"}
, one of those is always tangential to the 

reference path and the other one is the normal in the same point of the path (Werling et al.). 

If the trajectory of an object is represented in this frame, each point of the trajectory 

mentioned is defined by a pair of time-dependent coordinates, �}(+(,), �(,)). �(,) represents 

the perpendicular distance between the center of the object and the origin of the frame, and +(,) gives the location of that origin along the reference path.  
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�}(+(,), �(,)) = (}~+(,)� + �(,) · !
""""}~+(,)� 

 

Figure 2.4 Trajectory generation in Frenet-frame (Werling et al.) 

In the given frame, longitudinal and transversal velocities and accelerations can be defined as [+, +�] and [� , �� ]. 
2.3 Vehicle Model 

As mentioned in previous sections, the MPC Controller requires a model in order to generate 

the predictions.  

The models used in this thesis so as to simulate the vehicle’s behavior are linear models, 

based on a bicycle model in which there are only two wheels and four states.  The actuators 

are front and rear axle steering which can be modified independently. The control signals are 

applied directly to the wheels and not on the steering wheel.  

2.3.1 Linear Time Invariant Model (Single Track Model) 

For the derivation of the single track model, constant longitudinal velocity and also small 

angles are assumed. Figure 2.5 shows a scheme of the model used: 
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Figure 2.5 Bicycle Model for vehicle with front and rear steering 

The slip angle 9 is the angle between the velocity of the vehicle and its projection on the car � 

axis, 1�. This angle is typically small, especially for high velocities, so that 3 ≈ 1� can be 

assumed (Erlien 2015). 

The state space model is deduced from the following dynamic equations (Rajamani 2012): 

The 2nd Newton law is applied for lateral motion, 

��	 + ��
 = � · �� = � · 1� · (9 + < )   (2.4) 

where ��y and ��( are tire forces in the direction of vehicle � axis, � is the vehicle mass and <  is the yaw rate.  

The Moment equilibrium equation is also applied for rotation around car � axis: 

�	 · ��	 − �
 · ��
 = �� · <�       (2.5) 

where �	 and �
 are the distances from the center of gravity to the front and rear axles and �� is 

the yaw inertia. Reorganizing 2.4 and 2.5, the derivatives of sideslip angle and yaw rate can 

be written as follows: 

9 = �������6·�� − <     (2.6) 

 <� = C�·���_C�·����� .    (2.7) 

 

 

9 

� 

��	 

��
 
∆< <  

�� �� 

1� 

1� 3 =
 

=	 8	 

8
 

�
 

�	 

+ Reference trajectory 

�� 
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Front and rear tire slip angles can be calculated with the following expressions: 

8	 = =	 − �(�,�(9 + C�·��� )     

8
 = =
 − �(�,�(9 − C�·��� ),     

where small angle approximations lead to linear equations: 

8	 ≈ =	 − 9 − C�·���      

8
 ≈ =
 − 9 + C�·��� .     

In these equations, =	 and =
 are the steering angles of the front and rear wheel respectively. 

In simpler models =
 is supposed to be zero while only front steering actuator is used. For this 

thesis both angles can be controlled. This fact has advantages because the vehicle can avoid 

other obstacles by skidding or by turning faster than a vehicle with only one steerable axle. 

Finally, tire forces can be approximated as: 

��	 = ��	 · 8	 · �N+ =	 = ��	 · �=	 − 9 − C�·��� � · cos =	 ≈ ��	 · �=	 − 9 − C�·��� �  (2.7) 

  ��
 = ��
 · 8
 · �N+ =
 = ��
 · �=
 − 9 + C�·��� � · cos =
 ≈ ��
 · �=
 − 9 + C�·��� �   (2.8) 

 

where �8y and �8( are front and rear cornering stiffness respectively. 

Substituting 2.7 and 2.8 in 2.6 and 2.7 the following equations are obtained: 

 

9 = ��	 · �=	 − 9 − C�·��� � + ��
 · �=
 − 9 + C�·��� �� · 1� − <  
 = �− ������� 6·�� � · 9 + �_���·C�����·C� 6·��� − 1� · < + � ��� 6·��� · =	 + � ��� 6·��� · =
       

 

<� = �	 · ��	 · �=	 − 9 − C�·��� � − �
 · ��
 · �=
 − 9 + C�·��� ���  

= �−�	 · ��	 + �
 · ��
�� � · 9 + �− ��	 · �	h + ��
 · �
h 1� · �� � · < + ���	 · �	 �� � · =	 

+ �− ���·C��� � · =
.                      
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The final equations written in matrix form are: 

�9<� � = � − ������� 6·��
_���·C�����·C� 6·��� − 1

_C�·����C�·��� �� − ���·C������·C�� ��·��
� · �9< � + � ��� 6·�� ��� 6·�����·C� �� − ���·C���

� · �=	=
�.  (2.9) 

The model is completed with the kinematic equations in Frenet frame. Small angles 

assumptions are made in order to convert nonlinear expressions into linear functions of the 

vehicle states (Erlien 2015). 

+  = 1� · cos ∆< ≈ 1�     

� = 1� · �N+ ∆< + 1� · +M! ∆< ≈ 1� · ∆< + 1� · 9      (2.10) 

where ∆< is the heading angle of the vehicle in reference to the reference trajectory. Note that 

assuming a straight reference trajectory ∆< = < . The necessary modifications in order to 

introduce the curvature of the road in the model will be explained in following sections. 

Combining 2.9 and 2.10 the continuous state space model can be expressed as follows: 

 � = � · � + � · 2      

� = � · � + � · 2             

��
�9<�<� � 

¡ =
¢££
££¤

− ������� 6·��
_���·C�����·C� 6·��� − 1 0 0

_C�·����C�·��� �� − ���·C������·C�� ��·�� 0 001� 10 0 01� 0¥¦¦
¦¦§ · ¨ 9<∆<� © +

¢£
££
¤ ��� 6·�� ��� 6·�����·C� �� − ���·C���00 00 ¥¦

¦¦
§ · �=	=
� 

            

� = �1 0 0 00 1 0 000 00 1 00 1� · ¨ 9<∆<� © + �0 00 000 00� · �=	=
� .  

2.3.2 Linear Parameter-Varying Model 

For a linear MPC approach, the equations which describe the model should be also linear and 

that would only be possible if the velocity remained constant. 

Nevertheless, as the MPC Controller solves an optimization problem for the trajectory, a 

feasible solution cannot always be guaranteed. The road can be blocked by other obstacles 

and reducing velocity or even stopping the vehicle may be necessary. For this reason the 
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previous model needs to be modified and transformed to a LPV model in which the varying 

parameter is the longitudinal velocity and its value can be different at each time step. In this 

way a linear MPC Algorithm can be applied. 

   � = �(1�) · � + �(1�) · 2     

� = � · � + � · 2         

The values of the varying parameter and its rate of change must be set properly according to 

characteristics of the actuators and the time steps in which the horizon is divided. The value 

chosen as braking rate will be specified in section 5.1 Simulation Parameters. 

Using the velocity-varying model and considering the MPC controller only as the trajectory 

planner, not only the states will be a reference for the following controllers but also the 

velocity profile. 

2.4 Kalman Filter 

The Kalman Filter is a recursive algorithm which can be used to predict the next states of a 

linear dynamic system (LDS) (Arras 2012) subject to process noise L, which is assumed zero 

mean normally distributed and with covariance & (Welch, Bishop 2001). In practice, discrete-

time LDS are employed:  

�(� + 1) = �(�) · �(�) + �(�) · 2(�) + L(�). 

It is remarkable that for target tracking, the control-input term is unknown and the resulting 

equation is (Arras 2012) 

�(� + 1) = �(�) · �(�) + L(�). 

The measurements of the real system are also subject to measurement noise K, assumed zero 

mean white noise and with covariance '. These measurements are defined by the observer 

equation (Welch, Bishop 2001): 

�(�) = �(�) · �(�) + K(�). 

The algorithm has two steps: the prediction and the correction of the estimation with real 

measurements. 

Prediction step 

Given a discrete state space model, a first estimation of the state �5, and the error covariance 

matrix $%, can be calculated with the following equations (Arras 2012): 
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�5(� + 1|�) = �(�) · �5(�|�) 

$%(� + 1|�) = �(�) · $%(�|�) · �ª(�) + &(�), 

where � is the state transition matrix, and & the process noise covariance matrix.   

Correction step 

If measurements of the states of the current instant are available, the estimation can be 

corrected. The measurement prediction is (Arras 2012): 

�̂6(�) = �(�) · �5(� + 1|�), 

where H is the observation matrix. 

Its error with regard to the real measurements vector �6, is calculated: 

�5(�) = �6(�) − �̂6(�). 

The residual covariance is also calculated (Arras 2012): 

)*(�) = �(�) · $%(� + 1|�) · �ª(�) + '(�), 

where ' is the measurement noise covariance matrix. 

The final step is the updating a posteriori of the estimated state and covariance (Arras 2012): 

�5(� + 1|� + 1) = �5(� + 1|�) + �(�) · �5(�) 

$%(� + 1|� + 1) = ~� − �(�) · �(�)� · $%(� + 1|�), 

where � is the Kalman gain: 

�(�) = $%(� + 1|�) · �ª(�) · )*(�)_`. 

For an easier understanding of this algorithm, figure 2.6 represents a flow diagram of the 

performance of Kalman Filter . 
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Figure 2.6 Kalman Filter Flow Diagram (Arras 2012) 

If no measurements are available, the correction step is not executed. Predictions for the next 

steps can be carried out based on the previous predictions but the associated errors und 

uncertainty will grow at each iteration.  

This uncertainty can be graphically represented as an ellipse. 

2.5 Error Ellipse 

As mentioned in the previous section, from the application of the Kalman Filter a set of 

estimations and covariance matrices are obtained. If a bidimensional variable (X,Y) is 

estimated and the variability of each coordinate is described as a normal distribution, the 

density function associated to both coordinates can be calculated as follows (Universidad 

Politécnica de Madrid 2011): 

«~�(G�, J�h)  → y(�) = 1J� · √2° �_(�±²�)��³��  

´~�~G�, J�h�  → y(�) = 1J� · √2° �_~�±²���
�³��  

y(�, �) = 12°J�J�(1 − Hh)µ� �_0, 
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where H is the correlation factor and ¶ is defined as follows: 

¶ = 12(1 − Hh) ·(� − G�)hJ�h − 2H(� − G�) · ~� − G��J�J� + ~� − G��hJ�h ¸. 
This combined density function has the following shape: 

 

Figure 2.7 Combined Density Function (Universidad Politécnica de Madrid 2011) 

and the intersection between the previous function and a parallel plane to ��, y(�, �) = �, is 

an ellipse centered in (G�, G�): 

(� − G�)hJ�h − 2H(� − G�)~� − G��J�J� + ~� − G��hJ�h = (1 − Hh) · �h, 
where �h = lnn4°h�hJ�hJ�h(1 − Hh)o_` . 

If � = 1, the Standard Error Ellipse is obtained and its size, shape and orientation depend on J�, J� and H as shown in Figure 2.8. 
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Figure 2.8 Different sizes, shapes and orientations of the error ellipse (Universidad 

Politécnica de Madrid 2011) 

From the Kalman Filter algorithm, the states and the covariance matrices, 

�5 = �Ĝ�Ĝ��  and  $% = � J�h J�J�J�J� J�h �, 

allow to draw one ellipse per estimation, and this ellipse represents the area where the real 

position of the tracked object can be located.  

The principal axis of the ellipse can also be represented with the eigenvalues and eigenvectors 

of the covariance matrix because the eigenvectors define their directions and the eigenvalues 

their lengths. 

2.6 Maneuver-based Approaches for Environment Prediction 

In Maneuver-based models approaches, driving is considered to be a sequence of independent 

maneuvers. The main idea is to recognize the most likely maneuver of a vehicle before it is 

executed.  

On the one hand, one method compares the already driven trajectory with patterns, learned 

from data in a previous training process (Lefèvre et al. 2014). By comparing a partial 

trajectory with those prototype trajectories, a probability can be associated to each possible 

next maneuver and the most likely ones will be used as a prediction of the future behavior of 
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the vehicle. The variability on the execution of the maneuvers is taken into account because 

each pattern is built with a lot of sampled trajectories, creating a most likely area instead of 

only a single trajectory.  

In figure 2.9 prototype trajectories are shown and each color represents different ways to 

execute a maneuver. 

 

Figure 2.9 Prototype trajectories (Lefèvre et al. 2014) 

On the other hand, other methods base their predictions on recognizing the intention of the 

driver and assuming that the corresponding maneuver will be carried out.  

In order to predict driver intention, different variables can be monitored, for example, 

physical states of the vehicle such as position, speed, heading, yaw rate, light signals, etc. or 

driver actions such as head movements (Lefèvre et al. 2014). Each maneuver can be 

decomposed in a set of consecutive actions and this sequence can be compared with patterns 

learned from data to identify the most likely maneuver.  

Once the most likely maneuver is identified, the necessary control signals to carry it out can 

be derived and a trajectory can be calculated using a kinematic model of the vehicle (Lefèvre 

et al. 2014).  
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This approach cannot consider uncertainties or inaccuracies on vehicle states, maneuver 

estimation or its execution and for that reason, it should be applied in combination to other 

methods. 

These combined strategies lead to hybrid approaches in which the uncertainty of the 

predictions can be estimated, for example with covariance matrices from Kalman Filter. 
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3 PROBLEM DEFINITION 

In this section, the goals of this thesis are presented together with an initial formulation of the 

optimization problem. 

3.1 Problem Statement 

The main goal of this thesis is the development of an algorithm capable of planning collision-

free trajectories in a dynamic environment. Future interactions between obstacles and the 

simulated vehicle will be analyzed and if there is any risk of collision, avoidance trajectories 

will be planned. 

As initial data, a trajectory through the static environment is known in advance. Its definition 

and introduction in the problem will be determined along the next chapters as part of a two 

staged approach. The MPC controller should generate new trajectories which optimize and 

follow this reference as long as it is safe, abandon it to a safer area if there is any risk and 

return back when the danger has passed. The MPC controller will use a bicycle model in order 

to simulate the behavior of the controlled vehicle as shown in the following Simulink model. 

 

Figure 3.1 Simulink model of the MPC problem 

The position, velocity and orientation at each instant of the nearby dynamic obstacles are also 

known and an estimation of their future maneuvers should be calculated. The uncertainty of 
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Cost Function 

this prediction must be also taken into account. For this thesis, the same algorithm will 

consider all these aspects but in a real system implementation, this process needs to be 

executed in a higher architectural layer.  

The applicability of a global or a Frenet frame will be also discussed. The origin of the Frenet 

frame will move along the reference trajectory, with ,#
  tangential to this trajectory and !"#
 

always pointing at the center of the controlled vehicle, as explained in section 2.2 Frenet 

Frame.  

Last but not least, this thesis also pursues low jerk maneuvers and smooth trajectories. Jerk is 

directly related to the comfort of the passengers of a vehicle and it is a very important aspect 

in driver assistance systems.  Because of that reason, a fine tuning will be carried out in order 

to achieve the best response of the controller. 

3.2 MPC Optimization Problem Formulation 

The optimization problem can be formulated as a four-term cost function subject to the LPV 

bicycle model and some constraints applied to the outputs and the manipulated variables 

(Mathworks). As exposed in section 2.3 Vehicle Model, the states of the model are sideslip 

angle 9, yaw rate < , heading deviation ∆< and lateral deviation �, whereas the control input 

variables are front and rear steering angles , =	 and =
 respectively. 

The optimization problem is expressed as follows: 

min Ág g ÂE�B,Ã+Ã� n�5Ã(, + �|,) − (Ã(, + �|,)oÄhi
]b`

@�
Ãb`

+ g g ÅE B,Ã+Ã n2Ã(, + �|,) − 2Ã,.?
A/.(, + �|,)oÆhij
]bÇ

@j
Ãb`

+ g g ÅE∆ B,Ã+Ã n2Ã(, + �|,) − 2Ã(, + � − 1|,)oÆhij
]bÇ

@j
Ãb` + HÈ:]hÉ 

subject to:  

�(,) = �(1�(, − 1)) · �(, − 1) + �(1�(, − 1)) · 2(, − 1) 

�(,) = � · �(,) + � · 2(,) 

 

Discrete Model 
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=	 6B@ < =	(, + � − 1|,) < =	 6?� =
 6B@ < =
(, + � − 1|,) < =
 6?� ∆=	 6B@ < ∆=	(, + � − 1|,) < ∆=	 6?� ∆=
 6B@ < ∆=
(, + � − 1|,) < ∆=
 6?� 96B@ < 9(, + �|,) < 96?� < 6B@ < < (, + �|,) < <6?� ∆<6B@ < Δ<(, + �|,) < Δ<6?� 

 �6B@(, + �) < �(, + �|,) < �6?�(, + �) 

 

where !� is the number of output variables, !  is the number of manipulated variables, +Ã�and +Ã  are scale factors, EB,Ã� , EB,Ã and EB,ÃÊ  are weight factors, ρє is the constraint violation penalty 

weight and єk is the slack variable at �.Q control interval (Mathworks). As explained in 

section 2.1 Model Predictive Control, �5(, + �|,), ((, + �|,) and 2(, + �|,) are the predicted 

outputs, reference and control signals for the �.Q interval calculated at , instant. Finally, � 

and �  represent the prediction and control horizons. 

The first and second terms of the objective function ensure tracking of the reference and the 

manipulated variable target respectively, the third term minimizes the difference between two 

consecutive steps of the control signals, guaranteeing a smooth control response, and the last 

term softs the restrictions of the constraints.  

With regard to the constraints, two types of constraints are defined: constant and time-varying 

constraints. The first type imposes constant limits for Manipulated Variables (MV), MV rate 

and Measured Outputs (MO) during the whole prediction horizon whereas the second type 

allows different values at each time step.  

In this thesis, time varying constraints will be used to define the obstacle-free area, where the 

vehicle can safely drive, in terms of lateral distance to the reference path.  

Taking into account the maximum and minimum limits for the lateral distance along the 

whole horizon, �6?� and �6B@, an obstacle-free tube is defined, as shown in figure 3.2. 

 

Constant Constraints 

Time -Varying Constraints 
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Figure 3.2 Obstacle-free tube  

A special type of time-varying constraints can also be introduced in the problem: Terminal 

Constraints. These restrictions only affect the algorithm at the final steps and they may be 

useful if a final pose is required while planning a trajectory. 

The definition of the time varying constraints for the lateral distance to the reference will be 

explained in section 4.2.2 Definition of Dynamic Obstacles as Time Varying Constraints and 

the exact values of the constant constraints will be listed in section 5.1 Simulation 

Parameters. 

CONTROLLED VEHICLE 

�6?�(1) 

�6?�(2) 

�6?�(3) 

�6B@(1) 
�6B@(2) 

REFERENCE TRAJECTORY 

�6B@(3) 
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4 DESIGN DECISIONS AND JUSTIFICATION 

This section contains all the ideas, arguments and criteria which define and differentiate this 

specific trajectory planning approach from previous works. The definition of the dynamic 

obstacles as constraints in order to have a continuous space where planning the trajectory and 

the introduction of a disturbance model for road curvature are two cornerstones of this 

section.  In addition, as mentioned before, a prediction of dynamic environment evolution and 

its uncertainty will be also developed.  

Some modifications and extensions with regard to the original problem definition are also 

introduced and justified in this chapter. 

4.1 Introduction of the Static Environment in the MPC Problem 

As mentioned in the problem statement, the known trajectory through the static environment 

should be a reference for the MPC Controller. The simulated vehicle should follow this path 

as long as it is safe. In order to achieve this goal, the following measures are implemented. 

4.1.1 Disturbance Model 

In the derivation of the vehicle model, a straight reference path has been assumed but it can 

have an arbitrary shape as shown in figure 4.1 where the green line is the reference trajectory 

through the static environment. 

 

Figure 4.1 Reference trajectory through the static environment (Rose 2016) 
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Because of that reason, a new equation is needed (Dahmani et al. 2015): 

∆< = < − < 
/	 

where < 
/	 is the variation of the tangential angle of the trajectory through the static 

environment with respect to time. 

If an initial point is known and assuming that the sideslip angle is zero or close to zero, an 

arbitrary trajectory can be followed by knowing the variation of the tangential angle in each 

time step. 

  

Figure 4.2 Tangential angles of the reference trajectory 

As < 
/	 is not a state of the vehicle, it has been introduced as a disturbance in the model. 

The space state system presented in the theoretical background is extended as shown in the 

following equations: 

� = �(1�) · � + �(1�) · 2 + � · � 

� = � · � + � · 2 + � · � 
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With this modified model, the curvature of the reference path can be taken into account. 

4.1.2 Output Reference 

The reference signals of the system must be expressed in the same way as the states of the 

model which are β, < , ∆< and �. If the controlled vehicle is wanted to track the trajectory 

through the static environment the following reference is required: 

• The sideslip angle, 9, should be as small as possible in order to fulfill small angle 

assumptions. 

• The yaw rate, < , should be equal to < 
/	 because the vehicle should turn when the 

original path does. 

• The heading deviation regarding to the original path, ∆<, is wanted to be zero. The 

vehicle should always be tangential to the reference trajectory. 

• The lateral deviation with regard to the reference, �, is expected to be zero. The 

vehicle should move along this path without offsets. 

4.1.3 Second Version of the Vehicle Model  

Optimizing variables in relation to the reference frame there is no certainty about what exactly 

happens in the global frame and small errors can be translated to deviations from the desired 

trajectories without noticing them. 
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A second version of the model was developed introducing the reference trajectory as a state. 

With this model, both, the global heading and the tangential angle can be considered and 

optimized instead of the difference between them. A similar Vehicle Model was used in 

(Gutjahr, Werling 2015). 

� = �(1�) · � + �(1�) · 2 + � · � 

� = � · � + � · 2 + � · � 

The angles of the reference path are fed and updated using another disturbance model: 
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The equivalent output reference signals for this new model are: 

• Sideslip angle equal to zero because small angle assumptions must be still fulfilled. 

• Global yaw rate equal to the angle variation rate of the reference trajectory because if 

there are no obstacles, the vehicle is wanted to follow the original path. 

• Global yaw angles equal to the tangential angles of the reference trajectory. 

• Reference path angles equal to its values. 

• Lateral offset expressed in Frenet equal to zero. 

This was the model finally used although the results are quite similar to the previous one. 

The previous model had some advantages with respect to the current one because it had one 

state variable less and the required computational time was slightly lower. Nevertheless, the 
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final model presents the upside of having heading angle of the vehicle in global instead of 

expressed in Frenet Frame. The real orientation of the vehicle is always known. 

4.1.4 Data Processing from the Reference Trajectory 

Sampled data of the reference trajectory for the prediction horizon must be known in advance 

in order to be fed into the model and the MPC controller. The sampling time must be equal to 

the control intervals. 

Nevertheless, a resampling process of the data may be needed in those cases in which the 

velocity of the vehicle is modified, explained in section 4.3.1 Braking Routine. If the initial 

set of data for the current horizon was sampled assuming constant velocity but the algorithm 

plans to brake the vehicle at certain step of the horizon, the corresponding reference will not 

be the initial one from that step on. 

Assuming that the initial time vector was calculated following the given expression: 

,-?60(�) = ,-?60(� − 1) + ,-./0, 
the new time vector can be calculated as follows: 

,-?60(�) = ,-?60(� − 1) + 3(� − 1)3@Ì6B@?C · ,-./0, 
where ,-?60is the time at certain horizon step, ,-./0is the duration of each control interval, 3 

is the velocity of the controlled vehicle and 3@Ì6B@?Cis the velocity for which an appropriate 

initial sampling rate was set. 

The data vector is properly adapted interpolating or extrapolating values according to the new 

time vector. 

4.2 Introduction of the Dynamic Environment in the MPC Problem 

In this section, all the decisions related to the dynamic environment are described and 

justified. It includes the prediction of the dynamic environment evolution, its uncertainty and 

its definition as time varying constraints. 
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4.2.1 Dynamic Obstacle Prediction and Uncertainty 

For the prediction of the dynamic obstacle movements, a combined strategy of Kalman Filter 

and a Maneuver-based approach is applied. In this section, specific details of this process are 

explained and justified. 

Maneuver-Based Prediction Approach 

In this case, a simple maneuver prediction approach based on driver intention estimation is 

applied. The same algorithm carries out the estimation based on the heading angle of the 

obstacles at the current time step. Nevertheless, in a fully integrated system, this function 

would be executed in a higher layer and other indicators of driver intention, such as turning or 

braking lights, could be considered. 

The heading angle is checked each time step for all the obstacles of the current prediction 

horizon. If this value is zero or nearly zero, a straight trajectory for the next simulation 

interval is assumed, but if it is smaller or greater than a configurable value, a lane change to 

the right or to the left respectively is more likely. 

With these assumptions a trajectory for each obstacle is built: 

o Straight trajectory 

The initial point of the trajectory is the current position of the P.Q obstacle and the final 

position is calculated with the current velocity, the initial orientation (zero or nearly zero) and 

the duration of the iteration. The initial orientation is assumed to be maintained the whole 

iteration in order to reduce the error of the calculations. Note that the obstacles are defined in 

the Frenet Frame of the ego vehicle because the sensors perceiving them would be integrated 

in this car. 

+C?-. Ã = +B@B.B?C Ã + 3ÌÍ- Ã · ,B./
?.BÌ@ · cos~<B@B.B?C ÌÍ- Ã� 

�C?-. Ã = �B@B.B?C Ã + 3ÌÍ- Ã · ,B./
?.BÌ@ · +M!~<B@B.B?C ÌÍ- Ã� 

Finally a spline is created between both points with an initial slope equal to the tangent of the 

initial orientation of the obstacle and a final slope equal to zero. Each time step, the obstacle 

drives 3ÌÍ- Ã · ,-./0 · �N+(<B@B.B?C ÌÍ- Ã) along the s axis. 
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o Lane change 

In this case, the final lateral distance of the obstacle will be the center point of the destination 

lane and a spline is created between the initial point and the final one with final slope equal to 

zero. A lane change is typically executed in 3 seconds (Werling 2011) and this value 

influences obviously the length of the spline: 

+C?-. Ã = +B@B.B?C Ã + 3ÌÍ- Ã · ,-./0 · 3+��,-./0 · �N+~<B@B.B?C ÌÍ- Ã� 
�C?-. Ã = �6BÎÎC/ C?@/ 

The distance that the obstacle drives in each time step is also approximated as 3ÌÍ- Ã · ,-./0 ·�N+(<B@B.B?C ÌÍ- Ã) although it is less accurate than the previous case. 

After the lane change, the rest of the trajectory until the end of the prediction horizon is 

assumed to be a straight line over the destination lane. 

Because of the inaccuracy of the trajectories generated and the uncertainty of the obstacles’ 

movements, a Kalman Filter is used, not only so as to predict the following steps, but also to 

determine the likely area where the obstacles will be. 

Multimodel Kalman Filter 

In order to use a Kalman Filter, a model which describes the behavior of the obstacles is 

needed and two different situations must be considered: 

On the one hand, if the P.Q obstacle examined is predicted to move following approximately a 

straight line, a simple linear constant velocity model is used (Ammoun, Nashashibi): 

�(� + 1) = � · �(�) + � · 2(�) + L(�) 

where: 

� =
��
�+ÌÍ- Ã�ÌÍ- Ã+ÌÍ- Ã�ÌÍ- Ã� 

¡ ;      � = ¨1 0 ,-./0 00 1 0 ,-./000 00 10 01 ©   and L Ms the process noise 

Note that ,-./0 is the duration of each interval of the prediction horizon. 

We do not have control signals and there is no need of input matrix, �. 
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On the other hand, while the P.Q obstacle executes a lane change, a carthesian Coordinated 

Turn (CT) model with known turn rate is used and these turn rate values come from the spline 

previously generated. 

The equations which describe this motion are (Yuan et al. 2014): 

�(� + 1) = �(�) · �(�) + L(�) 

where: 

� =
��
�+ÌÍ- Ã�ÌÍ- Ã+ÌÍ- Ã�ÌÍ- Ã� 

¡ ;    �(�) =
�
���
��1 0 sin~< ÌÍ- Ã(�) · ,-./0�< ÌÍ- Ã(�) − 1 − cos~< ÌÍ- Ã(�) · ,-./0�< ÌÍ- Ã(�)

0 1 1 − cos~< ÌÍ- Ã(�) · ,-./0�< ÌÍ- Ã(�) sin~< ÌÍ- Ã(�) · ,-./0�< ÌÍ- Ã(�)00 00 cos~< ÌÍ- Ã(�) · ,-./0�sin~< ÌÍ- Ã(�) · ,-./0� − sin~< ÌÍ- Ã(�) · ,-./0�cos~< ÌÍ- Ã(�) · ,-./0� �
   
 ¡  

and L(�) is the process noise at �.Q instant. 

The process noise covariance matrix is constant and equal for both models and it has been 

estimated as follows: 

& = Á0.1 0 0  00 0.3 0  000 00 0.50 00.5É  in SI units (m and m/s). 

From the Kalman Filter algorithm only the prediction step is applied because no 

measurements of the future obstacle trajectory are available. In this case, for the calculation of 

the next future position, the previous prediction is used and uncertainty propagates. 

Covariance matrix and Process Noise are defined in the controlled vehicle frame and if the 

uncertainty is wanted to be represented in the local frame of each obstacle, those matrices 

must be rotated each time step, as the obstacle frame does. 

The rotation matrix is defined as follows: 

'(�) = 

��
�cos (< ÌÍ- Ã(�) · ,-./0) −sin (< ÌÍ- Ã(�) · ,-./0) 0                     0sin (< ÌÍ- Ã(�) · ,-./0) cos (< ÌÍ- Ã(�) · ,-./0) 0                     000 00 cos (< ÌÍ- Ã(�) · ,-./0)sin (< ÌÍ- Ã(�) · ,-./0) −sin (< ÌÍ- Ã(�) · ,-./0)cos (< ÌÍ- Ã(�) · ,-./0) � 

¡
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Applying the rotation at the same time as the covariance matrix is updated, the covariance 

prediction equation results in: 

$%(� + 1|�) = �(�) · '(�) · $%(�|�) · '(�)ª · �ª(�) + '(�) · & · '(�)ª 

As explained in the Theoretical Background, the uncertainty can be represented as an ellipse 

for each prediction step. These areas will be used as the forbidden zones where the controlled 

vehicle cannot drive. 

In figure 4.3 the predicted positions of the obstacle are represented by small red circles 

whereas the real measurements, known a posteriori, are represented with plus signs. 

Predicting without updating leads to a growing uncertainty ellipse for each prediction step. 

 

Figure 4.3 Prediction of an obstacle trajectory and its uncertainty 

Summarizing, the results of applying this combined approach are a set of splines, which 

defines the position of the obstacles in Frenet coordinates (+ÌÍ-(�), �ÌÍ-(�)), and the ellipses 

associated to each point of those splines which describe the likely area where the obstacles 

are. 



DESIGN DECISIONS AND JUSTIFICATION 

36 

4.2.2 Definition of Dynamic Obstacles as Time Varying Constraints 

If an estimation of the obstacles’ movement during the prediction horizon is known, the 

collision time and position with the host vehicle can be predicted. The area where the obstacle 

will be in that moment can be delimited with time-varying constraints so as not to let the car 

drive into these conflict zones. These restrictions will be formulated in terms of maximum 

lateral deviation to the reference path on both sides. 

One of the reasons for modelling dynamic obstacles as constraints is that they are compulsory 

requirements. Avoiding these obstacles should not be a suggestion subject to weights in the 

cost function but observable restrictions.  

The algorithm which checks in every time step of the prediction horizon the location of each 

obstacle, calculates the collision time and position and generates the time varying constraints 

which delimit the dangerous areas, is called Path Selector Algorithm. 

Its performance will be explained in the following sections. 

4.2.2.1 Path Selector Algorithm 

The Path Selector Algorithm preselects and defines the authorized areas of the road in which a 

trajectory can be safely planed. The algorithm yields two vectors of constraints which define 

the maximum lateral distance on both sides of the reference in each time step.  

There can be many different solutions, as it is seen in figure 4.4, but this algorithm selects on 

which side overtaking each obstacle and the result is only one tube. Similar tubes are used in 

(Erlien 2015). 
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Figure 4.4 Different possibilities of obstacle-free tubes  

Necessity of a Path Selector Algorithm  

One obstacle can often be overtaken on both sides and if one path is not previously selected, 

two pairs of constraints (�6?� , �6B@) for the same step are found. 

 

Figure 4.5 Lateral distance constraints duality 
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With these two pairs of constraints for the same variable, there is always a maximum limit 

minor than a minimum limit which leads to an unfeasible problem. 

Moreover, if the addition of traffic rules would be required they could be programmed in this 

algorithm too. Different modes could be differentiated depending on the area: highway, city, 

parking etc. 

For an easier understanding of the algorithm’s operation, an explanation of the division of the 

road is required. 

Lateral Division of the Road 

Given a two-lane road with same traffic direction, it is divided in three areas according to the 

possible trajectories of a safe overtaking. These areas mentioned are shown in the following 

picture: 

 

Figure 4.6 Lateral division of the road 

If an obstacle is moving within the red areas located near the limits of the road, an overtaking 

maneuver can only be executed on the contrary side to that lane limit. 

However, if an obstacle is in the grey zone, the controlled vehicle can overtake it on both 

sides without compromising safety. 

This division only involves � coordinate of the Frenet coordinates system. 

The width of the red zones of the road will be listed in section 5.1 Simulation Parameters. 

 

OPTIMAL TRAJECTORY WITHOUT 

DYNAMIC OBSTACLES 

LANE DIVISION LINE 
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Longitudinal Division of the Road 

In this classification, the road is divided in two zones: those which are too close to a dynamic 

obstacle and those far enough, as shown in figure 4.7. 

 

 

This division is not static or continuous as the previous one. The area close to the obstacles 

(blue area) surrounds them and moves at the same velocity as the respective obstacle. Its size 

depends on the projection of velocity over the reference trajectory of both, the obstacle and 

the controlled car, and on a predefined safe gap, enough to carry out maneuvers in a safe way. 

The blue area will be defined in the following section. 

Algorithm Steps 

Given the predicted trajectories in Frenet coordinates of all the obstacles during the whole 

horizon and assuming constant velocities, these steps are followed and repeated for each 

obstacle: 

STEP 1: Estimation of the driven distance of the controlled vehicle for the whole 

horizon. 

The position of the ego vehicle needs to be predicted so as to compare it with the location of 

the obstacles. 

+~, + (� + 1) · ,-./0|,� = +~, + � · ,-./0|,� + 3~, + � · ,-./0|,� 

· cos~Δ<0
/Î~, + � · ,-./0Ñ, − ∆,� + 9(, + � · ,-./0|, − ∆,)� · ,-./0 

Figure 4.7 Longitudinal division of the road 
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V 

ÒÌÍ- 

Safe gap: (Ò − ÒÌÍ-) · 4+ 
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Where , is expressed in seconds, � is the current time step and each time step has a length of ,-./0. This equation describes the calculation of the coordinate + for the time step � + 1 of the 

iteration done at ,, using the coordinate + and velocity of the previous time step from the same 

iteration and the sideslip angle and yaw angle calculated in the previous iteration (, − Δ,) for 

the same time step. 

For the first simulation, heading deviation and sideslip angle can be assumed small enough 

and supposed equal to zero. For the next updates, the values should be those calculated in the 

previous horizon for that exact instant. If the controlled vehicle drives away from the 

reference trajectory, those angles differ from zero but using the previous values this error is 

reduced. 

A similar assumption is made for the initial + coordinate which will be zero the first time but 

it will be equal to the previous calculation in following simulations. 

STEP 2: Calculation of the time-to-collision with every obstacle of the current horizon 

(in number of time steps). 

Time-to-collision (TTC) is defined as the time step when the controller vehicle and the P.Q  
obstacle are in the same longitudinal position over the reference trajectory. If there is not 

enough lateral distance between the vehicle and the obstacle at that instant, they will collide. 

ÓÓ�Ã(, + � · ,-./0) = -ÔÕÖ ×~.�]·.ÖØÙÚ�_-~.�]·.ÖØÙÚÑ.�ÑÛ~.�]·.ÖØÙÚ�·�Ì-~Ü(.�]·.ÖØÙÚ)�_ÛÔÕÖ ×·ÝÞß (�ÔÕÖ ×(.�]·.ÖØÙÚ))Ñ,-./0 + � 

where à~, + � · ,-./0� = Δ<~, + � · ,-./0Ñ, − ∆,� + 9~, + � · ,-./0Ñ, − ∆,�. 

If the TTC is out of the current horizon, that obstacle will not be taken into account in this 

trajectory prediction. 
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Figure 4.8 Path Selector Algorithm STEP 2 

STEP 3: Check if the controlled vehicle is too close to each obstacle at each time step of 

the horizon (blue area). 

Ñ+~, + � · ,-./0Ñ,� − +ÌÍ- Ã~, + � · ,-./0�Ñ< á3~, + � · ,-./0� · �N+ �à~, + � · ,-./0�� − 3ÌÍ- Ã · cos �<ÌÍ- Ã~, + � · ,-./0��á · ,- 

This inequality defines the blue area mentioned in the longitudinal division of the road. If the 

inequality is true, both, obstacle and vehicle are close and STEP 4 is run. Note that ,- is a 

safety margin and its value will be 4 seconds, slightly over the required time to execute a lane 

change in a normal situation. 

 

Figure 4.9 Path Selector Algorithm STEP 3 
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From this step on, two boolean matrices are created and they indicate whether there are 

obstacles on the right or left sides of the controlled vehicle. They will be called “Obstacle 

left” and “Obstacle right”. They have as many rows as prediction steps and so many columns 

as obstacles in the current horizon and they will be the base for the future time varying 

constraints. 

If the vehicle is not within the blue area at , + � · ,-./0, there is no risk of collision with that 

obstacle and the boolean variables corresponding to that time step and that obstacle will be set 

to zero. As it has been mentioned, this step is repeated for each obstacle at each time step of 

the horizon of each iteration.  

STEP 4: Check if the vehicle has already overtaken the obstacle. 

The time-to-collision value of an obstacle can be either positive or negative. If it is positive, 

means that the obstacle is in front of the controlled vehicle and in the opposite case, the car 

has already overtaken the obstacle but it is still close to it. 

In the second situation, the trajectory from the previous iteration should be maintained until 

being far enough from that obstacle. If the lateral distance of the controlled vehicle is greater 

that the lateral distance of the P.Q  obstacle to the reference, it is assumed that the obstacle is on 

the right side and the boolean variable âO+,���� (M�ℎ, (, + � · ,-./0, P) is set to one and vice 

versa. 

If the TTC is positive STEP 5 is run. 

STEP 5: Check the lateral position of each obstacle at their corresponding time-to-

collision. 

For choosing a path, only the lateral position of the obstacles at their corresponding TTC is 

taken into account and no other criteria as their initial position. This criterion can lead to not 

intuitive behavior from the point of view of most of the drivers because the planned trajectory 

may cross the intended path of the obstacles as shown in figure 4.10. The green maneuver of 

the figure is safer than the red one, which could be more intuitive, and would avoid getting 

out of the lane.  
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Figure 4.10 Algorithm behavior vs more intuitive behavior 

Depending of the lateral coordinate of the obstacle at the time-to-collision, there are three 

different cases: 

CASE 1: The obstacle at TTC is in the upper red area (figure 4.5). In this case an 

overtaking can only be executed on the right side and the 43oolean variable âO+,���� ��y, (, + � · ,-./0, P) is set to one while âO+,���� (M�ℎ, (, + � · ,-./0, P) is 

equal to zero.  

 

Figure 4.11 Path Selector Algorithm STEP 5 CASE 1 
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CASE 2: The obstacle at TTC is in the lower red area. Similarly to the previous 

case, the overtaking maneuver can only be executed on the left and the 44oolean 

variables take the opposite values as in CASE 1. 

 

Figure 4.12 Path Selector Algorithm STEP 5 CASE 2 

CASE 3: The obstacle at TTC is in the inner area. In this particular case, there is 

enough space on both sides to overtake and the path decision will be taken as follows: 

The position of the obstacle over � axis at its collision time is compared with the 

predicted lateral deviation of the controlled vehicle for that instant in the last iteration.  

This lateral position of the vehicle might be zero if it was driving over the reference 

path but also a different value if an overtaking maneuver has been recently carried out.  

If the lateral coordinate of the obstacle is greater than the position of the vehicle, the 

variable âO+,���� ��y,(, + � · ,-./0, P) is set to one and âO+,���� (M�ℎ,(, + � ·,-./0, P) to zero and vice versa in the opposite case.  

Using always the previous trajectory prediction in order to decide on which side to 

overtake each obstacles, the softest trajectory is ensured, because the constraints will 

not drastically change from one iteration to the next one. 

OBSTACLE 

VEHICLE 
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Figure 4.13 Path Selector Algorithm STEP 5 CASE 3 

There is one exceptional case in which this procedure is not applied: the overtaking 

maneuver of the nearest obstacle the first time the algorithm is run.  

The obstacles are usually entering in the prediction horizon one by one and the 

trajectory is adapted to them progressively, but the first time the algorithm is run, the 

vehicle can be surrounded by several obstacles and the best trajectory to avoid the 

nearest ones may be necessary. For that reason, if the first obstacle is located in the 

inner area, the lateral position of the second one at its corresponding collision time is 

taken into account. If its position is greater or equal than the initial deviation of the 

vehicle, overtaking both vehicles on the left side is decided and if it is lower, on the 

right side. 

 

Figure 4.14 Path Selector Algorithm STEP 5 Exception to CASE 3 
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If there is only one obstacle during the first simulation of the algorithm and it is 

located within the inner area, the overtaking will be planned on the closest side to the 

initial lateral deviation of the vehicle. 

For an easier understanding of the steps of the Path Selector Algorithm, a flow diagram is 

enclosed: 

 

Figure 4.15 Path Selector Algorithm Flow Diagram 
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Algorithm Results 

As a result of this algorithm, two matrices of boolean values are obtained with as many rows 

as number of steps and as many columns as obstacles. 

For example, if the number of obstacles is two and the prediction horizon was divided in three 

steps, those matrix could be: 

âO+,���� ��y, = ·1 00 00 0¸           âO+,���� (M�ℎ, = ·0 00 10 1¸ 

The first matrix indicates that in the first time step of the current horizon, the controlled 

vehicle has an obstacle on its left side and the second matrix informs about the presence of 

other obstacle on its right side in the second and the third time steps. 

A visualization of this situation is depicted in figure 4.16: 

 

 

In this example, the second obstacle drives faster than the first one and for that reason, the 

overtaking of the first vehicle last only one time step whereas the overtaking of the second 

obstacle lasts longer. 

By multiplying those matrices for a security distance to the lane limits (if there are no 

obstacles in that side) or for a security distance to the obstacle in each time step, time varying 

Figure 4.16 Example of three time step horizon with two obstacles 1 
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constraints for lateral distance of the controlled vehicle on both sides of the road are 

calculated. 

If there is more than one obstacle, the minimum values of the maximum limits and the 

maximum values of the minimum limits for each time step of the corresponding limits vectors 

are taken.  

This operation will be illustrated with the following example. Given the previous matrix: 

âO+,���� ��y, = ·1 00 00 0¸           âO+,���� (M�ℎ, = ·0 00 10 1¸ 

The ones are substituted by the lateral distance to the obstacle required at each corresponding 

time step and the zeros are substituted by the corresponding lane limits. The resulting matrices 

are: 

å�y, åM�M,+ = ·�ÌÍ- ` �6?��6?� �6?��6?� �6?�¸           'M�ℎ, åM�M,+ = ·�6B@ �6B@�6B@ �ÌÍ- h�6B@ �ÌÍ- h¸ 

��� åM�M,+ = �M! å�y, åM�M,+ = ·�ÌÍ- `�6?��6?� ¸          
�M! åM�M,+ = ��� 'M�ℎ, åM�M,+ = · �6B@�ÌÍ- h�ÌÍ- h¸          

Note that �6?� and �6B@ are lateral coordinates of the lane limits minus a security distance, as 

well as �ÌÍ-` and �ÌÍ-h are the lateral position of the obstacles minus a security distance (in 

case of the left limits) or plus a security distance (in case of the right limits). 

Those vectors are the time varying constraints vectors for the lateral distance introduced into 

the optimization problem (red borders of figure 4.11) and the MPC Controller will plan, if 

possible, the new trajectory (blue line of figure 4.11). 

With regard to the security distances, two different cases must be differentiated. On the one 

hand, the distance to the limits of the lane is calculated as follows: 

)��2(M,� �M+,�!�� ,N ��!� �M�M,+ = ℎ��y 3�ℎM��� 4M�,ℎ + 0.5� 

Note that the position coordinates only indicate the location of the gravity center of both, 

vehicle and obstacles, and the real dimensions must be taken into account within the security 

distances.  
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On the other hand, for the calculation of the security distance to the obstacles, the uncertainty 

ellipses associated with the predicted trajectories of the obstacles are used. If the obstacle is 

located on the left side of the controlled vehicle, the lowest point of each ellipse is taken as 

borderline. Consequently, if the obstacle is on the right side, the highest points of the ellipses 

are used. 

)��2(M,� �M+,�!�� ,N �! NO+,���� N! ,ℎ� ��y,= min(�/CCB0-/) − ℎ��y 3�ℎM��� 4M�,ℎ − ℎ��y NO+,���� 4M�,ℎ − 0.5� 

)��2(M,� �M+,�!�� ,N �! NO+,���� N! ,ℎ� (M�ℎ,= ���(�/CCB0-/) + ℎ��y 3�ℎM��� 4M�,ℎ + ℎ��y NO+,���� 4M�,ℎ + 0.5� 

As the uncertainty of the prediction of the obstacle propagates along the horizon, the ellipses 

grow and occupy the entire width of the road, not allowing the MPC Controller to find a 

feasible solution. For that very reason, the length of the principal axis in the direction of � 

axis has been limited to one lane width as shown in the right plot of figure 4.17. 

 

 

Figure 4.17 Comparison between normal and limited ellipses 
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 The different security areas are also represented in figure 4.18:  

 

 

The area within the red limits is the safe zone where a trajectory can be planned. 

4.3 Unfeasible Problem 

The MPC Controller tries to solve an optimization problem subject to constraints. However, 

this problem can be ill-posed. Thus, not always a feasible solution is found. The obstacles 

may block the road or be so close that there is not enough space for planning a safe trajectory 

along the entire horizon.  

Because of that reason, always the lateral constraints vectors are checked before being 

introduced in the optimization problem and if any of the minimum values are higher than its 

respective maximum value, the problem becomes unfeasible and the controlled vehicle must 

be braked or even stopped.  
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Figure 4.18 Example of three time step horizon with two obstacles 2 
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Figure 4.19 Unfeasible Problem 

4.3.1 Braking Routine 

If this situation occurs, a braking routine is executed before running the MPC prediction: 

STEP 1: Check at which time step of the current horizon the constraints block the road. 

From this time step on, the controlled vehicle should have a new lower velocity. 

STEP 2: Check if there are any obstacles before that time step.  

There can be problems if the vehicle reduces its velocity while overtaking and for that very 

reason, if an obstacle is located before that time step, the vehicle should be braked before 

getting too close to it. 

STEP 3: Create the new velocity profile.  

A spline with an initial value equal to the initial velocity, final value equal to the velocity of 

the slowest obstacle of the current horizon and a determined braking rate is calculated. This 

transition is carried out before the first obstacle of the horizon or before the time when the 

road is blocked.  

After running this routine, a new velocity profile with as many values as horizon intervals is 

created. It is assumed to be jerk minimal because of the smooth shape of the spline.  

The Path Selector Algorithm is run again and the new lateral constraints, which lead to a 

feasible problem, substitute the old unfeasible ones. 
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The LVP bicycle model is also evaluated for each value of the velocity profile, having as a 

result so many different models as horizon intervals. The optimization problem will use now 

the new offset constraints and one different model for each time step. 

4.4 MPC Parameters Choice and Weights Tuning Justification 

One of the last steps of the creation and configuration of the MPC based algorithm is the 

tuning of the Model Predictive Controller. This process is extremely important because the 

behavior of the controller can radically change depending on time parameters, weights and 

scale factors.  

It is necessary to bear in mind that minimal jerk trajectories shall be calculated. 

4.4.1 Horizons Choice 

A correct selection of the horizon parameters is important for the behavior of the controller. 

The longer the prediction horizon is, the more number of obstacles will be taken into account 

in the trajectory planning and the smoother the trajectory will be. However, this prediction 

horizon depends on the range of sensors and devices which track the obstacles, and on the 

obstacle behavior prediction method. 

A comparison between the resulting lateral trajectory calculated for prediction horizons of 

different duration is shown in figure 4.20: 

 

Figure 4.20 Lateral trajectory for different prediction horizons 

On the other hand, once the prediction horizon is properly set, the control horizon must be 

chosen. A short control horizon reduces the computational cost because the control signals are 

Prediction Horizons of 35 steps Prediction Horizons of 60 steps 
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only optimized in that interval but it also leads to more abrupt responses because the 

controller cannot react to the obstacles placed at the end of the prediction horizon. Those final 

obstacles will become relevant as entering in the control horizon and the avoidance 

maneuvers must be planned in a shorter time. 

The lateral trajectory calculated for control horizons of different durations is depicted in 

figure 4.21: 

 

Figure 4.21 Lateral trajectory for different control horizons 

For the algorithm of this thesis, a control horizon equal to the prediction horizon will be 

selected.  

4.4.2 Tuning 

With regard to weight tuning, two modes must be differentiated: 

• Low velocity Tuning  

While driving slowly (velocities under 8m/s), high maneuverability is wanted to be ensured, 

for example for parking. This flexibility can be achieved with counter-steering which allows 

small radius trajectories. In terms of vehicle dynamics, it means that high yaw rate is allowed, 

while keeping a small sideslip angle. 

 

 

 

 

Control Horizon of 20 steps Control Horizon of 60 steps 
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In figure 4.22 counter-steering behavior at 5m/s is shown: 

 

Figure 4.22 Counter-steering mode at 5m/s 

Consequently, a high weight is set on sideslip angle so as to follow the reference, and a lower 

weight is set on yaw rate, allowing it to change with more freedom. 

• High Velocity Tuning  

On the other hand, while driving faster than 8m/s, comfort is more important and yaw rate 

should be limited. A lateral deviation from the reference path can be achieved with common-

steering and it means allowing higher sideslip angles. 

An example of common-steering at 16m/s is depicted in figure 4.23: 
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Figure 4.23 Common-steering mode at 16m/s 

In this case, the weights on sideslip angle and yaw rate are swapped.  

With regard to the weights on the resting variables, they are equal for both modes but they 

must also be set properly to achieve the best response. 

As soft maneuvers are desired, a high weight is set on control signals’ rate so as to obtain the 

smoothest signals possible. This weight will prioritize the control signals move suppression 

term of the cost function. 

The weight on lateral distance must be enough to force the trajectory to come back to the 

reference path but not too high because that would lead to abrupt maneuvers so as to return as 

soon as possible, instead of the smooth behavior required. 

The weight on the angle of the reference path is not relevant because that state is always 

updated by the disturbance model. 

To conclude, a slightly over average priority has been set for the heading angle of the vehicle. 

The exact values for the configuration of the MPC Controller will be listed in section 5.1 

Simulation Parameters. 
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4.5 Updating 

While running the algorithm, new data from the static and dynamic environment must be 

continuously considered and introduced into the algorithm so as to recalculate the previous 

trajectory based on the changes this information will contain.  

If the MPC was considered as the main controller, the plant of the system would be 

substituted by the real vehicle and as it is not a linear model, the MPC Controller would have 

to face with these differences and try to compensate them. In that situation the measured 

outputs resulting of applying the first control signals will not be equal to the predicted ones 

and the updating process of the trajectory should be carried out each time step.  

Considering the MPC Controller as a trajectory planner and not the main controller, this 

updating process can be carried out with a slower sampling time as the control intervals. In 

this configuration, the plant of the system is assumed to be equal to the linear model used by 

the MPC Controller and the measured outputs will be equal to the predicted outputs calculated 

if the optimized control signals are applied. Until new information is available, the previous 

trajectory calculated will be a valid reference for a posterior lateral controller. 

 

Figure 4.24 Updating process considering the MPC Controller as the trajectory planner 

This last mode will be implemented for the simulation of the present thesis. 

Each update process can lead to a completely different constrained situation and abrupt 

changes can occur at the beginning of each horizon. 

In order to keep the trajectories as smooth as possible even in the transition between two of 

them, some measures are applied:  

On the one hand, before calculating a new trajectory, the last move of the controller and the 

current state must be correctly adjusted.  

Prediction horizon 

,-./0 

,` ,h = ,` + ∆, ,æ = ,h + ∆, 

New input data 

New input data 
Initial data 
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å�+, �N3� = 2(, − 1 + ∆,|, − 1) 

�2((�!, +,�,� = �(, − 1 + ∆, + ,-./0|, − 1) 

This step is necessary for the continuity of the trajectories. Otherwise, the starting point of the 

new trajectory would be by default the last move and state of the previous horizon. 

On the other hand, in order to ensure a soft transition between the previous trajectory and the 

new one which will be superposed, a target for the control signals is set.  

For the first time steps of the new horizon, the corresponding control actions of the last 

horizon must be followed and then they will softly change so as to adapt themselves to the 

new constrained situation. This smooth transition between a tightly guided and free situation 

of the control signals is achieved with a vector of time varying weights. The weights should 

be very high at the beginning, almost compulsory, and they should decrease until zero along 

the first part of the new prediction horizon.  
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5 SIMULATION AND RESULTS 

The algorithm developed in the present thesis has been implemented and simulated in 

MATLAB. The version used is MATLAB R2016a with the MPC Toolbox which allows the 

user to design and simulate adaptive model predictive controllers. 

In the following section, a list of all the parameters used during the simulations and an 

overview of the obtained results will be exposed. 

5.1 Simulation Parameters 

5.1.1 Parameters of the Vehicle 

The parameters used for the simulated vehicle are the parameters of X1. It is another fully 

electric, full-by-wire vehicle built and developed at the Dynamic Design Lab at Stanford 

University (Erlien 2015).  

Parameter  Value Units 

Mass (�) 1973 kg 

Yaw Moment of Inertia (��) 2000 kg·m2 

Front cornering stiffness (��	) 1·105 N/rad 

Rear cornering stiffness (��
) 1.4·105 N/rad 

Distance from center of gravity to 
front axle (�	) 

1.53 m 

Distance from center of gravity to 
rear axle (�
) 

1.23 m 

Vehicle width 1.790 m 

Vehicle length 4.268 m 

Velocity (3) configurable m/s 

Initial orientation configurable rad 

Initial lateral deviation configurable m 

Table 5.1 Parameters of the Vehicle 
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The algorithm has been tested for a velocity range between 2 and 16 m/s. 

5.1.2 Parameters of the Environment  

Data from the reference trajectory and the dynamic obstacles must be available from sensors 

or previous parallel processes. On the one hand, the information of the reference should 

contain two vectors: the length of the trajectory and its tangential angle for the whole 

prediction horizon and sampled at a constant sampling time. On the other hand, at each 

iteration, the initial position of all obstacles in the horizon expressed in Frenet frame, as well 

as their orientation and velocity are required. 

Other parameters related to the environment are listed below: 

Parameter  Value Units 

Number of obstacles  configurable  

Obstacle width  2 m 

Obstacle length 4.5 m 

Distance to left lane limit 6 m 

Distance to right lane limit -2 m 

Width of red areas    3.79    m 

Table 5.2 Parameters of the environment 

Note that all the obstacles are considered to possess the dimensions. 

The width of the red area is calculated as follows: 

çM�,ℎ (�� �(�� = 3�ℎM��� 4M�,ℎ + ℎ��y NO+,���� 4M�,ℎ + 1� 

5.1.3 Parameters of the MPC Controller 

Parameter  Value Units 

Time parameters 

Control interval 0.2 s 
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Prediction Horizon 60 Number of 
intervals 

Control Horizon 60 Number of 
intervals 

Constraints 

Min and max values for front steering angle  -30<=	<30  degrees 

Min and max values for rear steering angle  -30<=
<30 

(=
 = 0 if only front axle 
is used) 

 degrees 

Min and max front steering rate  -7.2<Δ =	/+<7.2  degrees/s 

Min and max rear steering rate  -7.2<Δ =
/+<7.2  degrees/s 

Min and max values for sideslip angle  -5<9<5  degrees 

Min and max values for yaw rate  -20<< <20  degrees/s 

Min and max values for heading angle  -360< < <360  degrees 

Min and max values for lateral offset Time-varying constraints 
resulting from Path 
Selector Algorithm 

-2<�<6 (if there are no 
obstacles) 

m 

Scale factors 

S. f. on Front steering angle 1.05 Dimensionless 

S. f. on Rear steering angle 1.05 Dimensionless 

S. f. on sideslip angle 0.05 Dimensionless 

S. f on yaw rate 0.5 Dimensionless 

S. f. on heading angle 12.6 Dimensionless 

S. f. on tangential angle of the reference 
path 

12.6 Dimensionless 

S. f. on lateral offset 8 Dimensionless 
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Weights 

Weight on front steering move suppression 200 Dimensionless 

Weight on rear steering move suppression 200 Dimensionless 

Weight on sideslip angle reference tracking 0.05 (High velocity) 

50 (Low velocity) 

Dimensionless 

Weight on yaw rate reference tracking 50 (High velocity) 

0.05 (Low velocity) 

Dimensionless 

Weight on heading angle reference tracking 5 Dimensionless 

Weight on tangential angle reference 
tracking 

0 Dimensionless 

Weight on lateral deviation reference 
tracking 

5 Dimensionless 

Weights on Manipulated variables target 
tracking 

Time varying weights Dimensionless 

Table 5.3 Parameters of the MPC Controller 

Note that limits for angles are expressed in degrees because their interpretation is more 

intuitive but in the algorithm they are introduced in radians. The values of those limits are 

related to the capacity of the actuators of MOBILE or the desired work conditions: 

• The wheels of MOBILE can be steered about 30 degrees to each side, with a 

maximum turning rate of 14 degrees per second approximately. 

• The limits for sideslip angle have been set between 5 and -5 degrees in order to fulfill 

the small angle assumption  

• Heading angle range is so wide  because this parameter is expressed in global 

coordinates. 

• Minimum and maximum values for lateral offset without obstacles are the lane limits. 

On the other hand, scale factors are needed in order to convert input and output variables to 

dimensionless form and they are calculated as the difference between the maximum and 

minimum constraint values. 

With regard to slack variables, all the constraints are defined as hard constraints, which means 

that slack variables are equal to zero. 
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Finally, as mentioned before, a final target pose can be defined with the introduction of 

terminal constraints. Those constraints are applied only for the last time steps of the horizon 

and must be defined as a maximum value, a minimum value and a weight for each variable of 

the output vector or the control vector. 

5.1.4 Other Parameters 

Parameter  Value Units 

Number of iterations  configurable  

Time between consecutive iterations (∆,) configurable s 

Braking rate -4 m/s2 

Table 5.4 Other Parameters 

The breaking rate is approximately the slope of the velocity spline. 

5.2 Dynamic Obstacle Avoidance 

The MPC controller is able to create obstacle-free trajectories with the initial data and 

estimations explained in previous sections as long as there is enough free space in the road.  

The simulation scenario is a two-lane road where each lane is four meters wide and both have 

the same driving direction. The reference path is an imaginary line in the middle point of the 

right lane and consequently, in global frame, the road has an identical shape as the reference 

trajectory.  

In figure 5.1, some examples of avoidance maneuvers are shown, all of them from the same 

simulation with a vehicle velocity of 10m/s. Note that the blue marker is the controlled 

vehicle, the red ones are the obstacles and the green line is the trajectory planed.  
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Figure 5.1 Avoidance Maneuvers 

Note that in the second maneuver of figure 5.1, the planed trajectory is crossing the ellipses of 

the obstacle. Nevertheless, at that time step, the vehicle will have already overtaken the 

obstacle and it will be far enough to execute the maneuver (the vehicle  will be located out of 

the blue area which surrounds that obstacle, figure 4.7).  

5.3 Optimization of the Reference Path 

It has been checked that the algorithm not only follows the reference trajectory through the 

static environment but also optimizes it, if necessary. In the following figure the transition 

between a curved and a straight part of the road is shown. The green line represents the center 

of the right lane whereas the blue line is the real trajectory of the controlled vehicle. It can be 

observed that the algorithm reduces the lateral acceleration by increasing the radius and that 

maneuver will also lower the high peak of jerk suffered on that point of the trajectory. 
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Figure 5.2 Optimization of the reference path without obstacles 

This effect becomes more relevant if the weight on MV Move suppression increases or the 

weight on tracking lateral distance reference decreases.  

5.4 Minimum Lateral Jerk 

Lateral jerk is the derivative of the centripetal acceleration and it depends on the curvature of 

the final trajectory in global coordinates which is calculated in the following way: 

'� = 1D = �+�>.?@A/@.B?C 
where '� is the radius of the curve, D is the curvature, + is the curve length and  >.?@A/@.B?C is 

the tangential angle of the final trajectory.  
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Figure 5.3 Tangential angle 

In the trivial case, when the reference trajectory is a straight line, the tangential angle is equal 

to the sum of the sideslip angle and heading deviation of the vehicle in each time step. In all 

other cases, the angle of the reference trajectory with respect to the global frame is required 

and the tangential angle would be equal to this global angle plus the heading deviation and the 

sideslip angle. 

Once the radius of curvature is known, the centripetal acceleration is simply calculated as  

�� = 3h'� 

Where 3 is the tangential velocity to the trajectory. Finally, lateral jerk is obtained deriving 

centripetal acceleration with respect to time. 

According to literature, maximal values of jerk derived from highway track design are cited 

below: 

• 0.3 - 0.9 m/s3 (AASHTO 2001) 

• 0.6 m/s3 (Schofield 2001) 

These limits are applicable for normal driving situations without overtaking maneuvers. Of 

course, during an overtaking or an emergency situation, higher jerk values are allowed. 

In the following graphs, trajectory, lateral deviation, acceleration and jerk resulting from an 

overtaking maneuver in a curved road are shown. The controlled vehicle drives at 10m/s 

whereas the obstacle has a speed of 6m/s.  The controlled vehicle is initially located in the 

right lane, executes a lane change maneuver to the left, overtakes the obstacle and returns to 
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the right lane. The whole maneuver lasts aproximately 20 seconds and it is executed 

observing the security distances between both vehicles.  

 

Figure 5.4 Trajectory of the vehicle during an overtaking maneuver at 10m/s 

 

Figure 5.5 Lateral distance, acceleration and jerk of an overtaking maneuver at 10m/s 
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The highest peak of jerk appears at 5 seconds and its value is 0.7m/s3. This value is within the 

limits cited in AASHTO (2001). 

In figure 5.6, lateral deviation, acceleration and jerk resulting from a fast lane change 

maneuver in the previous road are represented. The vehicle is initially located on the left lane 

because of a previous overtaking maneuver and suddenly, a slower vehicle enters into the 

prediction horizon in the same lane. The velocity of the obstacle is 4.5m/s whereas the 

controlled vehicle moves at 10m/s. As the vehicle has enough free space on its right side, it 

executes a fast lane change maneuver. If there was not free space on the right lane, the vehicle 

would reduce its velocity and remain on its lane. 

 

Figure 5.6 Lateral distance, acceleration and jerk of a fast lane change maneuver at 

10m/s 

The maximum value of jerk is around 1m/s3, which is slightly above the limits cited in 

literature but still acceptable because it is a fast reaction maneuver. 

5.5 Minimum Longitudinal Jerk 

Longitudinal jerk is calculated as the second derivative of the velocity 3 ≈ 1�. Nevertheless, 

as the velocity is assumed to be constant, this jerk is mostly zero except if the road is blocked 

when the controller reduces the velocity of the vehicle. 
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In these situations, the velocity profile is a cubic spline with the constant velocity value as 

initial value and the desired slower velocity as final value. A spline is a polynomial function 

of class C∞, which means that it is smooth and continuous and its derivatives will be 

continuous too. According to Werling (2011), 5th order splines are jerk optimal for trajectory 

planning with three degrees of freedom, but for longitudinal velocity planning with only one 

degree of freedom, a cubic spline is sufficient. The longitudinal jerk resulting from these 

splines has low values in the range of velocities tested (2-16m/s).  

In figure 5.7, the resulting velocity profile, longitudinal acceleration and longitudinal jerk 

from a breaking maneuver are shown. The controlled vehicle reduces its velocity from 10m/s 

to 2m/s and the maximum absolute jerk values are under 0.4 m/s3. 

 

Figure 5.7 Longitudinal velocity, longitudinal acceleration and longitudinal jerk of a 

breaking maneuver 

5.6 Computational Cost 

Although MATLAB is a powerful tool, the computational cost of some commands, especially 

the adaptive MPC routine, is really high. Moreover, the code contains some loops in which 

the size of variables is progressively increased and MATLAB needs extra time to reorganize 

data in memory. 
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In order to improve performance and optimize the computational time, a preallocation routine 

has been implemented in which most of the variables are initialized and its maximum size is 

defined.  

As mentioned before, although for the present algorithm the control horizon has been set 

equal to the prediction horizon, reducing this parameter also decreases the computational 

time. 

Applying the parameters listed in section 5.1 Simulation Parameters, the computational cost 

of 900 iterations has been studied. The conditions of the simulations have been randomly set 

in terms of obstacles and road shape. From the analysis of the results, a mean of 1.14 seconds  

and a standard deviation of 0.27 seconds have been obtained, as represented in figure 5.8. 

 

Figure 5.8 Normal distribution of time cost 

It has also been checked that the longest iterations are those in which the simulated vehicle 

executes overtaking maneuvers or faces to sharp bends.  

The computational time could be reduced if the code was translated to C++. 

5.7 Linearization Error 

Working with curved reference paths, an offset from the desired re-planned trajectory is 

noticed when plotting it in global coordinates.  

68.2% of the 

iterations 
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This deviation is only noticeable when the vehicle drives in a curved road and avoids 

obstacles, separating its trajectory from the reference one through the static environment.  

Another characteristic of this error is that the more curved the road is, the larger the error 

becomes. 

This error occurs due to linearization effects caused by small-angle assumptions, which are 

accurate as long as the vehicle follows the original reference (sideslip angle and yaw angle are 

supposed to be zero). But as soon as the vehicle tries to avoid a dynamic obstacle and drives 

away from the reference, the small angle assumption is not accurate any more, the 

simplifications are not valid, this error appears and the vehicle is not able to come back to the 

original path. 

In figure 5.9, the trajectory of the vehicle at 8m/s in a circular road is shown. In this 

simulation, an avoidance maneuver is carried out along the first 100m and after that deviation 

from the reference, the lateral offset appears. Nevertheless, if the lateral trajectory is 

represented in the Frenet frame, the vehicle is perfectly able to go back to the reference path 

without any offset, as shown in figure 5.10.  

 

Figure 5.9 Trajectory represented in global frame 
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Figure 5.10 Trajectory represented in Frenet frame 

As mentioned before, MPC controller can be considered as the main controller of the vehicle 

or just the trajectory planner for a later controller. In this last configuration, the objective is to 

generate a collision free trajectory and the linearization error can be skipped superimposing 

the lateral distance in Frenet to the reference trajectory expressed in global coordinates. In this 

way, an optimal-dynamic-and-static-collision-free trajectory is achieved. The comparison 

between different trajectories with the linearization error and the same with the lateral 

distance superimposed is shown in figure 5.11. 

In order to use the MPC Controller as the main controller, more complex models would be 

recommendable. They reflect better the behavior of the vehicle and linearization errors would 

be removed or at least reduced. Nevertheless non-linear models are not compatible with 

MATLAB MPC Toolbox and the implementation should change. 

Another option is to reduce the prediction and control horizons. This way, the error at the end 

of the horizon may be smaller because it will propagate through a smaller number of steps. It 

would also be necessary to update the data from the reference path as frequently as possible. 

The incoming new data from the vehicle sensors will reset the offset error for the new 

prediction. 
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Figure 5.11 Trajectories with offset and overlap of the lateral distance at 8m/s 
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6 CONCLUSIONS 

The Model Predictive Control based algorithm developed in this master thesis is able to 

generate low-jerk collision-free trajectories observing security distances to lane bounds and 

other vehicles. It can also follow and optimize a reference path and reduce vehicle velocity if 

a feasible trajectory is not found. In addition, some predictive routines have been 

implemented in order to estimate the evolution of the environment from sensor data.  

Model Predictive Control based algorithms are a promising approach for trajectory planning. 

One advantage of MPC is the possibility of previewing changes of the environment and 

generating optimal control signals in response to these future changes in advance. This 

characteristic is really advantageous if the evolution of the dynamic vehicle environment can 

be estimated.  

On the other hand, another upside of MPC is the adaptability of the problem formulation, 

specifically the wide configurability of constraints. Most of the situations and rules that a 

driver should face while driving a vehicle can be transformed into constraints.  

Finally, the possibility of tuning the response of the controller makes this approach even 

better because smooth responses, and with other words, comfort, are essential for trajectory 

planners. 

Nevertheless, it has also been noticed that the quality and validity of the calculated response 

relies directly on the accuracy of the perception systems data and predictions fed as 

references, disturbances and constraints into MPC Controller.  

Moreover, the behavior of the real plant under the control signals can differ from the expected 

response if the model used by the controller is not good enough to represent the physical 

vehicle. In this specific case, the linear bicycle model used leads to deviations from the 

expected path. 

As trajectory planners are being developed as a safety concept, these aspects must be taken 

into account and although the obtained results are so far satisfactory, a lot of improvements 

can be implemented in future works. 

6.1 Future Work 

In the light of the decisions taken and the obtained results, some improvement ideas are 

presented as follows. 



CONCLUSIONS 

76 

Acceleration Routine 

The algorithm is able so far to reduce the velocity of the vehicle if the road is blocked and the 

next step could be the developing of a routine of acceleration. In order to avoid constant 

braking and accelerating maneuvers, the scenario should be analyzed to determine when the 

road is free again. 

It must be taken into account that a feasible trajectory at 5m/s may be unfeasible at 10m/s. 

Moreover, the velocity profile should also be a spline with an adequate acceleration rate in 

order to keep longitudinal jerk as low as possible. 

Another option to control velocity would be to extend the model including velocity as a state. 

Then the model would become a non-linear model, which is the following possible 

improvement. 

Non-Linear Vehicle Models 

Using a LTI model simplifies the calculations of the algorithm but some linearization errors 

and inaccuracies may appear. 

More complicated models, such as non-linear single or double-track models yield a more 

exact vehicle behavior and the real response of the plant will be more similar to the predicted 

one. The only inconvenient is that MATLAB MPC Toolbox does not stand non-linear models 

and another tool would be required. 

Different modes 

The algorithm described in the thesis considers the road as a free space where any maneuver 

can be executed. In real situations traffic rules should be observed, such as overtaking always 

on the left and not driving over the lane division line. In addition, with traffic sign recognition 

systems, new restrictions could be introduced into the algorithm, such as stopping the vehicle 

in front of a traffic light, or setting a maximum velocity depending on the speed limit of the 

road.  

The restrictions related to the overtaking maneuvers’ execution and the authorized areas for 

driving can be  implemented  in the Path Selector Algorithm and they will be transformed into 

constraints. Other limits related to states, for example velocity in a non-linear model, do not 

need this transformation and they could be directly applied into the problem. 

Two different modes can be set: The free-space mode can be useful in places such as parking 

spaces whereas the restricted mode should be applied in roads and highways. 
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In conclusion, Model Predictive Control approach is a powerful and versatile alternative for 

trajectory planning and further works could lead to autonomous driving systems or shared 

control strategies. 
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