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Abstract 

The proposed work deals in the first place with the design, simulation, construction and 
experimental measurement of two different Fresnel square Fresnel zone plate lenses (BSFZPL) 
using metamaterials (MTM): A MTM-MTM lens and a dielectric-MTM lens, as the two 
components of the different zones. We review the full design process and, subsequently, the 
simulation of both lenses is carried out, completely characterizing their spectral response and 
focal planes. From the simulation results it is found that the overall performance of the MTM-
MTM lens is better than the performance of the MTM-dielectric lens. The worse response of the 
MTM-dielectric lens could be because of the diffraction produced at the edges of the MTM. 
Construction and experimental measurement of the MTM-MTM is performed. 

The second part of this work deals with the design and simulation of a super-oscillatory lens 
(SOL) using metamaterials to increase the transmissivity of these lenses that are usually based on 
opaque and transparent areas. Through an analytical process of optimization, a subwavelength 
focal spot is created at the design focal length of 9.33λ0 that is beyond the diffraction limit. This 
analytical solution has been validated in the simulation domain. 

 

Resumen 

El trabajo propuesto trata en primer lugar del diseño, simulación, construcción y medición 
experimental de dos lentes binarias cuadradas zonadas de Fresnel (BSFZPL, por sus siglas en 
inglés) utilizando metamateriales (MTM): Una lente MTM-MTM y una lente dieléctrico-MTM, 
como los dos componentes de las distintas zonas de Fresnel. Se revisa completamente el proceso 
de diseño y después se simulan ambas lentes caracterizando su respuesta espectral y los planos 
focales. Se comprueba que el rendimiento de la lente MTM-MTM es superior; la peor respuesta 
de la lente MTM-dieléctrico podría deberse a la difracción que se produce en las interfaces metal-
dieléctrico de los bordes del metamaterial. A continuación, se construye la lente MTM-MTM 
mediante la técnica de fotolitografía y se caracteriza experimentalmente.  

La segunda parte de este trabajo trata sobre el diseño y simulación de una lente super-
oscilatoria (SOL) utilizando metamateriales para aumentar la transmisividad de estas lentes que 
típicamente se basan en áreas opacas y transparentes. A través de un proceso analítico de 
optimización se obtiene un foco, a la longitud focal de 9.33λ0, que está por debajo del límite 
clásico de difracción. Esta solución analítica ha sido validada mediante simulación. 
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1. Introduction and state of the art 
 

1.1 General approach and objectives 
The aim of this work is twofold: The first objective is to design binary square Fresnel zone 

plate lenses (BSFZPLs) applying metamaterial concepts in order to improve the performance of 
this type of lenses typically made with dielectrics or alternating opaque and transparent materials. 
We discuss the design parameters of such lenses using metamaterials and then we engineer, study 
and compare different designs: (i) a BSFZPL made with a metamaterial and a dielectric material 
as the two components of the different zones; (ii) a BSFZPL made with two different 
metamaterials. The designs are performed at 100 GHz and the spectral response and focusing 
performance of the lenses are studied and compared. Next, we explain the process for a physical 
implementation of the lens, where its different layers are manufactured using the technique of 
photolithography. Once constructed, we characterize its spectral response and compare it with the 
simulation results. 

The second objective of this work deals with the design and simulation of a super oscillatory 
lens based on metamaterials to enhance the transmission of these lenses usually based on opaque 
and transparent areas [1], [2], [3]. The design is based on the use of an advanced optimization 
algorithm: The binary particle swarm optimization [4]. We show how to design the two particles 
to obtain the required phase at its output and how to obtain the focusing effect. Moreover, an 
ultrathin metamaterial lens (0.04λ0) is designed. 

 

1.2 Brief study of metamaterials. 
The most intuitive way to begin the study of metamaterials is starting from Maxwell's 

equations that describe all classical electromagnetic phenomena and that are formulated (in the 
International System of Units (S.I.)) as follows [5]: 
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where E is the electric field, H is the magnetic field, D is the electric displacement, B is the 
magnetic flux density, J is the external free electric current density and ρ is the external free 
charge density [6]. If the region of space considered has no free electric charge, then ρ=0. In 
addition, if the medium is isotropic and linear, D, J and B are related to E and H through the 
constitutive relations and the Ohm´s law shown below: 
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where ε0 and µ0 are the electric permittivity and magnetic permeability of vacuum, εr is the relative 
electric permittivity, µr is the relative magnetic permeability and  is the conductivity of the 
material. These equations indicate that the response of a material to an electromagnetic wave is 
determined mainly by three constitutive parameters: the permittivity, the permeability and the 
conductivity. ε describes the behavior of a material when an electric field is applied upon it and 
µ describes its behavior when a magnetic field is applied. 

 

Permittivity 

Permittivity is a physical parameter that describes how an electric field affects and is affected 
by a medium [7]. It is called with the Greek letter "epsilon" (ε) and is defined as [8]: 

     0 r                                                               (1.3) 

where ε0 = 8,854·10-12 F/m. εr can be dependent on other parameters, such as temperature, 
direction of propagation (if this happens, the materials can be divided into isotropic or anisotropic, 
in case of presenting such dependency), frequency or mechanical stresses [9]. 

The relative permittivity of many materials is a complex number and is expressed as follows: 

'''  jr                                                                   (1.4) 

where ε' corresponds to the real part and ε'' corresponds to the imaginary part, and both are, in 
general, functions of frequency. The ratio between the two components defines the tangent of 
losses as: 

     
'

''
tan


                                                                      (1.5) 

The real part of the permittivity, or dielectric constant, represents a relative measure of the 
density of electromagnetic energy which is stored inside the material. The minimum value ε’ can 
adopt is ε’=1, which corresponds to the vacuum. Its value depends on many different factors: 
density, humidity, temperature, composition, microstructure or frequency. 

The imaginary part of the permittivity, ε’’ or loss factor, is a measure of how dissipative the 
medium is, that is, it gives an idea of how much the energy of the wave can be attenuated when it 
propagates through the material. There are two loss mechanisms included in this term: 

          

  b''                                                            (1.6) 

the first term represents the dielectric losses due to friction and the second are the conduction 
losses that appear by the movement of free charge carriers, whose magnitude is represented by 
conductivity  . For materials of high conductivity, the first term can be neglected. 

The air has a relative dielectric constant of about 1.0006, and although most of the mediums 
typically have a relative dielectric constant greater than 1, it is not unusual to observe extreme 
values of permittivity, for example, in frequencies close to resonance in dispersive mediums. 
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Permeability 

Magnetic permeability is a physical parameter that describes how a material affects and is 
affected by a magnetic field [10]. It is called with the Greek letter "mu" (µ) and is defined as: 

   0 r                                                                        (1.7) 

where μo =4π·10-7 H/m. As with permittivity, the permeability may be dependent on other 
parameters, such as temperature, frequency, or direction of propagation [11]. 

The relative permeability of many materials is a complex number and is expressed as 
follows: 

'''  jr                                                                (1.8) 

where µ' corresponds to the real part and µ'' corresponds to the imaginary part. The ratio between 
the two components defines the tangent of losses as: 

     
'

''
tan


                                                                     (1.9) 

The real part of the permeability is called elastic magnetic permeability and gives an idea of 
the magnetic energy that is stored in a material. As noted above, it can be frequency dependent. 
The imaginary part of the permeability represents the magnetic losses due to various processes 
such as magnetic currents, hysteresis or viscosity and it is known as magnetic permeability loss 
factor. 

Equations (1.1) and (1.2) collect the whole classical theory of electromagnetic fields. Given 
a linear, isotropic and homogeneous without sources (J = ρ = 0), the wave equation (equation 
1.10) can be obtained applying the rotational on both sides of Faraday’s law, substituting this 
result in Ampere’s law and finally applying the rotational of the rotational of a field vector: 

        0
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Assuming a sinusoidal variation of the field, the solution of this equation is a linear 
combination of terms of the form: 

             )cos(0 tkr  EE                                                       (1.11) 

Each of these terms corresponds to a periodic wave of angular frequency ω propagating at a 

speed 2/1)(  v  (velocity of light for the medium) in the direction given by the wave vector 

kk


K , where k is the wave number. Introducing solution (1.11) into the wave equation (1.10) 
the well-known dispersion relation can be obtained [12]: 
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This equation relates the frequency ω (in rad/s, in accordance with the S.I.) of a 
monochromatic wave with its wave number k. The refractive index n of a medium is defined as 
follows: 

 
00 






v

c
n                                                   (1.13) 

For most materials µ=µ0, so n is just the square root of the relative permittivity. The refractive 
index of a given medium has the physical meaning of the quantity by which c must be divided to 
obtain the effective velocity of a plane wave propagating in said medium.  

Most of materials that can be found in nature [13] have values of permittivity (ε) and 
permeability (µ) larger than the free-space values (ε0, µ0). For example, common dielectrics have 
a dominant electric response, exhibiting a finite value of relative electric permittivity larger than 
one and a relative magnetic permeability equal to one. These electromagnetic (EM) properties are 
the result of the macroscopic response of the microscopic structure of molecules and atoms to EM 
waves. 

The idea behind metamaterials (MTMs) is to tailor a periodic structure of unit cells (or meta-
atoms, analogues to the natural molecules and atoms) which are much smaller than the wavelength 
of the incident EM wave, to obtain the desired macroscopic response of the structure (Fig. 1.1). 
These artificially engineered subwavelength particles have a specific geometry and are made of 
natural materials. Since the size of meta-atoms is smaller than wavelength, the EM wave “sees” 
a continuous medium and its response is defined by the periodic structure of the meta-atoms. 
Therefore, these artificial materials show electromagnetic properties that overcome the barriers 
imposed by natural materials, making possible to tailor the constitutive parameters at will, even 
achieving extreme parameters such as close to zero or even negative values [14].  

 

Figure 1.1. The analogy between normal materials (left) which are made of atoms and 
metamaterials (right) which consist of an array of engineered atom-like structures.  

As the operating wavelength is large compared to the meta-atoms, the medium made with 
MTM is virtually homogeneous for the operating wavelength and the microstructure can be 
related to μeff and εeff. That is: if we assume that the structure is on a scale much shorter than the 
wavelength of any radiation we can sensibly speak of an average value for all the fields [15].  
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In 1968, Veselago [16] conducted a theoretical study of substances having negative 
permittivity and permeability, corresponding to negative refractive index. Such substances are 
referred to as ‘left-handed’ substances as opposed to normal ‘right-handed’ substances having 
positive refractive index. 

Following that classification, materials can be divided into different classes depending on 
their EM properties [13], [17]: a) double positive (DPS) or right-handed media (RHM), b) double 
negative (DNG) or left-handed media (LHM), c) negative permeability (MNG) media, d) negative 
permittivity (ENG) media, and e) Epsilon-near-zero (ENZ) and Mu-near-zero (MNZ) media. A 
general classification of materials is presented in Fig. 1.2, where μ and ε are used as y and x axis 
respectively: 

 

                     

Figure 1.2. Classification of materials based on the values of the constitutive parameters. 

 

Double-positive media (DPS) 

In DPS media ε > 0 and µ > 0 and thus the index of refraction is positive, n > 0. In these 
materials, the energy (defined upon the pointing vector S) propagates in the same direction as the 
wave vector k. In DPS media the electric (E) and magnetic field (H) vectors and k form a right-
handed triplet so DPS are called right-handed media. Most of the dielectrics available in nature 
can be grouped in this category. 

In practice, a wave will propagate through two or more media with different values of n. The 
behavior of the wave at the interface of materials that exhibit different but positive refractive 
indexes can be described by the well-known Snell’s law:  

                                )sin()sin( 2211  nn             (1.14) 
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where the pairs (n1, θ1) and (n2, θ2) are the refractive indexes and angles of the waves in the media 
1 and 2, respectively. When a wave propagates from a medium 1 with n1 < n2 (see Fig. 1.3(a)), it 
arrives at the interface with an angle (θ1) and is refracted with angle θ2 when it enters medium 2, 
due to the different refractive index. Note that 0 < θ2 < θ1. This is because the wavelength inside 
a medium with a higher refractive index is smaller than the free space wavelength; this implies 
that the waves will propagate with a lower phase velocity than free-space. 

For the case when n1 > n2 a similar behavior is obtained. The only difference is that θ2 > θ1. 
This behavior has been widely applied in the design of lenses using natural dielectrics [18], [19].  

 

Double-Negative Media (DNG) 

In DNG materials ε < 0 and μ < 0, E, H and k form a left-handed triplet and S and k point in 
opposite directions. Therefore, the energy flows in the opposite direction to the phase propagation. 
These media are also called left-handed media [16], negative-index materials (NIM), backward 
wave media or negative refractive index media (NRI). They were first proposed in 1968 by 
Veselago, when he studied theoretically the properties of this materials [16]. He predicted that 
such media would have negative index of refraction and multiple reverse effects, such as reverse 
Snell’s law, reverse Cerenkov radiation and reverse Doppler Effect. The reverse Snell’s law 
results in the curious phenomenon of negative refraction, which occurs between a RHM and a 
LHM and is shown in Fig. 1.3 (b). 

 

 

 

 

 

Figure 1.3. Schematic representation of the Snell’s law when the first medium is RHM 
and the second one is RHM (a) or LHM (b). 

 

This fascinating property enables the possibility of building a NIM planar lens, which was 
later found by Pendry to act as a perfect lens [20] when both ε = µ = -1. The term “perfect lens” 
refers to an ability of NIM planar lens to restore the image with unlimited resolution, which is not 
possible with conventional lenses. The explanation of such captivating performance lies in the 
fine details of source contained in the evanescent components of wave, which are lost in 
conventional lenses but amplified in a NIM slab [13], [20]. 
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Epsilon-negative media (ENG) 

In ENG media ε < 0 and μ > 0. Therefore, the wave vector is imaginary and the waves are 
evanescent. One of the example of metamaterial with negative permittivity is a wire medium or a 
metal close to its plasma frequency [21]. 

 

Mu-negative media (MNG) 

This type of media has ε > 0 and μ < 0. Analogously to ENG the wave vector k is imaginary 
and, therefore, fields decay exponentially, forbidding propagation of EM waves. In nature, certain 
ferrites and some gyrotropic materials can exhibit negative permeability. In the field of 
metamaterials, the most widely-used elementary particle for μ < 0 is the Split Ring Resonator 
(SRR) [13]. 

 

ENZ and MNZ 

Looking at equation 1.10, it is clear to see that if permittivity or permeability are close to 

zero the wave equation becomes 02  E , which is a static version of the usual wave equation; 
moreover, the velocity of light inside an ENZ or MNZ medium becomes very high and thus the 

propagation constant, β, is very low (being   ). Consequently, the wavelength is very 

large and the waves propagating through the ENZ media show, fundamentally, a uniform phase 
for the entire propagation distance.  

Among the interesting applications described in [64], we highlight the use of ENZ materials 
as: (i) “wavefront engineering media”, in the sense that transmitted wavefronts in ENZ materials 
take the shape of the exiting surface of the ENZ slab so they can be used to fit the shaping of the 
radiation pattern of a source. (ii) The super-coupling effect: When connecting two waveguides by 
a channel, it is usually desired that the channel be wide enough and adapted enough to the shape 
of the waveguides. But, surprisingly, if the channel is filled with ENZ material the energy 
transmission is better if the channel is narrower. The most widely-used ENZ materials are natural 
metals approaching their plasma frequency, metamaterials (for example, a screen patterned with 
complementary split-ring resonators [68]) and metal clad waveguides near their cutoff frequency. 

 

From the point of view of implementation, metamaterials are usually synthesized by 
embedding a periodic array of artificial small inclusions at a sufficiently electrically small mutual 
distance in a specified host medium [22]. Therefore, the design parameters in the synthesis 
process of a metamaterial (such as the shape, arrangement or alignment of the inclusions) provide 
a large collection of independent parameters (or degrees of freedom) to engineer an artificial 
material with a specific controllable electromagnetic response different from that obtained by its 
constitutive materials [22]. The designs found in this work will rely mainly on metamaterials 
whose unit cell is based on a ring slot subtracted from a square or hexagonal metal cell deposited 
over a dielectric of the same shape. These resonant structures allows to control the index of 
refraction varying certain parameters inside the unit cell; this is basic for focusing purposes, as it 
will be explained later. 



13   
 

1.3 A review of lenses: from past to nowadays 
In the present work, lenses have a preponderant role. The history of lenses is intimately 

related to the history of geometrical optics and the discovery of the laws of reflection and 
refraction. 

According to roman historian Pliny, glass-making was discovered accidentally by the 
Phoenicians around 5000 BC, while cooking on the desert sand. However, the earliest man-made 
glass objects were found much later, around 3500 BC, in Egypt and Mesopotamia. 

At the ruins of a Parthian city located in a suburb of Baghdad a polished optical lens was 
unearthed [23]. This lens is called the “Nimrud lens” and it is a 3.000-year-old piece of rock 
crystal, which was found by Sir John Layard in 1850 at the Assyrian palace of Nimrud. This 
“Nimrud lens” can be observed in Fig. 1.4 (left). It is about the width of two fingers in diameter 
and it is highly transparent. Tests identify it as a polished lens and this is the earliest lens known 
to date. Due to the passage of time, parts associated with this lens were lost. Only the lens itself, 
slightly cracked, remains and it can be seen in the British Museum 

 

 

 

Figure 1.4. The “Nimrud lens” (left) is the first lens known used for optical applications. The statue 
of “Scribe Accroupi” (right) uses beautiful ornamental lenses as eyes. Both images are in the public 
domain. 

The so-called “Nimrud lens” is made from natural rock crystal and is slightly oval. It has a 
focal length of about 12 cm and it is said to have the ability to focus sunlight, although the focus 
is far from perfect. Italian scientist Giovanni Pettinato of the University of Rome [24] has 
proposed that the lens was used by the ancient Assyrians as part of a telescope, although, 
according to conventional perspectives, the telescope was invented by Dutch spectacle maker, 
Hans Lippershey in 1608 AD. In any case, it is beyond any doubt that the ancient people of 
Baghdad who made this lens had knowledge of glass shaping and polishing: they were able to 
melt glass materials, obtain desired shapes after processing, and polish the finished products to a 
high level of transparency. 

However, no matter how unusual this object seems at first, it is not unique. In fact, there are 
hundreds of reported lenses from the ancient world, some older than the “Nimrud lens”, although 
this is the first that is believed to be used for optical and not ornamental purposes. The earliest 
lenses identified date back around 4,500 years ago to the 4th and 5th Dynasties of Ancient Egypt 
(e.g., ‘Le Scribe Accroupi’ (see Fig.1.4(right)) in the Louvre), where they were used as eye 
structures (iris inserts) associated with funerary statues. 
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Later, by the time of the Greeks, lenses were certainly well known, with even the dramatist, 
Aristophanes, referring to them in his Comedy of the Clouds in 424 BC [25]: 

Strepsiades: “Have you ever seen a beautiful, transparent stone at the druggists’, with 
which you may kindle fire?” 

Socrates: “You mean a crystal lens.” 

Strepsiades: “That's right. Well, now if I placed myself with this stone in the sun and a 
long way off from the clerk, while he was writing out the conviction, I could make all the 
wax, upon which the words were written, melt.” 

These early lenses were used mainly for starting fires and cauterizing wounds, although their 
magnifying properties would obviously have been known. However, in the 1st century AD we 
find the first written record of magnification with the Roman Seneca the Younger explaining [26]: 

“Letters, however small and indistinct, are seen enlarged and more clearly through a 
globe or glass filled with water.” 

The most powerful ancient lens yet discovered was found in Crete dating back to the 5th 
century BC and had the ability to magnify clearly up to seven times and even as much as twenty 
times, although with considerable distortion. It is in this period of roman splendor that the word 
“lens” is born: “lens” comes from the latin name of the lentil, since a double convex lens shows 
the form of a lentil, as can be seen in Fig.1.5. 

 

Figure 1.5. Similarity between a lentil (left) and a double convex lens (right). Both images are in 
the public domain. 

 In the far east, the Iranian physicist and mathematician Ibn Sahl (940-1000) used Snell's law 
(see Figure 1.6(a)) to calculate the shape of the lenses. Later, Ibn al-Haytham (965-1038) [27], 
known in the West as Alhazen, wrote the first major treatise on optics, “The Book of Optics”, 
which contained the first historical proof of a magnifying device, a convex lens forming an 
enlarged image. The book was translated into Latin in the 12th century, and became the standard 
textbook in the field and influenced many other writers. The widespread use of lenses did not 
occur until the use of stone reading in the 11th century and the invention of glasses, probably in 
Italy in 1280 [28]. Researchers have warned that the glasses were invented shortly after the 
translation of Al-Haytham's book to Latin.  
 
 In modern times, the "Abbe sine condition" due to Ernst Abbe (1860), is a condition that 
must be fulfilled by a lens or other optical system to produce sharp images on and off axis. He 
revolutionized the design of optical instruments such as microscopes.  
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Figure 1.6. Reproduction of a page from the Persian mathematician Ibn Sahl’s manuscript showing 
his discovery of the law of refraction, now known as Snell’s Law (a). Ernst Abbe (b) and a 
microscope by Carl Zeiss (c) with optics by Ernst Abbe. All images are in the public domain. 

 

In 1873, Ernst Abbe discovered a fundamental ‘diffraction limit’ in optics [29]: whenever an 
object is imaged by an optical system, such as the lens of a camera, fine features are permanently 
lost in the image. The loss of information arises because light emerging from the object’s fine 
features carries components with high spatial frequencies, that is, evanescent waves that decay 
exponentially, resulting in an imperfect image. The Abbe diffraction limit given by a lens under 
scalar field approximation is λ/(2NA), where NA (numeric aperture) is calculated from nsinθmax; n 
is the refractive index between the object and the lens; θmax is the maximal focal angle determined 
by the mask aperture rmax of the lens and its focal length FL through the relation tan(θmax) = 
rmax/FL. 

In the last century, the Russian scientist Victor Veselago spent several years searching for 
materials with a negative refractive index, unsuccessfully. Then, in 2000, a paper by Pendry [20] 
reignited interest in the idea. Pendry proved that negative refraction enables not only flat but also 
“perfect” lensing because negatively refracting materials can pick up and amplify the tiny 
wavelets that hug the fine-grained edges of objects. Ordinarily, this “near field” radiation decays 
within nanometers of an object and only the larger crests and troughs propagate outward. But 
when near field light hits a negatively refracting medium, the minus sign transforms its decay into 
growth, amplifying the signal. In a perfect lens, no information is lost. 

The first demonstration of negative refraction followed within months. A team led by David 
Smith, now a physicist and electrical and computer engineer at Duke University, created an 
artificial material, or “metamaterial,” consisting of a metal mesh imprinted with millimeter-wide 
geometric patterns [30]. 

 

1.3.1 The lens as a refractive element 
A lens is a transmissive optical device that focuses or disperses a light beam by means of 

refraction. Traditionally, a lens is considered a transparent structure limited by two surfaces [each 
surface can be convex (bulging outwards from the lens), concave (depressed into the lens), or 
planar (flat)] that are able to refract an incident EM wave. The deviation that experiences that 
wave is related to the shape of these surfaces and the constitutive parameters of both the 
surrounding medium and the lens material. 

These parameters are considered in the so-called Fermat’s Principle of least time [31] which 
is important in the lens design. Fermat´s Principle follows mathematically from Huygens' 
principle (at the limit of small wavelength), and states that the path taken between two points by 
a ray of light is the path that can be traversed in the least time. 
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Lenses are classified by the curvature of the two optical surfaces. A lens is biconvex (or just 
convex) if both surfaces are convex. If both surfaces have the same radius of curvature, the lens 
is equiconvex. A lens with two concave surfaces is biconcave (or just concave). If one of the 
surfaces is flat, the lens is plano-convex or plano-concave depending on the curvature of the other 
surface. A lens with one convex and one concave side is convex-concave or meniscus.  

 

Figure 1.7. Types of simple lenses (extracted from Wikipedia under creative commons). 

 

If the lens is biconvex or plano-convex, a collimated beam of light passing through the lens 
converges to a spot (a focus) behind the lens. In this case, the lens is called a positive or 
converging lens. The distance from the lens to the spot is the focal length (FL)of the lens. In 
summary, conventional dielectric lenses can be classified as converging and diverging lenses 
according to the deviation that suffer the rays travelling through them [22] (see Fig 1.8). 

 

Figure 1.8. Schematic representation of a converging lens (a) and a diverging lens (b). 

 

Traditional converging lenses have their center thicker than the edges. This is the reason why 
they are named as convex lenses or positive lenses. When a set of parallel rays travels through a 
lens of this kind the rays converge in a point called “focus”. A magnifying glass is an example of 
these lenses.  

On the other hand, diverging lenses have a center thinner than the edges. They are commonly 
called concave lenses or negative lenses. Their performance is also opposite to convex case: when 
a set of parallel rays travels through a lens with concave surfaces, the rays are “deflected” and 
“deviated” from the central ray. They generate a “virtual image” and the images are reduced from 
the original size. 
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Although the change in beam radius is often regarded as the actual function of a lens, its 
essential function is the change in wavefront curvature, which is the actual reason for changes in 
beam radius during propagation after the lens. (Note that the optical energy always propagates in 
a direction which is perpendicular to the wavefronts.) This is illustrated in Fig. 1.9. 

 

 

 

 

 

 

 

Figure 1.9. Change of wavefront curvature at a focusing lens (a) and at a divergent lens (b). The 
arrows represent the energy propagation. 

 

For most lenses, the wavefront variation arises from the curvature of at least one of 
the surfaces [32]. For the typical biconvex lens (such as the one seen in Figure 1.9), the 
optical phase delay for light getting through the lens near its center is larger than for light 
propagating further away from the center, where the lens is thinner. This is because the 
refractive index of the lens material is larger than that of the surrounding medium 
(normally air). The radially varying phase delay directly implies the change in curvature 
of the wavefronts 

Other well-known lenses are the gradient index lenses (GRIN lenses, see Fig. 1.10). 
These lenses achieve an optical effect thanks to the gradual variation of the index of 
refraction of the material used in its construction instead of carving its surface 
systematically. For a focusing GRIN lens, the refractive index is larger near the center 
and smaller outside; there should be an approximately parabolic change in refractive 
index with increasing radial position. The surfaces of a GRIN lens are normally flat, so 
that it looks like an ordinary plate or (more often) like a cylindrical rod. 

 

Figure 1.10. A GRIN lens, by “thorlabs”, model GRIN2913. 
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Precisely, one of the most important advantages of GRIN lenses compared to classic lenses 
is that the optical surfaces of GRIN lenses are flat instead of the popular curved-cut optics as 
known in most eyeglasses or mirrors used in telescopes. This fact is very important to create an 
excellent quality light coupling between the lens and, for example, an optical fiber. 

 

1.3.2 The Fresnel lens 
A Fresnel lens is divided into a set of concentric annular sections, thus reducing the amount 

of material required compared to a conventional lens as seen in Fig. 1.11. An ideal Fresnel lens 
would have infinitely many such sections. In each section, the overall thickness is decreased 
compared to an equivalent simple lens. This approach effectively divides the continuous surface 
of a standard lens into a set of surfaces of the same curvature, with stepwise discontinuities 
between them. 

The first Fresnel lenses were made by tediously grinding and polishing glass by hand. 
Eventually, molten glass was poured into molds, but it was only with the development of optical-
quality plastics and injection-molding technology in the 20th-century that the use of Fresnel lenses 
in many industrial and commercial applications became practical.  

 

Figure 1.11. Comparison of a Plano-Convex (left) and a Fresnel Lens (right). 

 

Fresnel lenses can be manufactured from a variety of substrates. They are manufactured from 
acrylic to polycarbonate to vinyl, depending on the desired wavelength of operation. Acrylic is 
the most common substrate due to its high transmittance in the visible and ultraviolet (UV) 
regions, but polycarbonate is the substrate of choice in harsh environments due to its resistance 
to impact and high temperature. 

The most popular application examples of Fresnel lenses are light collimation (for 
illumination purposes, placing the lens one FL away from the source), light collection (for 
concentrating light into a photovoltaic cell), magnification (however, due to the high level of 
distortion, this is not recommended) and any other area where reduced size lenses are imperative. 
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1.3.3 The binary square Fresnel zone plate lens (BSFZPL). 
Zone plate lenses are a type of focusing element, which function essentially as differential 

phase shifters [33]. The major advantages are ease of fabrication and reduced thickness, compared 
to conventional refractive focusing elements. These considerations are both of intrinsic 
importance for the submillimeter spectral range, in which manufacturing tolerances can pose 
significant problems. Fresnel zone plate lenses (FZPLs) are relatively thin and light-weight 
compared with the large and thick conventional shaped lenses employed at microwave 
frequencies, which make them suitable for various consumer applications.  

To achieve focusing effects with FZPLs the usual method is to divide the lens into several 
concentric zones with different dielectric constant [34], as can be seen in Fig. 1.12. By doing this, 
the resulting lens can modify the radius of curvature of the output beam by making use of the 
different phase velocity in different media (dielectrics or metamaterials). 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.12. A binary square Fresnel zone plate lens based in two 
homogeneous dielectrics (orange and blue) with different refractive index. 

 

In this work, one of our aims is to design a Binary square Fresnel zone plate lens (BSFZPL) 
based on metamaterial concepts [35] to improve the performance of these type of lenses generally 
made with dielectrics [34]. Two different lenses will be proposed and designed: (i) a BSFZPL 
with two materials: a metamaterial and a dielectric as the two components of the different zones, 
(ii) a complete BSFZPL made with two different metamaterials.  

The two BSFZP lenses proposed show different phase retardation for odd and even Fresnel 
zones as they are implemented with metamaterials or dielectrics that exhibit different refractive 
indexes. Moreover, a phase difference of 180º between odd and even zones can be obtained with 
a small lens thickness (< λ0/4). The designs will be performed at 100 GHz and the spectral 
response and focusing performance of the lenses will be studied and compared. 
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1.3.4 The super-oscillatory lens 
Superoscillation is a phenomenon in which a signal that is globally band-limited can contain 

local segments that oscillate faster than its fastest Fourier components. It is well known that the 
superoscillation in optics is one kind of destructive interference between different beams of light 
at a limited local range [37]. This implies that one can control the optical superoscillation by 
precisely tailoring the interference of a large number of beams diffracted from a radial structured 
mask, that is, a super-oscillatory lens (SOL), as can be seen in Fig. 1.13: 

 

Figure 1.13. (a) Scanning electron microscope (SEM) image of a SOL, designed for λ=640nm. (b) Calculated 
energy distribution of the SOL at FL. (c) detail of the focal point. (d) SEM image of a 112nm slit and its SOL 
image (e). (f) SEM image of a double slit, its SOL image (g) and the same image obtained with a conventional 
lens of numeric aperture NA=1.4. Used in this work under license Number 4127200550257 through 
Copyright Clearence Center’s RightsLink® service. Credits to [37]. 

 

Formally, a super-oscillatory lens (SOL) is a type of planar, multi-annular, radial structured 
lens proposed for subwavelength focusing [37]. This kind of lens has three major advantages: (i) 
it obtains far-field optical subdiffraction and super-resolution without near-field evanescent 
waves [38]; (ii) it is a planar focusing device; (iii) compared with a Fresnel zone plate lens a SOL 
facilitates practical construction, because the smallest annulus width of a SOL can be prescribed 
several orders of magnitude larger than that of a FZP if the number of rings is sufficiently large 
[39]. 

Traditionally, a SOL is composed of many concentric rings either opaque or transparent. 
There are several design methods to implement SOLs. One of them is based on the vectorial 
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angular spectrum (VAS) representation using the genetic algorithm for optimization. This 
approach generalizes the scalar angular spectrum method [37] and uses a fast Hankel transform 
algorithm to accelerate the optimization [39].  

In this work, we use metamaterials to increase the transmissivity of these lenses that are 
usually based on opaque and transparent areas. To optimize our design, we use an advanced 
version of the binary swarm particle optimization, as described in [4].  

 

1.3.5 State-of-the-art of metamaterial-inspired lenses 
Nowadays, some of the most advanced and novel lenses are based in metamaterials (see Fig. 

1.14). For example, Duke University engineers have created a new generation of lenses that could 
greatly improve the capabilities of telecommunications or radar systems to provide a wide field 
of view and enhanced detail [43]. These metamaterial lenses could replace traditional optical 
systems (that require vast arrays of lenses) providing clearer images. They could also be used in 
large-scale systems such as radar arrays to improve directivity, a task not suitable for traditional 
lenses, that would need to be too large to be practical. 

 

Figure 1.14. A close-up view of the a prototype lens by Duke engineers.  This lens, 
which measures four inches by five inches and less than an inch high, is made up of 
more than 1,000 individual pieces of the same fiberglass material used in circuit boards 
and is etched with copper. Credit: Duke University Photograph. 

 

Researchers from the Massachusetts Institute of Technology (MIT) have recently presented 
to a plano-concave lens [44] built from a 3D self-supporting metamaterial structure featuring a 
negative refractive index between 10 and 12 GHz. Fabricated using 3D printing technology, the 
lens shows a recognizable focus and free space gain above 13 dB. For the lens implementation, 
they used a modified S-ring metamaterial cell as shown in Fig. 1.15; the seven layers of the lens 
were made with a Connex500 3D printer and a sputtering process coated each layer with 4 µm of 
copper. The lens FL obtained is frequency dependent (ranging of 6 –10 cm) but the lens is 
lightweight and shows a high gain/low loss performance. This lens demonstrates the fabrication 
flexibility afforded by prototyping technology which promise to further the metamaterial 
performance benefits. 
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Figure 1.15. (a) S-ring unit cell (b) assembled lens (c) experimental measured power measured power 
along the y-axis. The line represents the calculated focal length of a theoretical thin lens with the 
same plano-concave curvature and frequency dependent refractive index. Obtained from [44] under 
license Number 4127220493720 through Copyright Clearence Center’s RightsLink® service. 

 

Researchers from the Universidad Pública de Navarra have also contributed largely to 
metamaterial-based lenses. Several examples are shown in Fig. 1.16.. 

 

Figure 1.16. (a) Planoconcave lens based in negative refraction of stacked subwavelength hole arrays 
[45]. (b)Wood zone plate fishnet metalens [46]; (c) Soret fishnet metalens antenna [62]; (d) ultra-
compact planoconcave zoned metallic lens based on the fishnet metamaterial [66]; (e) Converging 
biconcave metallic lens by double-negative extraordinary transmission metamaterial [65] and (f) full 
ENZ-GRIN lens [13]. 

The planoconcave parabolic negative index metamaterial lens (Fig. 1.13(a)) operates at 
millimeter wavelengths and both simulation and measurement results show an asymmetrical 
focus. The WZP lens (Fig. 1.13(b)) uses a fishnet metamaterial to significantly reduce the 
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thickness of the WZPL since the phase difference of π between odd and even zones is obtained 
with a thickness less than a quarter of the wavelength of the illuminating source. The experimental 
results show a gain of 16.6 dB at the operation frequency f = 99 GHz (k0 = 3.03 mm) and shows 
good agreement between analytical, simulation and experimental results. 

 

1.4 Outline 
This document has been organized as follows: 

a) In Chapter 2, the full wave simulator, the technique of photolithography and the vector network 
analyzer used in this work are explained. 

b) In Chapter 3 different lenses based on metamaterials are proposed, designed and simulated: 
Two BFZPLs and a super-oscillatory lens: Their spectral response and focusing properties are 
studied. Finally, the MTM-MTM BSFZP lens is physically build and experimentally 
characterized. All the results obtained are discussed and analyzed. 

c) Chapters 4, 5 and 6 present the conclusions of this work and the future lines of interest, the 
bibliography used and the author’s merits, respectively. 
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2.  Materials and methodology 
 

2.1 Numerical EM solver: CST Microwave Studio 
CST Studio Suite® is a widely known platform to solve EM problems. One of its main 

features is the integration of various simulation methods. CST Microwave Studio® (CST MWS) 
is a simulation module inside CST Studio Suite®, and it is a dedicated 3D electromagnetic full 
wave simulation software of high frequency problems. It was founded in 1992 by Thomas 
Weiland as an evolution of the MAFIA packet software: “solving Maxwell’s equations using the 
Finite Integration Algorithm”, introduced in 1977, based on the Finite Integration (FIT) 
technique. [47], [48]. 

CST MWS simplifies the process of creating a structure providing a graphical modeling 
front-end. After the model has been constructed, an automatic meshing procedure is applied 
before the simulation engine is started. There is the chance of choosing the simulator and/or mesh 
type that is best suited to each problem: CST MWS contains several solvers to best suit a given 
problem class (transient solver, frequency domain solver, eigenmode solver, resonant solver, 
integral equation solver, asymptotic solver, and TLM solver).  

In this work both time domain and frequency domain solvers are used. The largest simulation 
flexibility is offered by the time domain solvers, which can obtain the entire broadband frequency 
behavior of the simulated device from a single calculation run. This solver is chosen to simulate 
full lens models or the different cylindrical approximation of the lenses. However, time domain 
solvers are less efficient for structures that are electrically much smaller than the shortest 
wavelength of interest. In such cases it may be advantageous to solve the problem by using the 
frequency domain solver, and this will be the approach to simulate the unit cells that conforms 
the structure of the different MTM used in the design 

For solving an EM problem, the simulation domain is first divided into small cells, where 
Maxwell’s equations are solved. The program offers different meshing options, being the main 
ones hexahedral and tetrahedral mesh. The hexahedral meshes can be used alone or in 
combination either with the perfect boundary approximation (PBA) feature, or with the thin sheet 
technique (TST) extension or with other algorithms that reduce the overall cell count. With the 
hexahedral mesh, the whole simulation domain is divided into small cubes (either of uniform or 
varying size). The tetrahedral meshes can be used in the frequency domain and eigenmode solvers 
and in this kind of meshing only the objects are divided in small tetrahedrons while the rest of the 
simulation domain is left unmeshed.  

With both hexahedral and tetrahedral meshes, two different options can be chosen [49]: (i) 
Automatic mesh generation: the mesh generator creates automatically a mesh that fits the 
simulated structure and the electromagnetic fields; (ii) adaptive mesh refinement: the software 
preforms repeated simulations and evaluates different solutions, recognizing regions where the 
mess needs to be locally refined. Although this option increases the simulation time, it also 
provides improved accuracy. 

Besides, CST MWS allows to describe the structure parametrically to easily change its 
parameters. In general, all relevant structural modifications are recorded in the history list. The 
easiest way to obtain the different unit cells needed is to use the Parameter Sweep tool after 
parameterizing the structure. For the SOL lens an extensive use of parameterization will be used 
to test the different configurations/solutions obtained through optimization [49]. It is also possible 
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to setup specific Result Templates, which allow the definition of various post processing steps 
which are automatically computed after each simulation run. 

 

2.2 Experimental measurements: Photolithography and the “ABmm VNA AnalyzerTM” 
 

2.2.1 Crafting the lens: The process of photolithography 
Photolithography is the technique chosen to craft one of the BSFZP lens designed. 

Photolithography [36], literally meaning light-stone-writing in Greek, is the process by which 
patterns can be transferred into a substrate. Photolithography, also termed optical lithography or 
UV lithography, uses light to transfer a geometric pattern from a photomask to a light-sensitive 
chemical "photoresist” on the substrate. A series of chemical treatments then either engraves the 
exposure pattern into, or enables deposition of a new material in the desired pattern upon, the 
material underneath the “photoresist”. 

Photolithography shares some fundamental principles with photography in that the pattern 
in the etching resist is created by exposing it to light, either directly (without using a mask) or 
with a projected image using an optical mask. This technique is used because it can create 
extremely small patterns (down to a few tens of nanometers in size), it affords exact control over 
the shape and size of the objects it creates, and because it can create patterns over an entire surface 
cost-effectively. Its main disadvantages are that it requires a flat substrate to start with, it is not 
very effective at creating shapes that are not flat, it can require extremely clean operating 
conditions and the mask is not usually cheap. This technique also implies a clean room (an ISO-
7 room is used) and a step-by-step process, like following a cooking recipe: 

(i) The first step implies cutting the chosen dielectric, Arlon CuClad 250GX, into a collection of 
wafers. From the data sheet we have a nominal dielectric thickness hd = 0.100mm, a dielectric 
permittivity εr = 2.5 and metal thickness hm = 0.018mm. 

(ii) Next, one of the wafers is put into the “Spin-Coater”. 4 ml of negative photoresin “AZ nlof 
2070” is taken with a glass syringe (taking special care that no bubbles are created), and the “spin-
coater” is programmed to spin at 2400 rpm for 1 minute. Afterwards, 7 micrometers of photoresin 
have been deposited all over the wafer. 

(iii) Next step consists in curing the wafer, i.e. heating the wafer (the side without photoresin) in 
a “Hot-Plate” at 110ºC for 90 seconds. In this step it is crucial to heat uniformly the entire surface 
of the wafer. 

(iv) With the wafer cured, the "mask-alligner" machine is used to put in intimate contact the wafer 
and the mask to later radiate ultraviolet light through them for 12 seconds (to get the 186mJ/cm2 
prescribed in the recipe with our 889mJ/cm2 bulb). It is important to note that a nitrogen 
refrigeration circuit must be opened to keep the “mask-alligner” cooled. The shape of the 
dielectric part of the lens has been printed in the mask with chrome; thus, wherever there is chrome 
in the mask the wafer’s copper layer will vanish when the full process is over, and where the 
wafer is exposed to light the photoresin will soften. 

(v) The wafer is heated again in a process known as “post-bake”. Temperature and timing are 
identical to step (iii). 
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(vi) The next step is called "developer", and consists in applying a solution (“AZ 726 MIF”) to 
remove the photoresin that has been exposed to light in step (iv). The developing solution is 
carcinogenic, so extreme caution must be exercised. 

(vii) At this moment, the wafer is divided into parts with photoresin and parts without it. With the 
process of sputtering, we use a Q150T-S machine to bombard the wafer with metal for an hour, 
achieving a thin layer (2μm) of copper on the whole surface. 

(viii) Finally, the wafer is bathed in a solution called stripper (“TechniStrip NI555”), which 
removes the dry resin taking with it the metal deposited above in step (vii).  

This 8-steps process are repeated to get 5 layers or wafers of prescribed quality that are 
needed to craft the MTM-MTM lens. One extra dielectric layer (where the copper is completely 
removed) is used for protection in the final design. In Fig. 2.2 the facilities used for manufacturing 
are shown. 

Figure 2.2. Facilities used for manufacturing: (a) The mask. (b)The “Hot-Plate”. (c) The “Spin-
Coater”. (d) The “Mask-Alligner”. (e) The “Q150T-S” machine. The yellow lighting is necessary 
for photolithography, to prevent unwanted exposure of photoresist to ultraviolet light. 

 

2.2.2 The measuring device: The ABmm VNA AnalyzerTM 
The fabricated MTM-MTM lens is experimentally measured with the Vector Network 

Analyzer (VNA) MVNA-8-350-4TM [50] available in the Antennas Group-TERALAB of UPNA. 
This analyzer covers the frequency range from 45 GHz to 1 THz, and it measures the complex 
impedance in the millimeter and sub-millimeter frequency domain. The detection system includes 
a tunable microwave source and a detector, frequency stabilization unit, data acquisition and data 
processing system. It provides both the amplitude and phase of the transmitted and reflected 
signal. The operational and logical control of the analyzer is done with a PC computer. The basic 
configuration of the MVNA-8-350 is:  

-MVNA central unit 

-PC computer with interface cards, with the software package 

-Graphic printer attached to the PC computer 

-Control oscilloscope visualizing in real time the detected signal 

As the MVNA-8-350TM covers different bands, it has different multipliers heads that provide 
the availability of sources  and detectors for each band. Millimeter and submillimeter waves are 
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generated by frequency multiplication, and are detected by harmonic mixing. These 
multiplication-detection functions are performed in the millimeter heads connected to the 
analyzer main panel with flexible coax cables. Each millimeter head contains a Schottky barrier 
diode attached across a waveguide. Seven waveguide standards (WR-42, WR-22, WR-15, WR-
10, WR-6.5, WR-5.1, and WR-3.4), with the corresponding six pairs of millimeter heads, deliver 
almost continuous frequency coverage from 45 GHz to 1 THz. 

Components used 

1) 62-112 GHz source: It is based in a sextupler which covers frequency range (62-112 GHz) and 
which delivers power in the 10-40 mW range. It is called HG-W-FB-MP (Full Band, Medium 
Power). The signal in the frequency range 62-112 GHz can be detected by the ordinary detector 
HM-W-FB with a dynamic range exceeding 120 dB. 

 2) Isolators: At operations below 224 GHz a full waveguide band Faraday isolator must be 
attached to each millimeter head to reduce the standing waves. We apply two, one at the source 
side and one at the detector side. 

3) Attenuators: Fixed value attenuators (20 dB in the W band) are very useful for direct signal 
calibration, and for measuring low loss devices, since they damp the standing waves. We make 
use of one attenuator in the source side and two at the detector side. 

4) SMA cables: Standard microwave SMA connecting cables are used. 

5) Corrugated horn antenna for the W-band at the source side. In the detector side an open 
waveguide will be used to get spot detection. 

 

2.2.3 The process of experimental measurement of the lens. 
The MTM-MTM lens is illuminated with a W-band corrugated horn antenna, placed at 

distance L = 3 m from the lens, as can be seen in Fig. 2.3(d). At this distance, uniform illumination 
of the lens is ensured.  

 

 

 

 

 

 

 

 

 
 
Fig 2.3. (a) General view of the Terahertz laboratory at the Universidad Pública de Navarra. (b) detail 
of the detector. (c) detail of the transmissor. (d) sketch of the experimental setup. 
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The xz raster scanning is done using a waveguide probe WR-8.0 as a detector while 
millimeter-wave absorbers are spread throughout the setup to mimic anechoic chamber 
conditions. First, the calibration is done by recording a baseline of the transmitted power without 
the lens. Next, the lens is introduced in the scheme and the power distribution as a function of 
frequency and z position is measured by moving the detector from 5 to 45 mm away from the 
metalens along z-axis (with 1 mm step) while recording the spectrum in the range 90–110 GHz 
with 200MHz step.  

Once obtained the spectral response of the lens, the spatial power distribution at focal 
frequency is calculated. Finally, a lens-antenna system is set up to measure the radiation pattern 
of the lens. For this purpose, the waveguide probe WR-8.0 is used as a feeder placed at the 
experimental focal length. A standard horn antenna is placed 4000 mm away from the MTM-
MTM lens to detect the radiated power. The radiation diagram is measured by rotating the feeder 
and the lens from -90º to +90º with 1º step. The full process is step by step explained: 

a) Focus search 
a.1) The detector element is aligned with the transmitting antenna using a laser. 
a.2) As the frequency of design is 100GHz the harmonic N = 6 (W band) of the VNA is 
selected. 
a.3) Checks are made to see if a signal is received in the detector system after selecting 
in the VNA front panel the frequency of operation (100GHz, W band).  
a.4) Once assured that a strong enough signal is being captured, the process to take a 
baseline of received EM radiation can start. A frequency sweep is set from 90 to 110 GHz 
with 200 MHz step.  
a.5) After getting the baseline in (a.4) a z-axis and frequency sweep is performed (z being 
the direction of propagation of the EM wave from source to detector). 
a.6) After gathering baseline and lens response data, a matlab® based program is run for 
post-processing the data and obtain the focal frequency, the FL and the lens enhancement. 

b) Focusing performance analysis.  
c) Radiation pattern measurement. 
 

2.2.4 The binary swarm particle optimization 
Before talking about the BPSO itself, we must introduce the Particle Swarm Optimization 

(PSO) algorithm; it was developed by Eberhart and Kennedy in 1995 [40] and was originated by 
imitating the behavior of a swarm of bees, a flock of birds or a bank of fish during their food-
searching activities. Believed to be effective in multidimensional, linear and nonlinear problems, 
PSO was recently introduced into the antenna community by Robinson and Rahmat-Samii [41]. 
The PSO has been applied to different electromagnetic (EM) applications such as antenna pattern 
synthesis [42]. PSO algorithm is widely used thanks to its simplicity [60]. The different 
“particles” or “agents” that conforms the swarm uses two principles:  

a) Principle of communication: All particles communicate its positions to all others. 

b) Principle of learning: Each particle learns its best position so far and move towards it. 

For particle i, its position is denoted by Xi (a vector in the search space). For the different 
time steps, there is an index “t”, Xi(t), where t = 0 means the beginning of the algorithm. For 
particle i, its velocity is denoted by Vi(t), and it describes its movement and the sense of its 
direction. Each particle has a memory: the personal best position found, Pi(t); the swarm has a 
best global position: G(t). 
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The mathematical model of the PSO algorithm is very simple (see Fig. 2.4). On every 
iteration of PSO, position and velocity of each particle is updated according to this simple 
mechanic: 

-The vector difference from current particle´s position to its current personal best is 
calculated: Pi(t)-Xi(t). 

 -The vector from current particle´s position to the global best is calculated: G(t)-Xi(t). 

-The current particle´s velocity vector is also considered: Vi(t). 

 

 

 

 

 

 

 

 
Figure 2.4. Illustration of the PSO algorithm model. 

The particle will move, somehow, parallel to those three vectors towards its new updated 
position, denoted Xi(t+1). this means that a weighted sum of the three vectors is applied to Xi(t) 
to get the updated position. The mathematical model of motion of particles in the PSO can be 
described with the equations for updating the velocity Vij(t+1) and position Xij(t+1) of particles: 

 
))()(())()(()()1( 2211 tXtGCrtXtPCrtVwtV ijjijijijij                      (2.1) 

 
          )1()()1(  tVtXtX ijijij          (2.2) 

where “j” is the corresponding component of velocity/position, r1 and r2 are random uniform 
distributed values between 0 and 1, c1 and c2 are the cognitive factor and the social factor 
respectively, and w is the inertial weight. 

So far, we have not considered that the solution space is a binary vector of dimension N. The 
velocity vector, Vmn(t), will be a real number between [-Vmax, Vmax]. Since the particle´s position 
is a binary N-dimensional vector, it must be updated in an alternative manner to that in equation 
2.1. In this work, we will follow the strategy followed by [4], where each particle´s velocity 
component (Vmn) is related to the possibility that each position component (Xmn) takes a value of 
1 or 0. This is implemented using an intermediate variable, S(Vmn(t)), via the sigmoid limiting 
transformation.  
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The value of S(Vmn(t)) can be interpreted as a probability threshold, so if a random generated 
number between 0 and 1, rmn(t), is lower than S(Vmn(t)), the nth bit of the mth particle will be 
updated to 1 (and it will be updated to 0 if rmn (0,1) ≥ S(Vmn(t))). A summary of this updating 
process is shown in equations 2.3 and 2.4: 
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3. Results and discussions 
 

3.1 Binary square Fresnel zone plate lenses. 
The first aim of this work is to design binary square Fresnel zone plate lenses (BSFZPL) 

applying metamaterial concepts to improve the performance of this type of lenses typically made 
with dielectrics or alternating opaque and transparent materials.  

First, an analytical study of the design of this kind of lens is performed and it will be seen 
how the use of metamaterials allows to obtain dimensions and benefits that are not attainable with 
conventional dielectrics.  

Subsequently, the simulation and experimental measurement of the designed lenses are 
carried out, completely characterizing the spectral response and the focal planes of the lenses. 

 

3.1.1 BSFZP Lenses design and simulation results 
Zone plate lenses are a type of focusing element, which function essentially as differential 

phase shifters [51]. The major advantages are ease of fabrication and reduced thickness, compared 
to conventional refractive focusing elements. These considerations are both of importance for the 
submillimeter spectral range, in which manufacturing tolerances can pose significant problems.  

Fresnel zone plate lenses (FZPLs) are relatively thin and light weight compared with the 
large and thick conventional shaped lenses employed at microwave frequencies, which make them 
suitable for various consumer applications [51].  

To achieve focusing effects with FZPLs the usual method is to divide the lens into several 
concentric zones with different dielectric constant [52]. By doing this, the resulting lens can 
modify the radius of curvature of the output beam by making use of the different phase velocity 
in different media, dielectrics or metamaterials. 

In this work, Binary square Fresnel zone plate lenses (BSFZPL) are designed based on 
metamaterials [53]. First, the design parameters using metamaterials are discussed. Then different 
lenses are proposed and designed:  

(i) a BSFZPL with two materials: a metamaterial and a dielectric as the two components of 
the different zones,  

(ii) a complete BSFZPL made with two different metamaterials.  

The two BSFZP lenses proposed show different phase retardation for odd and even Fresnel 
zones as they are implemented with metamaterials or dielectrics that exhibit different refractive 
indexes. Moreover, a phase difference of 180º between odd and even zones can be obtained with 
a small lens thickness (< λ0/4). The designs are performed at 100 GHz. 
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Considerations on the unit cell of the metamaterials 

To create different optical paths in even and odd zones in both lenses we use one MTM and 
one dielectric (MTM-dielectric lens) or two different MTMs (MTM-MTM lens). The unit cell of 
these metamaterials is based on a ring slot subtracted from a square metal cell, as shown in Fig. 
3.1.  

The index of refraction of these metamaterials can be adjusted by varying the radii r of the 
subwavelength inner ring inside the unit cell. In this work, we use the commercial substrate Arlon 
CuClad 250GX, with dielectric thickness hd = 0.100 mm, dielectric permittivity εr = 2.5 and metal 
thickness hm = 0.018 mm.   

Figure 3.1. (left) 5 stacked unit cell layers; note the extra dielectric layer used as 
protection. (right) Unit cell based on one dielectric layer and one copper layer.  

 

For the lens, 5 plates are used with one extra dielectric spacer (used as a protection cover) so 
the final total thickness, at the frequency of f = 100 GHz, will be w = 5hm + 6hd = 0.690 mm 
(~0.23λ0). Note that the thickness is ultra-narrow with a value of almost 1/4 of the design 
wavelength.  

The unit cell dimensions chosen for f = 100GHz (λ0 = 3 mm) are lx = ly = λ0/3 and Δr = λ0/30, 
while the radius r varies from (1/30)λ0 to (4/30)λ0 to obtain the different design values required. 

After stacking the unit cells, the structure is simulated using the frequency domain solver of 
the commercial software CST Microwave Studio to calculate the magnitude and phase of the 
transmission coefficients.  

The results are shown in the Fig. 3.2: 
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Figure 3.2. Magnitude (a) and phase (c) of the reflection coefficient. Magnitude (b) and 
phase (d) of the transmission coefficient. Phase values are in radians.   

 

Plotting the reflection and transmission coefficients curves (Fig. 3.3), high transmission is 
obtained within the spectral region of interest for different values of the radii of the rings: 

 
Figure 3.3. S11 curves (a) and S21 curves (b) as a function of frequency and radii of the 
MTM unit cell´s rings. 
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In order to select the appropriate values for the radius of the rings, the lens must satisfy two 
design conditions with those values [54]. First, the equation of the thickness of the BSFZPL: 

                            (3.1) 

 

Where w is the total thickness of the BSFZP lens, P is the number of phase quantization levels, 
and n2 and n1 are the refractive indexes of the dielectric (or the metamaterial replacing it) and the 
MTM, respectively. Additionally, the lens must satisfy the equation of the radii of the Fresnel 
zones [54]: 

                (3.2) 

 

where rm are the radii of the Fresnel zones, FL is the focal length of the BSFZP lens and m is the 
index of the m-th zone, m = 1,2,3,4… 

From the expressions above it can be observed that: (i) reducing the thickness of the lens 
implies a high value of P to hold the equality; (ii) increasing P would lead to an unrealizable lens 
because the size of the radii could not be filled with the unit cell. After some initial simulations 
and tests, the following parameters are chosen: n1 ≈ 0.494, FL = 9λ0 = 27 mm, F/D = 0.49, D = 
55 mm = 18.33λ0, where F = FL and D is the side length of the Fresnel square lens, as described 
in Fig. 3.4, and P = 4 (a value of P ≤ 2 would require a negative refractive index of the 
metamaterial). From the previous conditions, the aim is to design a lens with a short FL. 
Alongside, it is set λ0 = 3 mm and n2 =1.581 to easily compare the MTM-MTM lens with the one 
made from one metamaterial and the commercial dielectric considered (because its relative 
permittivity εr = 2.5 and thus n2 = (2.5)1/2=1.581). 

 

Figure 3.4. Illustration of D (side length) and FL (focal length) in a binary square 
Fresnel zone plate lens; m=1,2,3… are the indexes of the mth zones.  
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To find the radii of the slot rings that satisfy n1 ≈ 0.494 and n2 ≈ 1.581 we use the frequency 
domain solver of the commercial software CST Microwave Studio® in the range 0 - 150GHz. A 
parametric sweep simulation is set where the radius of the inner ring of the unit cell is varied from 
0.22 to 0.34mm. From the simulation results, we can extract the effective refractive index of these 
MTMs (extraction based on [55] and plotted in Fig. 3.5) so we can directly find the radii needed 
for the unit cells of the two MTMs.  

 
Figure 3.5. (a) The effective refractive index (from ≈0 to ≈5) obtained in the 
simulation of the unit cell as a function of the radii r of the ring’s inner radii and the 
frequency f. (b) Several curves are plotted from panel (a). Here, the two well-known 
regions are observed: the metamaterial region (MTM) and Bragg region (BRAGG).  
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We are interested in working in the metamaterial region [Fig. 3.5(b)] since the values of the 
effective refractive index, n, in the Bragg region cannot be expected to be reliable since the 
effective half wavelength inside the medium [considering equation c0 = λf(ɛr)1/2= λfn] is smaller 
than the size of the unit cell [67]. 

After extracting the different values of n depending on the radius of the unit cell and the 
frequency, a collection of values of n, at the design frequency of 100 GHz, is separately plotted 
in Fig. 3.6. As observed, it is possible to change n from 0 to 1.8 (approximately) depending on 
this parameter. 

 

 
Figure 3.6. Values of refractive index n obtained for the unit cell varying the inner ring radius. 

 

From all these results, the following radii are selected: radius r1 = 0.2894 mm for the MTM 
with refractive index of 0.4940 and r2 = 0.3275 mm for the MTM with refractive index of 1.581.  

Nevertheless, these values of r1 and r2 must be taken with caution, because CST calculates 
the index of refraction for any unit cell considering that they are infinitely replicated along both 
x and y axis. Since this is not completely satisfied in the actual lens, the lens may suffer from 
some frequency deviations that will need to be corrected.  

 

Considerations about the design of the MTM-MTM and MTM-dielectric lenses  

Once obtained the different unit cells needed for the design, the radius of the different Fresnel 
square zones for the implementation of the lens are calculated using the equation (3.2), and 
presented in table 3.1: 
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Table 3.1. Theoretical Fresnel zone radius calculated from Equation (3.2), Fresnel zone radius 
approximation for the actual implementation of the lens, and the error made in the approximation. 
Observe that 15 zones are considered for the lens, while the higher zones are truncated. 

To summarize the aspects covered so far, both BSFZP lenses are designed with a FL of 9λ0 
at f = 100 GHz; a value of P = 4 is selected (i.e., a quarter wave plate) and we found that the radius 
of the MTMs should be r1 = 0.2894mm for the MTM with refractive index of 0.4940 and r2 = 
0.3275 mm for the MTM with refractive index of 1.581. Finally, for both lenses a (focal length 
to diameter) F/D ratio of 0.49 and the zone radii calculated in Table 3.1 are used. The designed 
lenses are shown in Fig. 3.7. Note that their zones are square (as it was described before) to easy 
their design.  

 

 

 

 

 

 

 

 

 

 

 

Figure 3.7. MTM-dielectric lens design (left) and MTM-MTM lens design (right) 

Fresnel Zone Fresnel Zone radius (mm) Implemented Fresnel zone radius (mm) Error (%) 
1 6.408 6.5 +1.41 

2 9.124 9.5 +3.96 

3 11.250 11.5 +2.17 

4 13.0767 12.5 -4.61 

5 14.716 14.5 -1.49 

6 16.225 16.5 +1.67 

7 17.637 17.5 -0.78 

8 18.974 18.5 -2.56 

9 20.250 20.5 +1.22 

10 21.477 21.5 +0.11 

11 22.662 22.5 -0.72 

12 23.812 23.5 -1.33 

13 24.931 24.5 -1.76 

14 26.024 26.5 +1.80 

15 27.094 27.5 +1.48 

16 28.142 Truncated… - 
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Spectral response of both lenses 

After following the previous design procedure, we study the spectral response of both BSFZP 
lenses using the transient solver of CST Microwave Studio®. The results of these simulations are 
shown in Figs. 3.8 and 3.9 where we can observe the power distribution spectra along the 
propagation z axis and the power distribution at the peak frequency for the MTM-dielectric and 
the MTM-MTM lenses, respectively: 

 

Figure 3.8. (a) Normalized power distribution spectra along the propagation axis for the 
BSFZP design made with alternating MTM-dielectric. (b) Power distribution along the 
propagation axis z at the design frequency of 99 GHz for the same design. 
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 Figure 3.9. (a) Normalized power distribution spectra along the propagation axis 
for the MTM-MTM BSFZP design. (b) Power distribution along the propagation 
axis at the design frequency of 97 GHz for the same design. 

  

As it can be observed in Fig. 3.9 (a), the MTM-MTM lens has suffered significant high 
frequency deviations that need to be corrected. This is due to the fact that the refractive indexes 
calculated do not exactly match the design values needed, because CST calculates the index of 
refraction for each unit cell considering that they are infinitely replicated along both x and y axis, 
and this is not completely satisfied in the actual lens. The frequency correction is based upon 
optimizing the radii parameters to get the indexes of refraction needed at the design frequency. 
From this optimization, the new radii values for the two different MTMs are r1 = 0.27675 mm for 
the MTM with refractive index of 0.4940 and r2 = 0.3140 mm for the MTM with refractive index 
of 1.581, as shown in Table 3.2: 
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Table 3.2. Radii parameters for the two MTMs: before optimization (left) and 
after optimization (right). 

The spectral response of the optimized MTM-MTM lens is presented in Fig. 3.10, and there 
it is shown that the optimization process has solved the frequency deviation and thus the highest 
power density occurs at the design frequency.:  

  
  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.10. (a) Normalized power distribution spectra along the propagation axis for the 
optimized MTM-MTM BSFZP design. (b) Power distribution along the propagation axis 
at the design frequency of 100 GHz for the same design. 

From the results shown in Figs. 3.8 and 3.10, it is observed that the performance of the lens 
is strongly deteriorated with the MTM-dielectric design. It is shown that the focus is moved closer 
to the lens (FL≈5.56λ0). For the MTM-MTM lens design, the focal length is 8.72λ0 which is closer 
to the designed value. The worse response of the MTM-dielectric lens can be due to the diffraction 
produced at the edges of the MTM-dielectric interfaces. This constrain is reduced for the MTM-

Starting radius Optimized radius 
r1 = 0.2894 r1 = 0.27675 
r2 = 0.3275 r2 = 0.314 
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MTM lens because the interface metal-dielectric is not present and a complete metal plate is used 
instead.  

Focusing properties 

Let us now evaluate in Fig. 3.11 the power distribution on the E-plane, H-plane and xy plane 
for both designs (MTM-MTM and MTM-dielectric lens) at the operation frequency of 100 GHz. 

Figure 3.11. Normalized power distribution on the xz(H) plane (first row) yz(E) plane (second 
row) and xy plane (third row) for the BSFZP lens designs made with alternating MTM-
dielectric (first column) and MTM-MTM zones (second column). 
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The numerical results (Fig. 3.12) of the power distribution along the transversal x, the 
transversal y, and the optical (z) axes are extracted from the contour plot graphs presented in Fig. 
3.11: 

Figure 3.12. Numerical results of the power distribution along the transversal x axis (first row), 
along the transversal y axis (second row) and along the z axis (third row) for the BSFZP lens 
made with alternating MTM-dielectric (first column) and MTM-MTM (second column) zones. 

 

In Figs. 3.11 and 3.12 it is clear that the results with the MTM-MTM lens are better in terms 
of the resolution of the focus. For the first design (MTM-dielectric lens), higher lateral lobes are 
observed. This is because of the diffraction of the waves at the interfaces between metal and 
dielectric producing a closer focus with higher lobes.  
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A summary of the focusing properties is shown in Table 3.3: 

 MTM-dielectric lens MTM-MTM lens 

Focal Length 5.56λ0 8.72λ0 
FWHMx 1.13λ0 0.90λ0 
FWHMy 1.14λ0 1.55λ0 
Enhancement 6.95dB 10.02dB 
Ellipticity 0.99 0.58 
Depth of focus 1.36λ0 3.22λ0 

 
Table 3.3. Summary of the focusing properties of the two lenses under study; FWHMi is 
the Full Width at Half Maximum of the power distribution along x or y axis when z = FL 

 

Table 3.3 shows a summary of the focal properties of the two lenses under study. FL means 
the focal length while FWHMi (Full Width at Half Maximum) is the length between the two points 
where the maximum power falls by half in both the x or y transversal axes (being z = FL).  

In general, the results of the MTM-MTM lens are better: the focal point is closer to the design 
value and the "enhancement" (as measured by how much the lens magnifies the magnitude of the 
electric field at the focal point with respect to not using a lens, see equation 3.3) is significantly 
higher: 













spacefree

lens

E

E
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Also, the depth of focus (DOF), which is the distance in the propagation axis z over which 
the lens acceptably maintains a sharp focus, is much bigger for the MTM-MTM lens, even 
doubling the DOF achieved by the MTM-dielectric lens. Optical imaging systems, for instance, 
are only capable of high lateral resolution in the DOF.  

 

3.1.2 Experimental results 
Concerning the experimental results, it must be said that the lens is still under development. 

The different layers are correctly obtained from photolithography but we are still trying to 
improve the union between the different layers that comprise the lens and the alignment between 
the rings.  

So far, we have tested with dielectric screws (Fig. 3.13(a)) and rigid frames (Fig. 3.13(b)), 
but with these techniques there are still a lot of air gaps between the different layers and, as the 
lens is so thin, there is a considerable warping effect that deter the measurements (see Fig. 3.14 
for a comparison of the spectral response obtained by simulation (a) and experimentally (b)). 

An order of pre-preg is expected imminently. It is expected that the use of this technique will 
help better bonding between the layers; this comes along with the use of dielectric 3D-printed ad 
hoc pieces for a better support that will help reducing the warping effect. 
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Figure 3.13. (a) spectral response of the MTM-MTM lens obtained by simulation. (b) spectral response of 
the crafted MTM-MTM lens. 

 

 

Figure 3.14. First prototypes using dielectric screws (a) to join the 
layers or a rigid frame (b) to help reducing the warping effect. 

 

As can be seen in the figure 3.13, the results are far from what was expected in the simulation. 
Thus, we will wait to improve the implementation of the lens before characterizing its focal planes 
and its radiation pattern. 
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3.2 Super-oscillatory lens. 
Super-oscillations were first introduced by Aharonov [56]. The key feature of the super-

oscillatory functions is that they are ‘band-limited’ but still they can oscillate at a much higher 
rate than the highest Fourier component.  

A related phenomenon to super-oscillations is super-resolution: Super-resolution means that 
resolution can be achieved below the conventional resolution limit, defined as the minimum 
distance r between two point-source objects to distinguish the two sources from each other. This 
resolution limit, or diffraction limit, is classically related to two different criterions: The Abbe 
and Rayleigh criterions, differentiated on the definition they use for “two objects being resolvable 
from each other”. This difference is usually small. 

 The Abbe criterion (equation 3.4) and the Rayleigh criterion (equation 3.5) are defined as: 

)sin(
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nNA
res                                                           (3.4) 

)sin(

61.061.0




nNA
res                       (3.5) 

where res is the minimum distance between two point-sources to distinguish them, n is the 
refractive index of the medium between the sources and the lens that collects the light (typically 
n = 1), NA is the numerical aperture of the lens, and angle θ is related to the focal length FL of 
the lens and the radius ri of the circular lens (or the side length D if it is a square lens) through the 
equation tan(θ) = ri / FL.  

For instance, given a point source illuminating a lens with a light whose wavelength is λ0 = 
3 mm, and provided that the parameters of the lens are FL = 28 mm and ri = 54.5 mm, and 
considering that the medium between the source and the lens is air (n = 1), the value of its numeric 
aperture would be NA=0.889, the value of res from the Rayleigh equation would be 2.06 mm 
(0.68λ0) and the value of the value of res from the Abbe equation would be 1.69 mm (0.56λ0), as 
shown in Fig. 3.15. The criterion used in this work will assume the Rayleigh criterion as the 
standard definition of the resolution limit. 

 

 

 

 

 

 

 

 

Figure 3.15. Example of Rayleigh and Abbe criterions 
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When light passes through the lens finite aperture, diffraction occurs and the resulting 
diffraction pattern consists in a brighter region in the center along with a series of concentric rings 
of decreasing intensity around it. The brighter center is called the Airy Disk and the concentric 
rings are known as the Airy pattern. The Rayleigh criterion for resolving two source-points of 
light is that the center of the Airy disk for the first source occurs at the first minimum of the Airy 
disk of the second (see Fig. 3.15). 

Due to diffraction, the smallest point at which a ray of light can be focused using a lens is 
the size of an Airy disk. Thus, even having a perfect lens, there still exists a limit for the resolution 
of an image created by the lens. An optical system in which the resolution is not limited by 
imperfections in the lenses but only by diffraction is said to be limited by diffraction.  

Thus, superoscillations are used as a tool to obtain resolution better than allowed by the 
diffraction limit. In the past, super-resolution of very fine features was achieved mainly with 
evanescent waves, restricting its usefulness to the near field: On the other hand, superoscillations 
can penetrate much deeper into the media than evanescent waves. 

Summarizing, while a conventional lens can focus to a spot size of about a wavelength in 
diameter, a super-oscillatory lens can create a focus of any prescribed size, but sub-wavelength 
focusing comes at a price: a high intensity halo that is simultaneously created along with the 
subwavelength spot in the low-intensity super-oscillatory region. Thus, only small fraction of 
light incident on the lens is focused in the hotspot and the biggest fraction is mainly distributed 
in the halo rings around the hotspot. This effect of halo can be eliminated in some applications 
(imaging or heat assisted magnetic recording). 

 

3.2.1 Lens design and simulation results 
Particle Swarm optimization has been used recently to design lenses with super resolution at 

optical frequencies by alternating opaque and transparent rings [57, 58, 59]. In this work, we aim 
to design a metamaterial lens without using opaque plates to enhance transmission. 

Only 2 particles are required because the binary PSO (BPSO) will be used. Both particles 
can be freely designed to obtain the required phase at its output. Moreover, an ultrathin 
metamaterial lens (0.04λ0) is designed. 

 

Considerations on the unit cells 

The unit cell of the metamaterials used to implement the two particles needed, is based on a 
ring slot subtracted from a square metal cell, as shown in Fig. 3.16.  

The magnitude and argument of the unit cell’s transmission coefficients can be adjusted by 
varying the radii r of the subwavelength inner ring inside the unit cell. In this work, we use the 
commercial substrate Arlon CuClad 250GX, with dielectric thickness hd = 0.100 mm, dielectric 
permittivity εr = 2.5 and metal thickness hm = 0.018 mm.   
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Figure 3.16. Unit cell considered and its dimensions  

 

The unit cell is simulated using the frequency domain solver of the commercial software 
CST Microwave Studio to calculate the magnitude and phase of the transmission coefficients. 
The results are shown in the figure 3.17: 

 
Figure 3.17. Magnitude (left) and argument (right) of the Transmission coefficients S21. The 
argument values are in radians.   

 

Some preliminary tests and simulations showed the need of having at least a phase difference 
of 30º between the two particles. In addition, both unit cells must be selected to obtain high 
transmission. Combining these two factors, we select r1 = 0.40 mm for the first MTM and r2 = 
0.36mm for the second one. The transmission curves for both the magnitude and phase of these 
two particles (extracted from Fig. 3.17) are plotted in Fig. 3.18: 



48   
 

 

Figure 3.18. S21 magnitude curves (left) and S21 argument curves (right) as a 
function of frequency for the two unit cells chosen. 

 

Thus, particle 1 (r1 = 0.40 mm) shows a S21 magnitude of 0.948, a S21 phase of -29.35º and 
index refraction n1 = 1.777. Particle 2 (r2 = 0.36 mm) shows a S21 magnitude of 0.904, a S21 
phase of 11.31º and n2 = 0.5. The two design conditions have been fulfilled: both particles show 
a high transmission and a phase difference larger than 30º (40.66º) at the frequency f = 100 GHz. 

 

Considerations on BPSO 

The design of our lens is based on the powerful BPSO optimization (see Sec. 2.2.4). In our 
algorithm design, we will consider the following constants: Vmax=6, as suggested by [61], 
C1=C2=2, to give equal weight to the social and the cognitive components, w=0.4-0.6, we use a 
time-varying inertial weight, starting from 0.6 and decreasing proportionally throughout each 
iteration. We will also consider a swarm of 80 particles, each one being a binary 55-dimension 
vector. The number of iterations is set to 500. 

Each particle will be binary, in the sense that each of its 55 dimensions will be one of the 
two kind of unit cells already described: that means that each dimension will store a value of 
magnitude and phase equivalent to the S21 coefficient of the corresponding unit cell. So, the 
actual field distribution created by a particular particle will be defined following the Huygens-
Fresnel Principle. 

This principle states that any point where a wavefront hits, it acts as a secondary wave source 
[62]. For simplicity, each of the particle´s 55 binary dimensions is considered a source-point that 
radiates a wave with the same amplitude and phase to the corresponding S21 coefficient of one 
of the two unit cells. Each of the 55 dimensions is separated 1 mm from the others (exactly the 
side length of the square unit cells). Reflection and absorption are neglected. So, the resulting 
field at each point of space (x, y, z) can be calculated by adding the fields of all sources. 
Mathematically, this can be written as: 
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where l(x,y,z) is the distance between the point source i and point in the space (x,y,z); k0 is the 
wave vector in free space;(xi, 0, 0) are the coordinates of the 55 dimensions of a particle (55 unit 
cells), ubicated along x axis. After calculating the fields, the power is derivated using the well-
known Poyinting theorem.  

An adapted sinc function is used as a goal function to describe the desired profile of the target 
power distribution (see Fig. 3.20). This goal function implicitly carries the design value of the 
focal length: FL = 28 mm. We align the unit cells in the x axis because in order to reach a super-
resolution focusing with a linearly polarized beam, the power density along the x axis must be 
used as the goal function [63]. The optimum lens design will have a minimal variance between 
the actual field distribution and the goal function. 

 

Figure 3.20. (a) Normalized goal function used for optimization where FL=28mm. (b) Normalized 
power distribution along x-axis for Z=FL along the X-axis. 
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Analytical results obtained from BPSO 

The BPSO algorithm has been implemented in Matlab® with all the parameters, 
characteristics, target and goal functions and optimization conditions described so far.  

For the sake of convergence, our algorithm has been designed as a two steps process. In the 
first step, a higher weight in the goal function is given to the focal spot, so the variance results 
much bigger than elsewhere and the optimizer will try to reduce it, quickly developing a focus at 
the desired point. Second step consists mainly in reducing the lateral side lobes of the power 
distribution obtained, starting the new iterations with particles that are Gray-coding derivated 
from the best combination found in step one. After applying the final version of the algorithm, 
the analytical results that have been obtained can be seen in Fig. 3.21 (step one) and Fig. 3.22 
(step two): 

 
Figure 3.21. (a) Normalized power distribution after finishing the first algorithm step. Observe 
the unit cell distribution for this global best solution (b) Normalized power distribution along 
x-axis when Z=FL. 
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As can be observed from Fig. 3.2, a tight focus is formed but still high side lobes are 
observed. The second step of the algorithm will try to fix that through the combination of new 
weights that reduces the variance of the side lobes respect the goal function. The analytical results 
obtained are shown in Figure 3.22: 

 

Figure 3.22. (a) Normalized power distribution after finishing the second algorithm step. 
Observe the unit cell distribution for the global best solution (b) Normalized power distribution 
along x-axis when Z=FL. 
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The global best solution iterated by our algorithm is:  

 0000000011110000111010110011001100110011001001101100100 

where a 0 means a unit cell of type 1 (n1=1.777), a 1 means a unit cell of type 2 (n2=0.5), and this 
solution describes the longitudinally unit cell distribution along x axis between the center of the 
mask and the right edge. Getting the unit cells distribution of the left side is immediate, without 
further mirroring the positions obtained around the central position. 

Comparing Figs. 3.21 and 3.22, it can be observed that the design has significantly improved 
after the second algorithm step because the side lobes are much smaller and the focus has become 
tighter too. 

If we measure, from Fig. 3.22(b), the FWHM in the transversal direction x, we find that 
FWHMx = 0.44λ0. This result is encouraging, because it is lower than the diffraction limit dictated 
by the Rayleigh criterion (0.68λ0). 

 

Simulation results 

The commercial software CST Microwave StudioTM is used to implement the design obtained 
through the process of optimization using BPSO and the Huygens-Fresnel principle. These 
simulation results should provide a better modelling of the lens than the analytical results, where 
some simplifications were made. First, a 2D prototype (cylindrical lens) is implemented (see Fig. 
3.23). 

 

Figure 3.23. (a) General view and detail of the 2D cylindrical lens approximation; it is based on the 
analytical solution found with BPSO for the disposition of the unit cells. 

 

After following the previous design procedure, we study the spectral response of the 
2D lens using the transient solver of CST Microwave Studio®. The simulation results are 
shown in Fig. 3.24(a) where we can observe the power distribution spectra along the 
propagation z axis. Also, the power distribution at the design frequency of 100 GHz 
shown in Fig. 3.24(b), and the power distribution along the optical axis (z-axis) is 
represented for the sake of completeness (Fig 3.24 (c)). 
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Figure 3.24. (a) Normalized power distribution on the xz(H) plane for the 2D MTM lens design. (b) 
Normalized power distribution along transversal x (z = FL). (c) Normalized power distribution along z-
axis.   
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The simulation results are in good agreement with the analytical solution. A tight focus at FL 
= 27.8 mm is formed, which is very close to the design value (FL = 28 mm). The FWHMx = 0.52λ0 
which is still lower than the classic diffraction limit values. On the other hand, the side lobes are 
higher than expected, but this could be due to the mechanicals of CST for performing the 2D 
approximation. 

Before discussing the implementation of the actual MTM lens, a lens based in homogeneous 
materials is designed and simulated. Previously in this work, the transmission characteristics of 
the unit cells considered were studied. Our main interest lies now in the value of the refractive 
indexes of the two MTMs. Recalling them: n1 = 1.777 for the unit cell with r1 = 0.4 mm, and n2 
= 0.5 for the unit cell with r2 = 0.36 mm. The aim is to create new materials with the constitutive 
parameters needed: ɛr,1=n1

2 for particle 1 and ɛr,2=n2
2 for particle 2.  

With the radius of the different zones of the lens being given by the disposition of the unit 
cells in the optimized vector, the implemented lens based on homogeneous materials is shown in 
Fig. 3.25: 

 
  Figure 3.25. (a) SOL design based in homogeneous materials. 

 



55   
 

The evaluation of the power distribution on the E-plane, H-plane and xy plane for this design 
at the operation frequency of 100 GHz is shown in Fig. 3.26; there, it is also shown the power 
distribution along transversal x (z = FL), transversal y (z = FL) and along the z axis (x=y=0). 

Figure 3.26. Normalized power distribution on the xz(H) plane (a) for the lens design made from 
homogeneous materials, on the yz(E) plane (b) and on the xy plane (c) where z = FL. In (d), (e), 
(f), the normalized power distribution along x transversal, y transversal and z-axis, respectively. 
In panels (d) and (e) it is considered z = FL. 

 

As observed from Fig. 3.26, the proposed SOL based on homogeneous materials directly 
focuses a highly compressed subwavelength hotspot by precisely modulating the interference of 
the diffracted beams coming out from the different concentric rings. The subwavelength focal 
spot is found at a distance 27.18 mm away from the SOL and is sharper than 0.59 of the 
illuminating wavelength, which is beyond the diffraction limit (0.68λ0), being FWHMx = 0.53λ0 
and FWHMy=0.59λ0. The diffraction pattern corresponding to this SOL has been plotted in Fig. 
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3.27(a). The power density along the radial direction is shown in Fig. 3.27(b): As seen there is 
almost no significant side lobes (approximately the 10% of the central peak power). 

Figure 3.27. Subwavelength focusing by SOL illuminated with vertically polarized beam. (a) 
power density distribution in the optimal focal plane at z = FL; (b) detail of the diffraction 
pattern; (c) normalized power density distribution along the radial direction. 

 

After simulating the 2D cylindrical lens and the homogenous medium lens, we implement 
the metamaterial lens. However, when implementing the lens with the designed metamaterial 
cells, a new problem arises: The square shape of the cells does not fit well with the radial structure 
of the lens and thus the results cannot be expected to be perfect.  

To deal with this problem, we propose a new unit cell based on a regular hexagonal shape 
(see Figure 3.28). The idea behind this is that the most efficient way to cover the plane without 
leaving holes is through hexagons. Filling the plane in the most effective way means that using 
hexagons to cover a given area will require a smaller perimeter. This could help filling the radial 
structure of the SOL more efficiently. 
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Figure 3.28. Hexagonal unit cell proposed. Its parameters are: Lhex = 1 mm, alfa varies 
from 0.02 to 0.065 mm, Δr = 0.08 mm, metal width hm = 0.018 mm (yellow), dielectric 
width hd = 0.10 mm (blue). The dielectric used is Arlon CuClad 250GX; its dielectric 
permittivity is εr = 2.5. 

To avoid repeating the process of designing and testing the hexagonal unit cell, which is the 
same process that has continuously been done so far in this work, we show directly its most 
relevant parameters, shown in Figure 3.29: 

 
Figure 3.29. Magnitude (a) and argument (b) of the transmission coefficient S21. The argument values are in 
radians. (c) The effective refractive index (from ≈-1 to ≈4) obtained in the simulation of the unit cell as a function 
of the parameter alfa and the frequency f. (d) Refractive index at f = 100GHz as a function of alfa. 
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Thus, particle 1 (alfa1=0.0355mm) shows a refractive index n1≈1.777. On the other hand, 
particle 2 (alfa2=0.0602mm) shows a refractive index n2≈0.5. The full lens design is presented in 
Fig. 3.30: 

Figure 3.30. full MTM SOL design (left) and detail (right). 

At this point we must face another problem not entirely unexpected: The schematic is so 
electrically large that simulating it in a reasonable time is not feasible. A more realistic option, 
from the point of view of simulation, is implementing a dielectric lens-MTM, where the 
metamaterial substitutes the homogeneous material whose refractive index is less than one. It is 
clear, as seen in the BSFZP lens, that the interfaces between dielectric and metal zones enable 
diffraction problems, but this simulation will give at least an idea of the performance of our 
proposal. The MTM-dielectric lens is shown in Fig. 3.31: 

  

Figure 3.31. dielectric-MTM SOL design. 
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In this last model, the outer radial zones of MTM had to be replaced with homogeneous 
material to make the lens simulation affordable, because even with the raw MTM-dielectric lens 
there was still more than 2.9 billion mesh cells in the simulation environment. The simulation 
results of the MTM-dielectric lens are presented in Fig. 3.32. It can be observed that a 
subwavelength focal spot is found at a focal length of 26.83 mm, being FWHMx = 0.53λ0 and 
FWHMy = 0.6λ0. These two last results are sharper than 0.6 of the illuminating wavelength, which 
is below the diffraction limit (0.68λ0).  

Figure 3.32. Normalized power distribution on the xz(H) plane (a) for the MTM-dielectric SOL, 
on the yz(E) plane (b) and on the xy plane (c) where z = FL. In (d), (e), (f), the normalized power 
distribution along x transversal, y transversal and z-axis, respectively.  
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As can be seen comparing Figs. 3.27 and 3.32, the results match almost perfectly between the 
homogeneous material lens and the MTM-dielectric lens. This is because to make the MTM-
dielectric lens affordable by simulation both lenses are very similar; but at least it gives an 
estimation of the good performance of the metamaterials design process. 

For the sake of completeness and to compare their performance, a summary of the focusing 
properties of the different SOLs proposed is shown in Table 3.4: 

 analytical lens 2D lens Homogeneous 
materials lens 

MTM-dielectric lens 

Focal Length 9.33λ0 9.76λ0 9.06λ0 8.94λ0 
FWHMx 0.44λ0 0.52λ0 0.53λ0 0.53λ0 
FWHMy - - 0.59λ0 0.60λ0 
Enhancement 15.96dB 7.85dB 15.24dB 14.97dB 
Ellipticity - - 0.90 0.88 
Depth of focus 1.33λ0 1.45λ0 1.31λ0 1.32λ0 

 
Table 3.4. Summary of the focusing properties of the studied SOL lenses under study; FWHMi 
is the Full Width at Half Maximum of the power distribution along x or y axis when z = FL. 
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4. Conclusions and future work 
 

In this chapter, a summary of the conclusions obtained during this work along with a list of 
future lines to be done in the future to give continuity to this work are presented. 

 

4.1 Conclusions 
1. In the first part of this work we have proposed and analyzed two different BSFZP lenses based 
on MTMs: one of the lenses was based on two different MTMs for odd and even Fresnel zones, 
and the other lens used instead one dielectric and one MTM. We have reviewed the full design 
process of the two BSFZP lenses, where we found the parameters of the MTM unit cells needed 
to comply with the two lens equations: the equation of the thickness of the BSFZPLs and the 
equation of the radii of the Fresnel zones. 

2. We have implemented and simulated both BSFZP lenses and study their spectral response and 
focusing properties.  From the simulation results it is found that the overall performance of the 
MTM-MTM lens is better than the performance of the MTM-dielectric lens.  Not only the focal 
length is closer in the MTM-MTM lens to the designed value, but also the enhancement is 
significantly higher. The worse response of the MTM-dielectric lens could be because of the 
diffraction produced at the edges of the MTM. This constrain is reduced for the MTM-MTM lens 
because the interface (metal-dielectric) is not present and a complete metal plate is used instead. 

3. Concerning the experimental results, it must be said that the lens is still under development. 
The different layers are correctly obtained from photolithography but we are still trying to 
improve the union between the different layers with new techniques; with the current ones, there 
are a lot of air gaps between the layers and, since the lens is so thin, there is also a considerable 
warping effect that deter the measurements. Thus, the experimental results obtained are not valid. 

4. In the second part of this work we have studied, engineered and simulated a SOL based on 
MTMs to enhance the transmission for this particular type of lenses that are usually based on 
opaque and transparent zones. As a result, an ultrathin metamaterial lens (0.04λ0) is designed. The 
first step was to exchange the opaque and transparent zones with two different MTMs (two 
“particles”). Both unit cells were designed to obtain high transmission and the required phase at 
its output, since we found that the phase difference between the transmission coefficients of both 
unit cells should be at least higher than 30º to reach a super-resolution focus.  

5. The optimization process was based on the BPSO algorithm and with the goal to minimize the 
variance between the power distribution created by the lens (calculated applying the Huygens-
Fresnel principle) and a goal function defined based on an adapted sinc function. As a result of 
this analytical process, a subwavelength focal spot is created at the designed FL = 28 mm; this 
hotspot is sharper than 0.45λ0 of, so it is beyond the diffraction limit dictated by the Rayleigh 
criterion (0.68λ0), used in this work as the standard definition of the resolution limit. 

6. The analytical solution has been validated in the simulation domain: We implemented and 
simulated, based on the analytical solution, a 2D cylindrical lens approximation, a lens based on 
two homogeneous materials constructed upon the constitutive parameters of the MTMs, and lastly 
a MTM-dielectric lens. All the results agree as all these lenses achieve a highly compressed 
subwavelength hotspot by precisely modulating the interference of the diffracted beams, with 
small differences between them in parameters such as FL, FWHMi and enhancement.  
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4.2 Future work 
1. Optimization of both the practical BSFZPL assembly process and of the experimental 
methodology. It is intended to manufacture 3D-printer-based pieces to help achieving more 
precise measures, and to use special techniques (such as pre-preg) to improve the bond between 
the different layers of the lens and thus avoid the air gaps that deter the measurements. 
 
2. Implementation and experimental measurement of the SOL. Analytical and simulation study 
of other alternative designs based on different metamaterials and different algorithms. 
 
3. Contributions on development of new MTM based devices, with special interest on graphene 
based MTMs. 
 
4. To keep on studying Epsilon-near-zero components and different ways of artificially emulating 
them. Currently we are studying the application of ENZ materials as matching-layers that improve 
transmission through metallic plates. 

5. Deepening on plasmonics, the extraordinary transmission phenomenon and the equivalent 
circuit approach. 
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7. Annex I: CST Templates 
 
For the simulation of the different unit cells used in this work, the template “periodic 

structures” inside the “MW & RF & Optical” section is chosen. The workflow selected is “Phase 
Reflection Diagram” inside “Frequency Selective Surfaces (FSS), metamaterial – unit cell”. With 
this template, the following simulation parameters and conditions are considered: 

-Template: FSS - Unit Cell / Units: mm, GHz / Frequency range: 0 to 150GHz 
-Solver: Frequency Domain Solver / Meshing: tetrahedral meshing 
-Background: vacuum 
-Boundary conditions: Et=0 (Xmin and Xmax), Ht=0 (Ymin and Ymax) and open (Zmin and Zmax). 
-No simmetry planes /ports 1 and 2 with no shielding and number of ports equal to one. 

                                 Figure 2.1. Simulation settings for the different unit cells analyzed 

It can be observed from Fig. 2.1 that boundary conditions are defined to expedite 
calculations. The exciting signal is a plane wave vertically polarized. After simulation, a 
templated based post processing is applied to retrieve the Scattering parameters (S11, S21) and to 
extract the material properties (µeff, ɛeff, n …). 

For simulating the electrically large elements (full lenses and cylindrical approximation 
lenses), the template “periodic structures” inside the “MW & RF & Optical” section is selected. 
The workflow chosen is “Metamaterial – full structure”. With this template, the following 
simulation parameters are considered: 

 
-Template: Metamaterial – full structure / Units: mm, GHz / frequency range: 0 - 150GHz 
-Solver: Time Domain Solver 
-Meshing: hexaedral meshing 
-Background: vacuum 
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-Boundary conditions: Et=0 (Xmin and Xmax) and Ht=0 (Ymin and Ymax), open add space (Zmin 
and Zmax). 
- Given the two-fold symmetry of the problem, electric and magnetic symmetries were 
imposed in the xz-plane (y = 0) and yz-plane (x = 0), respectively, to reduce computation 
time. 
-ports 1 and 2 with no shielding and number of ports equal to one. 
 

After the preliminary adjustments are done, the simulation is ready to start. The most 
important stages once the simulation is started are listed below:  

(i) Analyzing port domains: During this first step, the port regions are analyzed for the port mesh 
adaptation to follow.  

(ii) Port mode calculation: Here, the port modes are calculated during the port mesh adaptation. 
This step is performed several times for each port until a defined accuracy value or a maximum 
number of passes has been reached.  

(iii) Calculating matrices: Processing CAD model: During this step, the input model is checked 
and processed.  

(iv) Calculating matrices: Computing coefficients: During this step, the system of equations 
which will subsequently be solved is set up.  

(v) Data rearrangement: Merging results: For larger models the matrices are calculated in parallel 
and the results are merged at the end.  

(vi) Transient analysis (1): Calculating port modes: In this step, the solver calculates the port 
mode field distributions and propagation characteristics as well as the port impedances if they 
have not been previously calculated. This information will be used later in the time domain 
analysis of the structure.  

(vii) Transient analysis (2): Processing excitation: During this stage, an input signal is fed into the 
stimulation port. The solver then calculates the resulting field distribution inside the structure as 
well as the mode amplitudes at all other ports. From this information, the frequency dependent S-
parameters are calculated in a second step using a Fourier transformation.  

(viii) Transient analysis (3): Transient field analysis: After the excitation pulse has vanished, there 
is still electromagnetic field energy inside the structure. The solver continues to calculate the field 
distribution and the S-parameters until the energy inside the structure and the port signals has 
decayed below a certain limit (specified by the Accuracy setting in the solver dialog box). All 
simulations are executed with accuracy of -50dB and the number of pulses is incremented to 1000 
to ensure the simulation runs enough time. 

For our unit cell structure, the entire parametric sweep analysis takes only a few minutes to 
complete while the different full structures simulations took between one and four days, due their 
relatively large electrical size. 

The fields can be recorded at arbitrary frequencies during a simulation. However, it is not 
possible to store the field patterns at all available frequencies as this would require a tremendous 
amount of memory. In this work, many E-field and H-field probes are placed along the optical 
axis, and power flow / E-field monitors are configured at the frequencies of interest. 


