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a b s t r a c t

Improving the quality of healthcare in emergency departments (EDs) is at the forefront of many
hospital managers’ efforts, as they strive to plan and implement better patient flow strategies. In
this paper, a new approach to manage the patient flow in EDs after triage is proposed. The new
queue discipline, named accumulative priority queue with finite horizon and denoted by APQ-h, is an
extension of the accumulative priority queue (APQ) discipline that considers not only the acuity level
of patients and their waiting time but also the stage of the healthcare treatment. APQ disciplines have
been studied in the literature from a queueing theory point of view, which requires assumptions rarely
found in real EDs, such as homogeneity in the patient arrival pattern and only one service stage. The
APQ-h discipline accumulates priority from the point of waiting for the first physician consultation
until the moment the waiting time exceeds the upper time limit set to access the physician after the
patient’s arrival. A recent study shows that a management strategy of this type is applied in practice in
several Canadian EDs. The main aim of this paper is to explore the implementation of APQ-h managing
policies in a real ED. For this purpose, a simulation model replicating a real ED is developed. This
simulation model is also used to obtain the optimal APQ type polices through a simulation-based
optimization method that solves a multi-objective and stochastic optimization problem. Arrival to
provider time and total waiting time in the ED are considered to be the key ED performance indicators.
An extensive computational analysis shows the flexibility of the APQ-h and APQ discipline and their
superiority over other pure priority disciplines in a real setting and in a variety of ED scenarios. In
addition, no superiority over the APQ discipline is demonstrated.

© 2019 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Growth in the utilization of emergency care is observed in
high income countries. For instance, emergency admissions grew
over 50% from 1992 to 2006 in the US [1] and 9.3% from 2014 to
2017 in England [2], mainly due to the ageing population, which
encompasses the main consumers of healthcare services. Some
studies quantify that this factor itself can explain 40%–50% of the
total growth [3,4]. This trend is expected to continue in the near
future. As a result of this growth, the National Center for Health
Statistics [5] estimated 43.3 visits to emergency departments (ED)
in the US per 100 persons in 2015, which equals a total of 136.9
million visits. Nevertheless, the capacity of healthcare services
does not follow the demand growth pace, and it even decreases
in some cases [5]. For example, regarding the number of hospital
beds per 1000 habitants in the US, which was 4.5 per 1000 in
1980 and 2.5 per 1000 in 2014. Thus, the mixture of a growing
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demand and a fairly stable capacity of service leads to over-
crowded EDs; approximately half of all EDs report operating near
or above maximum capacity [6]. This restrictive environment
makes operational health care management even more critical,
and it is important to guaranty the quality and universality of
public healthcare services.

However, EDs are especially difficult to manage; they evolve
in a highly stochastic environment due to the variability in the
patient arrival rate, illness severity, and, in general, the health re-
sources needed for treatment (material and human) [7–9]. In this
situation of resource scarcity, the grouping of patients according
to their urgency to receive healthcare treatment is a strategy
commonly used. Thus, upon arrival, patients undergo an initial
assessment, i.e., triage, whose aim is to stratify them by illness
acuity and prioritize them accordingly [10]. Examples of triage
systems are the Emergency Severity Index (ESI); the Australasian
Triage Scale (ATS), the Manchester Triage Scale (MTS), and the
Canadian Triage Acuity Scale (CTAS). However, most triage sys-
tems do not provide explicit guidelines on how to manage the
patient flow within and among the, usually five, assigned triage
levels.
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2211-6923/© 2019 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-
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Table 1
CTAS key performance indicators.
Category Classification Access time Performance level

1 Resuscitation Immediate 98%
2 Emergency 15 min 95%
3 Urgent 30 min 90%
4 Less urgent 60 min 85%
5 Not urgent 120 min 80%

Triage systems may include performance goals in terms of
the percentage of patients who should have access to the physi-
cian consultation before certain time limits and should have a
different time limit and a different percentage for each type of
triage-level (see Table 1). ED managers and physicians, motivated
by the achievement of such goals, follow pre-determined rules,
such as FCFS, within the same triage level and strictly follow
priority across different triage levels. Nevertheless, very often,
especially in cases of overcrowding, they have to use their own
discretion in making patient-routing decisions, as is mentioned
in [11]. In this paper, by using patient-level ED visit data, the
authors carried out an empirical study to understand how de-
cision makers manage patients in the ED. They concluded that,
generally, higher triage-level patients receive priority over low
triage-level patients, but a lower triage-level patient who has
waited longer can be prioritized over a higher triage-level patient
who has waited less time. Then, they highlighted the need to
consider not just the triage level but also the actual wait time in
routing decisions. Therefore, the behaviour of these patient flow
managers fits the so-called accumulative priority queue (APQ)
policies, a term introduced by Stanford et al. [12]. Following this
APQ strategy, patients accumulate ‘‘priority points’’ as they wait
for treatment, and the patient with the most priority points is
selected when a physician finishes a service. The accumulation
rate of priority points depends on the patient’s triage level. In
addition, in [11], it is also concluded that patients who have
waited past the target set by the triage system (for example,
30 min for patients level 3 in the CTAS triage system; see Table 1)
may not receive extra priority. The ED decision makers’ behaviour
is described by a two piecewise linear concave marginal waiting
cost function for each triage level, in which the break point is
located around the target wait times. This important empirical
observation suggests a modification of the classical APQ policy to
define the new APQ-h (accumulative priority queue with a finite
horizon) policy, which linearly accumulates priority points while
the patient is waiting until the target wait time is reached, and
then, no more priority points are accumulated.

The implementation of priority strategies in a real ED needs
to consider not only the prioritization of patients to access to
their first physician consultation but also the management of
patients already in the process of being treated. After the first
consultation with a physician, some patients are discharged from
the ED, while others require some clinical tests and, once the
results are obtained, have a second consultation with a physician.
Thus, patient management should consider the following two
components of the patient flow: first, the patients arriving from
triage that must be served within time-deadlines and, second,
the patients already being treated, both of which have a signif-
icant feedback constituent that produces operational congestion.
Therefore, when a physician becomes idle, a decision has to be
made regarding whether the next patient to be seen is having
their first or for a second consultation; that is, managing the
portfolio of pending patients must consider both the severity of
the condition and the stage of their treatment.

The consideration of conflicting objectives is typical in the
analysis of healthcare systems, as in all public services in which

cost objectives compete with service quality objectives. Even
in a case with fixed resources, as in the case of determining
operative rules for optimally managing the ED patient flow, there
are several conflicting objectives that guide the measurement of
management performance. One of the main ED performance mea-
sures is the arrival to provider time (APT) (‘‘door to doc’’), which
is defined as the interval between the time a patient arrives at
the ED and the time an attending physician sees the patient [13].
Another important objective is minimizing the length of stay
(LoS) in the ED. As was stated before, the upper limit for the
APT is set for each type of patient (see Table 1) but can also
be imposed onto the other performance measures; for example,
EDs in hospitals in the United Kingdom should complete and
discharge 98% of patients within 4 h, as it is mandated by the
government (Mayhew and Smith [14]). The patient-flow man-
agement strategy should be selected to accomplish the goals and
optimize the objectives set by the hospital direction board. One
main characteristic of the APQ and APQ-h management policies is
their capacity to represent very different dynamic priority rules
by changing the value of the rates at which the different types of
patients accumulate priority.

The main aim of this paper is to explore the implementation of
APQ-h managing policy in a real ED framework that considers the
acuity level of patients, the stage of treatment, the stochasticity of
the ED and the different objectives set by managers. Specifically,
the main contributions of this paper are as follows:

• The analysis of the ED patient flow management problem
in a setting not previously considered in the literature to
include the different acuity levels of the patients, several
stages for treatment, the stochastic environment in which
EDs evolve and different key performance indicators (KPIs).

• The proposal of the APQ-h policy to represent the real
patient-routing decision making observed in empirical stud-
ies.

• The definition of a multi-objective and stochastic optimiza-
tion problem to obtain the optimal APQ type policies which
is solved by a simulation-based optimization method.

• Testing the performance of APQ-h (and APQ) policies by
using a simulation model that reproduces the main features
of a real ED, i.e., the stochasticity in arrivals, service times
and paths thorough the ED.

• A sensitivity analysis to determine the influence of the opti-
mal APQ-h and APQ policies on the structure and on the ED’s
KPI of factors, such as the variability in the patient arrival
pattern, the mix of patients, and the congestion level.

• Comparing the performance of the APQ-h and APQ with
pure priority disciplines, to show their superiority. It also
outperforms the priority rule used in the ED of the Hospital
Compound of Navarre.

• No superiority of APQ-h over the APQ is demonstrated in the
tested scenarios for the objective function proposed.

The rest of the paper is organized as follows. In Section 2, the
related literature is reviewed. The characteristics of the ED patient
flow and its KPIs are presented in Sections 3.1 and 3.2, respec-
tively. Section 3.3 presents the management policies considered
in this paper, the pure priority disciplines and the APQ-h and APQ
disciplines, as well as simulation-based optimization methodol-
ogy to determine the optimal management policy. Section 4 is
focused on the case study, in which the main features of a real
ED and the simulation model are described, and then, the optimal
APQ-h or APQ policy is obtained and its performance is com-
pared with the pure priority disciplines, including the currently
followed by the majority of physicians in the ED studied. The
last subsection includes a sensitivity analysis on the weights of
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the objective function. Finally, Section 5 presents the results and
conclusions from an extended computational analysis carried out
to test the pure priority disciplines and optimal APQ-h and APQ
disciplines in a variety of EDs defined by different occupancy
ratios, patient arrival patterns and mixes of patients. We end the
paper with a conclusion section. Finally, Appendix additional
numerical results.

Hereunder, Table 2 includes all acronyms used in this paper:

2. Related literature

The improvement of the performance of the ED has been
addressed by many operations research studies in recent years,
such as in Saghafian et al. [15], in which 350 papers dealing with
the ED patient flow are reviewed. They distinguish the following
three components of the ED patient flow: flow into, within, and
out of the ED. The problem addressed in this paper deals with the
patient flow optimization within the ED. In this specific context,
Wiler et al. [10] reviews applications concerning patient flow and
crowding in the ED.

In most healthcare settings with no appointment system, the
queue discipline is either a first-in–first-out (FIFO) or a priority
discipline, depending on the acuity of the patient’s illness. This
priority discipline applies in the ED, where, in general, patients
with life-threatening injuries are treated before others. The use of
a priority discipline with a FIFO rule inside each class of patients
is almost generalized in the analysis of EDs by queueing mod-
els and/or discrete event simulations (see, for example, Taylor
et al. [16], Haussman [17], Siddharthan and Jones [18], Laskowski
et al. [19], Mokaddis et al. [20]). It is worth mentioning the paper
by McQuarrie [21] that applies the shortest processing time rule,
which is known to minimize waiting times. Although routinely
applied in the manufacturing context, it is difficult to justify the
use of this dispatching rule in EDs, given its unfairness to the
more injured patients and the added difficulty of estimating the
treatment times accurately. Nevertheless, this research raises the
question of using other queue disciplines than the pure priority
discipline to manage ED patient flow. The dispatching rules ap-
plied in manufacturing prioritize all jobs waiting for processing
on a machine (the classic paper of Panwalkar and Iskander [22]
presented a summary of 113 dispatching rules). The same idea
can be applied in the ED patient flow management problem,
i.e., whenever a physician has finished a patient’s service, the
dispatching rule selects the patient with the highest priority.
Dispatching rules and other prioritizing policies to manage the
patient flow in an ED are usually analysed by using queueing
theory models or simulation models (or both in combination).

The paper by Armory et al. [23] provides a deep queueing-
network view of patient flow in hospitals, with a special focus on
EDs and the in wards patient flow, as the natural way for studying
and improving its performance. They pointed out how the patient
flow within the ED has been widely investigated, both academ-
ically (Hall et al. [24]; Saghafian, Austin and Traub, [15]; Zeltyn
et al. [25]) and in practice (IHI, [26]; McHugh et al. [27]). Among
all these studies, we highlight the paper of Huang et al. [28],
which addresses many of the complexities of EDs that are often
ignored in queueing models; this paper considers the patient
triage level and the feedback of patients after the first con-
sultation. They obtained an asymptotically optimal patient flow
policy that is based on the cµ dispatching rule, which minimizes
congestion costs subject to deadline constraints for the first con-
sultation. Their analysis extended the results of Smith [29] and
set the optimality of the known as the cµ rule, which prioritizes
among the queues of the different categories of patients and
then uses the FCFS discipline inside each queue. The waiting cost
was assumed to be a linear function of the sojourn time. Later,

the paper of Van Mieghem [30] shows that the generalized cµ
rule minimizes the average waiting costs under the heavy-traffic
asymptotic regime and the cumulative holding cost is a non-
decreasing convex function. Mandelbaum and Stolyar [31] and
Gurvich and Whitt [32] studied the queue-length version of the
Generalized cµ-rule, in which the holding cost is a function of
the queue length instead of the sojourn time. The aforementioned
paper of Huang et al. [28] is the first to consider feedback and
deadlines simultaneously; however, the need to assume a sta-
tionary heavy traffic and the use of diffusion approximations to
obtain the results do not guarantee the optimality of the proposed
control rules in a real setting (for example, it is necessary to
assume that during the sojourn time of a patient within the ED,
the various queue lengths do not change significantly, and the
service duration is negligible relative to the queueing time).

Other types of queueing models developed to study the ED pa-
tient flow optimization problem without the need of asymptotic
assumptions are those that specifically analyse the APQ strategies
(Stanford et al. [12]). The APQ model can be seen as a dynamic
priority discipline in which patients of lower priority classes can
overcome the priority of higher classes as their waiting time
increases. In this way, they seek to overcome the drawback of
pure disciplines that in periods of high demand, patients of the
lowest priority can be ‘‘forgotten’’ in the system for long time
periods. Kleinrock [33] obtained results about the mean waiting
time before receiving service, which were extended by obtaining
the waiting time distribution for each priority class in the single
server and in the multi-server settings [12,34]. All these models
assume Markovian distributions (Poisson arrivals and exponen-
tially distributed service times), and in addition, there is only one
stage for the service without feedback.

The ED healthcare process can be represented by a queueing
system with feedback to model the patients who need clinical
tests after the first assessment and need to return for a second
consultation. [11] models the ED in which patients are waiting to
see a physician as a multi-class queueing system and investigates
how decision makers choose which patient is the next to be
seen by an available physician. They obtained strong evidence of
the practical use of a sophisticated prioritization behaviour that
is consistent with the APQ-h discipline and that, consequently,
supports the research carried out in this paper. Nevertheless, they
only consider the prioritization to the first consultation without
addressing the feedback of patients already in the process of
being treated.

A related research is exposed in the paper of Ferrand et al. [35],
where the patient flow management problem is analysed by
using a simulation model that reproduces a real life setting that
includes different acuity levels, and the stochastic environment.
They conclude that dynamic priority queues outperform other
approaches based on different implementations of fast tracks
for low priority patients. The main difference between the Fer-
rand et al.’s model [35] and ours is that we consider deadline
constraints for the first consultation, whose fulfilment becomes
an important goal in addition to the minimization of the LoS
(the only one considered in Ferrand et al. [35]). As a conse-
quence, we do not assume the policy of prioritizing treatment
over the first consultation as they do, and the management prob-
lem is addressed from a bi-objective point of view. In Zayas-Caban
et al. [36] the prioritization of treatment is also criticized in a
patient management problem focused on maximizing the profit
when a reward is obtained from patients that complete the treat-
ment and there could be abandonment of patients before the
treatment is complete.
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Table 2
Acronyms used in this paper.
Acronym Definition

General terms

ED Emergency Department
KPI Key performance indicator
CTAS Canadian Triage Acuity Scale
OFV Objective function value
SBO Simulation based optimization
DES Discrete event simulation model

Management policies

APQ Accumulative priority queue management policy
APQ-h Accumulative priority queue with a finite horizon management policy (an extension of the normal APQ)
PP Priority points
β1i Rate at which patients of class i who are waiting for the first consultation accumulate PP
β2i Rate at which patients of class i who are waiting for the second consultation accumulate PP
PR Pure priority rule
FCFS First come first served management policy
FIFO First in first out management policy
PR-1C 1st Consultation pure priority rule
PR-2C 2nd Consultation pure priority rule
PR-AI The acuity index pure priority rule
PR-HN The rule which is used by the majority of the medical stuff in the HCN

Key performance indicators

APT Arrival to provider time (‘‘door to doc’’)
LoS Length of stay
TWT Total waiting time

Classes of patients

1C Patients waiting for the first consultation
2C Patients waiting for the second consultation
HP High-priority patients
MP Medium-priority patients
LP Low-priority patients
1C-HP High-priority patients waiting for the first consultation
1C-MP Medium-priority patients waiting for the first consultation
1C-LP Low-priority patients waiting for the first consultation
2C-HP High-priority patients waiting for the second consultation
2C-MP Medium-priority patients waiting for the second consultation
2C-LP Low-priority patients waiting for the second consultation
P3 Priority 3 patients
P4 Priority 4 patients
P5 Priority 5 patients

Scenario factors and levels

F1 ED congestion level. It is the average occupation rate, ρ, f1 = {90%, 95%}

F2 Arrival (λ(t)) seasonality, f2 = {T0, Tu, Tp}
F3 Mix of patients, f3 = {B0, B3, B4, B5}
T0 Constant arrival rate of patients λ(t)
Tu Triangular pattern for the arrival rate λ(t), with a peak at 11:30 a.m. and a ratio of (λmax − λmin)/λmin = 0.5. It extends the triangular shape

across the entire time range
Tp Triangular pattern for the arrival rate λ(t), with a peak at 11:30 a.m. and a ratio of (λmax − λmin)/λmin = 0.5. It only applies the triangular

shape in the time range [10:00, 13:00], with the arrival rate out of this range being constant
B0 Equilibrated. Balanced distribution among all types of patients (1/3 of P3, 1/3 of P4 and 1/3 of P5)
B3 Biased mix of patients towards priority 3 patients (50% of P3, 25% of P4 and 25% of P5)
B4 Biased mix of patients towards priority 4 patients (25% of P3, 50% of P4 and 25% of P5)
B5 Biased mix of patients towards priority 5 patients (25% of P3, 25% of P4 and 50% of P5)

3. Prioritization of patients in emergency departments

3.1. Patient routing

Fig. 1 shows a flowchart of a patient being processed through
an ED. Patients arrive either by their own means (normal arrivals)
or in an ambulance, and in the first case, the administrative
registration process must be carried out. In a very short time,
patients gain access to the examination room, where a triage
process classifies the patients according to their severity. Usually,
EDs organize the patient care into two different care circuits, one
for the more critical patients and another for less critical patients.
In this paper, we pay attention to the patient flow management
in the less critical patient circuit which has dedicated physicians,
nurses and ancillaries that are not shared with the most critical
patient circuit.

Depending on the hospital and country, the triage process
usually uses one of the four ordinal ED triage scales [37] men-
tioned in the Introduction section. Without a loss of generality,
we consider that the triage classifies ED patients on 5 acuity
levels, as is the case of CTAS (Table 1: Access time is the upper
limit for the arrival to provider time, and performance level is the
minimum percentage of patients that should satisfy the access
time requirement).

After triage, all patients wait in a queue for the first consul-
tation (red arrow in Fig. 1), in which a physician is needed to
evaluate them. This first consultation can result in discharging the
patient from the ED (to a hospital ward or to the patient’s home)
or in ordering some clinical tests, such as blood tests, X-ray, scan,
specialist’s consultation, etc. Once the tests and complementary
diagnosis are carried out and their results are ready, the patient
re-enters the queue (blue broken line arrow in Fig. 1) and waits
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for a second consultation with the ED physician to be reviewed
before being discharged from the ED.

After concluding a consultation, a physician has to choose a
pending patient from the queue to provide a medical consulta-
tion. This queue is formed by patients of different priorities, and
within these priority categories, patients can be classified into one
of the following two categories: new patients who have arrived
just after triage or patients who have re-entered the queue for
being re-evaluated. The queue discipline implemented by the
physician greatly influences the quality of the service measures,
which are discussed in the next section.

3.2. Key performance indicators

Assuring quality care in the ED requires the development of in-
dicators that are valid, relevant, and feasible [38]. Welch et al. [39]
and Welch et al. [13] list various metrics by which ED perfor-
mance can be measured, such as the arrival to provider time (APT,
or ‘‘door-to-doc’’ time). This important time interval is widely
used in emergency healthcare services, since many illnesses are
time-dependent, and a delay in the diagnostic evaluation by a
qualified medical provider could be a health risk for the patient.
Most EDs define a maximum waiting time for each acuity level
and set performance goals related to them, as is explained in
Table 1’s CTAS; for example, class 1 patients, the most urgent,
should be immediately seen by the physician, while nonurgent
patients can wait up to 120 min. The ratio of patients whose APT
exceeds the time limit is considered a KPI.

There are also other important measures influenced by the
patient flow management policies, such as the arrival to discharge
time, called the ‘‘length of stay’’ (LoS), which has an impact
on the patient’s quality perception of the received healthcare
service. The LoS depends directly on the treatment needed. It
will be, in general, much greater for patients who need additional
diagnostic tests and a second consultation than for patients who
are discharged after the first consultation. The waiting times for
the first and the second consultation of a patient with acuity level
i are denoted by τi and νi, respectively. Thus, the total waiting
time (TWT) for a patient of acuity level i is τi when only one
consultation is needed and τi + νi when two consultations are
needed. Because the queue discipline implemented to manage the
physician waiting room directly impacts those waiting times, the
TWT is considered a KPI in this study.

Other KPIs could be considered, such as measuring the ‘‘over-
crowding’’ level, which affects the availability of resources and
causes an increase in the infection probability, the physician’s
stress level, waiting times, LoS [40], medical error probabil-
ity [41], and the patient’s perception of quality. Overcrowding
occurs when demand exceeds available capacity, i.e., when there
is no space left to meet the timely needs of the next patient re-
quiring emergency care; however, according to [42], ‘‘No measure
is universally applicable as a marker of overcrowding and should
be used with caution when comparing performance between
institutions’’. One scoring system that has become a national stan-
dard in the United States is the National ED Overcrowding Scale
(‘‘NEDOCS’’, http://www.nedocs.org), whose elements include to-
tal patients in the ED, as well as the waiting time of the longest
admitted patient, among others. Other studies, such as that of
Weiss et al. [43], which found, using multivariate regression
analysis, that the combination of patients in the waiting room and
the total registered patients was a better model than the NEDOCS
score for quantifying paediatric ED overcrowding. Little’s formula
relates the average number of patients in the waiting room with
the average waiting time. Thus, aiming at the minimization of the
TWT implies reducing the number of patients in the ED’s waiting
room, which is a main contributor to overcrowding.

3.3. Patient flow management policies

A patient flow management policy is a rule that determines
which patient will be the attended next by a physician when
he/she becomes available (after ending a consultation). The im-
plemented policies should be designed to achieve good ED per-
formance, which is assessed by a set of KPIs, such as those defined
in the previous section.

As has been mentioned, the physician’s queue of pending
patients is formed by several categories of patients, which are
defined by both the illness acuity level and the healthcare service
stage. The patients waiting in the physician consultation waiting
room can be in one of two stages, i.e., waiting for the first
consultation stage, denoted by 1C, or waiting for re-evaluation
after having some medical test, denoted by 2C. Without loss of
generality, we assume that the patients are classified into three
different levels of priority according to their illness acuity as
follows: high priority, denoted by HP; medium priority, denoted
by MP; and low priority, denoted by LP. Subsequent analysis
can be readily adapted to any number of acuity level categories.
Therefore, the patients in the physician waiting room can be
classified in one of the six categories represented in Fig. 2, which
are denoted by 1C-HP, 1C-MP, 1C-LP (high-, medium-, and low-
priority patients waiting for the first consultation) and 2C-HP,
2C-MP, 2C-LP (high-, medium-, and low-priority patients waiting
for the second consultation).

In the next subsections, policies based on pure priority disci-
plines and on accumulating priority queues are described.

3.3.1. Pure priority rules
The simplest queue disciplines are those based on pure pri-

ority rules. They are also the easiest to implement, which is
very convenient in a dynamic and stressful environment such as
the ED, especially when physicians have to apply them. A pure
priority discipline defines the total order among the categories of
patients and chooses the first patient in the non-empty highest
priority category. This total order has to be compatible with the
partial order induced by the different illness acuity levels in each
process stage. That is, in the total order 1C-HP < 1C-MP < 1C-LP
and 2C-HP < 2C-MP < 2C-LP; however, this order can be reversed
between different consultations, that is, 1C-MP < 2C-HP could be
possible. There are 20 different pure priority disciplines satisfying
this partial-ordering condition.

In this paper, we consider the four more meaningful pure pri-
ority disciplines, named PR-1C, PR-2C, PR-AI, and PR-HN. Table 3
contains a full description of the order in which each category
of patients is chosen according to each one of these four pure
priority disciplines. The 1st consultation pure priority (PR-1C)
rule always prioritizes a first consultation over a second one;
thus, the order among categories is as follows: 1C-HP, 1C-MP,
1C-LP, 2C-HP, 2C-MP, 2C-LP. The 2nd consultation pure priority
(PR-2C) rule always prioritizes the second consultation over the
first one; thus, the order among categories is as follows: 2C-
HP, 2C-MP, 2C-LP, 1C-HP, 1C-MP, 1C-LP. The acuity index pure
priority (PR-AI) rule prioritizes the patients according to their
illness acuity index, and within each priority, it prioritizes the
1st consultation over the 2nd consultation; thus, the order among
categories is as follows: 1C-HP, 2C-HP, 1C-MP, 2C-MP, 1C-LP, 2C-
LP. Finally, PR-HN is the one that is generally followed by the
majority of physicians in the HCN, which combines the PR-AI for
HP patients with the PR-2C for the MP and LP patients.

Each one of these priority disciplines is focused on achieving
a different objective. Discipline PR-1C attempts to hierarchically
minimize the APT by prioritizing all the first consultations. Dis-
cipline PR-2C hierarchically minimizes the number of patients in
the ED by discharging patients as soon as possible, giving priority

http://www.nedocs.org
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Fig. 1. Patient flowchart in the ED. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. Physician consultation queue structure: different priority categories of patients in two different stages.

Table 3
Ordering induced according to the types of patients by several pure priority
disciplines.
Discipline Order induced in the patient categories

1st 2nd 3rd 4th 5th 6th

PR-1C 1C-HP 1C-MP 1C-LP 2C-HP 2C-MP 2C-LP
PR-2C 2C-HP 2C-MP 2C-LP 1C-HP 1C-MP 1C-LP
PR-AI 1C-HP 2C-HP 1C-MP 2C-MP 1C-LP 2C-LP
PR-HN 1C-HP 2C-HP 2C-MP 2C-LP 1C-MP 1C-LP

to all second consultations to minimize their waiting time in the
system. Discipline PR-AI focuses on providing the best possible
treatment to the higher priority patients according to the acuity
index, assuring the APT limits first and then minimizing the TWT
in the ED.

3.3.2. Accumulation priority queues
The APQ management policy generalizes the pure priority

queue discipline by setting a discipline based on priority points
(PP) that patients of class i accumulate at a rate βi, where β1 ≥

β2 ≥ · · · ≥ βk, and k is the number of different classes of patients.
A class-i customer arriving at time t0 has accumulated βi(t − t0)
PP by time t . When the physician finishes a consultation, the
next patient to be seen is the one with the highest PP. Clearly,
the APQ model includes the FCFS discipline, obtained by setting
β1 = β2 = · · · = βk, and the pure priority disciplines, obtained
by setting βi = M ∗ βi+1, i = 1, . . . , k − 1 and M to a sufficiently
large value. Between both extremes of relationships among the
set of beta parameters (equality and very large differences), it
is possible to select appropriate values for them to weigh the
waiting time, which allows them to overtake a higher priority
patient.
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Fig. 3. Accumulation of priority points with the APQ-h policy for patients
classified in three acuity levels.

In this study, we also propose a modification of the APQ policy
that takes into account the time limit targets for each priority. It
is motivated by the empirical study of Ding et al. [11], already
described in the Introduction section, that analyses the patient
routing behaviours of ED decision makers in four EDs using CTAS
in Canada. They found that the behaviour of the routing decision
makers is best fit by a piece-wise linear concave marginal waiting
cost function for each triage level, in which marginal waiting
cost has a significantly positive slope below the point where the
slope changes and is nearly constant above the CTAS triage-level
target wait times. We name this APQ modified policy as the APQ
with finite horizon policy and denote it with APQ-h. Therefore,
the difference between this new policy and the original APQ is
that the accumulation of PP at a constant rate finishes at the
waiting time limits for the first consultation. From then on, no
more priority is accumulated which remains at the maximum
value that can be attained in for patients waiting for the first
consultation. However, as there is no waiting time target for
the second consultation, the limitation of PP does not apply for
patients waiting for the second consultation. This truncated APQ
model is represented in Fig. 3.

Therefore, an APQ-h discipline, as well as an APQ discipline,
is determined by the vector β of the slopes at which the differ-
ent categories of patients accumulate PP. In our setting with 6
categories of patients, β = (β1H , β1M , β1L, β2H , β2M , β2L), and in
the case of the APQ-h discipline, the parameters associated with
the first consultation can be replaced by parameters A, B and C,
denoting the maximum PP accumulated at the time limits for the
first consultation (see Fig. 3).

3.4. Determination of the optimal APQ-h discipline

In this subsection, we address the problem of finding the
optimal values for the vector of parameters β that determines the
APQ-h (or APQ) discipline with best performance according with
the KPIs defined in Section 3.2. The problem is multi-objective
and of a stochastic nature. The necessary notation to define the
optimization problem is:

i ≡ index denoting the class of the patient according to the
illness acuity index, i = 1, 2, 3 refer to patients of high, medium
and low priority, respectively.

λ̄i ≡ average arrival rate of patients of class i.
Ti ≡ APT limit (1st consultation time limit) for patients of

priority i.
τi ≡ waiting time for the 1st consultation for a patient of

priority i.
αi ≡ probability that a priority i patient is discharged after the

first consultation.

νi ≡ waiting time for the 2nd consultation for a patient of
priority i.

Xi ≡

{
0 if τi ≤ Ti
1 if τi > Ti

E (Xi) ≡ ratio of patients of priority i exceeding the APT limit,
Ti.

Pi ≡ target for the ratio of patients of priority i exceeding their
APT limit.

E (τi) ≡ expected TWT for priority i patients who only need
one consultation.

E(τi + νi) ≡ expected TWT for priority i patients needing two
consultations with a physician.

E (TWTi) = αiE (τi) + (1 − αi)E (τi + νi) ≡ expected TWT for a
patient of class i.

β1i ≡ slope of the linear accumulating priority function for
priority i waiting for the 1st consultation.

β2i ≡ slope of the linear accumulating priority function for
priority i waiting for the 2nd consultation.

The decision variables of the optimization problem are the
slopes β1i, β2i. The time limits Ti and the ratios Pi are the param-
eters of the problem reflecting the service quality goals, and the
expectations (E (Xi) − Pi)+, E (τi), and E(τi + νi) are the functions
to be minimized.

Then, the problem of finding the optimal APQ-h (or APQ)
management policy, particularized to the case with three types
of patients and two consultations, can be formulated as follows
in (1):

min
β

{
(E (X1) − P1)+ , (E (X2) − P2)+ , (E (X3) − P3)+ , E (τ1) , E (τ2) , E (τ3) ,

E (τ1 + ν1) , E (τ2 + ν2) , E (τ3 + ν3)

}
(1)

We address this multi-objective problem by the weighted sum
method, as follows:
Problem [P1]

min
β

W
(
u1λ̄1∆1 + u2λ̄2∆2 + u3λ̄3∆3

)
+

(
v1λ̄1E(TWT1)

+v2λ̄2E(TWT2) + v3λ̄3E(TWT3)
)

(2)

where ∆i = (E (Xi) − Pi)+ = max {(E (Xi) − Pi) , 0}.
The weightW expresses the importance of exceeding the goals

Pi compared to reducing a time unit of the total waiting time. The
sets of weights {u1, u2, u3} and {v1, v2, v3} indicate the relative
importance of achieving each objective in each type of patient.
We will consider that the importance of the types of patients is
objective-independent and then ui = vi. Moreover, each patient
category is weighted according to their average arrival rate λ̄i.

The objective function has no explicit expression in terms of
the decision variables. It is a stochastic function that needs to be
evaluated by simulation. Therefore, a simulation based optimiza-
tion (SBO) methodology is used to solve the optimization problem
[P1]. SBO is a tool typically used for analysis in the manufacturing
context but has not been used often in healthcare system analysis,
although it has already been used to find the optimal assignment
of resources in EDs (e.g., [44]) and to find optimal management
policies for hospital departments, (e.g., [45–47], in the case of
intensive care units).

The rationale of the SBO methodology is as follows: the opti-
mization procedure proposes values for the slopes β1i, β2i, that
define an APQ-h (or APQ) policy, which is the input for the
simulation model. The ED is simulated under this APQ-h (or APQ)
policy and the outputs – KPIs – are recorded and used to evaluate
the random objective. Then, the optimization procedure uses this
information and the history of the solutions already evaluated
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Fig. 4. Simulation based optimization approach.

to decide the next solution – APQ-h (or APQ) policy – to be
assessed by the simulation model. This process continues until
the stopping conditions of the optimization method are met (see
Fig. 4).

4. Case study

4.1. Description of the emergency department

The efficacy of the APQ-h and APQ management policies, as
well as their comparison with the pure priority rules, are tested
by using a simulation model that represents the ED of the Hos-
pital Compound of Navarre (HCN). Moreover, the management
policy currently followed by the majority of physicians in the
HCN’s ED, especially in days of severe overcrowding, does not
achieve the goals set by the ED managers, and therefore better
management policies should be investigated. The ED of the HCN
is located in Pamplona and assists a population of half a million
people with more than 140.000 annual users. The ED is staffed
24 h per day with board-certified emergency physicians. As in
many other EDs, it organizes the patient care into two different
care circuits: one for the more critical patients, i.e., circuit B, and
another for less critical patients, i.e., circuit A. In this study, we
focus on care circuit A, which has its own staff that is not shared
with the circuit B and treats patients of priorities 3, 4 and 5.

In the studied care circuit A, there are five exploration rooms
and a senior physician in each exploration room. The patient
routing within the care circuit is the same as that described in
Fig. 1, with patients of priorities 3 (P3), 4 (P4), and 5 (P5) arriving
to the ED system, which correspond to the high, medium, and low
priorities in Sections 2 and 3. The next subsection shows the data
analysis for adequately modelling the emergency department
(patients, medical stuff, care paths, etc.).
Data analysis

The hospital administration provided the electronic records
of all patients who visited the ED in the period from 2014–
2016. The records contain the arrival time, number of physician
consultations, medical test requests, description of the illness
and acuity, among others. These data facilitate the estimation
of the arrival pattern for each type of patient and the patient
path through the ED, including the probability of discharge after
the first consultation. However, the duration of the physician
consultation was not available in the hospital database and had to
be recorded in situ and complemented by eliciting the opinions
of physicians and other staff.

The patient arrivals are modelled as a nonhomogeneous Pois-
son process (NHPP) for each type of patient [48], with the in-
tensity of arrivals λi(t) depending on the patient class i, and the
hour of the day t (there is even a different pattern depending
on the day of the week). This seasonality, also observed in other
studies (e.g., [37]), depends on the acuity level of the patients in
such a way that the lower the acuity, the greater the intraday
and intraweek seasonal component [7] is. Fig. 5 shows the arrival
rates per hour for the three types of patients of circuit A across
the three types of days (holidays, day after a holiday and a normal
work day). The average arrival rate of patients across the day
(8:00–21:00) and week is 12.17 patients per hour.

The average service utilization across the day is 90.8%, but
the arrival rate is above the service rate for 3 h (10:00–13:00).
The maximum arrival rate peak occurs at the hourly interval
from 11:00–12:00, with a value of 129.87% of the service rate
(see Fig. 5). Table 4 contains the quantitative description of the
patient flow through the ED, including the probability distri-
butions for first and second consultations service time and the
discharge probabilities (αi) after the first consultation of each
priority i patient. Both consultations’ service times follow a log-
normal distribution with different location parameter value (µ)
and the same scale value (σ ), which leads to a different expected
duration.

The service rate of each type of day is calculated from the
estimated service time for each patient type and the mix of
patients of each type of day, which is slightly different from one
to another (the second column of Table 4 shows the percentages
of patients of each priority on days after a holiday). In this study,
we will focus on the most adverse day, the days after a holiday
(generally Mondays), in which a service rate of 2.66 patients per
hour and physician (13.30 in total, since there are five physicians
scheduled all day) is obtained.

4.2. Simulation model

A discrete event simulation (DES) model is built to assess
the performance of the ED under different queue disciplines and
under different working and demand pressure conditions. The
events simulated are as follows:

• Arrival of a new patient to the ED with properties such as
the priority level and the number of consultations needed.
The registration and triage process times are very small, and
patients never queue; then, in the simulation model, these
times are neglected. Therefore, if any of the physicians are
idle at the patient arrival time, the patient enters the first
consultation; however, if all physicians are occupied, then
the new patient joins the queue in the waiting room.

• End of a physician consultation The patient is then discharged
or exits the ED to begin the complementary diagnostic tests.
The physician begins a new consultation if there are any
patients waiting.

• Re-entry of a patient to the physicians’ waiting room after
medical test are carried out, and the results are ready. At this
moment, the patient joins the queue in the waiting room,
or the second consultation begins, if there is an available
physician.

The arrival of patients is simulated by sampling from the NHPP
and the duration of the physician consultation from the lognor-
mal distribution. The selection of the next patient to be seen by a
physician is simulated by following the rules of the queue disci-
pline that is implemented in the simulation model. The diagnostic
tests, specialist consultation, etc. are performed outside the limits
of the ED and are not the responsibility of the ED physicians.
Therefore, we keep this part of the hospital and care process out
of the limits of our model. The stochastic delay that this addi-
tional tests suppose is randomly simulated following a triangular
distribution (30, 60, 90) minutes. The simulated priority queue
system model is represented in Fig. 6.

The design of the simulation model is flexible enough to mod-
ify the mix of patients, the seasonality of the arrivals, the level
of congestion and the variability of the service times to create
many different representative scenarios of other hospitals’ EDs.
Thus, the robustness of a queue discipline can be investigated by
assessing its performance in a wide range of ED scenarios (see
Section 5).
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Fig. 5. Arrival rates of patients, total and according to priority, and service rates for each type of day.

Table 4
Percentage type of patient (day after a holiday), parameters of the lognormal distribution for the consultation
duration and discharge probability after C1.
Priority i %i Service time (min) for

the first consultation
(S1i): lognormal

Service time (min) for
the second consultation
(S2i): lognormal

Discharge probability after
the 1st consultation (αi)

µ1i σ1i µ2i σ2i

3 38.76 2.89 0.45 2.29 0.45 0.361
4 56.56 2.71 0.45 2.12 0.45 0.513
5 4.67 2.49 0.45 1.89 0.45 0.177

Fig. 6. ED priority queue model.

The simulation model was developed using the Arena Sim-
ulation software from Rockwell Automation [49], and 3D vi-
sualization was developed to help with the validation by ED
professionals. The ED professionals were shown the KPIs in real
time, such as the queue length and level of occupation and judged
them by their experience before accepting the model as valid.
A video of the simulation model can be seen at http://www.
unavarra.es/quphs/proyectos, or downloaded specifically at [50].

Moreover, several equivalence tests have been performed to
determine whether the means of simulated patients’ LoS are close
enough to be considered equivalent to the means of historical
patients’ LoS in the ED. The range of acceptable values for the dif-
ference was fixed in ten minutes (less than 5% of average length
of stay). This equivalence test was carried out for the six groups
of patients defined by priority and number of consultations. At a
significance level of 0.05 we could claim the equivalence of both
LoS means, from the historical data and from the simulation data,
in all six groups.

To determine the simulation run length necessary to accu-
rately estimate the KPI, a preliminary analysis was carried out by
running the simulation model for 15,000 days. The KPI estima-
tions were collected and graphically represented as a function of
the number of simulated days to identify the stabilization point.
As result of this analysis, it was determined that 2000 simulation
days are enough to obtain good KPI estimations (see Fig. 7).

4.3. Optimal prioritization policies

The problem [P1] is to find the optimal APQ-h policy to man-
age the patient flow of an ED such as the HCN’s described in 4.1. In
particular, we consider the management of the healthcare circuit
of lower priority patients (levels 3, 4, and 5). The values of the
parameters included in the objective function of the instance of
[P1] that is solved are in Table 5.

In addition, the values to weigh the importance between both
terms in the objective function and the relative importance of
achieving each objective in each type of patient were determined
by the ED physician co-author of this article, following a discus-
sion with her colleagues. Specifically, the objective independence
of the weights for each patient priority was set, that is, ui = vi.
Additionally, the objectives for priority 3 patients were set to
be twice as important as for priority 5 patients, and priority 4
patients were 50% more important than priority 5 patients. There-
fore, the priority weights were adjusted as follows: u3 = 2u5,
u4 = 1.5u5, and u5 = 1. Finally, a weight of W = 5 was assigned
when the patients exceeded the time limit, which is expressed in
percentage (ratio×100). The time unit is expressed in half-hours.
Therefore, the increment of 1% in the patients that exceed the first
consultation time limit is equivalent in the objective function to
an increment of 2.5 h in the total waiting time.

http://www.unavarra.es/quphs/proyectos
http://www.unavarra.es/quphs/proyectos
http://www.unavarra.es/quphs/proyectos
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Fig. 7. Estimation of the KPI values as a function of the number of simulated days.

Table 5
Parameters of the instance solved.
Parameter Value

Maximum APT limit (time unit: half-hours)

T3 1 (30 min)
T4 2 (60 min)
T5 4 (120 min)

Maximum ratio of patients exceeding the APT limit

P3 0.10
P4 0.15
P5 0.20

Average hourly arrival rate (patients/hour)

λ3 4.68
λ4 6.83
λ5 0.56

Probability of being discharged after the first consultation

α3 0.36
α4 0.51
α5 0.18

The parameters β are required to sum to 10 to facilitate
the comparison of the results among the different scenarios
and avoid multiple optimal solutions. The SBO technique de-
scribed in 3.4 was implemented in the ARENA simulation soft-
ware (Rockwell Automotion [49], Version 15), which is a suitable
software to implement discrete event simulation models and
OptQuest optimization software, which is based on the scatter
search metaheuristic, as proposed by Laguna and Martí [51].

The optimal values for the maximum priority accumulated
by patients waiting for the first consultation are 51.801 (β13 =

1.7), 33.288 (β14 = 0.5548) and 16.86 (β15 = 0.1405), for
patients of priority 3, 4 and 5, respectively. Then, the priority
accumulated by a priority 3 patient in almost 20 min equals the
priority accumulated by a priority 4 patient in 60 min and by a
priority 5 patient in almost three hours. The slopes for the second
consultation are 7.5775, 0.0005 and 0, which means that priority

5 patients are only seen by the physician for a re-evaluation
when the ED no longer has higher priority patients. Therefore, the
relative importance that should be given to the different stages
of the care process is not the same for all priorities, that is, the
dominance relation between β1i and β2i is not always the same
(β13 < β23 while β14 > β24).

The optimization process was also applied to determine the
optimal value of the APQ parameters, but no significant difference
was found in the ED performance (KPI values) when using the
optimal APQ-h. Thus, there is no practical difference in applying
any of both queue disciplines.

The simulation results for the KPI for pure priority disciplines
and the optimal APQ and APQ-h disciplines are shown in Table 6.
Disciplines APQ-h and APQ, and PR-1C are able to achieve the
goals for the probability of patients exceeding the time limit
but they are not achieved by the other disciplines, including
the currently used one. It should be noted that particularly, the
currently used pure priority rule in the HCN’s ED, PR-HN, has
their KPIs out of control and are considerably improved with the
optimized new policy APQ-h (and also by the APQ).

The APQ and APQ-h policies’ KPIs E (Xi) , i ∈ {3, 4, 5} fall
within the limits; however, as is expected, the PR-1C is the
only pure priority policy whose KPIs E (Xi) are also within the
boundaries. This policy focuses on assisting patients waiting for
the first consultation, which leads to better values for E (Xi) –
further from the limits – while the rest of the performance KPIs
and, consequently, the objective function value are significantly
worse.
Display and interpretation of the simulation results using star
graphs

In this subsection, the ED performance when using pure dis-
ciplines to manage the patient flow of an ED such as the HCN
is compared with the ED performance when using the optimal
APQ-h and APQ, combining the two factors taken into account.
The simulation results for the KPIs and the value of the objective
function are displayed by using a star graphs (see Fig. 8). The
upper vertical axis (OFV ) represents the objective function value
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Table 6
KPI for pure priority disciplines and APQ and APQ-h.
Discipline PR-AI PR-1C PR-2C PR-HN APQ & APQ-h

Ratio of patients exceeding the time limit Pi .
(P3 = 0.1, P4 = 0.15, P5 = 0.2)

E (X3) <0.001 <0.001 0.004 <0.001 0.061
E (X4) 0.111 0.016 0.148
E (X5) 0.066 0.199

Total waiting time

Patients who need a
single consultation

E (τ3) 2.838 2.885 5.458 2.747 9.552
E (τ4) 21.474 9.683 44.564 45.420 26.494
E (τ5) 171.137 28.978 166.449 168.034 54.699

Patients who need medical
tests (2 consultations)

E (τ3 + ν3) 7.596 65.038 8.021 7.394 18.816
E (τ4 + ν4) 129.149 155.640 47.341 51.224 113.371
E (τ5 + ν5) 235.253 226.350 169.732 172.291 223.557

Objective function value 103.723 44.511 858.719 879.589 31.990

while the first three axes clockwise show the ratios of patients ex-
ceeding the APT limit for each priority (E (X3), E (X4), and E (X5)).
The values below the upper limits for each priority objective are
in black and those above them are in red.

The next three axes clockwise (E (τ3) , E (τ4), and E (τ5)) rep-
resent the expected TWT in the ED system of patients who
only need a single consultation with the physicians, while the
last three axes (E (τ3 + ν3) , E (τ4 + ν4), and E (τ5 + ν5)) display
the expected TWT in the ED system of patients who are not
discharged after the first consultation. Because the goal is to
minimize all KPIs and the objective function, the nearer each
value is to the centre of the chart, the better the performance
is.

Fig. 8 displays and compares the KPIs obtained by the analysed
queue disciplines in the real HCN scenario. The star plot on the
right displays the KPIs for the PR-HN (the rule which is used by
the majority of the medical stuff in the HCN) and the optimal
APQ-h and APQ, while the star plot on the left displays those
for the pure priority rules PR-1C, PR-2C, and PR-AI. The APQ-h
and APQ policies provides results for E[Xi] that are lower than
but close to the Pi boundaries, which produces both no penalties
and room to improve the results in the other KPIs. The discipline
PR-1C respects the Pi limits, while the PR-AI, PR-2C, and PR-HN
policies do not (PR-AI: E (X5) = 0.457 > 0.2; PR-2C: E (X4) =

0.300 > 0.15, E (X5) = 0.452 > 0.2; PR-HN: E (X4) = 0.306 >

0.15, E (X5) = 0.453 > 0.2).
However, because PR-1C prioritizes the first consultation, the

E[τi + νi] values are worse than those obtained by APQ-h and
APQ (65.04 vs. 18.82, 155.64 vs. 113.37, and 226.35 vs. 223.557
for E[τ3 + ν3], E [τ4 + ν4], and E [τ5 + ν5]), respectively. As a
consequence, the APQ type policies obtains a better global per-
formance, as measured by the value of the objective function.

4.4. Sensitivity analysis for the criteria’s importance

In this section, we analyse the robustness of the optimal
solutions to the APQ type policies’ parameters when the weight
W in (2) is varied. The weight fixed by the physicians (W = 5)
– whose main objective is to achieve the performance level for
the APT limits – is considered to be one of the extreme values
for the range of studied values. From that point, the weight is
being reduced until a minimum of 0.2 is reached (at this point
the worsening of 1% in the number of patients that exceed the
time limit for first consultation is equivalent to increase the total
waiting time in 6 min).

W is varied in the range [0.2, 5] and the following two different
optimal solutions are found: one is optimal for W varying from
0.2 to 0.3 and the other is optimal for W varying from 0.4 to 5.
The solution for W ≥ 0.4, provides ∆i = 0, i = 3, 4, 5, and then
the first part of the objective is fully minimized with a value of
zero. The solution is that mentioned in the previous section (the
optimal solution for the case study). Fig. 9 shows the KPI values

for each solution through the interval of values [0.2, 0.7] with
steps of 0.1 (note that there is no change from 0.4 onwards).

However, from W = 0.2 to W = 0.3, ∆5 > 0 due to the
domination of the objective function by the minimization of the
TWT (objective 2). The TWT of priority 4 patients is significantly
reduced (E (τ4) is reduced from 26.494 to 23.776 and E (τ4 + ν4)
from 113.371 to 86.179), which represents 57% of the patients.
The priority 3 patients’ waiting time is almost the same, while the
waiting time of priority 5 patients worsens. The optimal solution
in this case is β13 = 1.359, β14 = 0.6580, β15 = 0, β23 = 8.0051,
β24 = 0.0010, and β15 = 0. Contrary to the previous solution,
in this case, priority 4 patients who are waiting for their second
consultation have a greater accumulating priority rate than all
priority 5 patients, who are only assisted if there are no other
patients in the ED.

5. Extended simulation study to a general set of ED scenarios

5.1. Selection of scenarios

In this section, an extended analysis of the performance and a
comparison between pure priority disciplines and optimal APQ-h
and APQ disciplines are carried out in different ED scenarios. The
set of scenarios is designed from the HCN ED, which is described
in Section 4, by varying the average occupancy rate, the pattern
of the intraday seasonality, and the composition of the mix of
patients. Specifically, we consider the following values for the
abovementioned factors:

• ED congestion level (named as factor 1 and denoted by
F1): The average occupation rates ρ of 90% and 95% are
considered. The number of physicians is maintained while
the patient arrival rate is modified accordingly.

• Arrival seasonality (F2): Three arrival seasonality patterns
are considered, ranging from no seasonality (constant ar-
rival rate of patients, denoted as T0) to a maximum hourly
seasonality, which is described by two different triangular
patterns for the arrival rate λ(t), both with a peak at 11:30
a.m. and a ratio of (λmax − λmin)/λmin = 0.5. The first trian-
gular pattern, denoted as Tu, extends the triangular shape
across the entire time range, while the second triangular
patterns, denoted as Tp, only applies the triangular shape
in the time range [10:00, 13:00], with the arrival rate out of
this range being constant (see Fig. 10). As a consequence,
each one of the three seasonality patterns have different
values for λmax.

• Mix of patients (F3): Four different mixes of patients are
considered as follows: balanced distribution among all types
of patients (1/3 of P3, 1/3 of P4 and 1/3 of P5) and a biased
mix towards each priority (50% of P3, 25% of P4 and 25% of
P5; 25% of P3, 50% of P4 and 25% of P5; and 25% of P3, 25%
of P4 and 50% of P5). These scenarios are denoted by B0, B3,
B4 and B5, respectively.
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Fig. 8. Star plot of the simulated results of the real ED scenario of the HCN.

Fig. 9. Outcomes of the optimal solution for different objective functions (W ranging from 0.2 to 0.7 as there is no change from 0.4 onwards): total waiting time in
the system (left graph) and ratio of patients exceeding the time limit for the first consultation (right graph). The latter represents the values that does not achieve
the target for the ratio (above the limit) in dashed line and those that does (equal or below the limit) in solid line. The crosses indicates the change-points.

Each scenario is denoted by a vector (f1, f2, f3), where fi is the level
of factor Fi, i = 1, 2, 3, and f1 ∈ 90%, 95%, f2 ∈ T0, Tu, Tp, and
f3 ∈ B0, B3, B4, B5. Then, a total of 24 scenarios will be analysed
with the simulation model.

5.2. Analysis of the results

Influence of the demand factors on the ED performance. The
results from the simulation of the different ED scenarios show
the influence of the demand factors (quantity, seasonality and
typology) on the ED performance. This influence is visualized
in Table 7, which displays three selected sets of ED scenarios
results by disclosing the value for every KPI considered: the
policy applied is in first column, the objective function value is
in second column, the time target objective values for P3, P4, and
P5 priority patients are in columns third (E(X3)), fourth (E(X4) )
and fifth (E(X5) ) respectively, the APT for P3, P4, and P5 are in
sixth (E(τ5) ), seventh (E(τ4)), and eighth (E(τ5)) columns and the
TWT for P3, P4, and P5 patients who need two consultations are in
ninth E(τ3 + ν3) ), tenth (E(τ4 + ν4)), and
eleventh (E(τ5 + ν5) ) respectively. The last two columns are
the description of each scenario and the improvement of the
objective function value with respect to the best Pure Priority
Rule. The first set of scenarios are of type (90%, Tu, -); that is, they
differ in the mix of patients. The scenarios in the second set are
of type (95%, Tu, -); that is, they only differ from the scenarios

in the first set in the congestion level, that is, of 95%. Finally,
the scenarios in third set are of type (95%, -, B4); that is, they
differ in the seasonality pattern for the arrivals. The following
observations can be extracted from this table and, in general,
from all scenarios results:

• The results are very sensitive to the increase in the occu-
pancy ratio from 90% to 95% (the KPIs worsen from the first
row, 90%, to the second row, 95%).

• The mix of patients also has a large influence; the higher the
severity of patients who represent the maximum percentage
in the mix of patients, the worse the performance is (as
observed in the first and second rows).

• The seasonality also influences the performance. The best
results are observed in the case of homogeneous arrivals,
and the worst results are observed in the case of a triangular
pattern extended throughout the day.

APQ-h versus the pure priority disciplines: performance com-
parison

The simulations of the different ED scenarios ruled with pure
priorities and APQ-h and APQ disciplines produced results that
highlight the very different behaviours of all of them; while each
pure priority focused on the achievement of a specific subset of
KPIs, disregarding the others, the APQ-h and APQ policies are
able to balance all the KPIs according to their relative importance



M. Cildoz, A. Ibarra and F. Mallor / Operations Research for Health Care 23 (2019) 100224 13

Fig. 10. The three patterns for the seasonality of the arrivals: from top to down scenarios T0, Tu and Tp, respectively.

expressed through the weights in the objective function. This
general statement is graphically visualized in Fig. 11, in which
the simulated results of all the ED scenarios are represented in
the same star plot for each queue discipline.

The PR-2C policy prioritizes the minimization of the TWT for
patients who need medical diagnostic tests. The shape created in
Fig. 11 by the KPIs associated with the PR-2C policies is graphi-
cally shifted to the right and down, as this pure discipline focuses
on discharging patients waiting for the second consultation, that
is, on E (τi + νi). In cases of a high congestion and a high percent-
age of high priority patients, disregarding the first consultation
produces the non-fulfilment of the time limits for the APT and,
therefore, the results in positive values for the ratio ∆i.

The PR-1C policy prioritizes the minimization of the TWT for
patients who need a single consultation. Opposite to PR-2C, the
shape created in Fig. 11 by the KPIs associated with the PR-2C
policies is graphically shifted to the top left, as this pure discipline
only pays attention to the APT limit target, ignoring the waiting
time for the second consultation, νi. Therefore, ∆i = 0 and the
E (τi) values are small but the E (τi + νi) values are large.

The PR-AI policy prioritizes the minimization of the APT and TWT
for the highest priority patients. The shape created in Fig. 11 by

the KPIs associated with the PR-AI policies is a mixture of the
previous ones, i.e., the best results in all KPIs for the highest
priority patients and the worst for the lowest priority patients.

The PR-HN policy prioritizes the minimization of the APT and
TWT for the highest priority patients and the minimization of the
TWT for patients of other priorities who need medical diagnostic
tests. The shape created in Fig. 11 by the KPIs associated with
the PR-HN policies is similar to the shape created by the PR-
2C policies. The difference is that the values for the highest
priority KPIs, E (τ3 + ν3) and E (τ3), are nearer to the centre of the
chart.

The optimal APQ-h and APQ policies produce balanced results.
The optimal APQ-h and APQ policies obtain worse results than
PR-1C for E (τi), although they achieve ∆i = 0 and better results
for E (τi + νi). The opposite is concluded when compared with
PR-2C, i.e., the results are better for E (τi) and ∆i but worse for
E (τi + νi). When compared with PR-AI, the results are worse for
the highest priority patients but better for the lower priority
patients. Therefore, the shapes of the star plots associated with
the APQ-h and APQ policies are more centred and close to the
central point than the shapes of the other policies, meaning more
balanced results are obtained.
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Table 7
KPIs for three selected sets of ED scenarios.
Queue
discipline

Obj E (X3) E (X4) E (X5) E (τ3) E (τ4) E (τ5) E (τ3 + v3) E (τ4 + v4) E (τ5 + ν5) Scenario APQ-h & APQ
improvement

(90%, Tu, -)

PR-AI 160.97 0.00 <0.01 0.06 2.21 5.25 28.90 5.40 15.26 112.07
F1: 90%;
F2:Tu;
F3: B0

0%
PR-1C 230.70 0.00 <0.01 <0.01 2.24 3.63 8.47 27.51 54.68 112.30
PR-2C 107.42 <0.01 0.01 0.15 4.29 9.58 51.13 6.43 11.92 53.84
PR-HN 115.53 0.00 0.01 0.16 2.17 10.05 51.71 5.38 13.87 56.25
APQ-h & APQ 107.59 <0.01 0.01 0.15 3.75 9.72 51.30 6.09 12.06 54.69

PR-AI 179.01 0.00 <0.01 <0.01 2.04 3.53 14.73 4.66 8.36 95.07
F1: 90%;
F2:Tu;
F3: B5

<1%
PR-1C 219.59 0.00 0.00 <0.01 2.07 2.82 6.63 22.23 36.82 95.35
PR-2C 103.02 <0.01 <0.01 0.08 4.00 6.50 37.97 5.99 8.68 40.73
PR-HN 108.58 0.00 <0.01 0.08 1.98 6.85 38.26 4.61 9.76 42.19
APQ-h & APQ 102.96 <0.01 <0.01 0.08 3.31 6.65 38.05 5.44 8.68 41.34

PR-AI 155.07 0.00 <0.01 0.12 2.12 5.12 41.71 4.84 19.70 122.97
F1: 90%;
F2:Tu;
F3: B4

0%
PR-1C 235.59 0.00 <0.01 <0.01 2.15 3.89 10.02 27.59 59.45 122.63
PR-2C 110.37 <0.01 0.01 0.20 3.90 10.40 61.22 5.97 12.79 64.26
PR-HN 124.77 0.00 0.01 0.20 2.09 10.64 61.57 4.87 13.98 65.85
APQ-h & APQ 110.94 0.00 0.01 0.20 2.93 10.56 61.15 5.76 13.39 64.77

PR-AI 158.37 <0.01 0.03 0.13 2.53 9.97 45.46 7.41 27.57 126.60
F1: 90%;
F2:Tu;
F3: B3

20%
PR-1C 256.74 <0.01 <0.01 <0.01 2.59 4.79 9.89 36.30 78.57 126.67
PR-2C 244.57 <0.01 0.06 0.21 5.36 15.74 64.96 7.59 18.37 67.47
PR-HN 251.56 <0.01 0.07 0.21 2.49 16.73 66.37 7.32 23.52 72.77
APQ-h & APQ 126.33 0.02 0.09 0.20 6.77 17.49 57.00 10.71 24.16 62.41

(95%, Tu, -)

PR-AI 247.60 0.00 <0.01 0.13 2.46 6.44 45.17 6.08 19.69 169.50
F1: 95%;
F2:Tu;
F3: B0

27%
PR-1C 370.02 0.00 <0.01 <0.01 2.51 4.28 11.19 41.67 86.75 169.89
PR-2C 1693.08 <0.01 0.02 0.27 4.94 12.10 78.88 7.24 14.77 82.25
PR-HN 1668.13 0.00 0.02 0.28 2.40 12.59 79.66 6.04 17.01 85.12
APQ-h & APQ 180.28 0.07 0.14 0.20 9.96 22.49 60.53 14.64 28.44 66.53

PR-AI 282.31 0.00 <0.01 0.02 2.26 4.02 21.80 5.23 9.98 145.47
F1: 95%;
F2:Tu;
F3: B5

0%
PR-1C 352.40 0.00 0.00 <0.01 2.30 3.21 8.47 33.03 57.85 145.94
PR-2C 155.47 <0.01 <0.01 0.17 4.58 7.75 58.18 6.76 10.17 61.02
PR-HN 153.97 0.00 <0.01 0.17 2.21 8.13 58.57 5.17 11.51 62.75
APQ-h & APQ 155.46 <0.01 <0.01 0.17 3.81 7.81 58.28 6.13 10.13 61.81

PR-AI 435.44 <0.01 <0.01 0.21 2.37 6.36 66.02 5.47 27.30 184.93
F1: 95%;
F2:Tu;
F3: B4

48%
PR-1C 378.37 <0.01 <0.01 0.01 2.41 4.66 13.97 41.53 93.64 185.01
PR-2C 2220.07 <0.01 0.03 0.33 4.48 13.52 95.78 6.76 16.22 99.20
PR-HN 2196.88 0.00 0.03 0.33 2.32 13.87 96.25 5.45 17.70 100.96
APQ-h & APQ 195.82 0.02 0.14 0.20 7.51 24.39 63.95 13.59 31.18 79.45

PR-AI 522.48 <0.01 0.05 0.22 2.85 13.04 69.98 8.66 37.68 183.51
F1: 95%;
F2:Tu;
F3: B3

46%
PR-1C 395.08 <0.01 <0.01 <0.01 2.89 5.74 13.51 53.15 118.20 183.64
PR-2C 2144.24 <0.01 0.10 0.33 6.22 20.84 97.85 8.65 23.82 99.89
PR-HN 2152.75 <0.01 0.11 0.33 2.77 22.18 99.53 8.49 30.11 106.13
APQ-h & APQ 213.26 0.05 0.15 0.20 8.40 26.42 63.46 14.93 33.36 126.48

(95%, -, B4)

PR-AI 187.94 <0.01 <0.01 <0.01 2.15 3.63 14.07 4.88 8.68 94.22
F1: 95%;
F2:T0;
F3: B5

0%
PR-1C 226.95 <0.01 0 <0.01 2.17 2.95 6.70 20.76 34.71 94.53
PR-2C 108.41 <0.01 <0.01 0.07 4.17 6.81 37.24 6.25 9.08 40.10
PR-HN 107.13 0.00 <0.01 0.07 2.06 7.09 37.62 4.81 10.13 41.64
APQ-h & APQ 108.30 <0.01 <0.01 0.07 3.46 6.90 37.37 5.64 9.06 40.76

PR-AI 216.66 0.00 <0.01 0.18 2.35 6.34 58.32 5.36 26.05 164.97
F1: 95%;
F2:Tp;
F3: B4

21%
PR-1C 336.36 0.00 <0.01 0.01 2.40 4.65 13.88 37.17 81.93 164.92
PR-2C 1544.95 <0.01 0.03 0.29 4.41 13.17 84.17 6.61 15.80 87.77
PR-HN 1552.25 0.00 0.03 0.29 2.29 13.45 84.71 5.33 17.18 89.57
APQ-h & APQ 171.90 0.02 0.11 0.20 7.69 21.04 61.43 13.00 26.68 68.54

PR-AI 435.44 <0.01 <0.01 0.21 2.37 6.36 66.02 5.47 27.30 184.93
F1: 95%;
F2:Tu;
F3: B4

48%
PR-1C 378.37 <0.01 <0.01 0.01 2.41 4.66 13.97 41.53 93.64 185.01
PR-2C 2220.07 <0.01 0.03 0.33 4.48 13.52 95.78 6.76 16.22 99.20
PR-HN 2196.88 0.00 0.03 0.33 2.32 13.87 96.25 5.45 17.70 100.96
APQ-h & APQ 195.82 0.02 0.14 0.20 7.51 24.39 63.95 13.59 31.18 79.45

Table 8 compares the values of the objective function obtained
for each discipline in each of the 24 ED scenarios analysed and
quantifies the improvement obtained by the APQ-h and APQ
policies with respect to the best pure priority policy. Table 10
of Appendix displays the detailed results for each scenario by
disclosing the value for every KPI considered. The last columns of
Table 8 show the optimal APQ-h and APQ policy in terms of the
values of βi. Generally, the highest improvements are obtained in
the toughest environments for the ED, that is, the 95% occupation

level, seasonality in the patient arrivals and high percentages of
high severity patients. For low occupation levels (90%), almost no
improvement is achieved, as the optimal APQ-h and APQ policies
are very similar to the best pure priority rule solution (PR-2C)
– giving more importance to the second consultation than to
the first one, as it is easy to obtain the time target limit. For
example, in the first row scenario, the slopes are 0.0396, 0.0001,
and 0 for first consultations (β13, β14, and β15 respectively), and
5.7720, 4.1227, and 0.0656 for second consultations (β23, β24, and
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Fig. 11. Representation of the scenarios KPIs ruled by the PR-2C, PR-AI, PR-1C, PR-HN, APQ-h and APQ policies.

β25respectively), and the objective function value obtained for
the APQ-h and APQ policy are almost the same as for the PR-2C
policy.

The similarity between the optimal APQ-h and APQ policies
and one pure priority policy is observed in other ED scenarios.
However, having no strict priority imposed by the APQ-h (or
APQ) policy can enormously affect the KPI results. This fact is
illustrated in Table 9, which contains the KPI results and APQ-h
optimal solution for the (95%, Tu, B0) ED scenario. This optimal
policy favours the ED discharge of patients by assigning larger
slopes to patients waiting for the second consultation, i.e., ((β23 =

9.1343) > (β24 = 0.2565) > (β25 = 0.2414) > (β13 = 0.2402) >

(β14 = 0.1274) > (β15 = 0.0002)). However, even if the order
of attending patients seems to be similar to the PR-2C discipline,
the flexibility of the APQ type policies allows P3 and P4 patients
who have been waiting for their first consultation for a long time
to overtake patients who have been waiting for less time for their
second consultation. As a result, the PR-2C policy does not fulfil
∆i = 0, but the APQ-h and APQ policies do, and the objective
function value is 1693.08 for PR-2C and 180.28 for the APQ-h and
APQ policy.

6. Conclusions

In this paper, the performance of the APQ-h and APQ policies
in a real ED setting that considers the stochasticity in the arrivals
of patients and the different stages of the health care process has
been investigated. Therefore, this study extends the theoretical
results obtained in studies [12,52] that assumed a homogeneous
Poisson process for the arrivals and only one stage for the patient
treatment. The results show that ED performance is better when
it is managed with the APQ or APQ-h policy than with other
priority policies. This observation supports the use of any of
both policies in practice to manage the ED patient flow, in fact
the APQ-h is already followed in some EDs, as reported in [11].
We identify that managers of the ED hospitals included in Ding
et al.’s study [11] apply a structure for queue discipline that is
equal to the APQ-h. This policy that might seem counterintuitive

because the patients stop accumulating priority points, in fact,
states that from that moment on the patients waiting for first
consultation are selected by priority and a FIFO rule within each
category, which is a rule widely used to manage EDs as it is
mentioned in the introduction (see, for example, Taylor et al. [16],
Haussman [17], Siddharthan and Jones [18], Laskowski et al. [19],
Mokaddis et al. [20]). Any patient of high priority having reached
the time limit for the first consultation will never be overtaken by
other patient of lower priority waiting for the first consultation,
independently of their respective waiting times. Only patients
having waited for a very long time for their second consultation
could overtake such high priority patient. We use a simulation-
based optimization methodology to obtain the optimal APQ-h and
APQ policies that are superior compared to other pure priorities
disciplines, especially when high congestion and non-stationary
ED environments are considered. Moreover, in the case study
of the ED of the HCN, the use of APQ-h and APQ significantly
outperforms the current priority rule, PR-HN, whose obtained
KPIs were out of control.

However, the analysis also shows that in not very congested
ED scenarios, with a time-regular affluence of patients, the ap-
plication of APQ-h or APQ has no advantage over the best pure
priority policy. In these cases, it is recommended to apply the
pure priority discipline because it is easier to implement and is
very convenient in a dynamic and stressful environment such
as the ED, especially when physicians have to apply them. Fur-
thermore, pure priority disciplines require less information, only
requiring the type of patient and the stage of healthcare process
but not the recording of the waiting time for each patient, as it is
necessary with the APQ-h and APQ policies.

The analysis of the ED performance was carried out by con-
sidering several KPIs related to the APT and the waiting time for
consultations. Other specific KPIs could be considered to assess
the performance of the ED under different patient flow man-
agement policies. Nevertheless, the application of pure priority
rules is goal- and objective-independent, and therefore, ED per-
formance will remain unchanged. The computational analysis
carried out in this paper shows that these rules can be optimal
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Table 8
Summary of the objective value of each scenario with the different queue disciplines and the improvement of the optimal APQ-h and APQ with respect to the best
pure priority rule.
Scenario Management policy APQ-h solution

F1 F2 F3 PR-AI PR-1C PR-2C PR-HN APQ-h
& APQ

Improvement β13 β23 β14 β24 β15 β25

0.9

T0

B0 106 145 75 81 75 0% 0.0396 5.7720 0.0001 4.1227 0.0000 0.0656
B5 113 137 71 75 71 0% 0.0368 4.9629 0.0001 4.9437 0.0000 0.0565
B4 103 145 76 81 76 0% 0.0443 4.9691 0.0001 4.9539 0.0000 0.0326
B3 108 161 82 88 82 0% 0.0601 7.8318 0.0001 2.0637 0.0000 0.0443

Tp

B0 143 205 98 106 98 0% 0.0608 5.7806 0.0001 4.1199 0.0000 0.0386
B5 158 196 94 99 94 <1% 0.0376 5.3776 0.0001 4.5459 0.0000 0.0388
B4 139 208 101 108 101 0% 0.0608 4.9572 0.0001 4.9453 0.0000 0.0366
B3 144 230 108 115 108 0% 0.0601 8.8210 0.0001 1.0723 0.0000 0.0465

Tu

B0 161 231 107 116 108 0% 0.0602 5.3336 0.0001 4.5612 0.0000 0.0449
B5 179 220 103 109 103 <1% 0.0407 5.7440 0.0001 4.1624 0.0000 0.0528
B4 155 236 110 125 111 0% 3.4125 3.9649 0.0013 2.1180 0.0000 0.5033
B3 158 257 245 252 126 20% 0.1202 9.5409 0.0967 0.1213 0.0001 0.1208

0.95

T0

B0 171 240 114 114 114 0% 0.0479 5.7642 0.0001 4.1353 0.0000 0.0525
B5 188 227 108 107 108 0% 0.0456 5.9277 0.0001 3.9886 0.0000 0.0380
B4 164 244 117 117 117 0% 0.0653 9.7665 0.0001 0.0999 0.0000 0.0682
B3 163 254 119 122 120 0% 0.0603 9.8036 0.0001 0.0681 0.0000 0.0679

Tp

B0 225 330 895 879 159 29% 0.1211 9.4163 0.0825 0.2582 0.0001 0.1218
B5 253 315 142 141 142 0% 0.0433 4.9817 0.0001 4.9343 0.0000 0.0406
B4 217 336 1545 1552 172 21% 0.1217 5.0678 0.0726 4.6173 0.0001 0.1205
B3 212 349 1522 1538 185 13% 1.3123 5.8177 0.4861 2.3816 0.0007 0.0016

Tu

B0 248 370 1693 1668 180 27% 0.2402 9.1343 0.1274 0.2565 0.0002 0.2414
B5 282 352 155 154 155 0% 0.0378 5.3497 0.0001 4.5821 0.0000 0.0303
B4 435 378 2220 2197 196 48% 0.2401 7.0783 0.126 2.3531 0.0002 0.2023
B3 522 395 2144 2153 213 46% 1.7532 5.1798 0.1021 2.9624 0.0024 0.0001

Table 9
KPI results and APQ-h optimal solution for the (96%, Tu, B0) ED scenario.
Scenario Queue

discipline
Obj E (X3) E (X4) E (X5) E (τ3) E (τ4) E (τ5) E (τ3 + v3) E (τ4 + v4) E (τ5 + ν5) Slopes obtained by

solving the
optimization problem

F1: 95%;
F2:Tu;
F3: B0

PR-AI 247.60 0.00 <0.01 0.13 2.46 6.44 45.17 6.08 19.69 169.50 β13 = 0.2402
β23= 9.1343
β14 = 0.1274
β24= 0.2565
β15 = 0.0002
β25= 0.2414

PR-1C 370.02 0.00 <0.01 <0.01 2.51 4.28 11.19 41.67 86.75 169.89
PR-2C 1693.08 <0.01 0.02 4.94 12.10 78.88 7.24 14.77 82.25
PR-HN 1668.13 0.00 0.02 2.40 12.59 79.66 6.04 17.01 85.12
APQ-h &
APQ

180.28 0.07 0.14 0.20 9.96 22.49 60.53 14.64 28.44 66.53

for certain objectives but provide very bad values for others. For
example, in non-congested EDs, the PR-2C policy works better
than the rest of the pure priority rules, while in very congested
EDs, the PR-1C policy works better, especially when great im-
portance is given to avoiding exceeding the APT limit. However,
by definition, optimal APQ-h and APQ policies are objective-
and goal-dependent, which provides them with a flexibility that
managers can use to adapt them to achieve specific objectives or
to obtain solutions that balance all of them.

The introduced APQ-h discipline is a modification of the APQ
discipline, justified by the previous empirical study [11]. In our
computational study, we optimized the parameters of both types
of policies to compare them and to determine which one is better
or in which ED scenarios one outperforms the other, but in all
tested scenarios both policies produced the same results. Differ-
ences in KPI values were in decimals, which is attributable to
the non-exact optimization procedure and the evaluation of the
KPIs by simulation. Therefore, given that no practical differences
between them have been found in any of the analysed scenarios
with the considered objective functions and both of them have
been found to be superior to the other pure priority policies, any
of both modalities of the APQ policies could be recommended
to be implemented for the management of the ED patient flow.
However, although we have not found scenarios in which they
differ, their structure is somewhat different, and it is possible that

in some situations or under different objective functions, one of
the two disciplines will surpass the other. This issue remains to be
investigated. Moreover, it would also make sense to investigate a
non-linear rate for accumulating priority by taking into account
the slack of a patient until the APT is exceeded. Finally, the prob-
lem has been solved using commercial optimization software,
which, in some scenarios, has shown a slow convergence to the
optimal solution. Therefore, treating the problem from a multi-
objective point of view and developing an efficient optimization
algorithm to estimate the Pareto frontier remains an objective for
future research.
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Appendix

Table 10 displays each scenario detailed results by disclosing
the value for every KPI considered: the policy applied is in first
column, the objective function value is in second column, the
time target objectives values for P3, P4, and P5 priority patients
are in columns third (E (X3)), fourth (E (X4)) and fifth (E (X5)) re-
spectively, the APT for P3, P4, and P5 are in sixth (E (τ5)), seventh
(E (τ4)), and eighth (E (τ5)) columns and the TWT for P3, P4, and
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Table 10
Summary of the objective and KPI values of each scenario with the different queue disciplines and the improvement of the optimal APQ-h & APQ with respect to
the best pure priority rule.
Queue
discipline

Obj E (X3) E (X4) E (X5) E (τ3) E (τ4) E (τ5) E (τ3 + v3) E (τ4 + v4) E (τ5 + ν5) Scenario APQ-h & APQ
improvement

PR-AI 106.15 0.00 <0.01 0.02 2.06 4.44 17.99 4.88 12.08 68.84
F1: 90%;
F2:T0;
F3: B0

0%
PR-1C 145.03 0.00 <0.01 <0.01 2.10 3.24 6.52 18.01 33.27 68.69
PR-2C 75.27 <0.01 <0.01 0.06 3.87 7.80 30.90 5.81 10.01 33.50
PR-HN 80.72 0.00 0.01 0.06 2.00 8.18 31.25 4.88 11.61 35.61
APQ-h & APQ 75.28 <0.01 <0.01 0.06 3.47 7.79 30.99 5.63 9.90 34.23

PR-AI 107.83 <0.01 0.01 0.05 2.34 7.71 26.39 6.59 19.91 79.42
F1: 90%;
F2:T0;
F3: B3

0%
PR-1C 161.07 <0.01 <0.01 <0.01 2.38 4.16 7.39 22.88 46.64 78.84
PR-2C 82.13 <0.01 0.03 0.10 4.71 11.85 38.40 6.78 14.22 41.17
PR-HN 88.00 <0.01 0.04 0.10 2.30 12.73 39.29 6.46 18.17 45.72
APQ-h & APQ 82.44 <0.01 0.03 0.10 4.21 12.03 38.55 6.46 14.86 42.66

PR-AI 103.00 0.00 <0.01 0.05 1.97 4.30 24.53 4.47 14.45 75.83
F1: 90%;
F2:T0;
F3: B4

0%
PR-1C 145.25 0.00 <0.01 <0.01 1.99 3.40 7.51 17.25 35.15 75.19
PR-2C 76.10 <0.01 <0.01 0.09 3.51 8.11 36.10 5.41 10.34 38.43
PR-HN 81.32 0.00 0.01 0.09 1.92 8.33 36.36 4.44 11.31 39.82
APQ-h & APQ 76.11 <0.01 <0.01 0.09 3.25 8.10 35.99 5.37 10.20 39.02

PR-AI 113.35 0.00 <0.01 <0.01 1.89 3.09 9.91 4.29 7.29 57.48
F1: 90%;
F2:T0;
F3: B5

0%
PR-1C 136.58 <0.01 0.00 <0.01 1.91 2.55 5.29 14.77 22.92 57.67
PR-2C 70.90 <0.01 <0.01 0.03 3.58 5.58 23.45 5.44 7.63 25.97
PR-HN 74.75 0.00 <0.01 0.03 1.86 5.84 23.78 4.23 8.54 27.22
APQ-h & APQ 70.90 <0.01 <0.01 0.03 3.04 5.67 23.52 4.98 7.63 26.51

PR-AI 170.52 0.00 <0.01 0.05 2.31 5.44 27.84 5.65 15.23 112.20
F1: 95%;
F2:T0;
F3: B0

0%
PR-1C 239.86 0.00 <0.01 <0.01 2.37 3.81 8.53 26.20 53.05 112.32
PR-2C 113.90 <0.01 <0.01 0.14 4.51 9.93 49.71 6.72 12.34 53.22
PR-HN 113.72 0.00 0.01 0.14 2.27 10.36 50.22 5.56 14.30 55.79
APQ-h & APQ 113.95 <0.01 <0.01 0.14 4.05 9.88 49.88 6.45 12.27 54.18

PR-AI 162.56 <0.01 0.02 0.11 2.65 9.78 41.85 7.65 26.42 122.19
F1: 95%;
F2:T0;
F3: B3

0%
PR-1C 253.61 <0.01 <0.01 <0.01 2.70 4.94 9.79 32.77 72.76 121.96
PR-2C 119.22 <0.01 0.05 0.18 5.52 15.32 61.29 7.83 18.18 63.26
PR-HN 122.38 <0.01 0.06 0.19 2.59 16.43 62.45 7.55 23.25¡ 68.74¡
APQ-h & APQ 119.65 <0.01 0.05 0.18 4.82 15.60 61.64 7.22 20.12 64.85

PR-AI 164.32 0.00 <0.01 0.10 2.22 5.29 39.62 5.10 19.67 123.38
F1: 95%;
F2:T0;
F3: B4

0%
PR-1C 244.05 <0.01 <0.01 <0.01 2.27 4.03 10.22 26.21 57.31 122.91
PR-2C 116.62 <0.01 0.01 0.18 4.06 10.65 59.17 6.28 13.16 63.08
PR-HN 117.40 0.00 0.01 0.18 2.20 10.94 59.72 5.08 14.40¡ 64.75¡
APQ-h & APQ 116.87 <0.01 0.01 0.18 3.34 10.77 59.44 5.54 13.91 63.53

PR-AI 187.94 <0.01 <0.01 <0.01 2.15 3.63 14.07 4.88 8.68 94.22
F1: 95%;
F2:T0;
F3: B5

0%
PR-1C 226.95 <0.01 0 <0.01 2.17 2.95 6.70 20.76 34.71 94.53
PR-2C 108.41 <0.01 <0.01 0.07 4.17 6.81 37.24 6.25 9.08 40.10
PR-HN 107.13 0.00 <0.01 0.07 2.06 7.09 37.62 4.81 10.13 41.64
APQ-h & APQ 108.30 <0.01 <0.01 0.07 3.46 6.90 37.37 5.64 9.06 40.76

PR-AI 160.97 0.00 <0.01 0.06 2.21 5.25 28.90 5.40 15.26 112.07
F1: 90%;
F2:Tu;
F3: B0

0%
PR-1C 230.70 0.00 <0.01 <0.01 2.24 3.63 8.47 27.51 54.68 112.30
PR-2C 107.42 <0.01 0.01 0.15 4.29 9.58 51.13 6.43 11.92 53.84
PR-HN 115.53 0.00 0.01 0.16 2.17 10.05 51.71 5.38 13.87 56.25
APQ-h & APQ 107.59 <0.01 0.01 0.15 3.75 9.72 51.30 6.09 12.06 54.69

PR-AI 158.37 <0.01 0.03 0.13 2.53 9.97 45.46 7.41 27.57 126.60
F1: 90%;
F2:Tu;
F3: B3

20%
PR-1C 256.74 <0.01 <0.01 <0.01 2.59 4.79 9.89 36.30 78.57 126.67
PR-2C 244.57 <0.01 0.06 0.21 5.36 15.74 64.96 7.59 18.37 67.47
PR-HN 251.56 <0.01 0.07 0.21 2.49 16.73 66.37 7.32 23.52 72.77
APQ-h & APQ 126.33 0.02 0.09 0.20 6.77 17.49 57.00 10.71 24.16 62.41

PR-AI 155.07 0.00 <0.01 0.12 2.12 5.12 41.71 4.84 19.70 122.97
F1: 90%;
F2:Tu;
F3: B4

0%
PR-1C 235.59 0.00 <0.01 <0.01 2.15 3.89 10.02 27.59 59.45 122.63
PR-2C 110.37 <0.01 0.01 0.20 3.90 10.40 61.22 5.97 12.79 64.26
PR-HN 124.77 0.00 0.01 0.20 2.09 10.64 61.57 4.87 13.98 65.85
APQ-h & APQ 110.94 0.00 0.01 0.20 2.93 10.56 61.15 5.76 13.39 64.77

PR-AI 179.01 0.00 <0.01 <0.01 2.04 3.53 14.73 4.66 8.36 95.07
F1: 90%;
F2:Tu;
F3: B5

<1%
PR-1C 219.59 0.00 0.00 <0.01 2.07 2.82 6.63 22.23 36.82 95.35
PR-2C 103.02 <0.01 <0.01 0.08 4.00 6.50 37.97 5.99 8.68 40.73
PR-HN 108.58 0.00 <0.01 0.08 1.98 6.85 38.26 4.61 9.76 42.19
APQ-h & APQ 102.96 <0.01 <0.01 0.08 3.31 6.65 38.05 5.44 8.68 41.34

PR-AI 247.60 0.00 <0.01 0.13 2.46 6.44 45.17 6.08 19.69 169.50
F1: 95%;
F2:Tu;
F3: B0

27%
PR-1C 370.02 0.00 <0.01 <0.01 2.51 4.28 11.19 41.67 86.75 169.89
PR-2C 1693.08 <0.01 0.02 0.27 4.94 12.10 78.88 7.24 14.77 82.25
PR-HN 1668.13 0.00 0.02 0.28 2.40 12.59 79.66 6.04 17.01 85.12
APQ-h & APQ 180.28 0.07 0.14 0.20 9.96 22.49 60.53 14.64 28.44 66.53

(continued on next page)
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Table 10 (continued).
Queue
discipline

Obj E (X3) E (X4) E (X5) E (τ3) E (τ4) E (τ5) E (τ3 + v3) E (τ4 + v4) E (τ5 + ν5) Scenario APQ-h & APQ
improvement

PR-AI 522.48 <0.01 0.05 0.22 2.85 13.04 69.98 8.66 37.68 183.51
F1: 95%;
F2:Tu;
F3: B3

46%
PR-1C 395.08 <0.01 <0.01 <0.01 2.89 5.74 13.51 53.15 118.20 183.64
PR-2C 2144.24 <0.01 0.10 0.33 6.22 20.84 97.85 8.65 23.82 99.89
PR-HN 2152.75 <0.01 0.11 0.33 2.77 22.18 99.53 8.49 30.11 106.13
APQ-h & APQ 213.26 0.05 0.15 0.20 8.40 26.42 63.46 14.93 33.36 126.48

PR-AI 435.44 <0.01 <0.01 0.21 2.37 6.36 66.02 5.47 27.30 184.93
F1: 95%;
F2:Tu;
F3: B4

48%
PR-1C 378.37 <0.01 <0.01 0.01 2.41 4.66 13.97 41.53 93.64 185.01
PR-2C 2220.07 <0.01 0.03 0.33 4.48 13.52 95.78 6.76 16.22 99.20
PR-HN 2196.88 0.00 0.03 0.33 2.32 13.87 96.25 5.45 17.70 100.96
APQ-h & APQ 195.82 0.02 0.14 0.20 7.51 24.39 63.95 13.59 31.18 79.45

PR-AI 282.31 0.00 <0.01 0.02 2.26 4.02 21.80 5.23 9.98 145.47
F1: 95%;
F2:Tu;
F3: B5

0%
PR-1C 352.40 0.00 0.00 <0.01 2.30 3.21 8.47 33.03 57.85 145.94
PR-2C 155.47 <0.01 <0.01 0.17 4.58 7.75 58.18 6.76 10.17 61.02
PR-HN 153.97 0.00 <0.01 0.17 2.21 8.13 58.57 5.17 11.51 62.75
APQ-h & APQ 155.46 <0.01 <0.01 0.17 3.81 7.81 58.28 6.13 10.13 61.81

PR-AI 143.36 <0.01 <0.01 0.05 2.17 5.24 26.33 5.27 14.82 97.16
F1: 90%;
F2:Tp;
F3: B0

0%
PR-1C 204.91 0 <0.01 <0.01 2.20 3.61 8.68 25.79 48.01 97.34
PR-2C 98.30 <0.01 0.01 0.13 4.16 9.35 45.18 6.23 11.62 47.68
PR-HN 105.92 0.00 0.01 0.13 2.10 9.79 45.52 5.23 13.55 49.98
APQ-h & APQ 98.42 <0.01 0.01 0.13 3.63 9.43 45.16 5.92 11.70 48.59

PR-AI 144.13 <0.01 0.03 0.12 2.51 10.10 40.70 7.30 26.31 111.21
F1: 90%;
F2:Tp;
F3: B3

0%
PR-1C 229.65 <0.01 <0.01 <0.01 2.56 4.85 10.12 33.33 68.43 111.05
PR-2C 107.58 <0.01 0.06 0.18 5.23 15.26 57.27 7.37 17.90 59.70
PR-HN 115.07 0.00 0.07 0.19 2.47 16.38 58.33 7.22 22.68 64.77
APQ-h & APQ 108.06 <0.01 0.06 0.18 4.62 15.47 57.62 7.00 18.98 61.28

PR-AI 139.19 0.00 <0.01 0.10 2.05 5.12 36.84 4.72 18.84 106.74
F1: 90%;
F2:Tp;
F3: B4

0%
PR-1C 208.15 0.00 <0.01 <0.01 2.10 3.86 10.24 25.17 52.17 106.48
PR-2C 100.68 <0.01 0.01 0.17 3.79 10.02 53.02 5.81 12.37 56.22
PR-HN 107.52 0.00 0.01 0.17 2.04 10.27 53.40 4.74 13.52 57.74
APQ-h & APQ 100.84 0.00 0.01 0.17 3.38 10.07 53.09 5.69 12.38 56.82

PR-AI 157.97 0.00 <0.01 <0.01 2.00 3.44 14.25 4.59 8.27 82.61
F1: 90%;
F2:Tp;
F3: B5

<1%
PR-1C 195.89 0.00 0.00 <0.01 2.03 2.77 6.76 21.46 34.10 82.85
PR-2C 94.14 <0.01 <0.01 0.06 3.92 6.41 33.87 5.84 8.58 36.49
PR-HN 98.99 0.00 <0.01 0.06 1.95 6.66 34.28 4.54 9.60 37.90
APQ-h & APQ 94.05 <0.01 <0.01 0.06 3.29 6.45 34.01 5.33 8.52 37.09

PR-AI 225.26 0.00 <0.01 0.11 2.43 6.47 40.28 6.01 19.19 151.76
F1: 95%;
F2:Tp;
F3: B0

29%
PR-1C 329.99 0.00 <0.01 <0.01 2.49 4.31 11.22 37.43 75.17 152.09
PR-2C 894.61 <0.01 0.02 0.24 4.83 11.81 69.95 7.11 14.42 73.48
PR-HN 879.47 0.00 0.02 0.24 2.39 12.34 70.55 5.92 16.64 76.28
APQ-h & APQ 159.74 <0.01 0.09 0.19 6.24 18.37 59.93 9.91 24.16 65.86

PR-AI 212.05 <0.01 0.05 0.19 2.80 12.86 61.11 8.45 34.61 163.66
F1: 95%;
F2:Tp;
F3: B3

13%
PR-1C 349.20 <0.01 <0.01 <0.01 2.89 5.76 13.36 46.74 101.97 163.77
PR-2C 1521.67 0.01 0.09 0.29 6.09 19.81 86.10 8.51 22.76 87.91
PR-HN 1538.46 <0.01 0.10 0.29 2.77 21.06 87.60 8.37 28.66 94.17
APQ-h & APQ 185.39 0.01 0.15 0.20 6.23 24.94 62.74 11.88 30.66 109.67

PR-AI 216.66 0.00 <0.01 0.18 2.35 6.34 58.32 5.36 26.05 164.97
F1: 95%;
F2:Tp;
F3: B4

21%
PR-1C 336.36 0.00 <0.01 0.01 2.40 4.65 13.88 37.17 81.93 164.92
PR-2C 1544.95 <0.01 0.03 0.29 4.41 13.17 84.17 6.61 15.80 87.77
PR-HN 1552.25 0.00 0.03 0.29 2.29 13.45 84.71 5.33 17.18 89.57
APQ-h & APQ 171.90 0.02 0.11 0.20 7.69 21.04 61.43 13.00 26.68 68.54

PR-AI 252.86 0.00 <0.01 0.02 2.26 3.97 20.41 5.14 9.84 129.08
F1: 95%;
F2:Tp;
F3: B5

0%
PR-1C 315.32 0.00 <0.01 <0.01 2.28 3.19 8.62 30.71 51.30 129.42
PR-2C 142.01 <0.01 <0.01 0.14 4.42 7.53 52.07 6.63 9.94 55.01
PR-HN 140.50 0.00 <0.01 0.14 2.19 7.91 52.50 5.10 11.29 56.67
APQ-h & APQ 142.01 <0.01 <0.01 0.14 3.71 7.65 52.19 6.03 9.95 55.69

P5 patients who need two consultations are in ninth (E (τ3 + ν3)),
tenth (E (τ4 + ν4)), and eleventh (E (τ5 + ν5)) respectively. The
last two columns are the description of each scenario and the
improvement of the objective function value with respect to the
best Pure Priority Rule.
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