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Abstract

In this paper, we make some considerations about admissible orders on the
set of closed subintervals of the unit interval [0, 1], i.e., linear orders that
refine the product order on intervals. We propose a new way to generate
admissible orders on I[0, 1] which is more general than those we find in the
current literature. Also, we deal with the possibility of an admissible order
on [0, 1] to be isomorphic to the usual order on [0,1]. We prove that some
orders constructed by our method are not isomorphic to the usual one and
we make some considerations about the question: is there some admissible
order on I[0, 1] isomorphic to the usual order on [0, 1]7

Keywords: Interval-Valued Fuzzy Sets, Order Isomorphism, Admissible
Order, Cantor’s Bijection

1. Introduction

In [9] the concept of an admissible order on the set of closed subintervals
of the unit interval was introduced. Admissible orders on I[0, 1] = {[a,b] C
[0,1]}, or just admissible orders when the context is clear, are linear orders
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that refine the product order <, on I[0, 1], where [a,b] <5 [¢,d] iff a < ¢ and
b < d. It is work of note that this order agree with the underlying order to
the interval lattice generated by the lattice ([0, 1], <) [20, 21, 31]. Motiva-
tions for studying admissible orders comes from the theory of interval-valued
fuzzy sets [33] and the fact that they find applications in areas such as image
processing [8, 14], classification [27], clustering [29], decision making [10, 18],
games [2], etc. If we think, as in [26], of an interval as representing uncertain
information about a real number, the product order is a very natural exten-
sion of the usual order on R to the set of all intervals. Unfortunately, <, is
not a linear order, e.g. [0, 1] and [0.3,0.4] are not <s-comparable, and this
can be problematic in some applications. For example, in a simple clustering
algorithm that uses interval data [30], we must set the objects to a cluster
represented by the prototype of which it is nearest. If the algorithm uses in-
terval distance [25, 30] as the similarity measure, than some distance values
can be not comparable. For these situations, an admissible order could be
useful, since intervals that are comparable by <, remain comparable in the
same way by the admissible order and it can also deal with the remaining
cases. In the first section, we propose a way to generate admissible orders
which is more general that the one found in [9].

In [9], besides the introduction of the concept, a theoretical approach on
admissible orders was started. From this seminal paper, some research on
admissible orders had been made containing a range of theoretical contribu-
tions, such as [1, 10, 34]. Since both orders are linear and there exist bijections
between 1[0, 1] and [0, 1], from a theoretical point of view, a natural question
that arises is: are all the admissible orders isomorphic to the usual order on
[0,1]7 If the answer to this is yes, the theoretical approaches to these orders
would be useless because all results on admissible orders would be simple
adaptations of the ones on [0, 1] with its usual order. In the second section,
we prove that some of the admissible orders constructed by the method we
propose are not isomorphic to the usual order on I[0, 1], including the lexi-
cographical, antilexicographical, and Xu and Yager ([32]) orders. From this,
we can conclude that the theory of admissible orders is not “empty”, i.e., it
is more than a simple rewriting of the theory of the usual order.

In the final section, we discuss the possibility of some admissible order
to be isomorphic to the usual order on [0, 1]. Our analysis is based on the
Cantor-Schroeder-Bernstein theorem [5, 7, 11, 28].



2. Generating admissible orders

We denote by 1[0, 1] the set of all closed intervals with end-points lying
in the interval [0, 1], i.e., I[0,1] = {[a,b] : 0 < a < b < 1}; and by <, the
product order on I[0, 1], i.e., [a,b] <5 [¢,d] & a < ¢ and b < d. Besides, we
identify the sets I[0,1] and K[0, 1] = {(a,b) € [0,1]* : a < b}, via the trivial
isomorphism.

In [9] the authors introduced the concept of admissible orders as linear
orders in I[0, 1] which refines the product order.

Example 1. The following relations are admissible orders:
o [a,b] <pex1[c,d] < (a<c)V](a=c)AN(b<d)| (Lexicographical order)

o [a,0] <pewo [c,d] & (b < d)V[(b=d)A (a <c)] (Antilexicographical
order)

o [0,0] <xy [e,d| e (a+b<c+d)V[(a+b=c+d)AN(b—a<d—c)
(Xu and Yager’s order[32])

The concept of admissible order can be immediately generalized for orders
in [0,1]?, based on the product order in [0,1]?. In this case, the three orders
above (adapted to [0,1]?) are admissible orders in [0, 1]%.

In the same paper ([9]), they present a way to generate linear orders
on I[0, 1] which refines the product order on I[0, 1], the so-called admissible
orders, from aggregation functions. If A, B : [0,1]> — [0, 1] are aggregation
functions such that A(x,y) = A(z,t) and B(z,y) = B(z,t) if, and only if,
(z,y) = (2,t), then the relation <,p defined by:

[z,y] <ap [2,t] © (A(x,y) < A(z,1))V(A(x,y) = A(z,t) AB(z,y) < B(z,t))

is an admissible order.

This order <,p is clearly based on the order <j.,; combined with the
functions A and B. Based on this, we present the following result that
shows ways to construct new admissible orders on I[0, 1] from admissible
orders on [0,1]> and functions A, B : 1[0,1] — [0,1]. For this, we will
denote by hap the function hap : I]0,1] — [0, 1]* defined by hap([z,y]) =
(A, 9]), Bl 9])):



Theorem 1. Let A, B : 1][0,1] — [0, 1] be functions and < be an admissible
order on [0,1]2. The relation <4p« defined by:

[z, 9] Zapa [z, 1] & (A([z, 4]), B([z,9])) < (A([z,1]), B([z,1]))

is an admissible order on 1[0, 1] if, and only if, hap is an injective and isotonic
function between the posets (1[0, 1], <) and ([0,1]%, <).

PROOF. (=) Suppose that <4p4 is an admissible order and take [z, y], [z, ] €
[[0, 1] such that hap([x,y]) = hap([z,t]). So, [z,y] Sapa [2,t] and [z, t] Zap<
[z, y]. Therefore, since <ap< is an order, [z,y] = [z,t]. Whence, hup is in-
jective.

Now, suppose that [z,y] <, [z,t]. Since =<sp<4 refines <5, we have
[z,y] Sap< [2,t] © hap([z,y]) < hap([z,t]). So, hap is an isotonic func-
tion between (I[0,1], <5) and ([0, 1], <).

(<) Suppose that hap is injective and isotonic. The reflexivity of <ap4 is
trivial.

For the antisymmetry, suppose that [z,y] =<ap<« [2,t] and [z,t] <ap<
[z, y]. Thus, (A([z,y]), B([z,y]))AA([z, 1]), B([2, 1])) and (A([z,1]), B([z,1]))<
(A([z,y]), B([x,y])), that is, hag([z,y]) = hap([z,t]), which implies, by the
injectivity of hap, that [z,y] = [z, t].

The transitivity and linearity of <54 follow immediately from the tran-
sitivity and linearity of <.

Finally, suppose [z, y] <, [z, t]. Since hap is an isotonic function between
<]I[O’ 1]7 §2> and <[07 1]27 §]>v we have hAB([*ray]) d hAB([Z’t]) And [l’,y] jABS
2, t]. O

Observation 1. The admissible orders generated by aggregation functions
in [9] are particular cases of the ones in Theorem 1 with A and B being
aggregation functions in [0,1]* and taking as linear order <pes.

The next three corollaries present necessary and sufficient conditions for
hap satisfy the conditions in the above theorem when < € {<;c.1, <res2
,<xy}. Since the three proofs are analogous, we present just the case
<1 =<p.p1 10 detail.

Corollary 1. If I =<;..1, then hap is injective and isotonic if, and only if,
h is injective, A is <s-increasing and B restricted to the set T'jqy = {[c, d] €
I0,1] : A([a,b]) = A([c,d])} (note that T,y = A~ (Ala,b])) is <s-increasing
for each [a,b] € 1[0, 1].



PROOF. (=) Suppose that hsp is an injective and isotonic function and
t

[z, y] <o [2,1]. Thus, hap([z,y]) <rem hap([2,1]), so A([z,y]) < A([z,1])
or A([z,y]) = A([z,t]) and B([z,y]) < B([z,t]), that is, we must have
Az, y]) < A([z,1]), which means that A is <s-increasing. Now, suppose
that [z,y], [2,t] € Pay and [z,y] <o [2,t]. We have A([z,y]) = A([z,t]) =
A([a,b]). Sinc

e hap is isotonic, we have hag([x,y]) <rews1 hap([z,t]), so
(A([l’,y]), B([xvy])) < Lexl (A<[Zat])’ B([th]» and since A([:an]) = A([th])a
we have B([z,y]) < B([2,t]), that is, B is <o-increasing on I'f, .

(<) Suppose that A is <,-increasing, B is <, increasing in each ', and
hap is injective. Take [z,y], [z,t] € [[0,1] such that [z,y] <s [2,t]. Thus,
han([z,9]) < A([21)). T A([z, 5)) < A((2, 1)), then (A([z, 3]), A([2, ) <peen
(A([Z7t])7B([Z’t]))a S0, hAB([xvy]) <lLext hAB([Zat])' If A([x7y]) = A([Z,t]),
then [z, y], [z,t] € Tigy), s0 B([z, y]) < B([2,1]) = has([z,y]) <ren hAB([Z’é])-

Observation 2. There are functions A and B satisfying the conditions of
the above corollary without B being <s-increasing. Take A([z,y]) = = and
B[z, y]) =y — . If Allz,y]) = A([z,1]), then x = z, so, if [z,y] <5 [2,],
theny <t=y—x <t—x=t—2z= B(z,y]) < B([z,t]). Clearly hap
is injective. Note that B([0.1,0.2]) = 0.1 and B([0.15,0.2]) = 0.05, so, B is
not <s,-1ncreasing.

Example 2. With A([z,y]) = z, B([z,y]) =y (or B([z,y]) =y — ) and
L =<pep1 we have X pgpa=<res1-

Corollary 2. If < =<9, then hap is injective and isotonic if, and only if,
!/

h is injective, B is <s-increasing and A restricted to the set I', ; = {[c, d] €
1[0,1] : B([a,b]) = B(c,d)} is <g-increasing for each [a,b] € 1[0, 1].

Its immediate that if A and B are <s-increasing and hp is injective,
then the conditions of the two corollaries hold.

Example 3. For A([z,y]) =y and B([z,y]) = IT—HJ, we have 2ap<, .., =<Lex2

and jABSLer =<rlexl-

Corollary 3. If I =<xy, then hap is injective and isotonic if, and only if,
h is injective, the function f([z,y]) = A([z,y]) + B([x,y]) is <s-increasing
and the function g([z,y]) = B([z,y]) — A([z,y]) restricted to the set I'{, ;) =
{le,d] € 1]0,1] : f([a,b]) = f([e,d])} is <qg-increasing for each [a,b] € 1[0, 1].
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Observation 3. If A and B are <y-increasing and h is injective, then the
conditions of the Corollary 3 hold. In fact, in this case f([z,y]) = A([z,y]) +
B([z,y]) is trivially <s-increasing. Now, suppose that g([z,y]) = B([z,y]) —
A([z,y]) is not <s-increasing in some Iy, and take [z,y], [2,1] € I, ) such
that [z, y] <5 [2, 1] but g([z, y]) > g([2,t]) = B(lz,y]) — Az, y]) > B([2,t]) —
A([z,t]). Since [z,y], [2,t] € T, we have A([z, y]) B([z,y]) = A([z,t]) +
B([z,t]), so 2B([z,y]) > 2B([z,t]) = B(|z,y]) > B([z,t]), which contradicts
B to be <5-increasing.

Example 4. Take A([z,y]) =y, B([z,y]) = a ;— Y and 9 =<xy. Note that

has([2,9]) = has([z,t]) < y =t and fl?;ry _ Z—Ql-t

injective. Since A and B are <,-increasing Xap<,, S an admissible order.
Note that:

, 80 x =z and hap s

o <upcy, #<xy: [0.15,0.17) =A<y, [0.1,0.2] but [0.1,0.2] <xy [0.15,0.17];
o <upcyy #<ren1: [0.15,0.17) <ap<y, [0.1,0.2] but [0.1,0.2] <peps [0.15,0.17];

o Zupcyy #<reas: [0.15,0.17] Zap<,, [0.16,0.169] but [0.16,0.169] <1.ss
[0.15,0.17).

3. Relation between some admissible orders and the chain ([0, 1],<)

In this section we discuss the possibility of an admissible order being
isomorphic to the usual order on [0, 1], that is, the existence of an order iso-
morphism between (1[0, 1], <), where < is an admissible order, and ([0, 1], <).

In a poset (C,<¢), given a <¢ b we define the set [a,b]<, = {z € C :
a <¢c x <¢ b}, i.e., this is the closed interval, w.r.t. <c, with end-points a
and b. This interval will be called non-degenerated if a < b. Note that an
interval [a, bl<¢ is never empty.

Observation 4. If (C,<¢) and (D,<p) are posets such that <o and <p
are linear orders and f : C — D is a bijection that preserves order (an
order isomorphism between (C,<c) and (D,<p)), then it is immediate to
note that for all z,y € C with x <¢ y, we have f([x,yl<.) = [f(x), f(y)]<,-
Besides that, if [z,y]<. is a non-degenerated interval, then f([z,y]|<.) is also
a non-degenerated interval.



The following basic lemma is a well known result of Mathematical Anal-
ysis (see [24]).

Lemma 1. FEvery family of non-degenerated pairwise disjoint intervals of R
15 countable.

In the next results we prove that some classes of admissible orders are not
isomorphic to the usual order on [0,1]. For this, its enough to construct an
uncountable family of non-degenerated intervals in the poset (I[0, 1], <), so,
by the Observation 4, if there were an isomorphism between this poset and
([0, 1], <), we would have an uncountable family of non-degenerated intervals
on ([0, 1], <), which contradicts Lemma 1.

Theorem 2. Let A, B : 1[0, 1] — [0,1] be functions such that <ap<,,,, s
an admissible order. Suppose there are ti,ty € [0,1], with t; < ty such that
A([z,y]) = z, for all x € (t1,t3). Thus, (1]0,1], Rap<,..,) i not isomorphic
to ([0, 1], <).

PROOF. For each = € (t1,t2), consider the intervals [z,z] and [z, 1]. Since
A([z,z]) = A([z,1]) = = and [z,2] <5 [z,1], we have [z, ], [z,1] € T4,
so, by corollary 1, B([z,z]) < B([z,1]) (hap is injective), so [z, 2] <ap<,..,
[z,1]. For each x € (l1,t2) define I, = [[z,z], [z, 1]]<,,. . Note that I,
is a non-degenerated interval and if [a,b] € I, then A([a,b]) = =z, so, if
z,y € (t1,t2), with = # y, then I, N I, = 0, which implies that the family
{1}z, 1) 1s an uncountable family of non-degenerated intervals and this is
enough to conclude the non-existence of the isomorphism. 0

Example 5. If A([z,y]) = = and B([x,y]) = y, then Sap<,...=<rLex1, SO
<Lez1 s not isomorphic to the usual order on [0, 1].

. x Lif 0 <z <1/2
Example 6. Consider A([z,y]) =4 v +y f12<n<1

y — x. Suppose that A([x,y]) = A([z,t]), so x,2 <1/2 orx,z > 1/2. In the
first case A([z,y]) = x = A([2,t]) = 2 = . = z. So, if B([z,y]) = B([z,1t]),
theny—x =t—z =y =2z Ifx,z>1/2, thenx+y = z+t and if
B(([z,y]) = B([2,t]), theny —x =t — z, soy =t and x = y. Thus, hap is
injective. Besides that, A is clearly <s-increasing and if A([x,y]) = A([z,t])
with [z,y] <5 [z,t], then for the case x,z < 1/2, we have x = z, so, from

and B([z,y]) =
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y <t it follows that y —x <t — z, that is, B([z,y]) < B([z,t]) and for the
case x,z > 1/2, we have x +y = z +t. Suppose that y —x >t — z. Thus,
2y > 2t = y > t, which is a contradiction. So, B is <s-increasing in L'y,
for all [a,b] € 1[0, 1]. We can conclude that <ap<,,,, is an admissible order
and, for t; = 0 and ty = 1/2, the theorem 2 ensures that this order is not
isomorphic to the usual order on [0,1]. Besides, this order is different from
the orders already seen:

[ ] jABSLezl%SXY: [0,04] jABSLezl [0057005] but [005,005] SXY [O, 04],

o <An<, F<resr: [0.6,0.62] =ap<,.. [0.54,0.7) but [0.54,0.7] <pen
[0.6,0.62];

o <A<, F<rest [0.51,0.71] <up<,.., [0.54,0.7] but [0.54,0.7] <pews
[0.51,0.71].

Theorem 3. Let A, B : 1[0, 1] — [0,1] be functions such that <ap<,,,, s
an admissible order. Suppose there are ti,ty € [0,1], with t; < ty such that
B([z,y]) =y, for ally € (t1,t2). Thus, (1[0, 1], Rap<,..,) is not isomorphic
to ([0, 1], <).

PROOF. For each y € (t1,12), consider the interval I, = [[0, y], [y, y]]<1pn, -
Since y > 0, we have [0,y] <2 [y,y], so the interval I, is non-degenerated,
for all y € (t1,2). If [a,b] € I, then B([a,b]) =y, so if x,y € (t1,1), with
x # y, then I, N I, = 0, which implies that the family {I,}sc 1, is an
uncountable family of non-degenerated intervals. 0

Example 7. If A([z,y]) = = and B([z,y]) = vy, then <ap<,..,=<rLex2, SO
<Lez2 U8 not isomorphic to the usual order on [0, 1].

r+y

Lif0<y <1/2
Y if1/2<y <1
y—x. With this two functions, <ap<,.., s an admissible order which is dif-
ferent from the orders <pes1, <res2, <xy, and the order from FExample 6.
Besides, for t; = 1/2 and ty = 1, Theorem 3 ensures that this order is not
isomorphic to the usual order on [0, 1].

Example 8. Consider A([z,y]) = { and B([z,y]) =

Theorem 4. Let A, B : 1[0,1] — [0,1] be functions such that <ap<, is
an admissible order. Suppose there are t1,ty € [0,1], with t; < ty such that
A([z,y]) = = and B([x,y]) =y, for all x € (t1,t2). Thus, (1[0, 1], Rap<yy)
is not isomorphic to ([0, 1], <).



PRrOOF. For each z € (t1,t3), consider the intervals [x/2,z/2] and [0, x].
Since A([x/2,2/2])+B([z/2,2/2]) = A([0, z])+B([0, z]) = x and B([z/2,z/2]—
A([z/2,2/2]) =0 < z/2 = B([0,z])—A([0, z]) = x, we have [v/2, /2] <ap<yy
[0, 2]. Define I, = [[2/2,2/2],[0,2]]< 5. for each z € (t1,12). If [a,b] € L,
then A([a,b])+ B([a,b]) = z, so, if x,y € (t1,t2), with x # y, then I, NI, = 0,
which implies that the family {/,},e( +,) is an uncountable family of non-
degenerated intervals. O

Example 9. If A([z,y]) = x and B([z,y]) = vy, then <ap<,,=<xvy, S0
<xvy s not isomorphic to the usual order on [0, 1].

| r L if0<z<1/2
Example 10. Consider A([z,y]) =< = +y Jifl/2<2<1

y. With this two functions, <ap<., s an admissible order which s differ-
ent from the orders <pez1, <res2, <xv, and from the orders in Examples 6
and 8. Besides, for t; = 0 and ty = 1/2, Theorem 4 ensures that this order

is not isomorphic to the usual order on [0, 1].

and B([z,y]) =

These last results and examples show a lot of admissible orders that are
not isomorphic to the usual order on [0, 1]. In fact, the unique possibility that
we have for (1[0, 1], <) be isomorphic to ([0, 1], <) is with a non continuous
isomorphism, where the continuity is inherited from R? continuity when we
consider an interval as a pair of numbers, i.e. 1[0,1] ~ {([a,b]) € [0,1]* : a <

b}.

3.1. An illustrative example for the use of admissible order in decision mak-
ng

The use of fuzzy sets in decision making problems is very common ([4, 10,
18]. The problem can be summarized as follows. There is a set of n alterna-
tives, say {1, ..., x,}. The expert on the subject provides his/her preferences
for each alternative over the others by using a fuzzy binary relation R on X,
that is, a function R : X x X — [0, 1], where the value R(z;,z;) = R;;
indicates the degree of preference of x; over ;. When R;; + Rj; = 1, we say
that the fuzzy relation R have the property of reciprocity. The relation R
can be represented by the matrix

0 RIQ e Rln
R R'Ql 0 . R2n
Rnl Rn2 e 0

9



In reciprocal relations it is usual to not define the elements in the diagonal
or take a fixed value. We opt for the value 0.

Considering the relation R as the preferences indicated by the expert, one
of the most used method to make the choice among the alternatives is the
weighted vote (see [16]), where the alternative chosen is xy, where k is the

solution of:
arg max E Ri;.
i=1,...,n

1<j<n
When the expert assigns the degree of preference of an alternative over
other, the lack of knowledge of this expert is not taken into consideration
and this fact may result in a lack of accuracy in choosing (see [3]). The

concept of weak ignorance function was defined in [27] to measure this lack
of knowledge.

Definition 1. (Sanz et al. [27]) A function g : [0,1] — [0, 1] is said to be
a weak ignorance function if it is continuous and:

1. g(x) = g(1 — x), for all x € [0,1];
2. g(x) =0 1if and only if x =0 orx = 1;
3. ¢(0.5) = 1.

Example 11. (/22]) g(x) = 2min(z, 1 — z) is a weak ignorance function.

Given an ignorance function g we define the map ¢* : [0,1] — 10, 1] for
each z € [0, 1] as follows:

9" (x) = [z(1 = g(x)), (1 — g(x)) + g(x)]

Observe that if ¢ is such that g(z) = g(y) < = € {y,1 — y}, as is the case
of the ¢g in Example 11, then ¢* is injective but never will be bijective. In
addition, g*(0.5) = [0, 1], ¢*(0) = [0,0] and ¢*(1) = [1, 1].

In the decision making process mentioned above, the value g(R;;), where
g is a weak ignorance function, represents the ignorance in the preference
value assigned by the expert of the alternative ; over z;. Using some weak
ignorance function g, we can represents the uncertainty that comes from
ignorance by using intervals. Define r;; = ¢*(Rij) (see [3, 4, 22]). Thus, r is
an interval-valued fuzzy binary preference relation (IVFBPR).

10



As an example, consider the decision making problem with 4 alternatives
({x1, z2, x5, 24}) where the preference fuzzy relation is given by:

0 031 0.16 0.36
0.69 0 0.05 0.06
084 095 0 0.38
0.64 094 062 0

R:

For this example, the weighted vote method returns that the alternative
chosen is z4. Using the function g in Example 11, the IVFBPR is:

0 0.1178,0.7378] [0.1088,0.4288] [0.1088,0.8208)]

| [0.2622,0.8822] 0 0.045,0.145]  [0.0528,0.1728]

0.5712,0.8012]  [0.855,0.955] 0 [0.0912, 0.8512]
[0.1792,0.8992] [0.8272,0.9472] [0.1488,0.9088)] 0

To choose the alternative we use the weighted vote method but adapted
for the interval case, by using the usual sum of intervals and some admissible
order. For this, we need to calculate Z1§jg4 rij, 0 € {1,...,4}:

o > 11y =0.3274,1.9874] = I;

1<j<4

o ) 1y =1[0.36,1.2] = I;

o Dy =[11552,2.7552] = I,.

1<j<4

Since the admissible orders are defined in the set 1[0, 1], we normalize the
intervals dividing each endpoint by 3 (the maximum value for the endpoints
for these intervals). Thus, we obtain:

o I} = [0.109133,0.662466];
o I;=0.12,0.4];

e [} =[0.5058,0.899133];

11



o I, = [0.385066, 0.9184].

By using the functions A e B of Example 6, where the order <4p<,, ,
was defined, we have:

0.109133,0.5533);

0.7024665, 0.3933);

(1) = (
(15)) = (0.12,0.28);
(13)) = (
B(I3)) = (

0.385066, 0.53334).

Thus, by the order <4p<,,.,, the alternative x3 is the chosen one.
By using the functions A e B of Example 8, where the order <4p<,_.,
was defined, we have:

e (A(I), B(I})) = (0.662466,0.553333);
o (A(I}),B(I})) = (0.26,0.28);

o (A(L}), B(I4)) = (0.899133,0.393333);
o (A(I}), B(I})) = (0.91984,0.53334).

Thus, by the order <4p<,,.,, the alternative x; is the chosen one.
By using the functions A e B of Example 10 where the order <ap<,,
was defined, we have:

o (A(I), B(I})) = (0.109133,0.662466);
o (A(I),B(I})) = (0.12,0.4);

o (A(I}), B(I})) = (0.7024665, 0.899133):
o (A(I}), B(I})) = (0.385066,0.9184).

Thus, by the order <5<, , the alternative x3 is the chosen one.
As could be seen, each order resulted in a different choice among the
alternatives, only alternative x5 was not chosen in either case.
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4. Isomorphism: the general case

We don’t have the answer to the conjecture “If < is an admissible order
on [0, 1], then (T]0, 1], <, ) is not isomorphic to ([0, 1], <)”, but we have some
considerations about it, based on the following famous theorem:

Theorem 5 (Cantor-Schroder-Bernstein). Let A and B be non-empty
sets. If there exist injections from A to B and from B to A, then there exists
a bijection between A and B.

First of all, if there is a bijection f : I[0,1] — [0, 1] such that [a,b] <,
lc,d] = f([a,b]) < f([e,d]), then we can define the order <; by [a,b] <y
lc,d] < f(la,b]) < f([c,d]). This order is clearly admissible and the function
f is an isomorphism between (I[0,1], <;) and ([0,1],<). The converse is
trivially true, so, the original conjecture can be rewritten as “There is no
bijection from I[0, 1] to [0, 1] such that [a,b] <5 [¢,d] = f([a,b]) < f([c,d]).”

There are several proofs of the Cantor-Schroder-Bernstein Theorem [15].
Most of them have an existential flavor, that is, they guarantees the existence
of the bijection but do not exhibit or build it. Following the ideas in [6] and
23], a constructible proof of this theorem is presented in [19]. The basic idea
of this proof is constructing, from the injections f : A — Bandg: B — A,
two sequences of sets A,, and B,

i) Ao = A\ g(B);
ii) B, = f(A,), for n € N;
iii) A, = g(B,_1), for n € N\ {0}.

If g is not surjective (if g is surjective, g~ is, itself, the claimed bijection),

then Ay is non empty and, so, none of the sets in both sequences is empty.
After, is proved that the function H : A — B defined by:

B f(g;) ,ifZL’EUne Ay
H(x)—{ G () 7ifI€A\ICIJnENAn

where f is a bijection from U, An to U, Bn, obtained by restricting f to
\U,, An and, similarly, g is a bijection which from B\ |, B, to A\ U, 4x,
obtained by restricting g to |J,, By, is well defined and, finally, that H is a
bijection from A to B. Unfortunately, this theorem does not involve orders.
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In fact, as will be seen, it is possible that the two injections f and ¢ preserve
orders but the function H is not an order isomorphism. Below, we will present
injections f : I[0,1] — [0,1] and g : [0, 1] — [0, 1] that preserve the orders
<y and < but the function H from the theorem is not an isomorphism.
There are many injections g that preserve the orders above. For example,
g(t) = [t,t], or g(t) = [0,t], or g(t) = [t,1]. To define an injection f that
preserve the orders, consider the infinite proper decimal expansion of the
numbers in [0,1) and consider the notation 0.titots... for ¢ € [0,1) (there
is no expansions such that ¢, = 9 for all k& > kg, for some kg). If ¢ has a
finite decimal expansion we consider ¢, = 0, for all £ not appearing in the
expansion.

Proposition 1. The function f : 1[0, 1] — [0, 1] defined by:

0.219122903y3 ... , if 0 <z <y<1
f([z,y])) =< 0.219229239. .. Jif0<z<y=1
1 yifr=y=1

is an injection such that [a,b] <s [c,d] = f([a,b]) < f([e,d]).

PROOF. The injectivity is immediate (see [19]). Suppose [a, b] <5 [c, d], that
is, a < c and b < d, and denote z = f([a,b]) and w = f([c,d]). First,
consider the case a < ¢ and b = d < 1. Thus, there exists kg € N such
that ar = ¢ for all k < kg and ay, < ¢, and by = dj, for all £ € N. Thus,
z = 0.a1b1a2bs . . . ag by, ... and w = 0.cidycads . . . cydy, - - ., 50 2, = wy, for
all k£ < 2ky — 1 and 29,1 = ag, < Cr, = Wak,—1, Which implies z < w. The
case a = ¢ and b < d is entirely analogous. Consider a < ¢ and b < d. There
exists k1 and ky such that ay = ¢ for all k£ < ky and ax, < cg,, by = dj for
all k& < ko and by, < dy,. Taking ky = min{k;, ko}, we have z, = wy for
all k& < 2ky and 2o, < Wak,, OF, 2o, = Wag, and zog,—1 < Wak,—1 SO 2 < W.
The remaining cases, d = 1, b=d=1,c=d=1,b=c=d =1 and
a =0b=c=d =1 are immediate or follows the same idea employed in the
previous cases. 0]

This function f is not surjective. Indeed, 0.z1xox3245... & Im(f) if
0.x12375 ... £ 0.097476 . . ..

Now, we prove that the bijection H built from the the Cantor-Schroder-
Bernstein Theorem, starting from the functions f above and g(t) = [¢, ], is
not isotonic, w.r.t. <, and <. We have:
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o Ao =1[0,1J\ g([0,1]) = {[z,y] : 0 <@ <y <1}

e By= f(Ag) ={0.x12925... : O.x12375... < 0.x9m476 ... and
Tok_1 # Tog, for some k};

o Ay ={[x,z] : = € By};

[ Bl = f(A1> = {O.l‘lfﬂli{)gl’gl‘g]ﬁ'g e 0.33'1.1’3.1'5 . < O.x2x4x6 ... and
Tok_1 # Tog, for some k};

o Ay ={[z,2] : v € B}

o By = f(As) = {0.x121 0121 2222%2%s . .. : 0.212375 ... < 0.x97426 ... and
Tok_1 # Tog, for some k};

o A3 ={[z,z] : = € By};

IN

[} Bg = f(Ag) = {O.xlwlxlxlxlxlxlx1x2x2x2x2x2x2x2x2 e 0..’1:1373565 ce
0.2924%¢ ... and Zo,_1 # xo, for some k}.

In general, for all n > 1, the set B, is constituted by the elements
0.21...21T9...T9x3...2x3...suchthat 0.z 2375 ... < 0.x970476 . .. and xop_1 #
on on on
Zop, for some k. So, for n > 1, the elements belonging to A, have the
form [0.21...2929.. . 2923...23..., 0.21...21%9...2923...23...], being
0.2123%5 ... < 0.2924%¢ . .. and xor_1 # Toy, for some k. Thus, taking [z, z],
with z = 0.3321110. . ., we have [z, x] € Ay. Besides, since there is not repe-
titions in the decimal expansion of x, [z, x] € A,, for all n > 2. Finally, note
that 0.x1x325 ... = 0.3210... and 0.x9z47¢ ... = 0.3110. .., so 0.z1x375 ... £
0.2224%¢ . . ., which means that [z,2] € A;. Thus, [z,2] € [0,1] \ U,cy An-
Now, take [y,y] = [0.332110...,0.3321110] € Ay = [y,y] € U, ey An- Note
that [y, y] <2 [z, z]. Following the proof of Cantor-Schroder-Bernstein theo-
rem, we have H([z,z]) = 0.3321110... and H([y,y]) = 0.3333221111010.. .,
so H([y,y]) > H([z.x]).

The order <y, defined by [a,b] <g [¢,d] < H([a,b]) < H([c,d]) is a total
order and is isometric to the usual order in [0, 1], being H, itself, the order
isomorphism.

With the functions g(t) = [0,t] or g(¢) = [t, 1], the function H is not an
order preserving bijection either.
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Although the function H above is not an order preserving bijection, it
coincides with f except in a negligible set in the following sense. Identifying
1[0, 1] with the set K[0,1] = {([x,y]) € R? : 0 <z <y < 1} (the upper part
to the diagonal of the unit square), the subset of K[0, 1] where H is different
from f is a subset of the diagonal, which have null Lebesgue measure.

About a possible admissible order < such that (I[0, 1], <) is isomorphic to
([0,1], <), the isomorphism A : 1[0, 1] — [0, 1] can be seen as a function h* :
K[0,1] — [0,1] and that function cannot be continuous, since continuous
functions preserve connected sets and if one excludes both a point a in (0, 1)
and its pre-image A € KJ0,1], then the function h** : KJ[0,1] \ {A} —
[0,1] \ {a} is a continuous function sending the connected set KJ[0,1] \ {A}
to the non-connected set [0, 1] \ {a}.

5. Final Remarks

In this paper, we generalized the construction of admissible orders based
on two aggregation functions and the lexicographical order by extending it
to an arbitrary admissible order, instead of the lexicographical and functions
that are not necessarily aggregation functions. We present an application of
these new admissible orders on the decision making process where changes
the order resulted in different choices. Our second contribution was to start
investigating the existence of admissible orders on I[0, 1] that are isomorphic
to [0,1] with its usual order. In Figure 1 we present, graphically, a sum-
mary of the results contained in this paper as well as the remaining open
problem related to this question. In that figure, ¥, T¢, Tne and T4 denote,
respectively, the sets of total orders on 1[0, 1], total orders on I[0, 1] with a
continuous isomorphism to ([0, 1], <)(this set is empty), total orders on I[0, 1]
with a non-continuous isomorphism to ([0, 1], <), and admissible total orders
on I[0, 1].

In addition, although of the contributions of this paper are not relates
with fuzzy intervals, in the sense of [12, 17|, it may be a first step to get
admissible ordering between fuzzy intervals, but it will be matter of a future
research. In a future work, we intend to study new methods for constructing
admissible orders on [0, 1], which are not necessarily based on aggregation
functions and an order. Besides, we intend to give a full and definitive answer
to the conjecture“If < is an admissible order on I[0, 1], then ([0, 1], X,) is
not isomorphic to ([0, 1], <)”.
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Figure 1: Sumary of isomorphism problem between I[0, 1] with total (admissible) order
and [0, 1] with their usual order.

Acknowledgements

This work was partially supported by the Brazilian funding agency CNPq
(Conselho Nacional de Desenvolvimento Cientifico e Tecnolégico), under Proc.

No. 307781/2016-0 and by research project TIN2016-77356-P(AEI/FEDER,UE)
of the Spanish Government.

References

[1] M.J. Asiain, H. Bustince, R. Mesiar, A. Kolesarova, Z. Takac¢, Negations
with respect to admissible orders in the interval-valued fuzzy set theory,
IEEFE Trans. Fuzzy Syst., 26(2), 556-568, 2017.

[2] T.C. Asmus, G.P. Dimuro, B. Bedregal, On two-player interval-valued
fuzzy Bayesian games, Int. J. Intell. Syst., 32(6), 557-596, 2017.

[3] E. Barrenechea, J. Fernandez, M. Pagola, F. Chiclana, H. Bustince,
Construction of interval-valued fuzzy preference relations from ignorance

17



[10]

[11]

[12]

[13]
[14]

functions and fuzzy preference relations. Application to decision making,
Knowledge-Based Systems, 58, 33-44, 2014.

U. Bentkowska, H. Bustince, A. Jurio, M. Pagola, B. Pekala, Decision
making with interval-valued fuzzy preference relation and admissible
orders, Applied Soft Computing, 35, 792-801, 2015.

F. Bernstein,  Untersuchungen aus der Mengenlehre, Inaugural-
Dissertation, George-Augustus-Universitat, Giittingen, 1901.

F. Bernstein, Sur la théorie des ensembles, C. R. Hebdomadaires Séances
Acad. Sci., 143, 953-955, 1906.

E. Borel. Legons sur la théorie des fonctions. Gauthier-Villars, 1898.

H. Bustince, E. Barrenechea, M. Pagola, J. Fernandez, Interval-valued
fuzzy sets constructed from matrices: application to edge detection,
Fuzzy Sets and Systems, 160, 1819-1840, 2009.

H. Bustince, J. Fernandez, A. Kolesarova, R. Mesiar, Generation of
linear orders for intervals by means of aggregation functions, Fuzzy Sets
and Systems, 220, 69-77, 2013.

H. Bustince, M. Galar, B. Bedregal, A. Kolesarova, R. Mesiar, A new
approach to interval-valued Choquet integrals and the problem of order-

ing in interval-valued fuzzy set applications, IEEE Trans. Fuzzy Syst.,
21(6), 1150-1162, 2013.

G. Cantor, Beitrage zur Begriindung der transfiniten Mengenlehre,
Math. Ann., 46, 481-512, 1895.

Y. Chalco-Cano, H. Roméan-Flores, F. Gomide, A new type of approxi-
mation for fuzzy intervals, Fuzzy Sets and Systems, 159(111), 1376-1383,
2008.

J. Dugundij, Topology, Allyn and Bacon, 1966.

M. Galar, J. Fernandez, G. Beliakov, H. Bustince, Interval-valued fuzzy
sets applied to stereo matching of color images, IFEFE Trans. Image
Process., 20(7), 1949-1961, 2011.

18



[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

A. Hinkis. Proofs of the Cantor-Bernstein Theorem: A Mathematical
Ezxcursion. Birkhauser, 2013.

E. Hiillermeier, K. Brinker, Learning valued preference structures for
solving classification problems, Fuzzy sets and Systems, 159(18), 2337-
2352, 2008.

S.G. Li, Fuzzy intervals, Applied Mathematics Letters, 14(6), 737-740,
2001.

L. Lima, B. Bedregal, H. Bustince, E. Barrenechea, M.P. da Rocha,
An interval extension of homogeneous and pseudo-homogeneous t-norms
and t-conorms, Inform. Sci., 355-356, 328-347, 2016.

S. Nicolay, L. Simons, Bulding Cantor’s bijection, arxiv:1409.1755v1
[math.HO].

E.S. Palmeira, B. Bedregal, R. Mesiar, J. Fernandez, A new way to
extend t-norms, t-conorms and negations Fuzzy Sets and Systems, 240,
1-21, 2014.

B. Pang, Z. Xiu, Lattice-valued interval operators and its induced
lattice-valued convex structures, IEEE Trans. Fuzzy Syst., 26(3), 1525-
1534, 2018.

D. Paternain, A. Jurio, E. Barrenechea, H. Bustince, B. Bedregal, E.
Szmidt, An alternative to fuzzy methods in decision-making problems,
Ezpert Syst. Appl., 39(9), 7729-7735, 2012.

M. Reichbach, Une simple démonstration du théoréme de Cantor-
Bernstein, Colloq. Math., 3, 163, 1955.

W. Rudin, Principles of Mathematical Analysis, McGraw-Hill, Inc.,
Third Edition, 1976.

F. Santana, R. Santiago, A generalized distance based on a generalized
triangle inequality, Inform. Sci., 345, 106-115, 2016.

R. Santiago, B. Bedregal, B. Acidly, Formal aspects of correctness and
optimality of interval computations, Form. Asp. Comput., 18(2), 231-
243, 2006.

19



[27]

28]

[29]

[32]

[33]

[34]

J. Sanz, A. Fernandez, H. Bustince, F. Herrera, A genetic tuning to
improve the performance of fuzzy rule-based classification systems with

interval-valued sets: degree of ignorance and lateral position, Internat.
J. Approx. Reason., 52(6), 751-766, 2011.

E. Schréder, Uber zwei Definitionen der Endlichkeit und G. Cantor’sche
Satze, Abh. der Kaiserl. Leop.-Carol Deutchen Akademie der Naturfor-
sher, 71(6), 301-362, 1898.

L. Silva, R. Moura, A. Canuto, R. Santiago, B. Bedregal, New ways
to calculate centers for interval data in fuzzy clustering algorithms, In
Proc. 2014 IEEE Int. Conf. Fuzzy Syst., Beijing, China, 2014.

L. Silva, R. Moura, A. Canuto, R. Santiago, B. Bedregal, An interval-
based framework for fuzzy clustering applications, IEEE Trans. Fuzzy
Syst., 23(6), 2174-2187, 2015.

A. Tarski, A lattice-theoretical fixpoint theorem and its applications,
Pacific J. Math., 5(2), 285-309, 1955.

Z. Xu, R. Yager, Some geometric aggregation operators based on intu-
itionistic fuzzy sets, Int. J. Gen. Syst., 35(4), 417-433, 2006.

L. Zadeh, The concept of a linguistic variable and its applications to
approximate reasoning, Inform. Sci., Part T 8(3), 199-249, Part 11 8(4),
301-357, Part 11T 9(1), 43-80, 1975.

H. Zapata, H. Bustince, S. Montes, B. Bedregal, G.P. Dimuro, Z. Takac,
M. Baczynski, J. Fernandez, Interval-valued implications and interval-

valued strong equality index with admissible orders, Internat. J. Approz.
Reason., 88, 91-109, 2017.

20



