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of F(z), for the particular case f(t) = t, was derived. In this paper we go some steps
further and investigate a modification of the Laplace’s method for F(z), with a general
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singularities of f(t) and g(t) are off this region and then this method provides asymptotic
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1. Introduction
Consider Laplace integrals of the form
o0
F(z) == / e @ Og(t)dt, Rz > xo > 0, (1)
0

for certain xy € R, with f(t) and g(t) smooth enough functions, f(t) real. The key point in Laplace’s method is that, for
large positive |z| (with fixed argz € (—mr /2, 7 /2)), the major contribution of the integrand to the integral occurs around
the absolute minimum t = t, of the phase function f(t) in the integration interval [0, co), that we assume to be unique.
Then, only the local behavior of f(t) and g(t) at t = t; is relevant to derive an asymptotic expansion of F(z) for large
|z| [1], [2, Chap. 2]. In particular, when f(t) = t (in this case Laplace’s method is indeed Watson’s lemma), that minimum
is obviously to = 0. When g(t) is analytic at t = 0, it has an asymptotic expansion at t = 0 of the form

_ &%)

n—1
gty =) at* + g(0), @ : : (2)
k=0
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with g,(t) = O(t") when t — 07, This expansion converges in a certain open disk D,(0) of radius r > 0 centered at t = 0.
When we replace this expansion in the above integral (with f(t) = t) and interchange sum and integral we obtain:

n—1
o k!
/ e “g(t)dt ~ Zakzﬁ + Ra(2), (3)
0 k=0
with
Riz)i= [ et = o), @
0

This last order estimate means that expansion (3) is an asymptotic expansion for large |z|. This is the well-known Watson’s
lemma [3, Chap. 2], [2, Chap. 1]. The key point is that, for large positive |z|, the dominant contribution to the integral
(1) comes from the left end point t = 0 of the integration interval [0, co). Then, only the value of g(t) around that
asymptotically relevant point t = 0, that is the sum of the first few terms of the approximation (2), is relevant for the
asymptotic behavior of F(z) when |z| is large.

Typically, in many examples of special functions F(z) (the right hand side of (1) is an integral representation of F(z)),
the function g(t) is not an entire function and then the convergence radius r of the Taylor series (2) is finite. As the
integration interval [0, c0) is not contained in D,(0), the interchange of series and integral gives an expansion (3) of the
function F(z) that is not convergent.! Take for example F(z) = e?E;(z), where E;(z) is the exponential integral [4, Sec. 6.2,
eq. (6.2.2)],

[e'e) e—zt -1
F(z)= dt, t)= ——. 5
o= 80 = — ©
Because the singularity of g(t) at t = —1, we have that the expansion
)= = Y
t+1 ’
k=0
is convergent in any disk D,(0) with r < 1. Therefore, in this particular example, formula (3) becomes
o0
(—1)k!
F@z) ~ Z 2t
k=0

The series in the right hand side above is not convergent for any value of z € C.

For general phase functions f(t), that is, when we consider the more general Laplace’s method, the situation is similar:
in most of the important examples of special functions, the functions f(t) and g(t) are analytic at the asymptotically
relevant point ty (the absolute minimum of the phase function). But the convergence radius of the Taylor series of these
functions at t = t is finite and then, the convergence disk of these Taylor expansions does not contain the whole
integration interval. As a consequence, the asymptotic expansion of the function F(z) is not convergent; see further details
in [1].

For the particular case f(t) = t (Watson’s lemma), it is suggested in [3, Sec. 17.3] a logarithmic change of the integration
variable that transforms the unbounded integration interval [0, oo) into a bounded interval [0, 1). Then, an appropriate
expansion of the integrand, followed by an interchange of series and integral, results into a factorial convergent series [5].
In this paper we combine this idea with the modified Laplace’s method introduced in [1] to design a new Laplace’s method
(for a more general phase function f(t)) that is also convergent.

The paper is organized as follows: In the next section we design a convergent and asymptotic method for Mellin
transforms over a compact interval. This analysis is used in Section 3, where we consider the integral (1) for the special
case f(t) = t™, m € N, and we design an asymptotic and convergent generalized Watson’s lemma. The main idea is a
logarithmic change of the integration variable that transforms the unbounded integration interval [0, co) considered in
the Generalized Watson’s lemma to the bounded integration interval [0, 1) considered in Section 2. Then, in Section 4
we use the results of Section 3 combined with the modified Laplace’s method introduced in [1] to design an asymptotic
method for a general phase function f(t) in (1) that is also convergent. The key point is to invoke the modified Laplace’s
method introduced in [1] that, after splitting the Laplace integral (1) at the critical point t = ty, becomes the sum of two
integrals of the form considered in the generalized Watson’s lemma studied in Section 3. As an illustration, a convergent
and asymptotic expansion of the parabolic cylinder function U(a, z) for large |z| is derived. Some indications for the
computation of the coefficients of the convergent and asymptotic Laplace expansion derived in Section 4 are given in a
separate Appendix.

In the remaining of the paper we consider that |z| — oo along fixed rays in the half complex plane Nz > xo. We
consider the principal value (—z, 7] for the argument of any complex variable. The symbol |a| denotes the integer part
of the real number g, that is, the greatest integer less than or equal to a.

1 The convergence of (3) in not assured either when g(t) is an entire function.
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2. A convergent and asymptotic method for compact Mellin transforms of analytic functions
The first step in our analysis is the derivation of an asymptotic and convergent expansion of the compact Mellin integral
F(z) == /R(l — X" ¥ f(x)dx, 0<R<1, meN, Rz>x >0, %s>0. (6)
0
For the particular case f(x) = 1 and m = 1, the integral (6) becomes the incomplete beta function [6, Sec. 8.17],
Bg (s,2) == /R(1 —xF %7 ldx, 0<R<1, Nz, s> 0.
0
As a matter of fact, this function is the basic approximant in the expansions that be derive below. If in addition we set
R = 1, then we obtain the well-known Euler’s beta function [7, Sec. 5.12].
We assume the following hypothesis on the function f(x):
Hypothesis 1. Let r > 0 denote the radius of convergence of the Taylor series of f(x) centered at the origin. Assume

either that r > Ror that r = Rand f(x) = O ((R - x)"‘l) as x — R, for some o € (0, 1]. If R = 1 it is also required that
Xo+o > 1.

We have the following theorem.

Theorem 1. Consider the integral (6) with the above mentioned hypothesis. Then, forn=1,2,3, ...,

1 «— f®(0) k+s
— Bgm
m k!

—_

F(z) =

,Z) + Ra(2), (7)

=~

0
The remainder R,(z) can be bounded in the form

—

M n+ MNs
B ( 0 ,mz) ifr >R,
0
IR =\ p(2)B(n + 9ts. o) ifr=R <1, (8)

M(z)B(n+Ns,Nz+0 —1) ifr=R=1,

where M is a certain positive constant independent of n and z, and M(z) > 0 is independent of n. On the other hand, in the
first line of (8) we have that Ry := r —e > R, with € > 0 as small as we wish. Expansion (7) is convergent, with an exponential
rate of convergence for r > R and a power rate for r = R. More precisely, as n — oo,

O (n"'(R/Ro)") ifr >R, R<1,
o) n—.‘)izR*" l'fr>R:1,
. ( ] ") ‘ (9)
O(n ‘7) lfr:R<1,
o (n—(}“z+afl)) ifr=R=1.

Expansion (7) is also an asymptotic expansion of F(z) for large |z|: we have that, as |z| — oo, the terms of the expansion and
the remainder are of the order

n S n+s n+s
BRm< nt ,z):@(z-%), Rn(z)zo(z—%), n=123.... (10)
Proof. Consider the Taylor series expansion of f(x) at x = 0,
n—1
f®0)
fx) = ’Z; X R, <

The key point of the proof is an accurate analysis of the remainder r,,(x), similar to the one carried out in [8] in a different
context. We consider first the case r > R, then the interval of integration [0, R] is completely contained in the disk Do(r).
Replacing the above expansion of f(x) into (6), and interchanging summation and integration, we find the right hand side
of (7) after a straightforward integration process, with

R
Ru(z) := / (1 — x™ P I T (x)dx. (11)
0
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The Taylor remainder r,(x) can be written in the form

. Xx€[0,R), (12)

T, = —_—
" 2ri Jo w(w —x)
where C is a simple closed circle around the origin of radius Ry := r — € > R encircling the points w = 0 and w = x in
the positive direction. The function |f(w)| is bounded on C by a certain positive constant independent on x and n, and

then
f f( w)dw
271R"

where M > 0 is independent of x and n.

Consider now the case r = R; the function f(x) may have an integrable singularity at x = R. We note that integral (12)
is a constant function of ¢, it is defined for ¢ = 0 (when we set Ry = R), and it is continuous as a function of ¢, since it
is the integral of an integrable function. Hence, formula (12) is also valid when r = R if we take the limit ¢ — 0 in (12)
and consider that C is a circle of radius r = R. Moreover, we perform the following translation of the integration variable:
w — v+ R, so that

Tl

M (13)

[ra(%)] <

X" v+ R)d
1m(X) = ?{ fv+ Ridv ., x€[0,R),
2mi (v+R)"(v+R—x)
where the new integration path C is a circle of center v = —R and radius R: C = {v € C : |v + R| = R}. We make use of
the fact that (R — x)'=?f(x) is bounded as x — R, that is, v!~f(v + R) is bounded as v — 0. We find
i v+R) o—1 _ X" o—1
(X)) < f [ st : I M g xepor). (14)
27{ |v+ R| v+ R —X| R" Je |[v+R—X|

with M > 0 independent of n and x. After the further change of variable v — u defined in the form v = (R — X)u, x #R,
we find

~XnR_er—l uo—l
R e T (15)

R" C/R—x) U+ 1]
where the 1ntegrat10n contour C/( — X) is a scaled circle of center u = —R/(R — x) and radius R/(R — x): C/( X) =
{lu+ = | = ﬂ} traversed in the positive direction. In the limit x — R this scaled circle becomes the imaginary axis

traversed upwards and the integral along this path in formula (15) is finite. Then the right hand side of (15) can be
bounded in the form
- X"(R—x)°1
o < R x < [0.R), (16)
with M > 0 independent of n and x.
From bounds (13) (for r > R) and (16) (for r = R) for r,(x), we find two different possibilities for the remainder R,(x)
defined in (11), according to whether r > Ror r = R:

e >R:
M (R \ " M1 n+Ns M n+Ns
< — | (1—x")eIx s lgy — — _ Bem Nz ) = —Bgm VAR 17
I(N_Rﬁ/( ) e (o it (o (17)
with M := M/m, and the first line of (8) follows.
e =R:
W (R
| ( )| < ﬁ/ (1 _Xm).‘)iz—lxn+.\)€s—l(R —X)"_ldx. (18)

We distinguish two further sub-cases, depending on whether R < 1 or R = 1.
- If R < 1 we use the bound (1 — x™)"#~! < M(z) := max{1, (1 — R™)"*~} independent of x, and we find
M M(z)
Rn

R
IRa(2)| < / X"STUR — %)~ dx = MM(2)R™ = 1B(n + s, o) = M(2)B(n + His, o), (19)
0

with M(z) := R"$t*~1MM(z), and the second line of (8) follows.
- IfR=1 we find

1
(Z)| SM/ Xn-HHS—](] _X)t)\‘z+a—2(-1 x4 +Xm_l)mz_1dx.
0
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When 9z > 1 we have the bound (1+4x+- - -+x""1)2~1 < m"2~1 When %z < 1 we have (14x+- - -+x™" 1)1 <
1. Therefore, (14X + - - - + x™ 12~ < fi(z) := max{1, m">~1} independent on n and then

1
IRa(2)] < Mi(2) / XS] — X)W 20y = M(2)B(n + s, Rz + 0 — 1),
0

with M(z) := Mi(z), and the third line of (8) follows.

From (8) and the asymptotic behavior for large n of the complete and incomplete beta functions involved in that
formula [7, eqs 5.12.1 and 5.11.12], [6, egs. 8.17.2 and 8.18.1] we obtain the convergence rate (9) of expansion (7).

On the other hand, using again [7, eqs 5.12.1 and 5.11.12], [6, eqgs. 8.17.2, 8.17.4 and 8.18.1], for the sequence
Fi(z) = Bgm (2, z) we have that F"Ff(lz(f) = 0(z7"™) as z — oo, and then the expansion (7) is formally asymptotic.
Moreover, for r > R, the asymptotic behavior (10) follows from (17) and [7, eqs 5.12.1 and 5.11.3] or [6, egs. 8.17.2 and
8.18.1]. For r = R we split the integral in the right hand side of (18) in the form

R
/ (.1 «“Z 1 ﬂ+*“s ](R _ X)a—ldx — /6 (1 _ Xm):)iz—lxn+:)is—1(R _ x)”_1dx+
0

R (20)
/ (] _ Xm)t)iz—lxn+>)is—1(R _ X)”ildx,
€

R

for any 0 < € < 1. Now, in the first integral in the right hand side above we use that (R — x)°~! < [R(1 — €)]°' V
x € [0, €R]. In the second integral we use that, for %iz > 1, (1 —x™)~! < (1 — (eR)™)"*~1 V x € [€R, R]. Then,

€R
/ («1 ‘“Z 1 ﬂ+‘“$ ](R—X)U_ldx S[R(] _6)]0—1/ (1 _Xm)}HZ—lXﬂ+}“S—1dX+
0
(21)
R
[1-— (GR)m]fszl / xn+ms—1(R _ X)rr—ldx'
€R

The last integral above is bounded by a positive constant, say C, independent on z, and the first integral in the right hand
side is an incomplete beta function. Therefore,

. . R(1—¢)]°! n+Ns g
/ (1 — ™)Ly s—1 (R o —Tgy < [R( mé)] B(eR)m( Tn ,?}iz) 4 C1 = (eRy™P 1,

For large |z|, the second term in the right hand side is exponentially small compared to the first one, that is of the order
O(z=(+9)/m)_ Therefore, the asymptotic behavior (10) also follows for r = R. O

Example 1. Consider the integral representation of the Bessel J,(z) function [9, eq. (10.9.4)]: J.(z) = 7 zf(/uzL/z) fo

t2)"=1/2 cos(zt)dt. Applying the above theorem with m = 2 and r > R = 1 and after some manipulations we find the
power series definition of J,(z) [9, eq. (10.2.2)], which is a convergent series that is also asymptotic for large |v].

3. A convergent version of the generalized Watson’s lemma
The second step of our analysis is the derivation of an asymptotic and convergent expansion of generalized Laplace
transforms. For the sake of generality, when the integration interval is bounded, we let possible branch points at the end

points of the integration interval. When the integration interval is unbounded, we let a possible exponential growth of
the integrand at the infinity. More precisely, we consider generalized Laplace transforms of the form

b
F(z) = / e " 5711 — t/b)’ h(t)dt, Rz>x >0, 0<No <1, NRs>0, (22)
0

With m € Nand 0 < b < co. We assume that the factor (1 — t/b)° ! is replaced by 1 when b = co. We also need to
define the following complex region.

Definition 1. For any 0 < b < oo we define the open complex region

Sm(b,0):={t € C: ‘1 —e ™| <R}, R=1-¢"" <1, (23)

where only the branch that contains the integration interval [0, b) is considered (see Fig. 1). (The “extra” argument 0 in
the notation of the region Sp,(b, 0) will be clear later.) Observe that R < 1 when 0 < b < oo and R = 1 when b = co

We assume the following hypothesis for the function h(t):
Hypothesis 2. Assume that the function h(t) is analytic in the region S;(b, 0) or in a larger region Sp,(bg, 0) for some by > b
and, if b = oo, we let h(t) be of exponential order at the infinity: h(t) = ©(e*" ) when t — 400, with 0 < o < min{1, xg}.

5
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@

=00
log )" Py

e llog2)"
C
b<co Re(t)
Re(t) A Re(t) \ /A

in/3
le (

b=00

Fig. 1. Region S;(b,0) for m = 2 (left), m = 3 (middle) and m = 4 (right) with b = oo (larger blue unbounded regions, including green
areas) and finite b (inner green bounded figures). For any value of b, finite or infinite, the boundary of these figures is comprised by the
curve t(f) parametrized in the form t(6) = [—log(1 — Re™)]V/™ —7 < 6 < m, selecting the continuous branch for which t > 0 for

0 = 0; that is, t(8) = |log(1—Re™)|"™e® _7 < 6 < =. In these figures we have highlighted four points of the boundary of Su(b, 0):
A= t(0) = [—log(1 — R)]'/™ > 0, B := t(/2) = [~ log(1 — Re"™™/2)]'/m = {|B|, C := t(w/m) = [—log(1 + R)]V/™ = e™/™|C|, P := t(27r /m) = e*"/MA,
In this figures we have depicted these points for R < 1 (green region with b < co). When b — oo (R — 1) we have that A — 400, P — €*"/Moo
and C — (log2)/™e™/™ ¥ m. Roughly speaking, the region S,,(b, 0) is a circle around the origin of radius |C| = |log(1 +R)|M/m spiked along the m
rays determined by the mth roots of the unity e?”*/™ k =0,1,...,m — 1 (the point A is on the first ray, the point P is on the second one, the
point C is on the middle angle between A and P). For b = oo the (blue + green) regions are unbounded, as those spikes go up to the infinity. For
b < oo the (green) regions are similar, but bounded, as those spikes are bounded, and contained in S;,(co, 0): observe that S;;(b;, 0) C Sp(b2, 0) for
by < by.

We have the following theorem.

Theorem 2. Consider the integral (22) with the above mentioned hypothesis. Then, forn =1,2,3, ...,

1l k+s
Fz)=—) AcBr .z ) + Ral2), (24)
m m
k=0
where R := 1 — e™"" < 1 and A are the Taylor coefficients of the function
s o—1
] log(1 — x™)\ 7! log(1 —x™)"" log(1 —x™)]""
) o (08— ™) L X[ log(1—xm) o ([ log(1—x™) (25)
xm b xm xm

at x = 0; assuming that, when b = oo, the middle factor is replaced by 1. The Taylor coefficients Ay can be computed, either
directly by using an algebraic manipulator, or by means of the following formula (see Lemma 1 in the Appendix):

L

A=

m

bR
(—1y By (1) d* <1 t) ol

il —im)! dtk-im
= j' (k—jm)! dt b o

where Bgf‘)(x) are the generalized Bernoulli polynomials of order « [10, Sec. 24.16], [11, Ch. VI], [12] and the factor (1 — i)””
is replaced by 1 if b = oo. The remainder term is bounded in the form

M n+ MNs
— Br (L,SRZ) ifb<oo and o0 =1,
Ry m

(26)

[Ra(2)] <

S \M@B(n+ %, %Mo) ifb<oo and o £ 1, (27)

M(z)B(n + Ns, Rz — a) if b= +o0,

for a certain Ry > R > 0, M > 0 independent on z and n, and M(z) > 0 independent on n. Expansion (24) is convergent, with
an exponential rate of convergence for b < +o0o and Ro = 1, and a power rate otherwise. More precisely, as n — o0,

O (n"Y(R/Ro)") ifb<+4ocoand o =1,
Ri(z) = {0 (n77) ifb<+ooand o # 1, (28)
o (n—(.‘ﬁz—a)) l.fb = 4o00.

Expansion (24) is also an asymptotic expansion of F(z) for large |z|: the terms of the expansion (24) and the remainder are of
the order specified in (10).
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Proof. Consider the change of integration variable t > x defined in the form

_,my]1/m
= x [_log(lx)} , (29)

xm

where the logarithm and the fractional power are assumed to take their principal value. The inverse is given by the
formula

m\ 1/m
1—et
X = t T N (30)

with x > 0 for t > 0. Under this transformation, the region S;(b, 0) for the variable t is transformed into the open disk
Do(R'/™) for the variable x. Then, we find

R1/m

F(z) :/ (1= x"Y'%"h (x) dx, (31)
0

with h(x) given in (25). Now, we can apply Theorem 1 to this integral with f(x) replaced by h (x) to find (24) and (27):

e Whenb < +o0and o = 1, we havemthat R < 1. Moreover, the function h (x) is analytic in a certain open disk Dy(r)
with r > Ré/'" > RY™ Ry :=1—e b, and the first line of the bound (8) implies the first line of the bound (27).

e Whenb < +o00 and o # 1, we have that R < 1. The function h (x) is analytic in the open disk Do(r) with r = RV/™ < 1
and the third line of the bound (8) implies the second line of the bound (27). -

e When b = 400 (the middle factor in (25) is replaced by 1), we have that R = 1. The function h (x) is analytic in the
open disk Do(r) with r = R = 1 and satisfies the growth condition h(x) = O ((x — 1)*") as x — 1. Therefore, the
fourth line of the bound (8) implies the third line of the bound (27) with ¢ replaced by 1 — . O

We illustrate Theorem 2 with the following example. This example, and also Example 3, will be used in the analysis
of the Parabolic Cylinder function in Section 4.

Example 2. Consider the function
1
Ui(a, z) :=f (1— )= 122 gp Na > —1/2. (32)
0

It has the form of integral (22) withb = 1 (and thenR =1—¢ )y m =2,s = 1,0 = a— 1/2 — |Ra — 1/2], and
h(t) = (1 — t)*°+1/2 = (1 — ¢)Me=1/2]+1 The function h(t) is analytic in the region S,(1, 0) and we can apply Theorem 2
to find

- 1 k41
Ui(a,2) = 5 > AB o (2,2) . (33)
k=0

The coefficients Ay are the Taylor coefficients at x = 0 of the function
1 11a-1/2

- log(1 —x?)7] 2 —log(1 —x?)\2

Hix) = [_ 8 )] 1_X( g )) 7

X2 X2

which can be computed using formula (26):

&) () . 1) (%)
_ 2 (—1)’ Bj (1) dkizj a—1/2 _ 2 (—])l Bj (1) 1
M= 5 ey a0 o= 2 ey (2_a>k_2j’

where (a), := I'(a + k)/I'’(a) denotes the Pochhammer’s symbol [7, Sect. 5.2.(iii)]. The first few coefficients are

1 1(, 1 “1(, 9, 23 15
A():l» Alzf_a; AZZE a—2a+Z ; A3:—a—7a + —a——.

=0 j=0

2 6 2 4 8

Table 1 contains a numerical experiment about approximation (33) that shows the rate of convergence of expansion (33)
and its asymptotic character for large |z|.

Theorem 2 requires the analyticity of the function h(t) in the region S,,(b, 0) defined in (23) and depicted in Fig. 1 for
several values of m. From a practical point of view, this region may be “too large”, as the integral representations of some
special functions do not satisfy this requirement (see Example 3). But, after a certain manipulation of the integral that we
describe below, this condition may be relaxed, requiring the analyticity of h(t) in a smaller region, enlarging in this way
the range of applicability of Theorem 2.
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Table 1
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Absolute value of the relative error provided by the right hand side of (33) when we truncate the series after n terms,
for different values of z and a = 1.8.

n z=05 z=2 z=10 z=30 z =100
0 1.26 8.18474 x 107! 3.0011 x 107! 1.54866 x 107! 7.93323 x 1072
5 8.46202 x 103 3.1662 x 1073 5.92959 x 10~° 1.44491 x 107® 2.77723 x 1078
10 3.15303 x 103 1.06383 x 1073 6.64822 x 107° 1.88215 x 1078 2.5038 x 10~
15 1.34204 x 1073 4.25023 x 1074 1.27042 x 1076 43148 x 10710 7.86635 x 10714
20 7.06936 x 1074 2.15652 x 1074 4.16676 x 1077 2.36881 x 10~ 4.40583 x 10714
25 4.2018 x 107 1.24947 x 1074 1.81634 x 10~/ 2.31511 x 10712 4.38895 x 10714

Im(z) A Im(z2) Im(z) Im(z)

2¢
—he—
2¢ 2¢e

i Re(2) i Relo) i Re(@) i Re(2)
ZsT 28? ZET ZST

Fig. 2. Region sp(b, 0) for m = 2 (left), m = 3 (middle left), m = 4 (middle right) and m = 6 (right). In every picture, the m rays in the directions
e?ikm/m | =0,1,2,...,m— 1, have width 2¢ and length be/ | %/log2|.

In order to understand what manipulation we need, we must first give some insight into the geometry of the
transformation t — x defined in (29). The key point is that, after the change of variable t > x, with inverse (30), the
original integration interval t € [0, b) in (22) is transformed into a new integration interval in (31): x € [0, RY/™) C [0, 1)
Vb >0, withR :=1—e"". Now, expansion (24) follows after a Taylor expansion of the function h(x) given in (25) at
x = 0 and an interchange of summation and integration in (31). The resulting expansion (24) is convergent whenever
h(x) is analytic in the disk Do(R"™). And h is analytic there whenever h(t) is analytic in the image of the disk Dg(R/™)
under the transformation (30), that is the region S;;(b, 0).

Then, the trick to relax the analyticity condition of Theorem 2 is a dilatation of the original integration variable t € [0, b)
that squeezes the region S, (b, 0) into a smaller region s,,(b, 0). (Again, the “extra” argument 0 in the notation will be clear
in a moment.) Such a region s,;(b, 0) may be the following: a starlike domain with center at t = 0 and with m arbitrarily
narrow spikes of width 2¢ and length be/ | «m/log2| in the directions defined by the mth roots of the unity, with ¢ > 0
arbitrarily small (see Fig. 2).

be
| Wlog2|’

Consider a certain dilatation parameter A > 1. After the dilatation u — t = Au, the region sp(b, 0) for the variable u
becomes the larger region s;,(b, 0) — Asy(b, 0) for the new variable t. The region Asy(b, 0) contains the region S,,(b, 0)
for any b > 0 whenever ¢ A is larger than the distance from the origin t = 0 to the complementary of the region S,;,(c0, 0)
(see Fig. 3). That distance is attained at the intersection of the boundary of S,,(co, 0) with the rays t = ref@+D7/m - 0,
k=0,1,2,...,m—1, which occurs at a distance C = | «m/log(2)| (see Fig. 3). Therefore, the region Asy,(b, 0) contains the

region Sp(b, 0) for any b > 0 whenever A > | %/log(2)| /e. Then,

sm(b,O)::[te(C:t:(r+iy)e2i”"/m;0§r< k=0,1,...,m—1; —s<y<e}. (34)

b m u\o-1 1 Ab mym t o=l -
F(z) :=/ o2 s (1 - 7> h(u)du = —f e @AM (1 2 ) ey,
A b A/, Ab

with h(t) :=h (t/A). Whenever h(u) is analytic in s,,(b, 0), i_l(t)_is analytic in Sp,(b, 0) C Asp(b, 0) and Theorem 2 may be
applied to this last integral with z replaced by z/A™ and h by h.

With this dilatation, we may avoid all the singularities of h(t) off the rays argt = 2kmx/m, k=0, 1,2, ..., m—1, but not
those located on these rays, as the axes of the starlike region s, (b, 0) remain invariant under the dilatation u — t = Au
no matter how large A is. We still can use a second trick to avoid these singularities over the axes of s,,(b, 0) when b = oo:
an appropriate rotation of the original integration path [0, oo) whenever the function h is analytic in an appropriate sector.
The effect of this rotation is a rotation of those axes that may avoid the singularities located there. Choose an angle 6
satisfying |argz + mé| < = /2 (optimally 6 = —%(Z) if argz # 0). Now, if e—ot™ h(t) is bounded as t — oo in the sector
argt € [0, ] (and not only for t > 0 as it is required in H2.2) and h(t) is analytic in that sector, we can invoke Cauchy’s

8
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Im(t)

Im(t)

Re(t)

Fig. 3. The thick red star-like regions Asp(oo, 0) contain the corresponding regions Sy (oo, 0) limited by the blue curves; for m = 2 (left), m = 3
(middle) and m = 4 (right). In these figures Cy, G, ..., G, are the m different mth roots of — log(2), that is, G, = |C|e{Z+D7/m |k =0,1,2,..., m—1,
IC| == | ~"1/10g(2)| and A = | ."'/10g(2)| /e for the given ¢ > 0 used in the definition (34) of s, (b, 0).

theorem to rotate the path of integration that angle 6. Then
F(z) = e / gz 5= Th(e? t)dt,
0

and we can apply Theorem 2 to this integral with h(t) replaced by h(et) and z replaced by ze™. We can combine
the above two tricks to enlarge the range of applicability of Theorem 2. Then, consider again the integral (22) with the
following hypotheses instead of H2:

Hypothesis 3.

e H3.1. The function h(t) is analytic in the starlike region s,;(b, 0) defined in (34). If b = +o0, then et h(t) is bounded
as t — oo for a certain @ < min{1, xp},
or

e H3.2. b = 400 and the function h(t) is analytic in a sector argt € [0, 8], with |argz + mf| < 7 /2, and also in the
starlike region sp,(00, 0) defined in (34) rotated an angle 6:

Sm(00,0) = {t € C:t = (r +iy)e@*27/m. 1 > 0. k=0,1,2,....,m—1; —e <y < &}, (35)
for a certain ¢ > 0. And e~ h(t) is bounded as t — oo in this sector for a certain « < min{1, xo}.

We obtain the following theorem.

Theorem 3. Consider the integral
b
F(z) = / e~" 5711 — t/b)” ' h(t)dt, Rz > xg > 0, meN, Ns > 0, (36)
0

and 0 < Mo < 1, with 0 < b < 4o0. If b = oo, we assume that the factor (1 — t/b)°~! is replaced by 1. Assume that
Hypotheses 3 hold. Then, forn=1,2,3, ...,

1
<k+s z >+Rn( ) (37)
k=

forany A € C with |A| > | ¥/log(2)| /& and arg(A) = 6, with 6 = 0 if h(t) is analytic in su(b, 0), and R := 1 — e~(1AID™ The
coefficients Ay are the Taylor coefficients of

1 1—xm %71 1 1—x™m 1/m o-1 1 1—xm 1/m
o = (1081 =X 1 X [_log(1—x") o (X [_log1 —xm)
xm bA xm A xm

at x = 0, with the middle factor replaced by 1 when b = +o00. The Taylor coefficients Ay can be computed either, directly by
using an algebraic manipulator, or by using the following formula (see Lemma 1 in the Appendix):

k() , »
(Y BT dem N
A"_jzzo U (k— mj)t Ak=mi dek-mi (1—5) ey (38)

t=0

9
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Table 2

Absolute value of the relative error provided by the right hand side of (40) when we truncate the series after n terms,
for different values of z and a = 2.6. We have taken A = 2¢/™/5,

n z=05 z=2 z=30 z =100 z =250

0 6.07615 x 107! 4.77225 x 107! 1.84414 x 107! 1.08389 x 107! 7.08001 x 1072
5 1.31198 x 107! 3.68296 x 1072 1.21413 x 10~ 3.98426 x 1076 2.72387 x 1077
10 1.18385 x 107! 2.50816 x 1072 4.67633 x 107° 7.70153 x 10~° 4.13833 x 107"
15 1.14372 x 107! 2.18815 x 1072 1.08835 x 1076 2.78716 x 1071° 2.68262 x 10713
20 1.10831 x 107! 1.92642 x 1072 2.4277 x 1077 9.90124 x 10712 6.95367 x 10~

where the factor (1 — t/b)° ' is replaced by 1 if b = 400 and Bﬁf)(x) are the generalized Bernoulli polynomials.
The remainder R,(z) is bounded as in (27) and (28) with z replaced by z/ A™. Therefore expansion (37) is convergent. It is
also an asymptotic expansion of F(z) for large |z|, with the same order behavior as in Theorem 2.

Example 3. Consider the function
- o0 2
Us(a, 2) :=/ (t+1)2e2qdt,  Ra>—1/2, Rz>0. (39)
0

It is of the form (22) or (36) with m = 2, b = 400 (and then R = 1), s = 1 and h(t) = (t + 1) /2. However, we
cannot apply Theorem 2, as the branch point t = —1 is inside the region S,(co, 0). Nevertheless, h(t) is analytic in
sy(00, 8) for any 6 satisfying |argz + 26| < 7 /2 and ¢ = sin6. Then, we can apply Theorem 3 with any A satisfying
|arg(z) + 2arg(A)| < /2 or |arg(z) — 2arg(A)| < m/2, arg A # 0 and |A| > |/log 2|/ sin(arg(A)).

We find

o0

- 1 k+1 z
Uya.2) = o > AB (T ﬁ) . (40)

k=0

The coefficients A, are the Taylor coefficients of

2\ 2 B Lot
R(x) = <_1°g(1)(72")> 1+%<#)

at x = 0. They can be computed using formula (38) in the form

a—1/2

k+1
2

L8 pyers Bj< >(1) (G =9y

A = .
- — 2
= j! (k —2j)! Ak=2
where we have used that % [A(E)];—o = (—1)" (% - a)n. The first few coefficients are
—-1/2 1/2 — 1 —(1/2 -
po1 a @12 (2-@p 1 —(1/2-a)s
A 22 4 643

We may choose for example arg(A) = 7 /6 and |A| = 2. With this election of A we obtain the numerical experiment
detailed in Table 2, that shows the convergent and asymptotic character of expansion (40).

4. A convergent Laplace method

Finally, we consider Laplace integrals of the form
o
F(z) == / e FOg(t)e"dt, Nz >x >0, 9fa)>0, (41)
0

10
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and assume the following hypotheses:

Hypothesis 4.

e HA4.1. The function f(t) has only one absolute minimum in the positive real axis at a certain point ty > 0.
Then, there exists a number m € N such that f(™(ty) > 0 and f®(tg) =0fork =1,2,...,m—1.If to > 0 then m is
even. Then, following the ideas of the modified Laplace method introduced in [ 1], we consider the Taylor polynomial
of f(t) of degree m at t = to:

(m)
p(t) = f(to) + n(t — to)", ni= ! m(!tO) > 0.
We write f(t) = p(t) + fm(t) with
i (k)
fult) =) —p)= 3 7 k(f")(r — o), It—to] <,
k=m+1 '

for a certain r > 0. Roughly speaking, p(t) is the asymptotically dominant part of the phase function f(t), whereas
fm(t) is subdominant (see [1] for further details on the convenience of this splitting of the phase function).

e H4.2. The function f(t) is real for real t and both, f(ty — t) and g(ty — t) are analytic in the region to — Sp(to, 0), with
Sm(to, 0) defined in (23).

e H4.3. Both functions, f(ty + t) and g(ty + t) are analytic in a sector arg(ty + t) € [0, 0], for a certain angle 6
satisfying | arg(z) + mO| < /2, and also in the starlike region ty + sp(00, 6) defined in (35). And there exists a number
0 < o < min{1, X} such that e=*" e=@mto+g(t, + t) is bounded as t — oo in the above mentioned sector.

e H4.4. The function e ¥ g (t)t=1 is absolutely integrable on [0, 0o) for Rz > xq.

Then, from H4.1, the integral in (41) can be written in the form
o0
F(z) = e 0 / e 1= (e, Z)e N, h(t, z) := eI Wg(t). (42)
0

In this integral, the exponent of the asymptotically dominant exponential consists only of the asymptotically dominant
part of the phase function, whereas the subdominant part is included in h(t, z). We split up the integral at t = t, and
write:

t (o]
F(z) = e 4 0) / 0e—Z"“—fo)mh(t,z)t“—ldr+e—2f<f0> / e~ (e 2% e
0 to (43)

=e 7 (F(2) + F*(2)),

where we have defined
bi
FE(z) = / e 1" h(ty & t, 2)(to & ) \dt, (44)
0

with b~ := tg and b™ := 0o. Now, we can apply Theorem 2 to F~(z) and Theorem 3 to F*(z). But the function h considered
in Theorems 2 and 3 does not depend on z, and now the function h in both integrals in F*(z) does. Then, we are introducing
here a new ingredient in the analysis: the function h and then the Taylor coefficients A in formulas (24) and (37) depend
on the asymptotic variable z. This fact does not have any influence on the convergence of those expansions, and formulas
(27) and (28) remain valid. But it has an effect on the asymptotic behavior of the terms of the expansions (24) and (37)
and the respective remainders R,(z): formulas (10) are not longer valid. Therefore, when the function h in Theorems 2 and
3 is the function h given in (42), the asymptotic character of expansions (24) and (37) is not clear and must be proved. In
the following theorem we summarize this discussion providing a convergent expansion of the integral (41) and proving
its asymptotic character for large |z|.

Theorem 4. Consider the integral (41) with the parameters m, ty, n and the function h(t, z) defined above. Assume that
hypotheses H4 hold. Then, forn=1,2,3, ...,

e | 1T k+1 Af@) (k+rt oz
F(Z):e f(O){mZ[Ak(Z)BR<<m ’nz>+(Ak+))h+B(< m ’(An+)m>:|+Rﬂ(Z)}! (45)

k=0

tm

whereR:=1—e"0; At =1ifto > 0o0r A" = aifto = 0; |AT| > | ¥/log(2)| /& and arg(A*) = 6. On the other hand, A, (z)
are the Taylor coefficients of the function
log(1 — x™) %71 X log(1 — x™) m " X log(1 — x™) m
- . — — —

11

1
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atx =0, with A~ = A~ =1, u~ = a and either, u™ = aif ty > 0, or u* = 1 if ty = 0. The Taylor coefficients Aki(z) can be
computed either, directly by using an algebraic manipulator, or by using the following formula:

n naE

Lm (—l)kBi m )(1) (:t-l)n—km dn—km

(AFy=km il (n — km)! dtn—km

Ax(z) = [t#i*1h(t, z)] , (47)

k=0 =t
where B(n”)(x) are the generalized Bernoulli polynomials.
The remainder R,(z) is bounded by the sum of the first line of (27) with s = 1 and the third line of (27) with s = A™.

Therefore, expansion (45) is convergent. It is also an asymptotic expansion of F(z) for large |z|: the terms of the expansion
n_neat

. . k_ ks k_ kot n_ntl it
between brackets inside the sum in (45) are of the order O [ zp~ m +2zp~ m ), and Ry(z) = O\zp™ m +zp~ m | as

|z| = oo, where p > m denotes the first derivative of f(t) at to that does not vanish after the mth derivative (see Observation 2).
Proof. Formulas (45)-(46) and the convergence rate of expansion (45) (given by the sum of the first line of (27) with
s = 1 and the third line of (27) with s = A™") follow from a direct application of Theorems 2 and 3: Using H4.2,
we can apply Theorem 2 to F~(z) in the second line of (43) with b = t5, s = 1, 0 = a — [Ra], h(t) replaced by
t8 h(to — t,2)(1 — t/to)*™ = t§ 'h(to — t,z)(1 — t/to)" and z replaced by nz. On the other hand, using H4.3, we
can apply Theorem 3 to F*(z) in the second line of (43) with b = +o00, 0 = 1, z replaced by 5z and either, s = 1 with
h(t) replaced by h(ty + t, z)(ty + t)*~ 1 if to > 0, or s = a and h(t) replaced by h(ty + t, z) if ty = 0. Formula (47) follows
directly from Lemma 1 in the Appendix.

In the remaining of this proof, we show the asymptotic character of (45). Firstly, expansion (45) is formally asymptotic:

from Corollary 1 in the Appendix we have that, for k = 0,1,2,..., Ai(z) = O (zﬁ), as |z| — oo. And then, from the

asymptotic behavior of the beta and incomplete beta functions in the terms between brackets inside the sum in (45)
[7,eq. (5.12.1), (5.11.12)] and [6, eq. (8.17.2), (8.17.4), (8.18.3)5we find that the terms of the expansion between brackets

ktat k_ k+1

k_ k_ ki1
inside the sum in (45) are of the order O (zP~™ ™ +42zP~ m | as |z| — oc.

Secondly, we study the order behavior of the remainder term R,(z) in (45). As we have mentioned above, expansion
(45) follows from formula F(z) = e~ 0)(F~(z) + F*(z)) (see (43) and (44)), applying Theorem 2 to the integral F~(z) and
Theorem 3 to the integral F*(z). Therefore,

Ra(2) = R, (2) + R (2), (48)
where Rni(z) are the remainders given in Theorems 2 and 3 for F*(z) and F~(z) respectively:
1 n—1
FH2) = — 3 AP (R 2) + Ry(2). (49)
k=0
R-=R=1-—¢%,R" =1,and
1 k+1*  nz
+ . — —
D.7(c; z) = (Ai)AiBC< m Ak ) k=0,1,2,.... 0<c<1. (50)

Now, the key point for the proof is an splitting of both integrals F*(z) at the point t = |z~'/?|, for |z| > Xo large enough.
That is, we write F¥(z) = F;(z) + F{"(z), with

1z=1/7)
Fi(z) =/ e 1" h(t & t, 2)(to & t)*\dt,
o (51)
Ff(2) :/ e 1" h(ty ¢, 2)(to & £)° 1dt.
[

z*l/P|

(For large enough |z| we have that |z~V/?| < t, for positive to.) The integral F, (z) is of the form of F~(z) with ¢, replaced
by |z71/7|. As well as the integral F; (z) if we also replace h(ty — t, z)(to — t)*~! by h(to + t, z)(to + t)*~". Therefore, we
can apply Theorems 2 or 3 to these two integrals and we get

1 n—1 o
Fy(@) = — 3 A@)P (R 2) + Ry of2), Ry=1—e """, (52)
k=0
with @;5(c; z) given in (50) and
(R)V/m s
Ryo(2) = / (1= XM X1 (x, 2)dx, (53)
0

12
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where rf(x, z) is the nth order Taylor remainder of h*(x,z) at x = 0.
Then, on the one hand, according to the splitting described above, we have

FE(z) = F(z) + Fif(2) ZA (@) (Rz; 2) + Ry o(2) + Fi (). (54)

On the other hand we have formula (49). From (49) and (54) we find that

Ry (z) = ¥5(2) + R o(2) + F{(2), (55)
with
n—1
Vi) = S AR 2) - 9 (R 2). (56)
k=0

In the remaining of the proof we study the asymptotic behavior of every one of the three terms ¥X(z), Rio(z)
and Fli(z) in the right hand side of formula (55), in order to find out the asymptotic behavior of Rf(z), and then of
Ru(z) = Rf(z) + R (2).

° lI/ni(z). Note that the arguments of the two incomplete beta functions in the right hand side of (56) (see (50)) are the
same, the incomplete beta functions only differ in their index. Then, taking into account the integral representation
of the incomplete beta function [6, eq. (8.17.1)] we find that

1 R + nz___
@k*(Ri;z)—cp,?(Rz;zFW/R el - @ e,

Hence
1 1 kot
t—m

9w~ )-1
7)< ——r “1—1t) () dt.
I(AEPE] Ji_ etz

|0 (R 2) — (R

Performing the change of variables t — u defined by t =1 — "Iy we find

<A)m>x

1 —m/p
:t
|(pk Ri Z)—@ RZ,Z|_W(3 lz |)
(57)

1 _m
/ (1 _ e_lz—m/p|u)%_]um<w)71du < 1 1 . M(W)‘Z p |.
0 (A=Y |q{( )
(aEym

It is proved in Corollary 1 in the Appendix that the coefficients Ak (z) are polynomials in z of degree | k/p]. Therefore,
from (56) and (57) we have that, Yk =0,1,...,n—1,

9 nz -7
lpni(z) =0 (ZLn/pJ—le '“((Aﬂ")‘z ’ ') , as |z] — oo. (58)

° Fli(z). We have that f(to & t) — f(tp) = nt™ + O(tP) as t — 0* with 5 > 0, and therefore 3 §* > 0 independent on
t (and of course on z) such that

Flto + ) — f(to) — gtm >0 for0<t<3s* (59)

On the other hand, as ty is an absolute minimum of f(t) on [0, co), there exist €* > 0 such that

fltott)—f(to) —et >0 fort > 5%, (60)
For large enough |z| we have that = > |z=1/?|, and we can split the integral Ff(z) at t = §* and write

Ff(z) = Gi(2) + G5 (2),

with
5i

G:]t(z) :=/ . e_zmme_zfm(toit)g(to:f:t)(to:tt)ath,
lz=1/p|

pE

G;‘:(Z) = / Eizmmefzfm(foif)g(to + t)(to + t)afldt.
8

+
13
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Using f(to £t) = f(to) + nt™ + fi(to = t) and (59) we find
ai
|G:1i:(z)| < / , |e—Z[f(fo:tt)_f(fO)—ﬂ[m/Z]| |e—277t’”/2 |g(t0 + t)(t() + t)a_lldt
[z=1/P]
st 5+

S/ efr]tmﬂil/2|g(t0it)(to:tt)aflldr SR/ efntm}RZ/Z
[ \

2-1/p| 2—1/p|

e ¢] 2
SI_/ o ntz/2 _ "Kl r l Umj ’
=1/p| (Rz)l/m m 2izp |

with K and K positive constants independent on |z|. From the asymptotic behavior of the incomplete gamma
function [6, eq. (8.11.2)] we deduce that

m— 1-m
Giz)=0 <ZT1716_%Z ’ ) , as |z| — oco. (61)

On the other hand
bE b=

Gi(z) = / X e e~ HAnlloX0g () + £)(to £ £)*\dt = / ie—liﬂtoﬂ)-f Collg(ty + t)(to & £)* \dt.
§ 5

And then,

+

b
Grta < e ™ [ el lgte e

§*

Using (60), we find that, for iz > xo, ezl t0)=*] < e=x0[fto2)~f(to)—¢*] Taking also into account that the
last integral above, with Nz replaced by x, is convergent by hypothesis H4.4, we conclude that
IG5 (2)] < Ke™ ™,

with K > 0 independent on |z|. From this formula and (61) we find
_n,7p —zeE
Fiiz)=0 (e 2 +e , as |z| — oo. (62)

Rio(z). Recall the integral representation of R:O(z) given in (53). The factor rni(x, z) is the Taylor remainder of fli(x, z)
at x = 0. Then, r,f(x, z) admits the Cauchy integral representation (12) with f(w) replaced by ﬁi(w, z):

N s hE(w, z)
Tn (X,Z) = ﬁ i mdw, X e DO(T),

for a certain r > 0 independent on |z|, and where we choose an integration path C that is a circle of center 0 and

radius 2|z~ /7| (< r for large enough |z|), oriented in the positive sense. Since (see (52)) R, == 1—e~12""PI ~ |z=m/p|

when |z| — oo, for sufficiently large |z|, both points 0 and x are contained inside the circle ¢ for any x € [0, R;/m].

Recall at this point that h*(w, z) is given in (46) and (42), and we can write

b= (w) = e 2"V g(w),

Y(w) = wfulto £ t(w)), tw) = [MT

AT wm

1 _my AT /m-1 N
plw) = glto + t(w)) (—%) (to & e()y ",

The functions ¢ (w) and ¢(w) are analytic in the disk Dy(r) that contains the circle C. Then, on the integration path C we

have

that

= (w, 2)] < e PV ()| = VN jp(w)| < K,

for some constant K > 0 independent on |z|. For w € ¢ we also have |w — x| > |z~ /P and |w|" = 2"|z="/?|. Then

IrE(x, z)| < KX"|z2"7|,
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with K > 0 independent on x and |z|. Then, from (53) we have
1/m
Z

+ : ()1 o1
IRE(2)] < f (1 — ) () 1) )1
0

Re w12 _)_ ‘
sKIZ”/”I/ (1—xm)"‘(m) Lontia®—14.
0

n4 Nt z
— K12P B, (A g (2 .
m (Ai)m

Using the asymptotic behavior of the incomplete beta function [6, eq. (8.17.2), (8.17.4), (8.18.3)] we find

+ n_ rHr)»i
Rig(z)=0(zr" ™), as |z] — oo. (63)
Finally, from (55), (58), (62) and (63) it follows that
4+ E,M
Ri(z)=0(zr ™ + exp. small terms, as |z| — oo,
and then, from (48),

n_ngat n_nga”
Ry(z)=0O|zp™ m zp m + exp. small terms, as |z] = oc0. O

Observation 1. Observe that the first term inside the brackets in expansion (45) (and also R; (z) defined in the proof of
Theorem 4) vanishes when to = 0 (only the “+” terms remain).

Observation 2. As it has been pointed out before Theorem 4, the “extra” dependence of the function h on the asymptotic
variable z introduces a new ingredient in the analysis that was not considered in Theorems 2 or 3. As it has been proved, this
fact does not have any influence in the convergence of the expansions nor in the asymptotic character of expansion (45). As it is
proved in Corollary 1 in the Appendix, the Taylor coefficients Ai( z) are polynomials in z of degree L |, where p > m denotes
the first derivative of f(t) at to that does not vanish after the mth derivative. The only effect of the dependence ofAi( ) on the
large variable z is that now, the asymptotic sequences A, (z)Br((k+1)/m, nz) and A+( B((k+A1)/m, nz/(AT)™) in expansion
(45) are no longer Poincaré sequences that decrease monotonically in the form z*"/ M but sequences that decreases in the foIm
of a sawtooth: we have, as |z| — oo, A;(2)Bg (Y, nz) = © (ztk/mfkiml) and A (z)B ("+nf+, (A’f)m) =0 (z“‘/m*k*fﬁ )
(see [1] for further details).

Example 4 (Parabolic Cylinder Function). Consider the following integral representation of the parabolic cylinder func-
tion [13, Eq. (12).5.1],

6722/4 o u? 1
U(a, z) = 7/ ut 2= T At Ra > ——.
Fla+1/2) ), 2

Assume that z < 0 and perform the change of variable u +— t, defined by u = —zt, to find the integral representation

_\a+1/2,-2%2/4  poo
U(a,z) = (2)79/ £0-1/2=2 (g
0

T'a+1/2)
with f(t) = % —t = %( 172 — 5 The absolute minimum of f(t) occurs at t; = 1 and f(t) equals its asymptotically
dominant part p(t) = %(t 172 -1 5+ Then, we split up the integral at t = 1 to find
(_Z)a+l/2€fz /4
U(a,z) = W (Ui(a, z) + Us(a, 2)), (64)
with
2 ! 2 =1 2 (! z2
Ui(a,z) =eZ / tV e T dt =T / (1=t 2 520 — oY U; ( 5) , (65)
0 0
and
2 [® 2 (6172 2 z?
Us(a,z):=e7 / t Ve 7 dt =eT / (t+ 1) V2% 520 _ o5 U, < 5 ) , (66)
1 0
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with Uy (a, %) k = 1, 2, given in Examples 2 and 3. A convergent expansion for the parabolic cylinder function, that is

also asymptotic for large z < 0, follows from (64), (65), (66) and the corresponding expansions for U; and U, given in
formulas (33) and (40) respectively. ()

Observation 3. Many special functions of the mathematical physics admit an integral representation of the form (41) and
then, this method can applied be to obtain new series representations of those functions that have also an asymptotic property
in a certain variable. This is subject of current research.
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Appendix. Computation of the Taylor coefficients A,f(z)

Lemma 1. For any m € N, let ¢(t) be an analytic function in the region Sp(q, 0) defined in (23), for some q > 0. Consider the
function

MY\ A _,my/m
o= (Y o (x[ O] e o)

Then, ¢y, the nth Taylor coefficient of ¢ at x = 0, is given by the formula
Ll
¢n = (_ 1 )

Ot1+2) _
Be (1) ¢km(0)

k! (n —km)!’

=~
Il

where BEC”)(X) are the generalized Bernoulli polynomials of order « [10, Sec. 24.16], [11, Ch. V1], [12].

Proof. The function <Z>(x) is analytic in the open disk Do(p), for a certain 0 < p < 1. From Cauchy’s formula for the nth
derivative of an analytic function we have

0 2L (LY ( [lxt —xm)]”m) @ (69
27i xm xm xnt1

1/m
where C is a circle of center 0 and radius p < 1 that does not contain any singularity of ¢ (x [—l"g(;i,;")] ) and

my1/m
oriented in the positive sense. Consider the change of variables x +— t given by t = x [—l"g(;i;x)] with inverse

1797tm 1/m .
x:t( R ) . We find

50 L L =
0= 17§¢, ( —m 1) (1’ (70)

where y is the image of C by this transformation, that is, the boundary of the region S,,((— log(1 — p™))/™, 0), which is
a closed curve encircling t = 0 in the positive sense. Then, for small enough p, S,,((—log(1 — p™))/™, 0) C Sn(q, 0) and
Cauchy’s theorem implies that

~ dn N _m A1+ R
¢(“><0)=dt,[¢(t>e‘f <ﬁ) } : (71)

t=0
Furthermore, we have that

dk o _¢m A1+ 0 if k # 0 (mod m),
O <ﬁ) = IR gy | (72)

h __1\k/m _
“ t=0 (=D G7m B (1) if k=0 (mod m),
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which follows from the generating function of the generalized Bernoulli polynomials [ 10, Sec. 24.16], and the kth derivative
at x = 0 of a composite function of the form g(x) = f(x™). Then, (68) follows after applying Leibniz’s formula to the right
hand side of (71). O

A formula for the Taylor coefficients Ani(z) of the function ﬁi(x, z) considered in Theorem 4 follows from this result
and Leibniz’s formula for the derivative of a product. In particular, we have the following lemma.

Corollary 1. Let f(t) and g(t) be analytic functions at t = to. Define h(t, z) = e~ dnNg(t) and for any AT e C consider the
function h*(x, z) defined in (46). Then, the nth coefficient AX(z) of the Taylor expansion of h*(x, z) at x = 0 is a polynomial
in z of degree L%J, where p > m is the first non-zero derivative of f(t) at t = ty after the mth derivative. This means that
Af(z) = 0 (z\"P)) as |z| — o

Proof. The Taylor coefficients of h*(x, z) are given by (47). There, the variable z only appears in the coefficients hi(z),
that are polynomials in z of degree |j/p], as shown in [1]. Taking into account the range of the index of summation we
conclude that Ani(z) is a polynomial in z of degree |n/p]. O

References

[1] J.L. Lépez, P. Pagola, E. Pérez Sinusia, A simplification of Laplace’s method: Applications to the gamma function and Gauss hypergeometric
function, J. Approx. Theory 161 (1) (2009) 280-291.
[2] R. Wong, Asymptotic Approximations of Integrals, Academic Press, New York, 1989.
[3] N.M. Temme, Asymptotic Methods for Integrals, World Scientific, London, 2015.
[4] N.M. Temme, Exponential, logarithmic, sine, and cosine, in: NIST Handbook of Mathematical Functions, Cambridge University Press, Cambridge,
2010, pp. 149-158, (Chapter 6).
[5] N. Nielsen, Handbook der Theorie der Gammafunktion, B. G. Teubner, Leipzig, Germany, 1906.
[6] R.B. Paris, Incomplete gamma and related functions, in: NIST Handbook of Mathematical Functions, Cambridge University Press, Cambridge,
2010, pp. 173-192, (Chapter 8).
[7] R.A. Askey, R. Roy, Gamma function, in: NIST Handbook of Mathematical Functions, Cambridge University Press, Cambridge, 2010, pp. 135-148,
(Chapter 5).
[8] J.L. Lopez, P. Palacios, P.J. Pagola, Uniform convergent expansions of integral transforms, Math. Comp. 90 (329) (2021) 1357-1380, http:
//dx.doi.org/10.1090/mcom/3601.
[9] FEWJ. Olver, L.C. Maximon, Bessel functions, in: NIST Handbook of Mathematical Functions, Cambridge University Press, Cambridge, 2010
pp. 215-286, (Chapter 10).
[10] K. Dilcher, Bernoulli and Euler polynomials, in: NIST Handbook of Mathematical Functions, Cambridge University Press, Cambridge, 2010
pp. 587-600, (Chapter 24).
[11] L.M. Milne-Thomson, The Calculus of Finite Differences, Macmillan & Co. Ltd, London, 1960.
[12] N.M. Temme, Bernoulli polynomials old and new: Generalizations and asymptotics, CWI Q. 8 (1) (1995) 47-66.
[13] N.M. Temme, Parabolic cylinder function, in: NIST Handbook of Mathematical Functions, Cambridge University Press, Cambridge, 2010
pp. 303-319, (Chapter 12).

17


http://refhub.elsevier.com/S0377-0427(22)00495-2/sb1
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb1
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb1
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb2
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb3
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb4
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb4
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb4
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb5
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb6
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb6
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb6
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb7
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb7
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb7
http://dx.doi.org/10.1090/mcom/3601
http://dx.doi.org/10.1090/mcom/3601
http://dx.doi.org/10.1090/mcom/3601
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb9
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb9
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb9
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb10
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb10
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb10
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb11
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb12
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb13
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb13
http://refhub.elsevier.com/S0377-0427(22)00495-2/sb13

	A convergent and asymptotic Laplace method for integrals
	Introduction
	A convergent and asymptotic method for compact Mellin transforms of analytic functions
	A convergent version of the generalized Watson's lemma
	A convergent Laplace method
	Data availability
	Acknowledgments
	Appendix. Computation of the Taylor coefficients Ak±(z)
	References


