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I. REVIEW OF WAVE PROPAGATION AND QUANTIZATION IN ANISOTROPIC
MEDIA

In this supplementary note we review the basics of wave propagation and the quantization
of the electromagnetic field in anisotropic media, providing additional details to the theory

developed in the main text.

A. Derivation of the wave equation and magnetic flux density

First, we derive the wave equation and a compact expression for the magnetic flux density.
Our start point is time-harmonic Maxwell equations for plane wave modes with propagation

constant k = s k:

kxE=wB (1)
k x H=—wD (2)
k-D=0 (3)
k-B=0 (4)

For an electrically isotropic medium (D = gye E) with anisotropic permeability (B =

o - H), we can derive the wave equation

2

kxkxH=k (k-H)—KF¥H=—-"cp-H (5)
c
With the definition 7 = kc/w, and combining both results we can rewrite the wave
equation as
1
s(s-H)—H:—ﬁgﬁrH (6)

This allow us to write a compact expression for the magnetic flux density:
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B. Useful property for computing the energy of a mode

Next, we derive a useful property for determining the energy of a mode. First, we use

(7) to write

1 2
H . p-H=——H -B="1 (H" H-(s-H) (s H)) (8)
Ho €
Then, we use (2) to write
Uk Uk
D*~D:§(SXH*)-(SXH):E(H*-H—(S~H*)-(S-H)) 9)
Leading to the relation:
2
H  -p-H=—D*"-D (10)
€
Finally, if we define H = hy Hj, then we can compactly write D = —f s X hyHy and
k2c?
hk'[,l,'hk:w—Qg(Sth)2 (11)

C. Review of the quantization procedure for anisotropic dielectrics

Next, we carry out the quantization of the plane-wave modes discussed above

1 .
Hk (I‘, t) = Pk W hk (677 (t) €Zk'r (12)
By (r,1) = — — Kk x Hy (1,8) = — P —5 (e x bi) an (1) e (13)

where we have introduced pre-factors in the form of a quantization volume V', a normalization

constant Py and a dynamical variable oy (¢). The energy density is given by

Uy (t) = /Vd?’r (e0e |Ex (r,8)|* + po Hy, (r,1) - o - Hy (r, 1)) (14)
= ﬂ02P13 (Ozl*{ (t) (657 (t) —+ Ok (t) Ozlt (t)) (ljj—;j (uk X hk)z + hk I hk) (15)

Using the property (11) the energy density can be compactly written as
U (t) = po P huc - - e (o () cue (8) + auc (t) o (1)) (16)

Quantization is carried out by using the substitution ay — \/m ay:
Tl = P2 by o+ hye i % (aki + @a (17)
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And we choose the normalization constant such that
/1
B = 18
« po Cx ( )

Ok:hk'[_t'hk (19)

with

obtaining the usual expression for the Hamiltonian
~ hw SN N
Hy = Tk (aLak + akaw (20)

Then, the (positive frequency) field operators are given by

. [ hw ,
H (1) = | —X _ hy G kT 21
K (1) TRCATR (21)

and the complete operators are given by Hy (r) = IA{l(:r) (r) + h.c.

D. Input-output relations for an anisotropic temporal boundary

Here we provide additional details for the derivation of Eq. (2) of the main text, describ-
ing the input-output relations for an anisotropic temporal boundary. First, following the
expression for the magnetic field operator we can construct the magnetic flux ]§k (r) and

the electric displacement operators as follows

~ hw ~ ikr , ~ —ikr

Bu(r) = on by 3, Gy (@™ ™) @)
~ ]{} h(.Uk ~ ik-r ~T —ik-r
Du(r) = =\ ey (e ) (@™ e ™) 2

Then, recalling the property (11), we can multiply (22) by hy and find that the continuity
of By, (r) leads to the condition

VWwki€1 <ak1 + aT,kl) = /Wk2€2 (akQ + aik2> (24)

Similarly, we can multiply (23) by ux x hy and obtain the condition

1 . . 1 ~ R
(akl - atkl) = (akQ - aik2> (25)
Wki1€1 Wk28&2

Finally, solving (24)-(25) leads to the input-output relations as given by Eq. (2) of the

main text.



E. Particularization to a diagonal permeability tensor

Let us assume that we have a diagonal permeability tensor: p = diag {/t,, pty, gt }. Then,

each component of Eq. (7) can be rearranged as follows
1’
H=——s,(s-H) i=u,y, 26
s H) i=ry (26)

Multiplying on both sides by s; and summing over 7 we get
s H=Y -1 (- H) (27)

Noting that s - H is on both sides of the equation and it can be removed, and dividing

by n%, we obtain the dispersion relation

2 2 2
Sx Sy Sz i
2

+ + (28)
Nt — ey NP—cEpy NP—cp M

For 2D propagation s = u,s, + uys, = u,cos¢ + u,sing, so that we can write

£ 4 1
2

8 N

n? (s
—ne (Shpy + 1 syp0) = =€ (the + 1) + o pty

17 (M + ty — Sttty — Sofle) = Eflafly

and the dispersion relation reduces to

cos? sin? £
¢ + o =
oy Ha n

(29)



In this manner, the effective refractive index, the wavenumber and the frequency are

given by
E bz fby
= 30
g \/ [1:C082¢ + p,sin*¢ (30)
2 102
o = ke [ COS?D + [1,,SIN" P (31)
Efbr by



