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Abstract. We derive a new analytic representation of the error function
erf z in the form of a convergent series whose terms are exponential
and rational functions. The expansion holds uniformly in z in the double
sector | arg(£z)| < m/4. The expansion is accompanied by realistic error
bounds.
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1. Introduction

The error function erf z is defined in the form [11, Section 7.2, Equation
7.2.1]

2 / 2 22 (1
erf z:=— [ e"dt=— [ e *"dt (1)
VT Jo VT Jo

It is a special function that plays a fundamental role in statistics, since it is
related to the normal Gaussian distribution. It has also important applica-
tions in uniform asymptotic expansions of integrals and also in the so-called
Stokes phenomenon [1]. For other mathematical and physical applications
the reader is referred to [11, Section 7.20].

Different expansions of this function can be found in the literature. The
power series expansion of the error function is given by [11, Section 7.6,
Equation 7.6.1]

n22n+1

_ 2 (D
eer—ﬁngom, z e C. (2)

This expansion converges absolutely for z € C. It may be derived from the
second integral representation in (1) by replacing the factor et by its
Taylor series at the origin and interchanging sum and integral. This Taylor
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series expansion converges for z € C, but the convergence is not uniform in
|z|, since the error term grows with |z|. Therefore, the expansion (2) is not
uniform in |z| as the remainder is unbounded in |z|. A different power series
expansion of erf z is given by [11, Section 7.6, Equation 7.6.2]

oM 5 2n+1

erfz——e Z—Qn—l—l) z e C. (3)

As the previous series, it converges for z € C, but the convergence is not
uniform in |z|. An asymptotic expansion of erf z for large |z| and |arg z| < 2T
is given by [11, Section 7.12, Equation 7.12.1]

erf z~1-——= Z Z2m+1 (4)

and

—Z

erf (—z )~—1—|—

= (1/2)
>y )
m=0
Simple error bounds for these two asymptotic expansions are indicated in
[11, Section 7.12]; they are not uniform in |z|, as they blow up when z — 0.
Other expansions in series of Bessel functions and spherical Bessel functions
can be found in [9, pp. 57-58] and [11, Section 7.6] respectively. We do not
give details here since, in contrast to the above expansions, these expansions
are not given in terms of elementary functions.

In this paper we derive a convergent expansion of erf z in terms of ele-
mentary functions that holds uniformly in z in the double sector |arg(+z)| <
/4. To this end, we apply the method introduced in [8]. This technique pro-
vides a general theory of analytic expansions of integral transforms with the
following properties: (i) it is uniform in a selected variable z in an unbounded
subset of the complex plane that includes the point z = 0; (ii) it is conver-
gent; (iii) it is given in terms of elementary functions of z. This method was
previously applied successfully to a selection of different special functions (see
2-7)).

For the application of this method to the error function, the starting
point is an integral representation different from (1) that we specify below.
As an illustration of the approximations that we are going to obtain, we
anticipate the following ones, valid for |arg(+z)| < 7/4

4ze’z2 (7!'8222Z4 + 3)
erf z =

+ HQ(Z)’

VT (4z4 — 222 4 3+ V16me222 210 4 1628 + 3226 + 2824 — 1222 + 9)
with |02(z)] < 0.0517371 for z > 0 or
dze=?" (471'6222 28 +202% + 4022 + 105)

erf z =
JT [1628 — 826 41224 — 3022 + 105 + \/s(z)}

-‘1-93(2)7
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with
s(z) :=2562'% + 10242 4 300822 + 556820 + 39842° — 24002° + 34202(4
6

— 630022 + 256me®* 218 111025,

and |03(z)] < 0.031527 for z > 0. For complex z in the double sector
|arg(+z)| < m/4 the error bounds 2(z) and 65(z) are less sharp (we specify
them below).

Because of the symmetry erf (—z) = —erf z, in the following, we only
consider without loss of generality, Rz > 0. Also, through all the paper we
use the principal argument argz € (—m, 7] for any complex number z, and
square roots assume their principal value. Section 2 contains the main result
of the paper and Section 3 some numerical experiments showing the accuracy
and some properties of the expansion.

2. A Uniform Convergent Expansion of erf z

We first consider the following lemma that will be useful in the proof of the
main result of the paper.

Lemma 1. For z € C, |argz| < w, we have that |1 + 1+ z| > |/z].

Proof. We define w := v/z + 1. We have that |arg(z + 1)| < 7, and then
Rw > 0, and it is clear that

w41 > w—1] = Vw+1>Vw-1 = |w+1]>|Vw?-1|.
The result follows by replacing w by /z + 1. O
Theorem 1. Consider z € C with |argz| < w/4. Then, for n =1,3,5,...,

2 _ 2
2€_z gZQn 1622 + Bn(ZQ)

ﬁ .An(Z2) + \/_A%(ZZ) + %24’"726222 + 232"716"(22)

erf z = + Rn(2), (7)

where A, (2?) and B,,(2?) are polynomials that, for convenience, we write in
the form

n—1
An() = 2 A0(E), An()i= Y (DM D (8)
k=0
n—1 k—1 .
Bu(2) = z"2B,(2), Bu(z):=Y (-1} (’“_2;%/2)] 9)
k=0 j=0

The remainder term R, (z) is bounded in either of the following forms

n—1
4 (_1)n7k+1 2
Rn,(2)| < | — — 1, Ry (2)] € —/——. 10
LCENED Ra(a)l < s (10)
For z > 0 we have the sharper bounds
n—1
2 (—1)n—k+l 2
R < — —_— — = R < ———m. 11
RS 2Y gy G e (D)
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Proof. We consider the alternative integral representation of the error func-
tion [11, Section 7.7, Equation 7.7.5]

2
efat

F(a) == 260(1 — (erf va)?) = /O Trpdt Ra>o0, (12)

and the Taylor expansion of the factor 1/(1 + t?) in (12) at the end point
t = 0 of the integration interval (0, 1),

n—1
1
Tre Z(*l)kt% + (), (13)
k=0

where r,(t) is the remainder term

ra(t) =Y (~1)k = <1_i t):

k=n

(14)

Replacing expansion (13) into (12) and interchanging sum and integral we
obtain, for any n =1,2,3,...,

with
2 2"

1 1
= —at®y2k gy Ro(a) = (—1 "/ i — [ 1
e = [ Ryl (1 [ et

After the change of variable t* — s in the integral definition of vx(a) in (16)
we obtain

1 1
vi(a) = 5/0 e~ k=124, (17)

Integrating by parts k — 2 times in (17), we obtain

koj+1/2); VT (;) erf Va.  (18)
a’ b

_a k1

2a

(@) = - 9k +1/2

.
o
—

Before we complete the derivation of formula (7), we need to obtain some
error bounds for the remainder term R, (a) in (16). We have that

B 1 25 t2n 1 t2n 7T - n k+1
R,(a)| < —tRa_T gt < dt = - .
| (“”*/Oe 1+¢2 */0 1+¢2 g 2k+1

(19)

M

A different bound of the remainder term in (16) can be found from

- U e 27 bogn ! 1
|Rn(a)|§/ et SQaidtg/ dtg/ 2 dt = . (20)

We complete now the derivation of formula (7). From (12), (15) and (18),
and using the definitions (15) of A, and B,,, we get the following algebraic
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equation of the second order for the unknown z := erf \/a

2 ie—a a)r — ée—Qa a _ée_‘IN a)l =
2 A= [+ S - det R <0 @)

where R, (a) has been defined in (16).
Solving equation (21) for x we obtain the two possible solutions

vy = %e—a <—An(a) 4 \/Ag(a) + Ze2 4 By(a) - eaén(a)) C(22)

To decide which one of these solutions corresponds to erf y/a, we consider
the following properties of the error function and A, (a), By(a) and R, (a)
for positive a: A, (a) > 0if n is odd; B, (a) < 0 if n is even and By (a) > 0 if
n is odd; R, (a) > 0 if n is even and R, (a) < 0 if n is odd.
e We have that lim, . erf /a = 1, and only the solution z satisfies
this condition.

e We have that lim,_,¢+ erf \/a = 0, and only the solution z with n odd
satisfies this condition.

Therefore, for odd n, the correct solution is

erf /@ = 24 — %e*“ (—An(a) n \/A%(a) + Tt Bn(a)) + Ru(a), (23)

where we have defined

Ro(a) = ;%e_“\/A%(a) + 262 1 B (a)

e R, (a)
\/1 - A%(a) + %62‘1 + Bn(a) - 1 . (24)

Or equivalently

2 Te2% + B, (a)
erf Va=—=e ¢ 4
Va VT Ap(a) + VAZ(a) + Fe?r + By(a)

+ Rp(a),  (25)

with n odd. Setting a = 22 and multiplying numerator and denominator of
the fraction on the right hand side above by 22"~ we obtain (7) with R, (a)
given above.!

In the remaining of this proof we derive the error bounds for the re-
mainder term R, (a) given in the statement of the theorem.

When a > 0 it is possible to get more accurate bounds for the remainder
term R, (a) in (24). Therefore, we analyze first the particular case a > 0 and
then the general case a > 0.

IFor even n, the correct solution of the algebraic equation (21) involves z+ and z_. We do
not consider even n here for simplicity, and consider only odd n, as for odd n the correct
solution involves only x .
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e Case a > 0. We use that /142 —1 < /2 for all z > 0, and that, for

odd n,
An(a) = 2 |rerfe(va) — (—1)"T (n+ 2 )1 (L =
n(a) = NG merfe(vVa ntg 5~ ha
e? 1
> I'i=-- .
SRR
(26)
Then
L |R(a)] L |R(a)]
R < — < —
A R @ e Bala) VR R+ e
e Ra(a) |
J1+ 02+ 512 (5 -n.a)
(27)
Since I'(n+1/2) > I'(n) = (n—1)! and from [10, Section 8.10, Equation
8.10.5),
a1/27nefa
I'(1/2 — R E——
Pa/2-na)l > St a0
we find that
- |Rula)|
|Rn - 1 9 al—2ng—2a (28)
VI Fl0 - DR
Using the bound (19) we find
nm 1 ( 1 n—k+1
_ 2t (=D"F +2kZ0 T
Ro(a e { 2k+1 } (29)

al—2ng—2a
\/1—|— [(n—1) }7(n+a+1/2)2
from where we deduce the first bound in (11) for odd n. On the other
hand, using (20) we find
2e~¢ 1

RN N Py

|Rn(a)| <

(30)

from where we deduce the second bound in (11). From either of the
bounds in (11) we see that (7) is a uniform convergent expansion of
erf z for z > 0.

o Case Ra > 0. We rewrite the remainder (24) in the form

2 Rn(a)

R"(“):7\/E\/A%(a)+§e2a+8n(a) (\/1—43 MR”—““)-H) (31)

+Te204 B, (a)
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2 2
1y — erf(z) = - erf(z)
2 2)
(3) ®)
-2 1 2 @and(s) -1 1 2 @and(s)
—1f @) -1 @)
—2f -2

Figure 1. Graphics of erf z (dashed) and the approximations
(2) (red), (3) (blue), (4)-(5) (green) and (7) (black), forn =1
(left) and n = 3 (right) with z € [-2, 2]
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Figure 2. Absolute value of the relative errors in the approx-
imation of the real part (left) and the imaginary part (right)
of erf (2e"™/190) for n = 3 (ved), n = 5 (blue), n = 7 (green)
and z € [0, 3]

Using Lemma 1 with

o= _ea R?’L(a)
A2(@) + Ze% + Bo(a)
we find
2% /=
Ba(@)] < ==y Ru(a)
From bound (19) we have
90— 2 n—l (—1)n—k+1

N <—1>"Z+kZ_O 2k+1 ' (32)

and the first bound in (10) follows for odd n. On the other hand, from
bound (20),
2e” 2 2
| < < :
Vr@n+1) T /m(2n+1)
and the second bound in (10) follows. From any of these bounds we

conclude that (7) is a uniform convergent expansion of erf z with z € C
and |arg z| < 7/4.

|Rn(a) (33)

O
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Figure 3. Absolute value of the relative errors (r.e.) in the

approximation of erf z using the approximations (2) (red),

(3) (blue), (4) (green) and (7) (dashed). The first graph cor-

responds to n = 1 in the interval [0,2], and the second one

to n =5 in the interval [1,2.5]

Table 1. Absolute value of the relative errors in the approx-

imation of erf (z) using (2), (3), (4) and (7) with the series

truncated after n terms for z = 2.5
z2=12.5
n Exp. (2) Exp. (3) Exp. (4) Exp. (7)
1 0.18e+1 0.99e+0 0.29e—4 0.29e—4
5 0.10e+2 0.67e+0 0.75e—8 0.55e—6
9 0.38e+1 0.14e+0 0.83e—6 0.15e—6
13 0.26e+0 0.80e—2 0.62e—5 0.79e—7
17 0.58e—2 0.16e—3 0.17e—3 0.53e—7

Table 2. Absolute value of the relative errors in the approx-
imation of erf (2e#%%) using (7) with the series truncated
after n terms and different values of arg z € [0, 7/4)

y = 2eiargz
n\argz 0 /24 /12 /8 /6 5r/24  w/4—0.01

0.48e—3 0.55e—3 0.86e—3 0.17e—2 0.45e¢—2 0.15e—1 0.60e—1
0.64e—4 0.77e—4 0.13e—3 0.34e—3 0.12e—2 0.6le—2 0.33e—1
0.25e—4 0.3le—4 0.58e—4 0.17¢—3 0.70e—3 0.39e—2 0.26e—1
0.14e—4 0.17e—4 0.35e—4 0.11e—3 0.48e¢—3 0.29¢—2 0.17e—1
0.96e—5 0.12¢—4 0.25¢—4 0.80e—4 0.36e—3 0.23e—2 0.14e—1
1 0.72e—5 0.92e—5 0.19e—4 0.64e—4 0.30e—3 0.18¢—2 0.1le—1

= O~ Ot W~

3. Numerical Experiments

In Figures 1, 2, 3 and Tables 1, 2 we compare erf z to the approximations pro-
vided by the Taylor expansions (2) and (3), the asymptotic expansion (4), and
the uniform expansion (7) for different (odd) values of n. All the computa-
tions were carried out with the symbolic manipulator Wolfram Mathematica
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11.8; in particular, the command Erf was used to compute the “exact” value
of the error function. Expansions (2) and (3) are more competitive for small
|z|, whereas expansion (4) is more competitive for large |z|. However, expan-
sion (7) is more competitive for intermediate values of |z| and moreover, it is
more competitive globally, in L; norm say.
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