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A B S T R A C T   

This paper demonstrates that resistance–capacitance models provide equal results than models based on finite- 
element software when predicting the performance of a thermoelectric module under transient-state conditions. 
Previous papers on this topic fall short as comparing finite-element models with simplified versions of resis-
tance–capacitance models. 

It was confirmed that resistance–capacitance models replicate results of finite-element models in the simu-
lation of a thermoelectric module under steady-state conditions. Deviations lower than 3 % in electric power and 
efficiency (ratio of electric power to heat input) are obtained for temperature differences between heat source 
and heat sink as large as 200 K. 

Similarly, deviations lower than 3 % are obtained for simulation of a thermoelectric module under transient- 
state conditions. Resistance-capacitance models not only replicate values, trends and rates of variation predicted 
by finite-element models under step, linear and sinewave variations in the boundary conditions, but they also do 
this with negligible computational cost.   

1. Introduction 

The past decade has witnessed a significant increase in research ac-
tivities on thermoelectrics. Publications in scientific journals have triple 
and an increasing number of groups are making contributions around 
the globe [1]. This is no surprise, given the massive attention gained by 
thermoelectric applications in a world featuring growing electricity 
consumption, fossil fuel reservoirs depletion, global warming, and 
environmental issues [2]. Specially, thermoelectric generators (TEGs) 
have gained significant momentum given their capacity of producing 
electric power by harnessing different sources of waste heat [3]. 

The basic layout of a TEG includes at the core the well-known 
thermoelectric module (TEM). A TEM is a solid-state device composed 
of several pairs of different semiconductor materials connected by metal 
strips, forming an electric circuit. Ceramic layers insulate electrically 
this circuit and provide mechanical support. When a TEM is sandwiched 
between a heat source and a heat sink, the temperature difference in-
duces an electromotive force by Seebeck effect that produces electric 
power in a load resistance connected to it. Therefore, a TEM is just a heat 
engine that uses electrons as working fluid, so that neither moving parts 

nor real fluids are needed [4]. 
Along with one or several TEMs, a TEG includes heat exchangers that 

connect the TEMs to the heat source and the heat sink. Heat exchangers 
are also relevant in TEG performance in terms not only of electric power 
and efficiency, but also in terms of robustness, reliability, and durability 
[5]. Only when the heat exchangers are also free of moving parts, a TEG 
achieves maximum levels of these parameters, so as to be part of com-
plex systems working in harsh and remote environments, prohibitive for 
common mechanical providers of electric power [6]. 

On the other hand, the main deterrent for TEGs to spread in the 
market is the low efficiency compared to traditional systems for electric 
power generation. As an example, a TEG working under a thermal 
gradient of 120 ◦C exhibits a conversion efficiency of around 3 %, while 
systems based on vapour-compression surpass 10 % [7]. That is why 
TEGs are thought to play a role in applications related to harness free or 
low-cost heat sources, such as waste heat [8,9], geothermal energy 
[10,11] or solar radiation [12,13], where the cost of power generation is 
given mostly by the cost of the equipment. 

Great efforts are being made not only on new materials and 
manufacturing techniques for TEMs [14] and heat exchangers [5], but 
also on simulation tools for design and optimization [15]. These tools 
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are essential to predict the performance of TEGs and properly conduct 
mechanical, electrical, and thermal optimizations, reducing the need for 
prototypes, thus saving money and time. 

The simulation of TEMs and TEGs is a complex task. TEM simulation, 
apart from the proper estimation of the Seebeck effect for thermal- 
electrical conversion, requires the calculation of the temperature dis-
tribution in the legs based on Fourier heat, with internal heat genera-
tion/absorption determined by Peltier, Joule, and Thomson effects. 
Therefore, Seebeck coefficient, thermal conductivity, and electrical re-
sistivity of the legs, all of them temperature-dependent, along with the 
internal structure of legs, contacts, and insulation layers determine the 
performance of a TEM in terms of power and efficiency [16]. 

Also, if transient-state simulation is to be conducted, the thermal 
capacity of all the elements must be added.Finally, the simulation of a 
complete TEG includes also the heat exchangers since these determine 
the temperatures at the ends of the TEM. This makes the simulation even 
more challenging; even a simple finned plate includes spreading/ 
constriction related to the occupancy ratio, conduction in plate and fins, 
and fin-to-ambient heat convection [17]. Consequently, advanced heat 
exchangers such as heat pipes, thermosiphons and liquid-cooling sys-
tems increase the complexity of the simulation [18], specially under 
transient-state conditions. 

Despite so, the development of computational models for TEM and 
TEG simulation is considered a case of success, and this development 
parallels that of prototypes and applications in the last decade [15]. The 
tools are basically the same than ten years ago, but their predictive 
power has notably increased. 

The seminal classification of simulation models sets them into four 
categories [19]: the simple model, the improved model, the electric 
analogy, and the numerical model based on finite-element software 
(FEM). Lately, researchers have reduced these categories to just two, 
since the simple and the improved models are simplifications of the 
electric analogy, as shown in section 2.2. The new category grouping 
these three models has been renamed as “resistance–capacitance ther-
mal models” (RC), sometimes simplified as “resistance models” [15]. 

A RC allows the simulation of complete TEGs under transient state 
[20] with extremely low computational cost. This type of model has 
been historically called electric analogy given its similarity with electric 
circuits [19]. In a RC, the TEM is transformed into a heat transfer 
network of connected nodes or slices, which can be 2-D or 3-D [21], with 
linear or radial geometry [22,23], although 1-D is usually deployed for 

TEM simulation [24]. The legs are represented by a variable number of 
nodes connected by conductive thermal resistances that set the heat 
transfer among them. These resistances vary independently to each 
other depending on the local value of the temperature-dependent ther-
mal conductivity. Heat sources/sinks over the corresponding nodes 
represent internal generation/absorption of heat. The heat produced by 
Joule effect is calculated at each node depending on the local value of 
the temperature-dependent electrical resistivity, so it distributes un-
evenly along the legs. The same applies to the heat by Thomson effect 
and the temperature-dependent Thomson coefficient. Heat absorption/ 
generation by Peltier effect at either end is determined by a temperature- 
dependent Seebeck coefficient calculated with the local temperatures at 
the ends. Apart from legs, shunts and insulation layers can be easily 
included by extending the network, and even internal or external con-
vection/radiation can be added [21]. The same applies to the heat ex-
changers [25]. For transient simulation, every node is attached to a 
capacitor that sets the rate of change of its temperature. The energy 
balance is applied locally, at every node, which leads to a set of equa-
tions easily solved by Gaussian elimination or Gauss-Seidel iteration 
[20]. The heat transfer network is so similar to an electric circuit that 
even specific software for electric circuit design, such us SPICE [26,27], 
has been used to solve the set of equations. 

Surprisingly, the literature shows that not advanced but simplified 
versions of RC are predominant. Among them, there are works on RC 
reporting only steady-state simulation [24,26–32] by removing the ca-
pacitors from the heat transfer network. Others introduce constant 
thermoelectric properties [21]. However, the simplified RC model most 
used in the literature is the well-known simple model [4], its extreme 
simplicity and null computational cost explaining so. The simple model 
assumes 1-D conductive heat transfer with constant properties calcu-
lated at mean temperature of the legs, neglects the Thomson heat, and 
distributes evenly the heat generated by Joule effect. The simple model 
represents the legs with just two nodes, one for the hot end and the other 
for the cold one [33,34], although it can be easily extended to account 
for contacts and layers [35] and also heat exchangers [36]. It is exten-
sively used in combination with software based on computational fluid 
dynamics (CFD) for simulation of TEGs with complex heat exchangers 
[34]. Also, it is present in systems where TEGs are just a subsystem that 
works in collaboration with many others [37]. As being a RC, the simple 
model could also be used for transient simulation [3839], although only 
in the quasistatic form since the capacitors are removed from the heat 

Nomenclature 

Symbols & acronyms 
A Cross area (m2) 
C Thermal capacity (J/K) 
c Specific heat (Jkg-1K− 1) 
CFD Software based on computational fluid dynamics 
d Density (kgm− 3) 
E Electromotive force (V) 
Ef Efficiency (%) 
FEM Numerical model based on finite-element software 
I Electric current (A) 
L Length (m) 
M Number of nodes representing a leg in a thermoelectric 

module 
N Number of pairs in a thermoelectric module 
P Electric power (W) 
Q̇ Heat flow rate (W) 
R Thermal resistance (kW− 1) 
RL Electrical load resistance (Ω) 
R0 Electrical resistance of a thermoelectric module (Ω) 

RC Resistance-capacitance thermal model 
T Temperature (K) 
t Time (s) 
TEG Thermoelectric generator 
TEM Thermoelectric module 
V Voltage (V) 

Greek letters 
α Seebeck coefficient (VK− 1) 
△ t Time step (s) 
λ Thermal conductivity (Wm-1K− 1) 
ρ Electrical resistivity (Ωm) 
τ Thomson coefficient (VK− 1) 

Superscripts 
c External surface of the insulation layer at the cold side 
h External surface of the insulation layer at the hot side 
ins Insulation layer 
n n-type semiconductor leg 
p p-type semiconductor leg 
sh Shunt  
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transfer network. A quasistatic simulation is a method to approximate 
transient simulation in situations wherein the boundary conditions 
change so slow that, at every time instant, the system is considered to be 
in equilibrium, so steady-state analysis can be applied [40]. On the other 
hand, the problem is that the simple model has been proven to over-
estimate electric power and efficiency of a single pair [19] and also of a 
TEM [41], especially under large temperature differences. 

Another simplified RC model is the well-known improved model 
[42]. It is similar to the simple model except that it considers a 
temperature-dependent Seebeck coefficient calculated locally at the hot 
and cold ends of the legs. The Thomson effect is included by a constant 
Thomson coefficient computed at the mean temperature of the legs. 
These improvements allow a better estimation of the electromotive force 
and the Peltier heat. Also, the heat generation/absorption by Thomson 
effect adds to that by Joule effect, both assumed to distribute evenly 
along the legs. Again, contacts, layers and heat exchangers are easily 
included, presenting also an effective coupling with CFD. The improved 
model adds no complexity to the simple model and provides better re-
sults, although still overestimates both electric power and efficiency 
[19]. Despite so, this model is hardy found in the recent literature in the 
original form [42], although some works use an equivalent version 
coming from a modified simple model. It was proven that the simple 
model with the Seebeck coefficient calculated not at mean temperature 
but at integrated-mean temperature can be considered an improved 
model, as it includes a constant Thomson coefficient in the integration 
[43]. However, this approach is only valid when the temperature along 
the legs is a linear function of the position, which does not occur for 
large temperature gradients [16]. Some works can be found computing 
the whole integral [44,45] or just approximating it [46]. However, in 
any of its forms, the improved model was also proven to overestimate 
performance [19,45,47]. 

Apart from RC, the other big family in thermoelectric simulation is 
composed of all the models based on FEM. These have been considered 
the gold standard for TEM and TEG simulation, providing the most 
reliable and accurate results [15]. Their development has been 
extraordinary from ten years ago, when the extremely high computa-
tional cost limited the use to the simulation of just a single pair under 
steady state conditions [19]. Nowadays, FEM based on commercial 
software ANSYS/Fluent and COMSOL allows the simulation of a TEM 
with complex 3-D structures, including all the thermoelectric effects 
with temperature-dependent properties and additional effects such as 
radiation/convection heat transfer in internal and external walls. Also, 
TEMs and heat exchangers have been coupled in a single FEM to provide 
simulations for complete TEGs [48]. 

A big step in this development has taken place quite recently, when a 
published paper has finally presented a FEM able to simulate a TEM 
under realistic transient-state conditions. This model, published in [49] 
and validated in [50], is considered the most reliable and accurate for 
TEM simulation, according to a recent review [15]. These references 
indicate that previous attempts have fallen short by either considering 
just steady-state simulation, or just one thermoelectric pair, or 2-D 
simulation, or constant thermoelectric properties, or requiring the 
electric current as input instead of the (more realistic) load resistance. 
This model has already been extended to include heat exchangers and 
variable heat sources to compose a transient fluid-thermal-electric 
multiphysics model [51,52], considered the most complete TEG model 
ever. 

However, the main drawback of this model is the extremely high 
computational cost. It takes weeks to months to complete a single 
simulation of a TEG under transient-state conditions, the simulation of 
the TEMs accounting for around 40 % of this time [52]. Therefore, if 
several geometries for the TEM are to be tested to find the optimal 
configuration, multiple simulations must be unavoidably conducted, 
rendering the task unaffordable in terms of computational cost. 

This problem would be partially solved if the TEM were simulated by 
a RC, as these models present negligible computational cost even for 

transient simulation [20]. If so, in the simulation of TEGs with heat 
exchangers so complex that unavoidably require CFD or FEM, at least 40 
% of the time would be saved. Also, in those TEGs with simple heat 
exchangers that require no FEM or CFD at all (wherein analytical or 
experimental expressions are accurate enough) the whole TEG could be 
simulated by a RC, allowing for multiple testing with negligible 
computational cost. 

To get so, firstly, RC must show equal accuracy and reliability than 
FEM in the simulation of a TEM under realistic transient-state condi-
tions. In this regard, comparisons between RC and FEM for TEM simu-
lation are already present in the literature [15]. However, after going 
through these works, one clearly sees that all of them are conducted 
between FEM and simplified versions of RC, namely, the simple model 
[41,52] and the improved model [45]. These works evidently conclude 
that RC deviate significantly from FEM; but this is a biased statement. 
The simple and improved models were long ago proven to deviate from 
FEM even for a single leg [19], and therefore larger deviations are ex-
pected when simulating a TEM, an even larger under transient-state 
simulation. 

This conclusion cannot be extended to all RC. In fact, references 
comparing a FEM and an advanced RC report equal results in the 
simulation of a thermoelectric pair under steady-state conditions, even 
for a large temperature difference [19,27]. The point is that there is no 
paper going further, that is, evaluating whether or not this result also 
applies when not a pair, but a TEM is simulated, let alone in transient- 
state conditions, which is a clear gap in the literature that this paper 
sets out to fill. 

Specifically, the main objective of the present paper is to evaluate 
whether or not an advanced RC is able to replicate the performance of a 
TEM provided by the most advanced FEM [49], both in steady- and 
transient-state conditions. This evaluation is of major relevance. The 
simulation of a TEM with FEM under transient-state conditions takes 
from days to weeks to be completed so as to provide useful results [52]. 
When several configurations must be tested to obtain optimal TEM 
structures, the use of FEM limits the number of alternatives for testing. 
Conversely, RC provides results within a few seconds. So, if RC were able 
to replicate results of FEM, a great advance would take place for this 
technology, as allowing for multiple testing with negligible cost. 

To evaluate this, the paper presents in section 2 the materials and 
methods, namely, the TEM used for comparison, with the properties and 
geometrical structure of legs, contacts, and insulation layers; the basic 
theory of RC, with the electrical analogy and the expressions for thermal 
and electrical parameters applied to this TEM; concluding with the 
boundary conditions used for comparison. Subsequently, section 3 
presents the results and the corresponding discussion; and the paper 
concludes with section 4, wherein the main outcomes are summarized 
and commented. 

2. Materials and methods 

As indicated in section 1, the most advanced model for TEM simu-
lation has been published in [49]. Based on FEM software, it claims to be 
able to conduct 3-D transient simulation considering temperature- 
dependent thermoelectric properties and the topological connection of 
the load resistance, thus outperforming any previous model in the 
literature. That paper presents steady- and transient-state simulation of 
a TEM, providing results of power and efficiency under several boundary 
conditions. 

The main objective of the present paper is to compare an advanced 
RC with the model presented in [49], and evaluate whether or not the 
advanced RC is able to provide similar results under the same boundary 
conditions, estimating the deviations between these models. Therefore, 
the TEM and the boundary conditions used in [49] are taken in the 
present paper to feed a RC, and the results of power and efficiency ob-
tained in [49] are compared to the results provided by the RC in section 
3. The TEM and the boundary conditions are presented in sections 2.1 
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and 2.3 respectively, whereas section 2.2 describes briefly the structure 
of the advanced RC. 

Since the model in [49] is based on FEM software, this model is 
named hereafter simply as FEM. 

2.1. Thermoelectric module 

Reference [49] uses a TEM with 128 pairs of bismuth telluride p-type 
and n-type semiconductors, connected electrically by copper shunts, and 
sandwiched between insulation layers based on ceramic materials. 
Thermal, electrical, and dimensional characteristics of these elements 
are presented in Table 1. 

The authors of [49] also report the temperature-dependent expres-
sions for Seebeck coefficient, thermal conductivity, and electrical re-
sistivity of n-type semiconductors, presented respectively in Eqs. (1)-(3).  

αn (μVK− 1) = 1.8027x10-7T4 – 3.2363x10-4T3 + 0.2154 T2 – 62.9744 T +
6616.5678                                                                                      (1)  

λn (Wm-1K− 1) = -3.0595x10-9T4 + 4.5678x10-6T3 – 2.5162 x10-3T2 + 0.6107 
T – 53.9863                                                                                    (2)  

ρn (10-5Ωm) = -3.088x10-9T4 + 4.5653x10-6T3 – 2.5854x10-3T2 + 0.6558 T – 
60.588                                                                                           (3) 

If Eq. (1) is plotted versus temperature, one finds the behaviour ex-
pected for the Seebeck coefficient of a n-type bismuth telluride, that is, a 
decrease from ambient temperature to around 350 K and a slight in-
crease for higher temperatures. The same happens with the thermal 
conductivity of Eq. (2), which shows the expected continuous increase 
from ambient temperature. However, when plotting Eq. (3) versus 
temperature, the curve presents a slight increase and then an acute 
decrease that even provides negative values for temperatures higher 
than 463 K (190 ◦C). The broken line in Fig. 1 shows it. 

Clearly, Eq. (3) is flawed. The authors provide no reference for it, so 
no trace can be done. Luckily, a recent paper from these authors [52], 
wherein the FEM with Eqs. (1)-(3) is deployed and extended, provides a 
reference for these expressions. It turns out that Eqs. (1)-(3) were ob-
tained experimentally and published in a previous paper [53]. There, the 
authors calculate experimental values of the thermoelectric properties 
for different temperatures, plot these values versus temperature, and fit 
from them Eqs. (1)-(3), which appear explicitly in that paper [53]. On 
reviewing that, one checks that the plotted curves for Seebeck coeffi-
cient and thermal conductivity match perfectly with Eqs. (1) & (2), but 
this is not the case of the electrical resistivity. Solid line in Fig. 1 shows 
the electrical resistivity obtained experimentally by the authors (given 
by Fig. 7 in [53]), which is different to Eq. (3) (broken line). It is clear 
that the authors made a mistake in the fitting process, which has per-
sisted in subsequent papers [51,52]. Fitted from this solid line, Eq. (4) 
shows the correct expression for the electrical resistivity.  

ρn (10-5Ωm) = -1.01x10-9T4 + 1.445x10-6T3 – 0.8105x10-3T2 + 0.21519 T – 
19.938                                                                                           (4)  

2.2. Resistance-capacitance thermal model 

Fig. 2 presents the RC that simulates a TEM composed of N ther-
moelectric pairs of p-type (p) and n-type (n) semiconductor legs, con-
nected thermally in parallel and electrically in series by metallic shunts 
(sh), and sandwiched between insulation layers (ins). This model derives 
directly from a previous work [20], wherein one finds a complete 
description of the model and the equations for the thermoelectric effects. 
There, each leg was composed of ten nodes, whereas in the present 
paper, the number of nodes for a single leg (M) is a model input, so 
equations have been redefined. 

All n-type legs are supposed to have equal temperature distribution, 
so they are grouped into a single branch of M nodes separated an equal 
distance; the same applies to p-type legs. Shunts at the hot end are 
included in the first nodes of the legs (n1, p1), whereas shunts at the cold 
end are included in the last nodes (nM, pM). Thermal resistances and 
capacities in n-type legs are calculated with Eqs. (5)-(9). Those for p- 
type present similar equations (superscript p would substitute super-
script n) and are not included for brevity. 

Rn
1,2 =

Ln

(M − 1)Nλn1An +
Lsh

NλshAsh/2
(5)  

Rn
M− 1,M =

Ln

(M − 1)NλnM− 1An +
Lsh

NλshAsh/2
(6)  

Rn
i,i+1 =

Ln

(M − 1)Nλni An i = 2,⋯,M − 2 (7)  

Cn
1 = Cn

M =
NAnLndncn

M
+NAshLshdshcsh/2 (8)  

Cn
i =

NAnLndncn

M
i = 2,⋯,M − 1 (9) 

Length, cross area, thermal conductivity, density and specific heat of 
legs and shunts, as well as number of pairs and number of nodes rep-
resenting a leg, are model inputs. Thermal conductivity in the legs is 
included as a temperature-dependent expression and is calculated for 
each node according to its local temperature. The model allows for 
different expressions for thermal conductivity in n-type and p-type legs, 
thus leading to different temperature distribution in n-type and p-type 
legs. Also, different length and cross area can be used in the legs. None of 
these features are used in the present paper, since Table 1 indicates that 
the TEM under simulation presents equal length, cross area and thermal 
conductivity in n-type and p-type legs. 

The network is extended to include the insulation layers. Equal layers 
are used in both sides, their thermal resistance and capacity given by 
Eqs. (10) and (11) respectively. Length, cross area, thermal conductiv-
ity, density, and specific heat of each layer are model inputs. The 
external surfaces of these layers are represented by node h at the hot side 
and node c at the cold side. In this paper, thermal capacities of these 
nodes (Ch, Cc) are unused as their temperatures (Th, Tc) are manipulated 
as boundary conditions (see section 2.3). 

Rins =
Lins

λinsAins
(10)  

Cins = AinsLinsdincins (11) 

Regarding the heat flow rates, Eqs. (12)-(14) present these for the n- 
type legs. Equations for the p-type legs are similar, so they are not dis-
played for brevity. 

Q̇n
1 = N

⎛

⎜
⎝
−
(
αp

1 − αn
1

)
Tn

1

2
I+ ρn

1I
2

Ln

M− 1
An − τn1I

Tn
1 − Tn

2

2

⎞

⎟
⎠ (12)  

Table 1 
Characteristics of the thermoelectric module.  

N = 128 
pairs 

n-type legs 
(n) 

p-type legs 
(p) 

shunts 
(sh) 

insulation layers 
(ins) 

α (μVK¡1) Eq. (1) αn=- αp – – 
λ (Wm- 

1K¡1) 
Eq. (2) λn = λp 165.64 22 

ρ (10-5Ωm) Eq. (4) ρn = ρp 1.75x10-3 – 
c (Jkg-1K¡1) 188 cn = cp 381 850 
d (kgm¡3) 6600 dn = dp 8978 3600 
L (mm) 1 Ln = Lp 0.35 0.8 
A (mm2) 1.4x1.4 An = Ap 3.8x1.4 40x44  
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Fig. 1. Electrical resistivity reported in [49] and fitted to Eq. (3) (broken line). Electrical resistivity reported in [53] and fitted to Eq. (4) (solid line).  

Fig. 2. RC model of a TEM.  
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Q̇n
M = N

⎛

⎜
⎝

(
αp
M − αn

M

)
Tn
M

2
I+ ρn

MI
2

Ln

M− 1
An − τnMI

Tn
M− 1 − Tn

M

2

⎞

⎟
⎠ (13)  

Q̇n
i = N

⎛

⎜
⎝ρn

i I
2

Ln

M− 1
An − τni I

Tn
i− 1 − Tn

i+1

2

⎞

⎟
⎠i = 2,⋯,M − 1 (14) 

The first term in Eq. (12) is the heat absorbed by Peltier effect in node 
n1, which is calculated using the local temperature (Tn

1) and the local 
value of the Seebeck effect 

(
αp

1 − αn
1
)
. This is negative as being an 

absorbed heat and is just one half because the other half corresponds to 
node p1, not presented here. The same applies to the first term in Eq. 
(13), wherein the positive sign indicates heat generated by Peltier effect 
at node M. 

Heat by Joule effect is generated at every node of the legs and ap-
pears in the second term in Eqs. (12) & (13) and in the first term in Eq. 
(14). This heat is distributed unevenly along the legs, depending on the 
local value of the electrical resistivity. Heat by Thomson effect applies 
also to every node of the legs and is represented by the last term in Eqs. 
(12)-(14). This is also unevenly distributed depending on the tempera-
ture distribution along the legs and the local value of the Thomson co-
efficient, which is derived from the Seebeck coefficient by Eq. (15). 

τ = T
dα
dT

(15) 

Finally, the electrical resistance of the TEM (R0) and the electro-
motive force (E) are given respectively by Eqs. (16) & (17), while Eqs. 
(18), (19) & (20) provide the voltage (V), electric current (I) and electric 
power (P) generated by the TEM. Heat absorbed by the TEM at its hot 
side is calculated with Eq. (21), which allows to determine the efficiency 
(Ef) with Eq. (22). 

R0 = N

⎡

⎢
⎣

Ln

M− 1
An

∑M

i=1
ρn
i +

Lp

M− 1
Ap

∑M

i=1
ρp
i

⎤

⎥
⎦ (16)  

E=N

⎡

⎢
⎢
⎢
⎢
⎣

(
αp
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V = E
RL

RL + R0
(18)  

I =
E

RL + R0
(19)  

P = VI = E2 RL

(RL + R0)
2 (20)  

Q̇h
=

Th − Tins
hot

Rins/2
(21)  

Ef = 100
P

Q̇h (22) 

Electric parameters, thermal resistances, thermal capacities, and 
heat flow rates are required to solve the implicit finite-difference 
expression of the transient-state energy balance [20], which is the 
basis of RC models. Thus, once all the variables are known at a time 
instant, along with the temperatures at every node, this expression 
provides the temperatures after a time step (Δt) and allows to update all 
the variables for further calculation. 

As indicated in section 1, the simple and the improved models are 

just simplifications of this general RC model. The basic equations of the 
simple model for simulation of a TEM or just a pair [16,19] are obtained 
when the thermoelectric properties are considered constants with αn=- 
αp, λn = λp and ρn = ρp (therefore, τn = τp = 0 and Thomson heat dis-
appears), and the nodes representing the legs are reduced to just two, 
one for the hot side and the other for the cold side, connected by a single 
thermal resistance that sets the Fourier heat. As a consequence, each 
node receives half of the heat by Joule effect. Capacitances are excluded 
since only the steady state is considered. 

Similarly, the basic equations of the improved model appear when 
applying the same conditions, except for the Seebeck coefficient, which 
is considered temperature-dependant. This leads to a nonzero Thomson 
coefficient, introduced as a constant calculated at mean temperature (τn 

= -τp). As a consequence, each node receives half of the heat by 
Thomson effect added to that by Joule effect. 

2.3. Boundary conditions for model comparison and analysis 

Several simulations are conducted in [49] to evaluate the perfor-
mance of the TEM, which are to be replicated with the RC to determine 
the capacity of the latter to approach the results of the former. In all of 
them, the boundary conditions are the temperature at the external 
surface of the insulation layer at the hot side (Th), that at the cold side 
(Tc) and the load resistance connected to the TEM (RL). The outputs that 
define the performance of the TEM are the electric power (P) and the 
efficiency (Ef). Values of electric power and efficiency are provided in 
[49] as graphs and figures. All this information has been extracted by 
using WebplotDigitizer [54]. 

Table 2 summarizes the studies for comparison and analysis, which 
are subsequently explained. 

In the first place, the authors in [49] conducted a steady-state 
simulation with Th set at 450 K, Tc set at 300 K and RL varying from 
0.5 to 10 Ω. This allowed them to determine that the load resistance for 
maximum power is 4 Ω, known as matched load, this value being fixed 
for the rest of the simulations. Power and voltage were the outputs 
provided; efficiency was not provided. This study is to be replicated with 
RC in the present paper, which has been called study 1. 

After that, several simulations were conducted in transient-state 
conditions. From the results of these, one can also extract steady-state 
values under different boundary conditions than those in study 1. 
Therefore, before addressing the transient state, and just to extend the 
comparison in steady state, power and efficiency are compared for two 
additional cases, which compose what is called study 2. In both, Tc is set 
at 300 K, RL is set at 4 Ω, and Th is set at 400 K in one test but 500 K in the 
other. 

In all transient-state simulations, Tc was set at 300 K, RL was set at 4 
Ω and Th varied between 400 and 500 K following different paths. The 
authors in [49] use always a time step (Δt) of 0.1 s. In the first path, the 
TEM was stable with Th = 400 K and this temperature was increased 
abruptly to 500 K in just one time step. The simulation concluded six 
seconds later, with all outputs stabilized again. This step increase is to be 
replicated with RC, which composes study 3. The authors also conducted 

Table 2 
Boundary conditions in the studies for comparison between RC and [49].  

Study Type Th (K) Tc 

(K) 
RL (Ω) 

1 Steady state 450 300 From 0.5 to 
10 

2 Steady state 500, 400 300 4 
3 Transient 

state 
400 → 500 step 300 4 

4 Transient 
state 

400 → 500 linear 300 4 

5 Transient 
state 

450 → 500 → 400 → 450 sine 
wave 

300 4  
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a step decrease from 500 to 400 K, but the results are redundant, and this 
study is not included in the analysis. 

Following this, a linear increase was proposed for Th. The TEM was 
stable again with Th = 400 K, this temperature was increased linearly to 
500 K in four seconds, and stayed at this value for two additional sec-
onds, when the simulation concluded. This linear increase is to be 
replicated with RC; this is called study 4. Also, a linear decrease from 
500 to 400 K was simulated, but again this study is not included as the 
results are redundant. 

Finally, Th was simulated as performing a sine wave with a wave-
length of eight seconds, starting at 450 K, with 500 and 400 K as 
maximum and minimum values respectively. This is to be replicated 
with RC and has been called study 5. The authors also included a 
triangular wave (linear increase and decrease) equivalent to the sine 
wave, thus not considered for analysis. 

3. Results 

Before addressing the five comparative studies of Table 2, the RC is 
analysed to evaluate how the network influences the results. As indi-
cated in section 2.2, the number of nodes representing a leg (M) is a 
model input. These nodes are evenly distributed, representing equal 
lumps of material. The network is composed of 2 M + 4 nodes, as each 
insulation layer is represented by two nodes (see Fig. 2). 

This preliminary test evaluates steady-state results of voltage and 
power with Th set at 450 K, Tc set at 300 K and RL set at 4 Ω. Table 3 
provides these results for decreasing M, along with the time consumed 
for simulation. Variations are calculated by comparison with the case of 
M = 1000 nodes. All simulations are conducted in MatLab R2020 in a 
personal computer with Inter® Core™ i5-6300U CPU @ 2.40 GHz and 
RAM 15.9 GB. 

As expected, both accuracy and computational cost decrease for 
simpler networks. Only 20 nodes per leg are enough to have results 
deviated less than 1 %. Time reductions are significant, although all of 
them are negligible compared to computational cost of any model based 
on FEM. The network selected to conduct the studies of Table 2 is 
composed of 200 nodes per leg, so the TEM is represented by a network 
of 404 nodes. 

3.1. Comparison under steady-state conditions 

Studies 1 & 2 compose the comparison of steady-state performance 
between RC and FEM. Remember that by FEM, we are referring the 
model presented in [49], since it is based on FEM software. 

3.1.1. Study 1 
In the first place, Fig. 3 provides the voltage and the power produced 

by the TEM under the boundary conditions labelled study 1 in Table 2. 
The RC (solid lines) replicates with high accuracy the results provided by 
the FEM (broken lines). 

Values of power and efficiency were explicitly provided in [49] for 
the FEM at RL = 4 Ω. These are presented in columns 2 & 3 of Table 4, 
first row. Power and efficiency calculated by the RC are also presented in 
this table for comparison in the row below. Deviations between them are 

shown in the last row and are calculated with Eq. (23). 

Deviation(%) = 100
RC − FEM

FEM
(23)  

3.1.2. Study 2 
Columns 4 & 5 and 6 & 7 show results for Th = 500 K and 400 K 

respectively, completing the results of study 1 and confirming the sim-
ilarity between RC and FEM models in steady-state simulation. 

All deviations in power fall below 1.5 %, whereas those for efficiency 
fall below 3 %. The reason of this extraordinary similarity is very well 
explained by several figures provided by the authors of [49] on tem-
perature distribution in the TEM during steady-state simulations with 
FEM. All of them confirm that temperature field highly approximates to 
1-D distribution, with equal values in every leg. In other words, 3-D 
analysis proposed by FEM is not needed for TEM simulation, and 
consequently RC and FEM are due to provide virtually equal results 
under the same boundary conditions, confirming what was already ob-
tained long time ago for a single leg [19,27]. 

3.2. Comparison under transient-state conditions 

Studies 3, 4 & 5 compose the comparison of transient-state perfor-
mance between RC and the model in [49] based on FEM software. 

3.2.1. Study 3 
Fig. 4 provides power and efficiency for the step increase in Th. 

Initially, the TEM is stable with Th at 400 K when the step takes place at 
t = 2 s, keeping Th = 500 K until the end of the test. 

Regarding the power, one would expect a significant increase in this 
output once the step occurred, caused by an increase in the temperature 
difference between the hot and cold shunts, up to the new value of 
stabilization. This is exactly what both models predict. However, the 
FEM indicates that the power starts varying even before the step takes 
place, exactly one second earlier, which is clearly impossible. The au-
thors of [49] acknowledge this flaw, reporting that the FEM software 
“has undergone smoothing processing through a continuous function”. 
In other words, the model based in FEM software was unable to manage 
such an acute variation in the boundary conditions and introduced a 
corrective function that spoiled the simulation at the beginning of the 
step. This does not occur with the RC, that responds accordingly after the 
step takes place. Finally, both models show a similar slope for the rate of 
change during the second part of the step and predict that the new value 
of stabilization is reached after one second, in t = 3 s. 

Regarding the efficiency, this output is defined by Eq. (22) as the 
ratio of the power and the heat flow rate at the external surface of the 

insulation layer at the hot side (Q̇h). Applying basic theory of heat 
transfer [22], this heat can be defined by Eq. (24). In the present work, 
being constants both the area and the thermal conductivity of the 

insulation layers, Q̇h varies only with the temperature gradient around 
the hot surface of the insulation layer. RC approximates this heat by Eq. 
(21). 

Table 3 
Results for the test of network influence on results in RC.  

M Voltage (V) Power (W) Time (s) Variation in voltage (%) Variation in power (%) Variation in time (%) 

1000  3.7166  3.4533  3.69  –  –  
500  3.7166  3.4533  1.40  0.00  0.00  − 62.06 
200  3.7166  3.4533  0.55  0.00  0.00  − 85.09 
100  3.7164  3.4529  0.36  − 0.01  − 0.01  − 90.24 
50  3.7154  3.4510  0.33  − 0.03  − 0.06  − 91.06 
20  3.7087  3.4386  0.24  − 0.21  − 0.42  − 93.50 
10  3.6812  3.3878  0.22  − 0.95  − 1.90  − 94.04 
5  3.5374  3.1283  0.20  − 4.82  − 9.41  − 94.58  
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Q̇h
= − kinsAins∂T

∂L

⃒
⃒
⃒
⃒
h

(24) 

Before discussing the predictions provided by both models, let’s 
analyse which behaviour would be expected. The step would introduce 
an acute increase in Th of 100 K in just 0.1 s. It is clear that the only way 
to produce such an acute increase in Th is to apply an extremely large Q̇h 

during 0.1 s in the hot surface. This intuitive conclusion is confirmed by 
basic heat transfer analysis as follows. Despite Th reached 500 K in just 
0.1 s, the inner parts of the insulation layer would warm up later, as heat 
takes some time to flow through them. The consequence would be an 
immediate and acute increase in the temperature gradient at the hot 

surface, and therefore an immediate and acute increase in Q̇h. Power 
would vary later and slower, as heat takes some time to reach the shunts 
of the hot side. Consequently, one would expect an immediate and acute 
decrease in the efficiency, followed by a subsequent increase until 
stabilization. 

This pattern is very well predicted by the RC in Fig. 4. The initial 
value of the efficiency is 1.92 % and it falls down to around 0.6 % when 
the step takes place to rebound up to the new value of stabilization, that 

is 3.19 %. The acute increase in Q̇h introduces a delay of around 0.3 s in 
the efficiency compared to the power, which makes the former stabilize 
0.3 s later than the latter. In this regard, Fig. 5 complement Fig. 4 to 
explain this behaviour. 

In Fig. 5, temperature difference in the hot insulation layer (solid 
line) approximates the temperature gradient in the hot surface, which 

correlates with Q̇h. Temperature difference between hot and cold shunts 
(broken line) correlates with the power. It is clear the acute increase in 
the former soon after the step takes place, in accordance with previous 

comments, leading to an immediate and acute increase in Q̇h. On the 
other hand, the latter varies much more slowly, which explains the 
slower response of the power. Both explain the spike in the efficiency of 

Fig. 3. FEM and RC results of voltage and power for study 1.  

Table 4 
FEM and RC results of power and efficiency for studies 1 & 2.   

Th ¼ 450 K Th ¼ 500 K Th ¼ 400 K  

P (W) Ef (%) P (W) Ef (%) P (W) Ef (%) 

FEM  3.450  2.55  6.040  3.11  1.580  1.92 
RC  3.453  2.59  6.120  3.19  1.583  1.93 
Deviation (%)  0.09  1.57  1.32  2.64  0.19  0.62  

Fig. 4. FEM and RC results of power and efficiency for study 3.  
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Fig. 4 and the corresponding delay. 
On the other hand, the simulation of the FEM model in [49] predicts 

a different behaviour. It not only predicts that the efficiency starts 
varying before the step takes place, but also that the efficiency copies the 
pattern of change of the power, thus excluding the cited delay. This 
seems to be impossible, since, however rapid the response of the power 

may be, the extremely large Q̇h needed to increase Th 100 K in just 0.1 
makes the spike unavoidable. 

The point is that this behaviour in the efficiency of a TEM under step 
variations has already been predicted by a model based on FEM sotware 
in a previous paper [55]. In there, the TEM was composed of a single pair 
between small ceramic layers, under boundary conditions equal to these 
in the present paper, namely, matched load, fixed temperature at the 
cold surface and step variation in the temperature at the hot surface. 
Power and efficiency exhibited the expected behaviour, with a signifi-
cant delay between them caused by an initial spike in the efficiency. 
Moreover, for a pure step increase (wherein Th presents a vertical in-

crease), the efficiency momentarily fell down to zero as Q̇h became 
infinite. In the present paper, having a TEM with N pairs, so N times 
bigger in size, with thermal capacity N times higher, and under the cited 

boundary conditions, Q̇h turns out to be also N times larger, so one 
would expect a similar pattern of variation. 

Looking for a reason for this FEM prediction, apart from the pre-start 
caused clearly by the smoothing process (in fact, authors in [49] report 
smoothing correction also for the temperature at the hot shunts), there is 
one reason that could explain why power and efficiency would present a 
similar pattern of change. This would happen if the thermal response of 
the TEM were very fast because of having reduced thermal capacity. If 
so, the spike would be hidden because of a too-long Δt. 

To test so, Fig. 6 presents the efficiency provided by the RC for three 
cases: solid line shows the efficiency in actual conditions; dotted line 
shows it for a TEM with thermal capacity (C) ten times lower (Eqs. (8), 
(9)&(11) divided by ten); and broken line shows it also for a TEM with 
thermal capacity ten times lower but with Δt = 0.05 s, half of the value 
used along this paper. 

The dotted line indicates that the TEM must present a thermal ca-
pacity at least ten times lower to obtain similar patterns of change in 
efficiency and power. However, when the time step is reduced, the delay 
reappears, as the broken line shows. This means that the delay is always 
there, but a sufficiently short time step is needed to capture it. The TEM 

Fig. 5. RC results of temperature difference in the hot insulation layer (solid line) and temperature difference between hot and cold shunts (broken line), for study 3.  

Fig. 6. RC results of efficiency for decreasing TEM thermal capacity and time step, for study 3.  
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in the present paper presents a thermal capacity of 10.86 J/K, composed 
of 8.61, 1.63 and 0.62 J/K for layers, shunts, and legs respectively. For 
these, 0.1 s seems enough to capture the delay, according to RC results. 

The conclusion of this study 3 is that RC and FEM provide very 
similar results in power, apart from the issues of FEM during the initial 
moments after acute variations in the boundary conditions. On the other 
hand, no comparison can be done about efficiency, as FEM provides 
unreasonable results. 

3.2.2. Study 4 
The issues of the FEM model in [49] under the acute change in the 

boundary conditions in the step increase also appear in the linear- 
increase simulation, despite the change in boundary conditions is 
much more relaxed. Fig. 7 provides power and efficiency for the linear 
increase in Th. Initially, the TEM is stable with Th at 400 K when the 
linear increase starts at t = 2 s and concludes at t = 4 s with Th = 500 K, 
maintaining this value until the end of the test. 

The smoothing function introduced by the FEM also appears in this 
case, which makes the power stars varying 0.2 s before the linear in-
crease takes place, whereas the RC responds appropriately. Both present 

equal rate of change and stabilize at a similar value. 
The efficiency requires again a deeper explanation. In this case, the 

increase in Th is 100 K in 2 s, which means 5 K every 0.1 s, which is still 
significant. This linear increase can be considered a step increase of 5 K 
in 0.1 s, followed by another step increase of 5 K in 0.1 s, and so on. 
Therefore, according to the comment in section 3.2.1, several spikes in 
the efficiency would be expected. 

To make things a bit clearer, Fig. 8 shows RC results of efficiency and 
temperature difference in the hot insulation layer for a particular pattern 
in the variation of Th. In this particular pattern, Th is set at 400 K, when a 
step increase of 5 K is applied in 0.1 s, followed by 0.3 s with Th set at 
405 K, followed by another step increase of 5 K in 0.1 s, followed by 0.3 s 
with Th set at 410 K, and so on. 

The steps introduce spikes in the temperature difference and, in turn, 

in Q̇h, leading to corresponding spikes in the efficiency. These spikes are 
smaller than those in study 3 but still significant to be detected. Then, 
after eliminating the cited 0.3 s intervals between steps to obtain the 
original linear increase, one obtains the behaviour of Fig. 7, wherein 
spikes are blurred by a continuous function. 

Fig. 7. FEM and RC results of power and efficiency for study 4.  

Fig. 8. RC results of efficiency and temperature difference in the hot insulation layer for the particular pattern in the variation of Th.  
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RC predicts a delay longer than that in study 3, because Th varies for 
a longer interval, but it falls down at a higher value of around 1.5 %. 
Only after Th stabilizes, the efficiency catches the power and stabilizes 
around 3.19 %. 

On the other hand, the FEM model in [49] predicts again a similar 
pattern of change for power and efficiency. This is expected, given that it 
was unable to capture the spike in efficiency in study 3, wherein the 
change in the boundary conditions was much more acute than in study 
4. It is worth of mention that the cited previous paper [55], which 
presented a FEM simulation of a small TEM, also provided performance 
under linear variations in Th. Power and efficiency predicted by that 
paper exhibited behaviour in line with these predicted by the RC model 
in Fig. 7. 

Therefore, conclusions of this study liken those in study 3, namely, 
RC and FEM provide very similar results in power, but no comparison 
can be done about efficiency, as FEM provides unreasonable results. 

3.2.3. Study 5 
Finally, Fig. 9 presents power and efficiency for the sinewave vari-

ation of Th. Some open questions raised in previous sections can be 
explained now. 

Regarding the power, both models respond appropriately, presenting 
equal rate of change and reaching virtually equal maximum and mini-
mum values. More interesting is the fact that the FEM introduces no 
smoothing function in the simulation. The main difference in the 
boundary conditions between this case and those in studies 3 & 4 con-
cerns the second derivative of Th versus t. This derivative is continuous 
for the sinewave, but it is not for the step and the linear increases. 
Therefore, one possible explanation for the pre-start with the step and 
linear increase is that the FEM model has issues when simulating 
boundary conditions with such characteristic and has to smooth them to 
make them manageable. 

At last, one value can be given to evaluate how close RC and FEM 
models are in the prediction of the power under transient-state condi-
tions. Fig. 9 shows that the maximum deviation takes place at around t 
= 2 s, wherein FEM and RC models predict respectively a power of 6.04 
and 6.12 W, these values deviated 1.32 % according to Eq. (23). 

As for the efficiency, the results of the RC are very well explained by 
the same arguments than those raised in studies 3 & 4. The rate of 
change of Th is smooth because of the sinewave, but it is still significant, 
the average being 5 K per 0.1 s. This explains why the efficiency, during 
the initial seconds, follows a pattern similar to that in the linear increase 
in study 4, which leads to a similar delay respect to power. Contrary to 

studies 3 & 4, the efficiency never catches the power because the 
boundary conditions vary during the whole simulation. This explains 
why the efficiency reaches the maximum and minimum values after the 
power does so. 

Worth of mention is that the maximum and minimum values are 
different from those in Table 4 for Th = 500 and 400 K respectively. 
Again, this is a consequence of the difference in speed of the thermal 
response of heat and power. As there is a fall in efficiency in the initial 
moments caused by an acute increase in heat (similar to that seen in 
studies 3 & 4), there is an acute increase in efficiency after Th starts 
falling in t = 2 s, caused by an acute decrease in heat. Power responds 
later, so the efficiency still goes up until t = 4 s. The same applies when 
Th starts increasing again in t = 6 s. 

On the other hand, unreasonable results are again provided by the 
FEM model in [49]. There is no smoothing function in this case. There is 
just one clue that can explain this behaviour and arises from a quote by 
the authors in [49], who explicitly indicate that “Here, the heat ab-
sorption is equal to Fourier heat plus hot side Peltier heat and minus one 

half of the Joule heat…” In other words, to calculate Q̇h (called 
“absorbed heat”), they are using the steady-state energy balance applied 
at the hot side of a TEM. 

The point is this expression can be used only to conduct calculations 
under steady-state conditions [4,16], but it is useless for transient state. 
This expression considers that the TEM is always in equilibrium, thus 
neglecting the influence of time [22]. Therefore, the authors are intro-

ducing a steady-state condition to calculate Q̇h and, in turn, the effi-
ciency. As a consequence, these are not calculated under transient-state 
conditions, but under what is called quasistatic conditions. 

As indicated in section 1, a quasistatic simulation is a method to 
approximate transient simulation in situations wherein the boundary 
conditions change so slow that, at every time instant, the system is 
considered to be in equilibrium, so steady-state analysis can be applied 
[40]. This explains not only why power and efficiency follow similar 
patterns in the present paper, but also why both reach exactly the 
steady-state values of Table 4. The problem is that quasistatic simulation 
cannot be applied to the present TEM under such acute variations in the 
boundary conditions, rendering efficiency results useless for study and 
comparison with those of the RC model. 

Again, the FEM presented in the cited previous paper [55] was able 

to perform real transient-state simulation, calculating Q̇h perfectly ac-
cording to Eq. (24) at every time instant with coherent results. There-
fore, it seems that there are issues extending a model based on FEM 

Fig. 9. FEM and RC results of power and efficiency for study 5.  
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software for the simulation of a TEM with several pairs. 

4. Conclusions 

This paper was initially conceived to evaluate whether or not a 
resistance–capacitance model (RC) is able to replicate results of a finite- 
element-based numerical model (FEM) in the simulation of a thermo-
electric module (TEM) under steady- and transient-state conditions. The 
literature presents transient-state comparisons of FEM with simplified 
RC versions, and no one presents it for an advanced RC. 

For the comparison, it has been selected a model based on FEM 
software recently published, which is considered the most advanced, 
reliable, and accurate up to now. However, this model presents some 
issues in the simulation of power and efficiency that have limited the 
scope of the comparison under transient-state conditions. 

In the first place, FEM and RC are compared in steady-state condi-
tions, providing electric power and efficiency under different boundary 
conditions. RC is able to replicate FEM results of power with deviations 
lower than 1.5 % in all the cases, and those for efficiency are lower than 
3 %. Also, they provide equal curves of power and efficiency versus load 
resistance under equal boundary conditions. 

As for the transient state, the model based on FEM presents two 
serious difficulties that avoid a proper comparison with RC. 

The first issue is that it is unable to deal with acute variations in the 
boundary conditions, so that smoothing functions must be included. 
These lead to impossible results, such as an electric power that varies 
even before the change in boundary conditions has occurred. This issue 
is not present in the simulation with RC. When boundary conditions are 
not so acute and the model based on FEM is able to manage them, RC 
replicates values, trends and rates of variation predicted by it. Maximum 
deviation of 1.5 % is found when providing values of electric power 
under sinewave variation in the boundary conditions. 

The second issue is that the model based on FEM is not able to pro-
vide the efficiency by real transient-state simulation, but it introduces an 
approximation by conducting quasistatic simulation. This type of 
simulation is useless for rapid variations in the boundary conditions, 
such as those in this paper, so unrealistic results of efficiency are pro-
vided. This precludes any comparison with RC. On the other hand, RC 
does not present such issue and provides results of efficiency in line with 
the literature of transient-state simulation for simple TEMs. 

In summary, according to these results, recommendations for ther-
moelectric simulation should be reformulated. Models based on FEM are 
unarguably the best option for the simulation of a thermoelectric pair in 
steady- and transient-state conditions. On the other hand, RC is 
preferred for a complete generator, and this claim is much more appli-
cable when transient simulation is to be conducted. Finally, for the 
simulation of a TEM, models based on FEM have historically been 
considered the gold standard, though this claim is valid only for steady- 
state simulation, according to the present paper. 

In brief, with the information available up to now, RC can be 
considered an accurate and reliable alternative to model based on FEM 
in the simulation of a TEM. Moreover, they are cost-effective in terms of 
computational time, as transient-state simulation is conducted within 
seconds, whereas FEM takes days to weeks. 

It is clear that the cited issues have limited the scope of comparison. 
Refined models based on FEM are expected to deal with such issues and 
provide new information for analysis and comparison. 
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