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Abstract

We study some of the main features of Fractional Step Runge-Kutta-Nystrom methods
when they are used to integrate Initial-Boundary Value Problems of second order in
time, in combination with a suitable spatial discretization. We focus our attention in the
order reduction phenomenon, which appears if classical boundary conditions are taken
at the internal stages. This drawback is specially hard when time dependent boundary
conditions are considered. In this paper we present an efficient technique, very simple
and computationally cheap, which allows us to avoid the order reduction; such technique
consists of modifying the boundary conditions for the internal stages of the method.
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1. Introduction

In this paper we deal with the development of efficient numerical algorithms for solving
Initial Boundary Value Problems (IBVP) of second order in time. As it is well-known,
the numerical integration of this kind of evolutionary problems can be realized by means
of the method of lines (see [1]). Such process consists of combining a numerical time inte-
grator with a suitable spatial discretization technique; typically, if we choose to discretize
firstly in space, using for example finite differences, finite elements or spectral methods,

a family of stiff Initial Value Problems of second order in time is obtained, which must
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be suitably integrated in time afterwards. If the (elliptic) spatial differential operator
is one-dimensional, there exist several methods which integrate adequately in time, for
example, Runge-Kutta (RK) or Runge-Kutta-Nystrom (RKN) methods. In this way, we
obtain a totally discrete scheme which can be computationally interesting. But, if the
elliptic operator is M-dimensional the computational cost can be very high, whether you
use explicit or implicit methods for the time discretization. In order to avoid such draw-
back, in [2] there was introduced a new type of methods for the time discretization named
Fractional Step Runge-Kutta-Nystrom methods (FSRKN). These FSRKN methods have
been designed by combining the ideas of Fractional Step Runge-Kutta methods (FSRK)
for parabolic problems (see [3, 4, 5]), together with RKN methods (see [6, 7]). In fact,
FSRKN methods can be viewed as a generalization of the alternating direction methods
proposed in [3, 8] for solving the wave equation efficiently.

The main advantage of FSRKN methods is the obtaining of a numerical solution from
unconditionally convergent schemes, which provide a low computational cost. To apply
such methods in an efficient way we must firstly split the spatial operator as a sum of
simpler operators in a certain sense; thus, only a piece of the splitting acts implicitly
at each fractional step. Such decomposition is very important in order to obtain good
results.

As it is well-known, one of the main drawbacks of many classical one-step time in-
tegrators is that they suffer an order reduction when they are used in this context; this
phenomenon is specially hard in the case of considering time dependent boundary data.
In the literature we can find an important number of papers about the order reduction
phenomenon (see [9, 10, 11, 12] for RK methods, [13, 14] for RKN methods). In [11]
the authors prove that for parabolic IBVP, RK methods present superconvergence in the
interior; thus it is well known that, for RK or RKN methods, the order reduction is due to
a non suitable election of the boundary conditions for the internal stages. This drawback
also appears when FSRKN methods are used in the time discretization of second-order
in time problems. In these methods the order reduction is related to the order of their
internal stages, as in RK or RKN methods. When the FSRKN method has all its stages
implicit, this relation is specially restrictive because the order reduction is very harsh.

We show a technique which permits us to recover the lost order in a extremely cheap
way, from the point of view of the computational cost involved. The basis of this strategy is

to obtain an improvement for the boundary conditions of the internal stages by following



a simple recurrence process which involves only data of the given problem. Both the
introduction of this technique and the subsequent analysis of the consistency of the method
requires to consider the two discretization procedures in the inverse order, i.e., we will
discretize firstly in time, using FSRKN methods, and afterwards we will solve the family
of boundary value problems derived of this process.

This paper is structured as follows: in the following Section we describe the problem
as well as the time discretization methods proposed and we study the local error; we prove
that the order reduction is due to the boundary conditions and we show the technique to
diminish it as far as reaching the classical order. In Section 3 the global error is studied;
the theoretical results proven in this Section are corroborated by means of a numerical
test shown in Section 4, where we have used spectral methods for the spatial discretization
because they reach high orders of convergence. Finally, Section 5 presents some technical
results and the proofs of the main theorems of this paper.

Henceforth we denote with C' any constant independent of the size of the time step

and the number of nodes of the spatial mesh.

2. The time discretization method

Second-order in time evolution IBVP governed by partial differential equations can be
written in an abstract form as follows:

“Find w : [0,T] — H solution of

u'(t) = Au(t)+ f(t), 0<t<T < o0,

oult) = o) N
u(0) = wup,

u'(0) = wo,”

where, typically, H is a Hilbert space of functions defined in a certain bounded domain
Q C RM integer M > 1 with smooth boundary I" and A : D(A) C H — H is a linear
differential operator of order d (integer d > 1) that contains the spatial derivatives and
which is defined on a dense subset D(A) C H.

In order to ensure a well-posedness for problem (1) in the sense of Hadamard, we will

assume:

(A1) The boundary operator 9 : D(A) C H — H' is onto, with ker(d) dense in D(A),

where H’ is a Hilbert space of functions.



(A2) The restriction of A to ker(d), denoted by A° = Alyero being A° : D(A®) = ker(9) C
H — H, is self-adjoint and negative definite.

(A3) There exists w < 0 € R (see [15]) such that for each u € R with g > @, the problem

1

(ul —Au = 0,

ou = w,

has, for every v € H’, a unique solution u = S(u)v; which satisfies ||S(u)v|| < Lv|],

for certain constant L > 0 independently of u for p > w® > @.

Also, in order to guarantee the convergence results we suppose the initial and boundary
data to be sufficiently smooth.

From hypothesis (A2), we have that the operator A° is the infinitesimal generator of
a cosine function, of type w = 0, on H. This guarantees the well-posedness of problem
(1) in the energy norm.

Many results of this article can be extended to the more general hipothesis
(A27) The operator A is the infinitesimal generator of a Cy-semigroup of type @ < 0.

When solving this type of problems with FSRKN methods, the elliptic operator A
is assumed to be split as a sum of m linear differential operators of order less than
or equal to d, each of them simpler in a certain sense, that is, A = > ;" A,, where
A, D(A) CH — H and N2, D(As) = D(A). Besides, associated to every operator Ay,
¢ =1,---,m we will define the boundary operators 9, : D(A;) CH — H,, (=1,---,m
and we will denote by AY : D(AY) = ker(d;) C H — H the restriction of A, to ker(d;),
with ker(0) = N}, ker(y).

To simplify the exposition we also consider a decomposition of the source term in m

smooth addends, f(t) =%, fe(t). Then, problem (1) can be written as

;

u'(t) = ZAN +fit),  0<t<T<oo,

u(0) = wu,
w'(0) = g

LI : H — H is the identity operator



To assure that problem (2) with vanishing boundary conditions is well posed we sup-

pose that

(B1) The boundary operators 0, : D(A;) C H — HY are onto, with ker(d;) dense in
D(Ay).
(B2) The operators A) are self-adjoint and negative definite.

(B3) There exists w; € R such that for each u € R with pu > @, the problem

(ul — Ap)u = 0,

Oou = v,

has, for every v € H5, a unique solution u = S¢(u)v; which satisfies ||Sy(u)v|| <

Ly||v||, for certain constant L, > 0 independently of p for > w? > &y

From hypothesis (B2), we have that the operator AY is the infinitesimal generator of a
cosine function, of type w = 0, on H. Thus, we have that A) is the infinitesimal generator
of a Cyp-semigroup of type @y < 0. Then, (ul — AY)~! exists and is bounded for every
with Re(pe) > wy.

Furthermore, in what follows, we will assume that

1A -+ Agu? (@) <€ and Ay - A S (D] < C, (3)

Lt

for certain integers j, k as big as needed, with ¢; € {1,---,m}, fori=1,--- k+ 1.
When solving a linear problem like (2), FSRKN methods are defined by the following

algorithm,

Kn,i = U, +qgtV,+ 7'2 Z Zagyij (AgKnJ + fg(tnyj)) , 1=1,--- , S,

/=1 j=1
Vn+1 = Vn +7 Z Z bf,j (AZKn,j + fl(tn,j» ) <4>
/=1 j=1
Un+1 = U, +7V, + 7—2 Z Zﬁf,j (AEK’HJ + ff(tn,j» ’
/=1 j=1

where t,; = t, + ¢, for j =1,...,sand t, = nr,n=1,---,N, being 7 = T/N the
time step size and N the number of steps (see [2]). K,; are the intermediate stages,
which can be considered as numerical approximations to the exact solution at time
tni, @ = 1,--+,s, and (U,,V,)T is the numerical approximation to the exact solution

(u(ty),u/(t,))". Following the ideas of FSRK methods, we will assume that ay, ; > 0,
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t=1,---,5, £ =1,---,m and we will group the coefficients a;;, bs;, B¢; and ¢; which

appear in (4) in the following tableau

C1 | a1,11 am,11

c »Al R Am
/BT . /BT — Cs | Q1,51 e al,ss Am,s1 e am,ss

1 m
61,1 51,5 Bm,l Bm,s

T T

bl et
bl,l e bl,s e bﬂ’L,l e bm,s

The coefficients satisfy the additional hypotheses ap;; = 0, 5,; =0, by; = 0 for £ # {; €
{1,---,m}, 1 < j <'s; these hypotheses allow us to compact the notation in the following

way

Kn,i = Un + CiTVn + 7'2 Z aéj,ij (AZan,j -+ ffj <tn7])) , ’l = 1’ S S,

Jj=1

Vn+1 = Vn + TZbng (Ag].Kn’j + fzj (tn,j)) > (5)
j=1

Un+1 = Un + TVn + T2 Z ﬁfj,j (Aﬁj Kn,j + ffj (tn,J)) :

j=1
Note that the structure of the coefficients of FSRKN methods implies that in every
stage only one elliptic operator A, acts implicitly and, in this way, when a multidimen-
sional problem is solved with an FSRKN method, at each intermediate stage we must solve
a problem which can be much simpler than the first one; thus, by choosing adequately the
split of the operator A, we can obtain important reductions in the computational cost of
these methods, compared to the computational costs associated to the use of other time
integrators like, for example, implicit RKN methods.
In order to have a unique solution from (4) we must assure that the intermediate
stages are well defined and that they have a unique solution. To obtain this solution we

must determine the values of the boundary conditions of such intermediate stages, thus

we must solve, for i =1,---, s,
i—1 i
(I — T2a£i,iiA€i)Kn,i = U, +71c¢Vy, +71° Z aéj,ijAEan,j + 72 Z @ej,ijfej (tn,j)a (6)
j=1 j=1

aﬁiKn,i = G€~ n,i-

BY deﬂOtiﬂg Gﬁ,n - [aZKn,lu e 7aZKn,s]T7 (= 17 e,y € = [17 Ty 1]T7 Kn - [Kn,b Ty Kn,s]T



and fr, = [fo (tn1), -, fo(tns)]” the internal stages, in tensorial form, are given by?

K, = (e)U,+7(c®1) Vn+T2i(A4®1)((I@Ag)Kn+f€,n>v(7>

(ala T 7am)Kn = (Gl,n7 T 7Gm,n>-

Once K, has been obtained,

Vopr = Vn"‘TZ(bg@I) <<I®AZ>Kn+f€,n)a (8>
=1
U1 = Un+7Vo+ 7> (B 1) (T® A)Kyn + fon) (9)
=1

To prove that (6) possess a unique solution, it is enough to consider problems

(I - Tza’&',iiA&')Kb i 07 <]'O>

n,i

b
8&' Kn,i = G&' My

fori=1,...,s and once that K¢ = [K?

b -+, K? ]T has been obtained, we must solve

TRI-7Y A®A)K) = (6@])Un+T(C®I)Vn+T2Z<Ag®[><(I®Ag)f(z+fg7n>,
=1 (=1

(ala"'vam)KO = (07"'a0)7

n

Kb

n,s—1

with K, = [0, K?

by 7.

With this decomposition it is immediately observed that the solution of (6) can be
expressed as K,, = K° + K°.

The solvability of (10) is a direct consequence of hypothesis (B3) because, as we are as-

suming ag, ;; > 0, we have that for (7%ay, ;)" > w) > @y, expression Sy, ((7%ag, ;i) )G, i

is solution of (10), with

||sz ((T2a4i7ii>_1)G£i,n,i || < in

Gfi,n,i || )

where L,, > 0 is a constant independent of 7%ay, ;;.

The solvability of (11) was proven in [2].

2.1. Local error

Now, we study the local error that is made when problem (2) is solved in time by

using an FSRKN method. The boundary values of the internal stages appear as data to

2Note that, (A1) (Z®@A) = (A@Ar); (BT 1) (Z®@A,) = (b ®A,) and (B @1)(T®Ar) = (B @ Ay)

7
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introduce and by following classical ideas for RK, RKN or FSRK methods, the first option
is to take these boundary values as 0y K, ; = Opu(t,;) = ge(tn;), assuming that the internal
stages can be considered as approximations of the solution at the intermediate times t,, ;.
As we will see later, this is not the best choice, since this implies a reduction in the order
of the error observed. This order is related to the stage order, and this stage order is only
1 when the FSRKN method has not got any explicit stage, as it will be proven in Lemma
2.3. We will show that by choosing these boundary values in an adequate way, the order
reduction can be avoided.

We introduce for FSRKN methods the concepts of classical and stage order which are

defined in a similar way as to RKN methods:

Definition 2.1. An FSRKN method given by (4) (or (5)) is said to have classical order

p when it is applied to numerically solve problem (2) if
[€niill = 1/ (tasr) = Vil = O and  |ppsa]l = u(tusr) = Una|| = O(77H)

with (Up1, ‘_/nH)T the numerical solution obtained from the exact solution (u (t,) ,u' (t,))"

by taking a time step-size T.

Definition 2.2. The stage order of an FSRKN method is defined as ¢ = min{q, p}, being

p the classical order of the method and § the maximum value such that, for ¢ =1,--- m,

& =k(k—1)AC2 k=24,

where ¢ = [}, -+ T and & = e. Similarly, it can be expressed as
A =kk—1)) aydi™ di=1-5 k=24 (12)
j=1

When the above conditions are not satisfied by any ¢ > 2 , then q is taken equal to 1.
Notice that the minimum stage order that is obtained is 1.

Lemma 2.3. Let an FSRKN method be given by (4) (or (5)) whose coefficients satisfy
ap,ii; # 0, Vi =1,---,s, (that is, all its stages are implicit). Then the mazimum stage

order achieved is 1.

Proof. As ay, ;s #0,Vi=1,---,s, in particular, as, 1; # 0 and a1 =0, =1,---,m,
¢ # ¢y for certain 1 € {1,---,m}. When (12) is imposed to obtain order 2, for i = 1,

62
1
E:aﬂ,lla Ezla"'vm;



which leads, for ¢ = ¢, to ¢; # 0. On the other hand, if ¢ # ¢;, then a,1; = 0 is deduced,
which implies ¢; = 0, that is against to the fact that ¢; # 0. O

Remark 2.4. For these methods, (except for those ones with classical order 1, which do
not have much interest in practice), it is always observed an order reduction when solving
problems like (1), so it is important to have techniques at our disposal to recover the lost

order.

As it was explained before, certain boundary values for the intermediate stages must
be chosen. These boundary values determine the local order observed, as it will be shown.
To avoid this order reduction, the procedure is to calculate, in a recursive way, the value
of these intermediate stages at the boundary. Thus, by taking as first choice the natural

boundary conditions, we define

K = [ K = ultaa )t (13)
GL(,]L = [GL?’LJ’ T GE?L,S]T = [gf(tn,l)v ce 7g€<t"a5)]T - a[KT[lO]’ t=1-.,m,

and from this definition, for integer r > 1 we obtain
Kl = (e®Dulty) + 7(c® D' (t,) + 7° i(Ae © D((Z©A)VK] ™+ fen), (14)
—
Al = gkl (=1, m. 1
Then, [_(T[Lr], integer r > 0, is defined as the vector that satisfies

K = (e® Dulty) + (@ D (tn) + 72> (A @ D((Z @ A)KY + fon),
/=1

(O, O K = (GY), -+ Gl ). (15)

1,n

From K the approximations \_/n[ﬂl and U,[ZL are given by

VI = () + (0 @ D((Z @ AR + fia), (16)
/=1
Uﬁl = u(ty) +7u(t +722 Bl D((Z® A)KM + f,,). (17)
/=1

Thus, the local errors in the derivative and in the solution are defined now as

G = () = Vi and gl = ultun) = UL, (18)
for integer n > 0. Then, the following Theorem can be proven

9



Theorem 2.5. Let (4) (or 5) be the time semidiscretization obtained by using an FSRKN
with stage order ¢ = min{q,p} and classical order p, for problem (2), with A satisfying
hypotheses (A1-A8) and {A}}2, satisfying hypotheses (B1-B3).

If the exact solution and the split of the source term of such problem satisfy bound (3)
and the boundary values are taken as G%l = 0, K with K given by (14), integer v > 0,

then the local errors satisfy

Hdﬁﬂ” _ O(Tmin{ti+2r,p+1}) and Hpmrln _ O(Tlnin{q+2r+1,p+l})'

Notice that for » = 0, that is, when the boundary values for the intermediate stages

are chosen as GI¥ = = Opu(tn;), £ =1,---,m,i=1,---, s, the local error is referred to the

4y
stage order. The order reduction can be completely avoided when the solution is regular

enough and the sufficient number of iterations is made.

3. Space Discretization

In this part we deal with the complete discretization of problem (2). Now, we describe
a general context which permits us to include spectral discretizations as well as some
finite element and finite difference methods.

We should to take into account that, although at each stage of the time discretization
we are obtaining several simpler problems, they are related in a way that all of them
belong to the same space. For every £ =1,---,m we want to solve

“Find v : 0 — H solution of

Agu = Fg, in Q,
8eu = Gg, n Fg = 8[9, ”

where Fy € H, Gy € H} and u € D(A;). Let us assume that operators A, and 9, satisfy
the hypotheses pointed in the previous Section.

For the space discretization of this problem, we consider in Q U 9Q a grid 2, (not
necessarily uniform) associated to a natural parameter J related to the number of nodes
on it. In this grid, we denote the interior nodes as Q) and the boundary ones as QY%, with
Q;=0LuQb and QL N QY = @. After that, we take H; C D(A), a finite-dimensional
space associated to this parameter, considering the subspace (or space of less dimension
than H ;) HY that contains the elements of # ; which vanish in some way on the boundary

0f). Then, the collocation problem is as follows

10



“Find uy : Q; — H; solution of

AgUJ = Fg, in QJ\QZ7

: b »
Gy, in €y,

Opu g
being QZJ =T,NQY.

In order to obtain the numerical solution, we take operators P; : H — HY, the
projection operator; Ap ; = PrAiye - HY — MG, symmetric and negative definite; x} ;
operator such that IinGg interpolates Gy in QZ,J? and vanishes in ; \ Q%”J; Seg =
PjAwkf ;- Hy — MG and R, : D(A) — HY the operator such that Ryu is the numerical
approximation to u in HY. Because of this, it coincides with u; in Q) and it vanishes in

b
QJ-

Then, we should solve problem
A27JRJU + Sp 0 = Py A or similarly AQ,JRJU + Sp,Ge = Py F,. (19)

Notice that because of their definition, Pyu — Rju vanishes in %. Besides, we consider
operators A% = PjAlyo and S; = Py ArY, with k%g interpolating g in Q% and vanishing
in Q) satisfying that ASR;u+ S;9 = P;f.

Apart from that, we denote by || - ||; an approximation to the norm in H, assuming
that it defines a discrete norm in HY associated to a scalar product, such that for smooth
enough u € C(2) C H and big enough J, the following compatibility relation between
norms is satisfied: ||Pyull; = O(||u|).

In what follows, we will assume that the following hypotheses are satisfied

(H1) There exists @ > 0 and a non-increasing function h : (&, o0) — (—o0,0) such that,

for ¢ =1,---,m, if ue H*(Q) C D(Ay), with a > & and J is big enough?,
IRy = Pryu®)lls = O [Jut)| 1o )- (20)
(H2) For u; € HY, there exist constants d > 0 and d > 0 such that

1ASusll; = O usls).
I1BSuslls = O uslls),
1A} juslls = O uglly), VE=1,---,m,

with BY the operator such that (B9)? = —AY.

3For spectral methods, the function iL(a) strictly decreases when « increases. For finite-differences

and finite-element methods h(«) is usually constant for & sufficiently long.

11



(H3) The operators By and (Z&I; =723 , A, ® A} ;) are invertible*, and their inverse
is bounded independently of 7 € (0, 79] and J.

(H4) The operators 72(bf @ A })(Z@1; =730 A@A) ;)" and 7%(B] @ AP ))(ZT®1;—
Y e Ay ® A ;)" are bounded independently of 7 € (0, 7] and J, £ =1,---,m

3.1. Global error

In order to obtain the totally discrete scheme, we must realize the spatial discretization
of the scheme given by (7-9). Thus, for the spatial discretization of (7), we have, in

tensorial form,

Ky ;= (e®1,)Up 47 (c®L)V, 47 ZA@IJ (Z®A) ) K jH(Z2S0s) Gent(TOP)) frn),

where, by using hypothesis (H3), K,Qh ; can be obtained. The numerical approximations

to the function u(t) and its derivative are given by

Vs = V47> (00 @1)(Z @AY )K) ;4 (Z® Ss) Gen + (T ® Py) fon),

(=1

Upirg = Uny+7Vo, +7° Zﬁe ® I)((Z @ A )Kn; + (L@ St,y) Gon + (L@ Py) fon)-
=1

In Section 2 it is proven the relevance of making a good choice of the boundary con-
ditions for the time discretization scheme. Now we prove the influence of such conditions
for the final scheme too.

To obtain the totally discrete scheme, with less or without order reduction, we must
also consider the new boundary conditions G ., given by (13) and (14) instead of Gy,

thus the following scheme is obtained:

N = (o 1)U v r(co 1)V

+TQZ<AK®IJ><<I®A2,J> EYY 4 (T@S0y) GYL+ (T ® Py) fon),  (21)
/=1

ijﬁ],J = Z by @ Iy)( I®A?,J)K2:M +(IZ® SeJ)G +(Z ® Py) fon),(22)
=

0,[r 0,[r]
Un—o[—l},J = UnJ + V[

+TZ/3€®1J><<I®A> W (T®80) Gl + (T @ Py) fon).  (23)

41 : HY — HY is the identity operator.

12



In this way, we define the global errors associated to these new boundary conditions
as

Zlq s = Pyu/(tni) — Vv&}—[;],J and 6£f}+1,J = Pyu(tn1) — Ugﬂ,J (24)

where we assume that eg]J = e([)r{, = 0, integer r > 0.
Associated to the global error, there will appear a matrix whose powers are important
to bound to obtain stability in the discrete energy norm (see [2]). In the rest of paper,

in order to simplify the expressions we denote {A?;}7*, = A} ;,..., A} ;. Thus, this

stability matrix R(7, B, {A7 ;}i~,) is the one given by

ria (7, By, {A? J} 1) (T 39,{143]}111)

R(r, By, {A7 ;}i%)) =
ro1(T, BJ7 {A J} 1) Taa(T 397 {A?,J}?L)

where
B @TALNT L= A® AL ) e® 1))

k=1

(ﬁép@TgAg,J)(I@]J—TQZAk®A2,J)_1<C®]J)) ’ (25)

1 k=1

ru(r, By {4} 1) = (7B)) <IJ+ (rB))™

M= 11z

rio(m, By, {A7 ) }) = (7BY) <]J+

~
Il

ran(7, By {47 1) = (Z(beT QT NI @I -7 A@ AL ) (e® IJ)> (rB)

/=1 k=1

roa(T, BSAAY YY) = L+ ) (0 @A )T @1 -7 ) A@ AL ) e 1).

=1 k=1
Related to these functions, in order to bound the solution and the derivative, we define

functions 7;; (7, BY, {Agj}ﬁl), 1 <i,5 <2 given by

mu(r, By, AL ) = (rBy) "l By, {AD 1) (1BY),
2(7_ J7{A J} ) = (TBJ) Tl?( 7B97{A?,J}?;1)7

(7, By, {AL32) = raa(r, By, {AL 32 (7 BY),

( )

= Too(T, BJa{A J} 1)-

To1

T22(T, BJ> {A J}?il

We define by R(r, BY, {Ag s+7,) the matrix whose elements are functions 75, 1 <1, j < 2.

The relation between matrices R(r, B}, {A?,}7)) and R(r, BY, {A?,}1,) can be ex-

pressed as

0 (rBY)t 0 0 B 0
R(,BY, {A? })) = R(r, By, {A} ;}i) : (26)
0 [J 0 [J

13



In what follows, we will assume, for integer £ > 0, that
IR (7, {47 H )l < € (27)
We remind that the discrete energy norm is given by
1T V) I3 = IBSUIS + VI3
Then, the following theorems can be stated

Theorem 3.1. Under hypotheses (H1-HJ), bound (3), by assuming stability (27), u®(t) €
H(Q), f7(t) € HOQ), k= 0,1, p+2, € = 1, m, with [[u® () [ 5oy, | £ )10,
uniformly bounded for 0 <t < T and with « such that o — d(r + 2) > &, the bound for

the global error in the energy norm is

[r]
€n,J -0 (Tmin{q—i-an}ch + Tmin{d-ﬁ-?r—l,p} + TJd:i-l:a(a—d(r-&-Q)) + Jﬁ(a—d(r-i-Z)) + Jd:i-iz(a)) )

<[] N

€
n,J 0
B.]

Theorem 3.2. Under hypotheses (H1-HJ), bound (3), by assuming stability (27), u®(t) €
HQ), [P () € H*(Q), k=0,1,---,p+2, £ =1, m, with |[u® ()] ey, | O] o),
uniformly bounded for 0 <t < T and with « such that o — d(r + 2) > &, the bounds for

the global error in the solution and in the derivative are
||6£:,]J||J ) (Tmin{fi—l-Zr,p} _|_7_sz(a—d(r+2)) + Jﬁ(a)) :
Hég,]JHJ - O (Tmin{t}+2r71,p71} +Jﬁ(a7d(r+2)) +Jci+/~1(a)) )
From these results, assuming the spatial discretization to be good enough, we can

observe that the global errors are referred to the stage order, as well as it happens with

the local ones.

Remark 3.3. Sometimes, the order which is observed in the global error is one unit
greater than the one expected because of the theory. This is due to the summation-by-

parts procedure, which has been deeply studied for RKN methods (see [13, 14]).

14



4. Numerical experiments

To show the behavior of FSRKN methods when solving a problem like (1), we will

solve equation

Ut (T, 9, 1) = —Uggaa (T, Y, 1) — Uyyyy (T, 9, 1) + f(2,9,1), (z,y,t) € Qx[0,T],

w(x,y,t) = ettty (x,y,t) €T x [0,T] =902 x [0,T],
Up(x,y,t) = 2we T2 (x,y,t) € Ty x [0, T,

uy(z,y,t) = 271+, (x,y, ) e 'y x [0,7],

u(w,y,0) = et (z,y) €

w(w,y,0) = —em W, (z,y) €

where Q x [0,7] = (—1,1) x (=1,1) x [0,1], with I'; = {-1,1} x [=1,1] and Ty, =
[—1,1] x {—1,1}. For this problem, we split the elliptic operator as A = A; + A,, with
AU = —Uyyyy and As u = —uy,,,. Besides, we decompose the source term as f(z,y,t) =
fi(z,y,t) + fa(z,y,t) taking fi(2,y,t) = Uspae + sun and fo(2,y,t) = Uyyy, + Uy, in
order to obtain u(z,y,t) = e " % as the exact solution.

Firstly, we have discretized in time by using the R-stable FSRKN method presented in
[2] with stage order 1 and classical order 3. Thus, for each time step, we must solve four
boundary value problems, one per stage K,,;, % = 1,---,4. Every one of these problems is
essentially one-dimensional in space, as in the odd stages only ;... acts implicitly and in
the even stages the term that acts implicitly is u,,,,. We have integrated the boundary
value problem that appear by imposing the boundary values given by GE L, (=1,
for r = 0 and r = 1, i.e, by taking the classical boundary conditions for » = 0 and the
new boundary conditions for r = 1.

On the other hand, after doing this, we have discretized in space by using the spectral
method described in [16, 17] (and deeply studied in [14]). For our discretization we
have taken 40 nodes in the interval (—1,1), so we have obtained 40 decoupled systems
of size 40 x 40 to be solved at each stage. This can be compared with the system we
would have obtained when solving the same problem with an implicit RKN method and
an adequate spatial discretization for solving problems like ty,pp + Uyyyy = F(u) in the
square (—1,1) x (—1,1); in this case we would have obtained a (40 x 40) x (40 x 40)
system to be solved.

In the tables, the local and global errors are given in the discrete norm associated to

the spatial discretization that we are using. The global error has been calculated as the
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difference between the exact solution at 7' = 1 and the numerical one obtained with our

method. In the figures, the error has been plotted as a function of 7, the time step-size, in

double logarithmic scale, so in this way the slope of the lines corresponds to the numerical

order observed.

LOCAL ERRORS

L
-3 -2 -1

10
TIME STEP SIZE

= 1077
107} / 1

10k
107 b . ]

* 10

% o %

- )
x 10 o - b g
& ) ° w
. * -7
*7 ] o

GLOBAL ERRORS

N 10°
TIME STEP SIZE

10

Figure 1: Graph for the local (left) and global (right) errors with order reduction (blue, continuous line)

and avoiding it with one iteration (pink dashed line) for the solution (o) and the derivative (*).

Order reduction

Avoiding order reduction

T u(t) u'(t) u(t) u'(t)
1/40 - 1/80 || 2.20728 | 1.19357 || 3.76489 2.92037
1/80 - 1/160 | 2.22778 | 1.21851 | 3.85445 3.01228
1/160 - 1/320 || 2.24447 | 1.23712 || 3.91191 3.07119
1/320 - 1/640 || 2.26014 | 1.25327 || 3.95459 3.02705

Table 1: Local orders

5. Proof of the main results

In order to prove the theorems, the following lemma is needed, which has been proven

in [2].

Lemma 5.1. Let us consider an FSRKN method satisfying that ag, ; > 0, i = 1,---,s,

l; € {1,---,m} and let {AY}7, be a system of self-adjoint and negative definite spatial

operators in H®. Then

(i) The operator (Z ® I — 1% ", Ae ® A)) is invertible, and its inverse is bounded

independently of T € (0, 7).
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Order reduction | Avoiding order reduction
T u(t) u'(t) u(t) u'(t)

1/40 - 1/80 || 2.23835 | 1.16461 || 2.93637 2.67649
1/80 - 1/160 | 2.18800 | 1.20047 || 2.98490 2.79997
1/160 - 1/320 || 2.19312 | 1.22326 || 2.98089 2.82830
1/320 - 1/640 || 2.21931 | 1.23887 || 2.89093 2.71291

Table 2: Global orders until T=1
(ii) The operators T*(bf @ ANZ @I — 23 " A @ AN~ and 7*(Bf @ A))(ZT® I —
2y Ac @ AN are bounded independently of T € (0,70), £ =1,---,m.

5.1. Proof of Theorem 2.5

The local errors defined by (18) can be written as

= W) = V) + (VI =), (28)
ol = (uten) — UM + @, T, (29)
with
VI = () + 7Y (0 @ D((Z @ A)K + fia), (30)
/=1

(57 @ DT ® A)K + fon). (31)

NE

UT[ZL = u(ty) + 17U/ (t,) + 1

~
Il

1
where K[! is given by (13) for r = 0 and (14) for integers r > 1.
Bound for Vn[ﬂl - Vﬂl and Uﬂl — (_]T[Zil

Let us firstly define 6} = [5[T] '

n,l»

-,521]5?, integer r > 0, as the vector that contains

the errors that are committed in the quadrature formula for the stages, in the way
KM = (e® Dulty,) + m(c® Du'(t,) + 72 (A @ D((T® A)KE + fon) + 050 (32)
=1
By doing (32) minus (14),
511 = 723, @ A (KL — L)
=1
On the other hand, from (14) it can be proven that

K- KT =23 (A @ A)(KL 2 = K = = (72 ZA@@@Ag) Y gy,
/=1

17



Finally, from (32) for » = 0 and expression (14) for r = 1, we take
5l — ( ZA5®A5> (KD _ gy (ZAg ®A@> 511, (33)

Now, we develop 57[1] component by component, by using Taylor developments with
integral rest. In order to simplify, for functions A(t) smooth enough, we introduce the

following notation:

tn,i
Rp,n,i(h) - / <t"ai —2) h(pﬂ)(z)dz and Rp,n(h) = [Rp,n,l(mu T 7Rp,n78(h)]T-
tn

Therefore,
[0] o ek & (k— (k—2) 1
Op; = ; ZI(AZU 2) +fg (n)) +m7zp+1,n,i(u)
p+1
= TS ad (At + 1)
k=2 /=1 j=1
- _ 1 | ZZGMJ (A[R'P 1”]( )+Rp71,n,j(ff>)
=1 j=1
p+1 -
N Zc—k —12% ) (A2 t0) + 117 t)
k= q+1 :
( —il)‘RpH’m ¢ —1) IZZWU (AZRP 1 (U )"‘Rp—lm,j(fz))’
p ' =1 j=1

where we have used the definition of stage order given in (12) together with

= > (A1) + f2(1). (34)
=1
Thus, this expression can be written in tensorial form as
0] AR ( (k—2) 1
o _ ko _ k—2 k—2)
50 = kZ T2~ k(= DA @ (At =20t) + 157 (k) + o R
=q+1 /=1
2 m
G A D (O ARyt (1) + Ry
=1
Therefore, by substituting in (33)
p+1 k+2r m
= 3 (Y Ay 0 40) S — k= DA @ (A e,) + 070
k;—q+1 ! /1=1 lo=1
+ b+ 1 ( Z A ® Ag) p+1,n(u) (35)
2r+2 m
- < «461 ® Ael) > (A, ®T) ((Z ® A, Rp—1,n(u) + Rp—l,n(f€2)>'

la=1

18



Vi

Ui

Apart from this, we define Al as the difference between K and K['. Then, when
subtracting (15) to (32), taking into account that (i, - - -, 9p)Ka? = (01, -, O ) KL we
obtain

Al = 23 (A @ A Al + 61,
=1

(Dy, -, 0m)Al = (0,---,0).

By using Lemma 5.1 we can solve for Al (notice that, now, A, = A%
All=(Z@l-7"> A@ A"l (36)
=1

Now, we subtract (30) to (16), by using that now 7(b7 @ A,)AL = 7(b7 @ AY)Al
together with (35) and (36). Then, we obtain

— v _TZ bf @ ANAL =23 (0 @ ANT & T — 7 ZA ® A%)1ol]
(=1 (=1 j=1
p+1 Tk+2r 1 0 0 (h—2 (k—2)
= Z k! Z Rk L1y lrga (AD o 7Am)Af2 U A5r+1 (A€r+2 )(tn) + f5r+2 (tn))
k=G+1 ’ e lpio=1
7_27’—1 m
+ (p + 1)' Z b€1 (A(l)a T 7A7Dn)(-’4ﬁ2 o 'AfH—l ® Aﬁz o 'A€r+1)Rp+1,n(u) (37>
Tl lrp1=1
7_27‘—i-1 m
N (p - 1)' Z bﬁl (A(l)a T aA(r)nxAéz T A£r+2 ® AZQ e A€r+1)(I ® A5r+2)Rp—17n<u’)
L1y lrya=1
,7_27‘—1—1 m 0 0
- (p _ 1)[ Z bﬁl (Ah e ’Amx-AéQ o 'Aﬁr-s-z ® AZQ o 'A€r+1)Rp—1,n(f£r+2)>
Ty, lrga=1

where we have used notation

(A, - AY) = (0] @TPANIT @I —7") A @A)
k=1

Rk,ﬁl,“nfd(A?? T 7A'9n) = b€1 (A(l)v T 7A2n)(-’4€2 o "Aqu (Ck - k(k - 1)A€dck_2) ® I)a

Similarly, from (17) and (31), by using again (35) and (36),

_ 7226g®A0A[T—7‘226€®A0 I@] TZA ®AO) 5
=1 =1 =
ptl 7-k’+27’ .
- Z k! Z By b (A(i)’ o ’ASH)AK? o .A£T+1 (A€r+2 ulh=? (tn) + fé(T:z )(tn))
k=g+1 Tl leaa=1
,7_27‘ m
+ (p_|- 1)| Z BEI(AE)?' c 7A21)(A£2 e 'Aer-&-l ®A@2 . “Aer-rl)Rerl,n(u) (38)
' Ly, lrgp1=1
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Z 521 (A(1)7 Ty Agm)(Afz t 'A€r+2 ® Afz T A€r+1)(I ® A€r+2) Rp—l,n(u)

—_ 1\
(=1,
7_21"4—2 m 0 o
B (p—1)! Z Be (A7, -+, Ap) (Ag, - "Aﬁr+2 ® Ay, - 'A€r+1)Rp—1,n<er+2)a
: 01, Lpyo=1

where we have used now notation

Bu(AL, -, AL) = (Bl @ ANTel-7") AceAy™
k=1
Rk’,fnwfd(A(l]a T 7A'E)n) = b (A(1)> T 7A21)(A52 T Aedfl(ck - k(k - 1)A€dck_2) ® I)v
A(1]7 Ty A?n)? Rk,&
and Sy, (AY,-- -, A2 ) are well defined and bounded for integers r > 0, k > ¢, {1, -+, {10 €

From Lemma 5.1 we have that Rk,gl

'r+2 ( ”‘+2 (

{1,---,m}. Furthermore, when bounding the integral terms, if h**2)(¢) are bounded

independently of 7 for t € [t,,, t,,], we have

Rpt1mi(h)l < leilr max Itnvi—tl”“llh(””)(t)llZO(T”“) (39)

- tn <t<tp,

Moreover, for any (B, d), closed with B h(P)(t) bounded independently of 7 for t € [t,,, t,.]

(see [18]), we also have

IBRy-1n ()] = ]

tn,i
/ (tni — 2)P ' BRP) (2)dz
in

<lelr max |t,; —tPHBRP (1) =
tngtgtn,i

Thus, from hypothesis (B1), as (A, 9;) is closed for £ = 1,--- m,, if A;... A, h®)(t) are
bounded independently of 7 for ¢ € [t,, t, ], we deduce that

AL ARy 1 i (h) = ’

tn,:
/ (bs — 2)P Ay . Agh®)(2)d
tn

. . 4Pl (p) — p
< |Cz|TtnI§%2¥n,i [t — tP | Ay . ARhP(t)]| = O(7P).  (40)

Therefore, by using in expressions (37) and (38) these results together with (3), we
take

(VI =Vl | = o@mintatzeetzeeiyyanq ol - O || = o(rmintatreer2ety (4)

Bound for «/(t,.1) — V[ﬂl and u(tn41) — Uy[:;]ﬂ

7

Differences u'(t,11) — Vﬁl and u(t, 1) — Uml can be written as

r O I3 1+1
U (tair) = VI = W/ (ta) — Vn[HJrZ | T (42)
=0
ultarr) = UL = ultur) — n+1+2 o, — ok, (43)
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From (30-31) together with (14-15) and (32) we obtain

Vil =Vl = w0 @ A (EE - KT = 7y (6] © Al
=1 =1
UH Uq[;:ll] _ TQZ

(BF @ Ag) (K — Ky = 723 (5] @ Ag)dlil.
/=1

~
Il

1

Then, because of (35) and by reorganizing the operators

4 i+1
VL - v

n+1
pHl h+2i+1 m
= Y X WhAwe A (F =k DA Ay - Ay (1)
k=qg+1 T llige=1
k+2t>p
AR FhA2i+1 m . ) . .
- k! Z bﬁl'AeQ o 'A&‘H (C - ( - 1)~A€1+2 )Aél .. .A&-H ff¢+2 (tn)
~ Ly, liyo=1
k=q+1,
k+2i>p
F2it1 m .
orT o GhAn A, @ A A Ry a0
' Zlv"'uei-{—l:l
7_2i+3 m .
—_ (p — 1)' Z (bflAég .. Afi-‘r? ® Agl oo A£1+1)((I ® A€i+2) Rp_Ln(u) _|_ Rp—17n<f£i+2))7
Klf",f—prg:l

where we have used that some terms vanish because of the order p conditions Vi

1
T Ay Ay =
biAn A = S D 20 (R L) <44>

for 0 <k+2i<p—1and¥ly¥,....0; €{1,...,m}.

Similarly, we consider now the order p conditions Vi =0,...,r —1

1
TA, ... ko=
BapAey - Aue k+2it2)(k+2i+1)--(k+1) o

for 0 < k+2i <p—2and {y,l,....0 € {1,..

.,m}. Then, again, because of (35) and
by reorganizing the operators

Uq[z.]H o U[i—i—l}

n+1
ptl Fh+2i+2
= Z k! Z BEAp, - Ap (= k(= 1) A, ) Agy -~ Ag, u™ ()
k=q+1, borbia=1
k+2i>p—1
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p+1 ;
Tk+21+2

+ Z Kl Z /6 «452 Aﬁiﬂ(ck —k(k — 1>A€i+20k_2)14£1 .. .Agiﬂfz(ili—f) (t0)
~ ’ £y, 7.+2 1
k=q+1,
k+2i>p—1
7_2i+2 m .
(p + 1)! Z (ﬁfl'Aé2 o 'A€i+1 ® Afl e 'A&H)Rerl,n(u)
) el,"',[i.{.l:l
7_2i+4 m .
_ (p — 1)' Z (6@14452 .. -AZZ'+2 ® Ael - Afi-s-l)((z & Agi+2) Rp—l,n(u) + Rp—l,n(f€i+2>>-
.él,“'7£i+2=1

Therefore, by using (3) we have

Vi =V = 0@ and UG U =06 (46)
In order to bound u/(¢,11) — Vﬂl we use (30) for r = 0 and that Kn = u(tn;). By
developing by Taylor,
p+1 1 tnt1
/ _ w0 ( o\, (043)
Wltar) — V= Z ) + ooy [ (= P
- TkH - T k T T
= D 2 A t) + () = =D T(0F © DT © A)Rp(u) + Ry ()
k=0 =1 2 =1
7_zu-i-l m ®)
= o7 Z (p + 1)bf ) (Au® (t,) + (L)
1 tnt1
T / (b — )P+ g9
.
T m
= 1 200 @ DT ® AJRpn(w) + Ry (f0)), (47)
T =1

where, in the last equality, we have used (34) and the order conditions given by (44).

With a similar argument to bound wu(t,41) — Uﬂl, we subtract (31) for r = 0 to

u(tn+1)7

S L - B
u(tn) — U = o7 'Z (1= (p+ DpBle ) (AP D(t,) + f77 V(1))
T =1
b [ = P )
nal — 2 U z)dz
(p-l—l)! tn o

Z B @ D((Z @ A)Rp-1n(u) + Rp-1a(fe)),  (48)
(=1

where (34) has been used again together with (45).
Then, by bounding (47) and (48), by using hypothesis (3), and bounds (39-40),

[ (tn1) = VL = 0@ and  Ju(ten) — UYL = O, (49)
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where we can conclude, by using bounds (46) and (49) in (42) and (43) that
r—1
r 7 i+1
(i) = VIRl < els) = Vil 3 VR = VAT = 06, (50)

lu(tnss) = USLI < Jultag) — Hﬂ+§jwﬂ4 Ul =0, (51)
Finally, we bound (28) and (29) by using (41), (50) and (51), so

€l < W () = VEL |+ VI = VL

_ O(Tmin{q+27‘,p+2r+1}) + O(Tp+1) — O(Tmin{{j—f—ZT,p—&-l})’
Il < Nultan) = Unbi |l + (UL = T2

_ 0<7_min{fj+2r+l,p+2r+2}) + O(Terl) — O(Tmin{q+2r+1,p+1}>.

5.2. Proof of Theorem 3.1

In order to study these global errors, let us define K, o M, U, J:l] ; and Vr? Jr[l ; as the

vectors that satisfy

B = (e® Ryult,) +7(c® Ry (t,)

+r ZAZ@IJ)((I@)A K O[T]JF(I@SN)GHL +(Z @ Ry) fon), (52)

VOJ’E}J = Ryu/(t +TZbT®IJ)((I®AeJ)KO[T +(IZ®58, >G +(Z @ Ry) fen)i53)
17217“1]7L, = Ryu(t n)+TRJU(n)

+72 ) (BT @ IN((Z @ AL YK +(Z® Sp.y) UL+ (T @ Ry) fon)- (54)
/=1

Taking into account the expressions for Vﬂl, Uml, dﬁrl and pn 41 given by (16-18),

the global errors can be decomposed as

~[r T T 0,[r -0,[r 0,[r
el = (Pr—R)u(tusr) + Ryl + RV — VoI )y (008 vl ) (55)

el = (Pr— Ry)ultun) + Ryplhy + (RyOIL, — UM )+ (@2, — 0% ) (56)

If we apply operator R; to the expressions given by (15-17), for integer r > 0, we take

(Z® RJ)I_(T[:] = (e® Rj)u(t,) + 7(c® Ry)u'(t,)
+7° Y (A @ R)(T® A)K] + fin), (57)
=1
(617 T 7am)K7[zr] = (G[lrm T G%},n)»
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RV, = Rp(t) +7Y (0 @ RN((Z® A)KD + fon),  (58)
/=1

R,U, = Ryult,) + Ryu'(t,)
Y57 © BT © ADRY + fon) (59
=1
Doing now (57) minus (52), and by using (19) we obtain
(Z®RHK! — (T I)KY

= 7Y (Ao L)(T® R A)K — (o 4K - (T 5.,)G]))

1

~
Il

(A ® AV )(Z @ Ry) KLY — (Z @ 1;)K20)

I
\]w
NE

~
Il

1

+72) (A ® (Ry — P A)KL

Therefore, by applying hypothesis (H3) we obtain

(Z®RHK! — (T I)KY =TI, -1 Z (A @ A9 )77 (A @ (Ry — Pr)Aj)KL(60)
=1 j=1
On the other hand, subtracting (54) to (59), and by using again (19),

m

RJUJ:J]A Sfl g =7 Z (8 ® (Ry — Py) AZ)K[T]

Y A (T @ Ry R — (L@ 1)RY).
Now, by substituting in this expression (60) and by using the following notation

T(T Ufl)Afw {A J} ) - 7_2(UZ ®A(€)1,J>(I® Iy — TQZ‘Ak ®A2,J)_1(‘Af2 ® (RJ - PJ))7(61>
k=1

we take

RJULTJ-I Sﬂ J = 7’ Z ® (Ry — PJ)AZ)K[T
e_

=1
+7° Z T (7, Bery Auyy { A2 YT @ A ) KT (62)

01,6=1

In an analogous way, doing (58) minus (53), by using (19) and (60) together with (61)

we obtain
RJ‘_/ﬂl - VT?JK],J = 7 Z ® (R — PJ)AE)K[T]
(=1
b S T, Ay (A NET @ ADKY. (63)
£1,02=1
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To bound Uoﬂ ;= Uoﬂ ; (as well as VOJK]J - V,?jr[ﬂj) we must subtract (21) to (52),

and by applying notation (24) together with Lemma 5.1 we take
K - K =Tel -1 Z A A9 ) (e @ L)kl + rew I)el], (64)
+72Y (A @ (Ry = Pp)) fom + (e @ (Ry — Py))u(t,) + 7(c® (Ry — PJ))“'@n))-
=1

Now, on the one hand we do (54) minus (23) and on the other (53) minus (22) in order

to calculate Un i — Y +1 ; and Vol +1 J ijr[ﬂ ;, respectively. From here, by using (64),

we obtain
UO»[T] . UO»[T] _ [7”] R,— P ~[r] R, —P "(¢
n+1,J n+1,J +( J 7)u(t )+T6n,J+T( J ' (t)
+7 Z BE @ A) NEDS — KXY + 723 (8] @ (R — Py)) fom
=1

expression that by using (25) together with (61) and (63) we reorganize as

oo Ut = (BY) T ru(r, BY, (AL ) BY (e + (Ry — Pr)u(ty))
+(BY) ria(r, BY, {AL )@ + (Ry — Py () (65)

+7° Z (7, Beys Avys { AL 120 fran + 77 Z Bl © (Ry— P1))fen

01,0=1

and similarly

Vo v = (r BY LAY Y ) BY (e + (Ry — Prulty))

+ras(7, BY, {A Y ) (8, + (Ry — Py (t)) (66)
+7 Z T beuAfw{AzJ}z 1 f52n+72b€ RJ—PJ))ffn
l1,02=1

From expressions (62) and (65) in (56) and the ones given by (63) and (66) in (55),

we have

ey (Ry = Pultn) = Rypllhy +72> (87 ® (Ry = P)) (Z® A)KL + fin)

+72 3 T (7, B, Aw {AY )T © Ag) KLY + i)

l1,02=1

H(BY) (7, BY, { A0y ) B <£:]J+<RJ—PJ>u<tn>>
+H(BY) " tria(r, BY, {A2 Y )@+ (Ry — Py (t4))
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and

el (Ry = P (o) = RJ@LHHZ bf ® (Ry— Py) (T A)KD + f,.)

+7 Z T (7, ey, Aga, {42 YD © Ap) KL + froin)

l1,02=1

a1 (7, BY, {A° Y ) BY(el) + (Ry — Pr)u(ty))
+raa(7, BY, A Y (@D + (Ry — Pyl (t,))

If we define matrix M (7, BY, {A? J} 1) as

M(r, By, {A] M) =

(BY)'ru(r, By, {A) ;32) By (BY)~'ria(T, BY, {AD 1))
ro1(T ij{A J} ) Toa(T ij{A J} 1)

then the global errors can be written in matrix form as follows

[ e+ (Ry = Pyultus) ]

"] , = M(r, BJ7{A J} 1)
Cni1,g + (R = Pr)u/(tsa)

€. T (Ry — Py)ulty)
LJ +(Ry — Py)u'(ty)

| P T B A (ALNEN(E © A)EE + fin) ]
| T e T (7 by, Ay {AD S 2 T @A) K+ fryn)
|| P Emer e (- P)(@E AR + fi,) } Ropkls ]
| T (0 @ (Ry — P))(T @ A)K + fin) RyElL,
and, in a recursive way, we get that
[ g T (R — Pru(t,) ] MBS (A0 ) (R; — Py)u(0) ] (67)
erl 4 (Ry — Py)u/(t) (Ry — Py)u'(0)

m [ T (7 B A, (A ) (T AR, + i,
30, gy | T e T 0 A LIEDE© AR, )
L 7241,62:1T(T>b£17¢4€27{Ai,,}}ﬁﬂ((I@Ab)K 1+ff2k 1)
R ,O[T]
Rys€)]
(B~ 0 BY 0

M(r, BJv{A J} ) = 0 7 R(r, BJa{A J} 1) OJ 7 (68)

k=1

2 (BF @ (Ry— P I®Af<[” +
+2Mn k T, BS,{A J} ) T e (B ® (Ry 7))(( )KLy + fop-1) "

TS ® (R — PO)(Z @ A)K | + )
Apart from this, notice that

and therefore,
(B~ 0 Bj 0
M*(r, B, {A}}) = R*(r, By, { A7 ;%) :
0 ]J 0 ]J
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Then, when we bound in the energy norm, by using bound (27), we get that

BY 0 (BH)™' 0
[M*(r, By A )y = M*(r, By, { A ;Y1)
0 I I; y
— || B, BYAAY )|, < ©
Therefore, when we bound in the energy norm expression (67), we get that
el
o < |B"(r, By A4 ) (I1BS (R = Pr)u(0)|ls + [[(Ry — Pr)u'(0)]] )
6n,J Bg
+72 ) IR, By AL )l Z BST (7, Buy, Ac, { A 1 )(Z ® A) KL + frop)ls
k=1 l1,02=1
+ Y IR BYAAL YDl DD T (rbe, A AL YT @ A KL + feann)ls
k=1 0 =1

+Z||R” "(r, BY, { A7 Y <T2HZBJ (BT @ (Ry— PO)(Z @ A)K + fea)lls + HBJRJP[T]HJ>

k=1

+ S IR (r, BY {AL ) \b(THsz RJ—PJ>><<I®AE>K;£’L+fe,k1>HJ+HRJ5L”HJ>

k=1

+BY(Ry — Py)u(tn)lls + IRy — Pr)u'(ta) s

From here, by taking into account the expression for functions T (7,vy,, As,, {AY ;}121),

1 < ¢4,05 < m, the bound (27) together with hypotheses (H2) and (H4), we get that

el ) )
H Nm = OWJY (R — Ppu(0)|l; + JH(Ry — Py)u(ta)|ls)

+ O([(Ry = Pou'(ta)lls + [(Ry = Pr)u'(0)]1)

+ 230NN (e ® (Ry = POYZ @ A)K + forea)lls)

1 =1
m

O > (e @ (Ry = PO((Z® AVK, + fer)ll)

(=1

o147 Z BT @ (Ry— PO)(Z @ A)K + fer) s+ S R 1)

3

+
3
M= =

I
—

_l’_
b

k=1
+ YOI 0F @ (Ry — POY(Z @ A)KD, + fors)lls + 1R
k=1 /=1

From hypothesis (H1) and the uniform boundedness of uw and f,, £ = 1,---,m, we
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have®

1Py — Rp)uta)lls = O |u(ty)lraw) = O |[u]loo praoy) = O(J"@), (69)
1Py — R (t)lls = O (£) | o) = QT g e 0y) = O(J),(70)
IRy — P felte)lls = O D) folty )| o a(0))

(

= O foll oo momuey) = O(T"~). (71)
The bounds obtained for ||(R; — P;)u(0)||; and ||[(R; — P;)u/(0)||; are similar to the ones
given by (69) and (70). From (71) we deduce, for v € R®, £ =1,---,m and k > 0 that

|7 ® (R = Po)) fells = OHD), (72)

On the other hand, we have defined ALH =K g«] -K ,[:], so we have that K, I = K} I —A] ],

From (13) and (14) it can be proven in a recursive way that

r—

1 r—1 m
K = Z Ar®@ Ay (e ® Du(ty) + > 777 Av@ A (e @ Dl ()
5=0 =1

7=0
r—1 m r m

- #ﬁgE:Amm%JE:U%®Dﬁ$+§:%W§:Am&MVKP,
Jj=0 =1 i=1 =0 =1

so (T ® Ay)K,, I e Ho- dr+1)(Q) for £ = 1,...,m. Apart from that, from (32) for r = 0,
(33) and (36), we take

m

m -1 m
Ay = <I®I—722Ae®A2> (O A A K =727 (A ® DT © AVKL + fua)

/=1 =1 /=1
—@®1m@g—7@®1mﬁw}

which permits us to deduce that Ag] € Ho~r+D4(Q). Therefore (I@Ag)A € Ho~(r2)d(Q)).
From this, we have that I_(,[:} € Ho~(24(Q), so by bounding, for v € R*

(" @ (R; — PAYE|; = O(JHe—d+2)), (73)
Finally,
IRl < HPJP[”HJ+H<RJ—PJ> HJ<HPJp[”\|J+r|<RJ—PJ><u<tk>—U,£°]>HJ
+ZH (Ry = P = 07D+ Ry = PH@ = T,
IRED, < (Pl ||J+||<RJ—PJ>< (t >—v,£°]>||J

+Z I(Ry = PV = VI, + 1Ry = PHVE = T,

5The notation Hu||oo’Ha(Q) = Maxo<t<T Hu(t)||Ha(Q)
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By bounding, using the results (47-49) together with (20), we have

IRy = P () = V) s = 0@+ M),
|(Rs = Py)(u(te) = UMl = O ),

Apart form this, from the definition of Vkm and U,Li], given by (30) and (31) respectively,
as (T @ A)K[" € Ho=2t)(Q), we have that V! — VIt e go-d@+2(Q) and U} —
U,giﬂ]Ho‘*d(i”)(Q). Then, by using this together with bounds (46), we get

I(R; — PJ)(UIE] - U1£i+1]>||J _ O(Tp+1jﬁ(a_d(i+2)))7
I(Ry— PJ)(Vk[i] _ V;C[HI])HJ _ O(Tp+1jﬁ(a7d(i+2))).

Finally, as U[T] Ur] 2y (BT ® AO)Ak , and V V[T > (b @ AO)Ag L
we deduce that Ul — U € Ho=40+2(Q) and V! — VI € H*=40+2)(Q); thus by using
(41), we get that

IRy = PUL = Ol = O(rminiatartatarsa) jhiadis2))

I(Ry — PJ)a/k[r] _ ‘—/k[r])HJ _ O<Tmin{‘§+2r,p+2r+1}Jﬁ(a—d(r+2)))‘
Therefore, Theorem 2.5 together with these bounds leads to

IRppl||; = O(ruin{ar2rtlori}y 4 o(rp+ jha=d))
r—1
-+ Z O(TP'H J;L(Ot—d(i-i-Q))) + O(Tnlin{q+2r+1’p+2r+2}J;L(Oé—d(r—l-Q)))
i=0
= O(rmntarrElry), (74)

and, similarly

”Rng[:] HJ _ O(Tmin{tj+2r,p+1}>. (75>

Then, by using bounds (69-75) we get

e, o ) oo .
~[T] = O(Jd-i—h(a) + Jh(a)) + 72 Z O(Jd+h(a—d(r+2))) . Z O(Jh(a_d(rﬂ)))
472 Z O(Jd+ﬁ(a—d(r+2))) +7 Z @(Jﬁ(a—d(r+2)))
k=1 k=1
+ Z O(Tmin{(j—l-Qr—l—l,p—i-l}JJ_’_ Tnlin{q+2'r’,p+1}) + O(Jti—i-il(a) + (]iz(a))
k=1

_ O(Tmin{Q—s—Qr,p}Jci_i_Tmin{tj—i—QT—l,p}+TJCZ+E(a—d(T+2)) +J}~z(a—d(r+2)) —|—JCZ+E(O‘))
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5.3. Proof of Theorem 3.2
To calculate the error in the solution and in the derivative, we use that the powers of

matrix R(r, By, {A};}i%,) can be expressed as

T11k(T, BJ7{A J} 1) T2k(T BS,{A J} 1)
ro1k(T, BJ? {Ai,J}izl) 7’22,14(7: 397 {Ai,J}izl)

where the elements r;;,, 1 < 4,7 < 2, integer £ > 1, are formed by products and sums

R( BJ7{A J} )

of the elements r;;, 1 < 4,5 < 2. From (27) we take that ||R(7, By, {A?;}i%)]ls < C,
with C' constant independent of the power k. Therefore, we can deduce that, (for C' again

constants independent of k)
lrij0e(r, By, AL M)l < €0 1< j <2 (76)
On the other hand, by using (26) together with (68), we get that

P11k (T, ij{A J} 1) T2, (T, BJa {A J} 1)

M*(r, B§, {A} Yib,) =
Ty k(T BJ7{A J}z 1) Taa (T, BJ7{A J} 1)

Therefore, by using this in (67), together with 77y (1, {AD ;}i%1) = o1k (7, {A7 ,}i21) BY
and bounding adequately, we obtain
lex Il < 1Ry = Pryultn)lls + F10a(, BY, {A2 YLl (R = Pru(0)]s
+T||7“12n(7 By AL DI I(Ry = Pr)d ()]l

+722an,n_k<n BYAAL YD DT T (7 By, A, {AL YT @ Aw) Ky + fepi) s

k=1 01,05=1
+72 3 1o (7, BYAAY YDl D T (7 by, Ay {AY ) (T @ Ag) K + froni)lls
1,05=1
m \
+ 3 s BY A YD) s (”HZ BT @ (Ry — P))(T® A)EY, + fo)lls + |1 Ropl
/
m \
+7 3 Fizni(r, BY, {A 1) (THZ (bF @ (Ry— P)Y(Z® A)KM  + for )|y + | RsEVNS
= /

and

lewlls < IRy = P ()l + Irarn(r, BS, {AL V)| BS (R = Pr)u(0)lls
oz (7, By, AL YD IRy — P/ (0)]]5

+TZHf2Ln—k(T7 B,(}:{A?,J};ZI)HJ” Z ﬁanbv{A J}z 1)((I®Af2)Kl[c 1 +ff2l€ 1)||J

0,0=1
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+72 ) Fazm-i(7, BY, ALYl Z T (7, bey, Ay, {AD YT @ A) KL+ S pn)lls

l1,02=1
+ > T Farni(r, B, {AD )} HJTZHZ Bl ® (R — PO)(Z @ A)K + fori)lls
k=1
+ZHT Forni (T, By A V)| Ryl |l
k=1
+ 3 |7 o mek(T, B, {AD )} ||J72||Z BL® (R — PO)I ® AV + foar)ls
k=1

+ 3 Fonmen(r, BY LA )| RsE .

By using the results obtained in [2], together with the stability bound (27), we obtain
that

HrUk(T BJ7{A J} )HSC7 1§Z7j?§2

Then, by using this result together with bounds (76) and (72-75), we get the result.
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