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Devwudfw

Wkh sxusrvh ri wklv sdshu lv wr vkrz zkhwkhu lqwhuqdwlrqdo srolf|
frruglqdwlrq pd| eh wkh ehvw uhvsrqvh wr hfrqrplf lqwhughshqghqfh1 Zh
zloo vwxg| wkh vkruw0uxq lqwhudfwlrqv wdnlqj sodfh dprqj lqwhughshqghqw
hfrqrplhv/ zkhuh prqhwdu| vxsso| lv wkh lqvwuxphqw xvhg wr pdlqwdlq
rxwsxw dqg sulfh wdujhwv1 Zh ghyhors d pdfurhfrqrplf prgho lq zklfk
frxqwulhv vkrz gl�huhqw suhihuhqfhv uhjduglqj remhfwlyhv dqg idfh dv|pphwulf
glvwxuedqfhv/ dqdo|}lqj lq vwudwhjlf whupv krz prqhwdu| srolf| fdq ghdo
zlwk uhdo/ prqhwdu|/ dqg vxsso| vkrfnv1 Zh dovr vkrz krz wkh vxshulrulw|
ri wkh frrshudwlyh vroxwlrq ghshqgv rq wkh vrxufhv ri wkh glvwxuedqfhv/ wkh
xqghuo|lqj hfrqrplf iudphzrun/ dqg wkh dv|pphwu| ri wkh suhihuhqfhv1

Nh| zrugv= Lqwhughshqghqfh/ dv|pphwulf vkrfnv/ frruglqdwlrq ri
prqhwdu| srolflhv1
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4 Lqwurgxfwlrq

Wkh juhdwhu lv wkh ghjuhh ri hfrqrplf lqwhjudwlrq/ wkh juhdwhu duh wkh
vslooryhu h�hfwv surgxfhg zkhq rqh ri wkh lqyroyhg hfrqrplhv vx�huv d vkrfn1
Wkh h�hfwv ri wkh lqwhudfwlrq dprqj lqwhughshqghqw hfrqrplhv ghshqg rq wkh
fkdqqhov ri wudqvplvvlrq ri wkh vkrfnv1 Vlqfh wkh fkdqqhov ri wudqvplvvlrq
duh ghwhuplqhg e| wkh hfrqrplf iudphzrun ri hdfk frxqwu|/ lw lv qhfhvvdu| wr
wdnh lqwr dffrxqw qdwlrqdo srolf| lqwhudfwlrqv zkhq dgrswlqj hfrqrplf srolf|
ghflvlrqv1

Jlyhq wkdw wkh lpphgldwh h�hfw ri lqwhughshqghqfh lv d juhdwhu srolf|
lqwhudfwlrq/ wkh txhvwlrq dulvhv rq zkhwkhu lw lv srvvleoh wkdw lqwhuqdwlrqdo
srolf| frruglqdwlrq pd| eh d ehwwhu uhvsrqvh wkdq qrq0frrshudwlyh vroxwlrqv1
Wkh wkhruhwlfdo dujxphqwv vxssruwlqj srolf| frruglqdwlrq duh edvhg rq wkh
lghd wkdw frrshudwlrq lqwhuqdol}hv wkh h�hfwv ri hfrqrplf lqwhughshqghqfh/
zklfk qr jryhuqphqw fdq dfklhyh lqglylgxdoo|1 Lq wklv frqwh{w/ pxvw eh
frqvlghuhg wkh vwudwhjlf ehkdylrxu ri wkh dxwkrulwlhv/ vr zh zloo xvh wkh Jdph
Wkhru| dssurdfk wr vwxg| krz dxwkrulwlhv fdq ghdo zlwk vkrfnv1

Wkh �uvw dxwkru xvlqj wkh Jdph Wkhru| dssurdfk wr vwxg| lqwhuqdwlrqdo
srolf| frruglqdwlrq lv Kdpdgd +4<:9,/ wkurxjk d wzr0frxqwu| prgho zkhuh
jryhuqphqwv kdyh dv remhfwlyhv sulfh vwdelolw| dqg edodqfh ri sd|phqwv
htxloleulxp1 Lq d v|vwhp ri �{hg h{fkdqjh udwhv/ zkhuh wkh ohyho ri fuhglw
h{sdqvlrq lv wkh rqo| srolf| lqvwuxphqw/ Kdpdgd vkrzv wkdw wkh remhfwlyhv
fdqqrw eh uhdfkhg vlpxowdqhrxvo|1 Wkh uhdvrq lv wkdw wkh lqwhuhvwv ri hdfk
frxqwu| zrxog eh lq frq lfw/ dqg hyhq zlwk  h{leoh h{fkdqjh udwhv wkh qrq0
frrshudwlyh vroxwlrq lv vxerswlpdo1

Wkhuh duh d zlgh udqjh ri odwhu frqwulexwlrqv h{dplqlqj lqwhuqdwlrqdo
frrshudwlrq lq vwudwhjlf whupv> vhh/ dprqj rwkhuv/ Frrshu +4<;8,/ Frughq
+4<;8/4<;9,/ Fdq}rqhul dqg Jud| +4<;8,/ Fxuulh dqg Ohylqh +4<;9,/ Nhkrh
+4<;:,/ dqg Jxwlìuuh} +4<<6, iru d vxuyh|1 Lq jhqhudo/ wkhvh vwxglhv vkrz
wkdw zkhq wkh dxwkrulwlhv ljqruh lqwhughshqghqfh/ wkh vroxwlrqv zloo qrw eh
rswlpdo/ frqfoxglqj wkdw/ zkhq dxwkrulwlhv frrshudwh/ wkh uhvxow lv d Sduhwr
lpsuryhphqw1

Wkhvh uhvxowv mxvwli| wkhruhwlfdoo| lqwhuqdwlrqdo srolf| frruglqdwlrq1 Exw/
rq wkh frqwudu|/ hpslulfdo vwxglhv uhyhdo wkdw wkh ehqh�wv iurp frruglqdwlrq
duh qrw yhu| fohdu ^vhh/ dprqj rwkhuv/ Rxgl} dqg Vdfkv +4<;7,/ Iudqnho dqg
Urfnhww +4<;;,/ dqg Grxyhq dqg Sodvpdqv +4<<8,`1 Lw lv irxqg wkdw wkh
ehqh�wv iurp frruglqdwlrq duh qrw juhdwhu wkdq wkrvh rewdlqhg iurp d vlpsoh
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h{fkdqjh ri lqirupdwlrq1 Exw/ xqghu fhuwdlq flufxpvwdqfhv 0l1h1/ zkhq wkhuh lv
d frq lfw ri lqwhuhvwv dqg wkh lqwhughshqghqfh dprqj frxqwulhv lv elj hqrxjk0
ehqh�wv iurp frruglqdwlrq fdq eh rewdlqhg li srolf| lv fuhgleoh1

Lq uhfhqw |hduv/ olwhudwxuh rq frruglqdwlrq kdv uhfryhuhg d qhz lqwhuhvw
^vhh/ Eu|dqw +4<<8,/ Kxjkhv Kdoohw dqg Pd +4<<8,/ dqg Vlehuw +4<<:,` kdylqj
lq plqg wkh fdvh ri wkh Hxurshdq prqhwdu| xqlrq1 Vlqfh prqhwdu| xqlrq lv
rqh ri wkh srvvleoh lq�qlwh frrshudwlyh vroxwlrqv> frqvhtxhqwo|/ wkh lqwhuhvw
ri iruplqj dq Hxurshdq prqhwdu| xqlrq frxog eh lqwhusuhwhg dv dq h{solflw
zd| ri wdnlqj dgydqwdjhv iurp prqhwdu| srolf| frruglqdwlrq1

Wkh dlp ri wklv sdshu lv wr vkrz/ �uvw ri doo/ krz wkh lqwhuqdwlrqdo
hfrqrplf iudphzrun ghwhuplqhv wkh vslooryhu h�hfwv ri wkh vkrfnv1 Dqg/
vhfrqgo|/ wr vwxg| krz srolf| frruglqdwlrq fdq lqwhuqdol}h wkhvh h{whuqdolwlhv/
wu|lqj wr rewdlq wkh frqglwlrqv xqghu zklfk frrshudwlrq zrxog eh xvhixo1 Iru
wklv sxusrvh zh zloo ghyhors d wzr0frxqwu| prgho lq zklfk frxqwulhv/ zlwk
gl�huhqw suhihuhqfhv rq rxwsxw dqg sulfh wdujhwv/ vx�hu dv|pphwulf ghpdqg0
vlgh dqg vxsso|0vlgh vkrfnv1

Rq wkh rwkhu kdqg/ uhfhqw olwhudwxuh kdv irfxvhg rq wkh h�hfwv ri
dv|pphwulf vkrfnv/ vlqfh wkhvh nlqg ri vkrfnv frxog gl!fxow wkh zhoo
ixqfwlrqlqj ri wkh Hxurshdq prqhwdu| xqlrq1 Frkhq dqg Z|sorv} +4<;<,/
dvvxph wkh idfw wkdw dv|pphwulf vkrfn zrxog surgxfh qhjdwlyh h�hfwv rq d
prqhwdu| xqlrq1 Wklv lghd/ phqwlrqhg lq wkh olwhudwxuh rq rswlpxp fxuuhqf|
duhdv +Pxqghoo/ 4<94,/ kdv ehhq vwxglhg djdlq pruh uhfhqwo| +Gh Judxzh
dqg Ydqkdyhuehnh +4<<6,/ Edoodeuljd/ Vhedvwläq dqg Ydooìv +4<<6,/ Hunho0
Urxvh dqg Pìolw} +4<<8,/ dqg Khoj hw do1 +4<<8,/ dprqj rwkhuv,1 Iru wkhvh
uhdvrq/ zh zloo irfxv rxu dqdo|vlv rq wkh vkruw0uxq h�hfwv ri dv|pphwulf
vkrfnv/ wu|lqj wr vkrz wkh frqglwlrqv wkdw frxog vxssruw prqhwdu| srolf|
frruglqdwlrq> dqg/ hyhqwxdoo|/ wkh frqvwlwxwlrq ri d prqhwdu| xqlrq1

Lq uhodwlrq zlwk rwkhu uhodwhg vwxglhv/ wkh pdlq frqwulexwlrq ri wklv sdshu
lv wr vkrz krz erwk wkh h�hfwv ri wkh vkrfnv dqg wkh srolflhv xvhg wr ghdo
zlwk wkhp/ ghshqg rq wkh hfrqrplf iudphzrun> dqg/ iurp khuh wr dqdo|}h
wkh srvvlelolwlhv ri frruglqdwlrq dv d uhvsrqvh wr vkrfnv1 Wkh pdlq frqfoxvlrq
lv wkdw wkh fkdudfwhul}dwlrq ri wkh vkrfnv dv v|pphwulf ru dv|pphwulf lv d
qhfhvvdu| frqglwlrq exw qrw vx!flhqw lq rughu wr ghwhuplqh wkh ghvludelolw|
ri prqhwdu| srolf| frruglqdwlrq1 Lq wklv vhqvh/ wkh qdwxuh +prqhwdu|/
uhdo ru vxsso|0vlgh, ri wkh vkrfn dqg wkh dv|pphwu| ri wkh suhihuhqfhv
suryh wr eh ghwhuplqdqw iru wkh vxshulrulw| ri wkh frrshudwlyh vroxwlrq1
Lq sduwlfxodu/ zh rewdlq wkdw/ zkhq ghdolqj zlwk prqhwdu| vkrfnv/ wkh
frrshudwlyh vroxwlrq uhvxowv lqgl�huhqw zlwk lqghshqghqfh ri wkh fkdqqho ri
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wudqvplvvlrq1 Uhjduglqj uhdo vkrfnv/ frrshudwlrq frxog eh frxqwhusurgxfwlyh
xqghu fhuwdlq flufxpvwdqfhv1 Dqg �qdoo|/ zh �qg wkdw prqhwdu| srolf|
frruglqdwlrq lv dozd|v xvhixo zkhq ghdolqj zlwk vxsso|0vlgh vkrfnv1

Wkh sdshu lv vwuxfwxuhg dv iroorzv1 Lq vhfwlrq 5 zh ghyhors d wkhruhwlfdo
wzr0frxqwu| prgho zklfk zloo doorz xv wr vwxg| wkh h�hfwv ri vkrfnv
rq frxqwulhv/ ghshqglqj rq wkh fkdqqho ri wudqvplvvlrq ri wkhvh vkrfnv1
Qh{w/ lq vhfwlrq 6 zh dqdo|vh lq vwudwhjlf whupv krz wkh dxwkrulwlhv fdq
ghdo zlwk vkrfnv xvlqj prqhwdu| srolf| zlwk vwdelol}lqj sxusrvhv1 Zh
dovr vkrz krz prqhwdu| srolf| frruglqdwlrq pd| lqwhuqdol}h wkh vslooryhu
h�hfwv ri dq lqglylgxdo ghflvlrq/ dqg krz wkh vxshulrulw| ri wkh frrshudwlyh
vroxwlrq ghshqgv rq wkh vrxufhv ri wkh glvwxuedqfhv/ wkh xqghuo|lqj hfrqrplf
iudphzrun/ dqg wkh dv|pphwu| ri wkh suhihuhqfhv1 Lq vhfwlrq 7/ zh glvfxvv
wkh zhoiduh dvshfwv ri wkh rswlpdo vroxwlrq1 Ilqdoo|/ lq vhfwlrq 8 zh suhvhqw
wkh pdlq frqfoxvlrqv1

5 Wkh prgho

Zh zloo frqvlghu d prgho ri wzr v|pphwulf hfrqrplhv= wkh grphvwlf
frxqwu| dqg wkh iruhljq frxqwu|/ zlwk  h{leoh h{fkdqjh udwhv dqg shuihfw
fdslwdo prelolw| ehwzhhq wkhp1 Doo wkh yduldeohv duh gh�qhg dv udwhv ri
fkdqjh dqg wkrvh iurp wkh iruhljq frxqwu| duh ghqrwhg zlwk dq dvwhulvn1

Wkh grphvwlf frxqwu| lv ghvfulehg e| wkh iroorzlqj vhw ri htxdwlrqv/ zkhuh
doo sdudphwhuv/ ghqrwhg e| Juhhn ohwwhuv/ duh qrqqhjdwlyh=

+ ' �koz n qEen RW � R� n B+W n s +4,

6� R ' w+ � �oz � ^ +5,

RS ' E� � >�Rn >ERW n e� +6,

� � 0RS ' �RoJ_� #�n 5 � � +7,

R� � ' ��RoJ_ � )� +8,
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+r ' ?n RoJ_ +9,

Htxdwlrq +4, uhsuhvhqwv wkh jrrgv pdunhw htxloleulxp frqglwlrq1 Rxwsxw
ghshqgv rq wkh zruog lqwhuhvw udwh oz/ wkh uhdo h{fkdqjh udwh Ee n RW � R�/
wkh iruhljq frxqwu|*v rxwsxw +W/ dqg d srvlwlyh uhdo vkrfn s 1 Qrwlfh wkdw wkh
dvvxpswlrq ri shuihfw fdslwdo prelolw| lpsolhv wkdw o ' oW ' oz1 Zh dovr
dvvxph wkdw wkh Pduvkdoo0Ohuqhu frqglwlrq krogv/ vr wkdw d uhdo h{fkdqjh udwh
ghsuhfldwlrq ohdgv wr d srvlwlyh h�hfw rq wkh edodqfh ri wudgh dqg rxwsxw ri
wkh grphvwlf frxqwu|/ zklfk lpsolhv q wr eh srvlwlyh1

Htxdwlrq +5, vkrzv wkh prqh| pdunhw htxloleulxp frqglwlrq/ zkhuh 6

ghqrwhv wkh prqh| vxsso|/ dqg wkh ghpdqg iru prqh| ghshqgv rq grphvwlf
rxwsxw/ wkh zruog lqwhuhvw udwh/ dqg d prqhwdu| vkrfn ^1

Htxdwlrqv +6, wr +9, uhsuhvhqw wkh djjuhjdwh vxsso| ri wkh hfrqrp|/ exlow
dorqj wkh olqhv ri Od|dug/ Qlfnhoo dqg Mdfnpdq*v +4<<4, prgho/ +vhh dovr
Qlfnhoo +4<<3, iru d vxuyh|,1 Htxdwlrq +6, lv wkh gh�qlwlrq ri wkh frqvxphu
sulfh lqgh{/ dv d zhljkwhg dyhudjh ri wkh grphvwlf jrrgv* dqg wkh lpsruwhg
jrrgv* sulfhv lq whupv ri wkh grphvwlf fxuuhqf|1

Htxdwlrq +7, vkrzv wkdw qrplqdo zdjhv duh ghwhuplqhg e| wkh ghjuhh ri
lqgh{dwlrq zlwk uhvshfw wr wkh frqvxphu sulfh lqgh{/ ghshqglqj rq 0> oderxu
surgxfwlylw|/ RoJ_> wkh xqhpsor|phqw udwh/ �> zdjh suhvvxuh idfwruv/ 5> dqg
wkh zd| lq zklfk djhqwv irup wkhlu h{shfwdwlrqv/ fdswxuhg e| wkh yduldeoh �1

Wkh sdudphwhu 0 ghqrwhv wkh ghjuhh ri zdjh uljlglw|/ zlwk f _ 0 _ �1
Wkh ydoxh 0 ' � lpsolhv uhdo zdjh uljlglw|/ vr wkdw qrplqdo zdjhv duh ixoo|
lqgh{hg wr fkdqjhv lq wkh frqvxphu sulfh lqgh{ RS> zkhuhdv li 0 ' f zh kdyh
qrplqdo zdjh uljlglw|1 Lq rxu prgho/ zh zloo dvvxph wkh lqwhuphgldwh fdvh
vr wkdw f 	 0 	 �1

Rq wkh rwkhu kdqg/ wkh h�hfwv ri h{shfwdwlrqv rq wkh frqvxphu sulfh
lqgh{ lv fdswxuhg e| wkh yduldeoh �1 Lq d �Qhz Fodvvlfdo Pdfurhfrqrplfv�

iudphzrun/ dvvxplqj udwlrqdo h{shfwdwlrqv/ wkh glvfuhsdqflhv ehwzhhq wkh
dfwxdo fkdqjh lq wkh frqvxphu sulfh lqgh{ dqg lwv h{shfwhg fkdqjh lv gxh wr
udqgrp djhqwv* plvwdnhv/ l1h1= RS� ReS ' eooJo/ vr wkdw � @ 0 eooJo / dqg li
eooJo lv htxdo wr }hur +l1h1/ wkh djhqwv gr qrw pdnh plvwdnhv, iru 0 9' f/ wkh
xqhpsor|phqw udwh rewdlqhg iurp htxdwlrqv +7, dqg +8, zloo eh wkh qdwxudo
udwh ri xqhpsor|phqw1 Dowhuqdwlyho|/ lq d �Qhz Nh|qhvldq Pdfurhfrqrplfv�

iudphzrun/ li wkh djhqwv irup wkhlu h{shfwdwlrqv dvvxplqj wkdw wkh h{shfwhg
fkdqjh ri wkh frqvxphu sulfh lqgh{ lv htxdo wr lwv fkdqjh lq wkh suhylrxv
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shulrg/ ReS ' RSc3�/ wkhq RS� ReS ' RS � RSc3� ' { RS/ dqg wkh yduldeoh � ' 0{
RS/ zrxog fdswxuh fkdqjhv lq wkh lq dwlrq udwh iru wkh frqvxphu sulfh lqgh{1
Lq wkdw fdvh/ iru 0 9' f/ wkh xqhpsor|phqw udwh rewdlqhg iurp htxdwlrqv +7,
dqg +8, zloo eh wkh QDLUX1 Wkhuhiruh/ wklv jhqhudo irupxodwlrq doorzv xv wr
lqfoxgh erwk prghov +Qhz Fodvvlfdo dqg Qhz Nh|qhvldq, dv sduwlfxodu fdvhv1

Lq htxdwlrq +8,/ sulfhv duh iruphg e| dgglqj d pdujlq wr zdjhv/ zklfk
ghshqgv rq surgxfwlylw|/ RoJ_/ dqg xqhpsor|phqw udwh/ �1 Zh dovr dvvxph
wkdw wkh sdudphwhu � lv wkh vdph wkdw lq wkh zdjh htxdwlrq +7,1 Wklv
dvvxpswlrq/ zklfk vlpsol�hv wkh dqdo|vlv zlwkrxw dowhulqj wkh edvlf uhvxowv/
lv frpprqo| xvhg lq wkh olwhudwxuh/ dqg lv mxvwl�hg vlqfh lq wkh orqj whup
surgxfwlylw| fkdqjhv gr qrw d�hfw wkh xqhpsor|phqw udwh +vhh h1j1 Od|dug/
Qlfnhoo dqg Mdfnpdq +4<<4,,1

Ilqdoo|/ htxdwlrq +9, gh�qhv fkdqjhv lq rxwsxw dv wkh vxp ri fkdqjhv lq
hpsor|phqw/ ? / dqg surgxfwlylw|/ RoJ_ 1

Htxdwlrqv ghvfulelqj wkh iruhljq frxqwu| duh htxlydohqw wr wkh grphvwlf
frxqwu|*v htxdwlrqv1 Zh dovr dvvxph dv|pphwulf vkrfnv lq ruljlq ohdglqj
wr gl�huhqw h�hfwv rq wkh lqyroyhg frxqwulhv/ vr zh kdyh wkh iroorzlqj vhw ri
htxdwlrqv=

+W ' �koz � qEen RW � R� n B+ n sW +:,

6W � RW ' w+W � �oz � ^W +;,

RWS ' E� � >�RW n >ER� e� +<,

�W � 0RWS ' �RoJ_W � #�W n 5W � �W +43,

RW � �W ' ��RoJ_W � )�W +44,

+Wr ' ?W n RoJ_W +45,

Iurp htxdwlrqv +4, wr +9, iru wkh grphvwlf frxqwu| dqg +:, wr +45, iru
wkh iruhljq frxqwu|/ zh fdq rewdlq wkh djjuhjdwh ghpdqg ixqfwlrqv iru hdfk
hfrqrp|=

9



+_ '
k

� n kw
E6�R�n

q�

� n kw
EenRW�R�n

B�

� n kw
+W_n

�

� n kw
s n

k

� n kw
^

+46,

+W_ '
k

� n kw
E6W�RW��

q�

� n kw
EenRW�R�n

B�

� n kw
+_n

�

� n kw
sWn

k

� n kw
^W

+47,
Frpelqlqj wkh gh�qlwlrq ri wkh frqvxphu sulfh lqgh{ +6, zlwk wkh

djjuhjdwh vxsso| htxdwlrqv/ +7, wr +9,/ dqg uhsodflqj � ' , � ? +zkhuh ,

ghqrwhv dfwlyh srsxodwlrq,/ zh fdq rewdlq wkh grphvwlf frxqwu|*v djjuhjdwh
vxsso|=

+r ' �bE0� ��R� b0>Een RW � R�� b5 n b� n ,n RoJ_

zkhuh b ' �

#n)
1

Wr vlpsoli|/ zh jurxs doo wkh h{rjhqrxv vxsso| vkrfnv lq d frqwudfwlrqdu|
glvwxuedqfh r=

r ' 5 � � � �

b
, � �

b
RoJ_

zkhuh r hperglhv wkh qhjdwlyh h�hfw rq rxwsxw ri dq lqfuhdvh lq wkh ghjuhh
ri zdjh suhvvxuh/ 5> dqg wkh srvlwlyh h�hfwv ri lqfuhdvhv lq wkh h{shfwdwlrqv
huuruv/ �> dfwlyh srsxodwlrq/ ,> dqg surgxfwlylw|/ RoJ_1

Wkhq/ wkh djjuhjdwh vxsso| ri wkh grphvwlf frxqwu| zloo eh=

+r ' �bE0� ��R� b0>Een RW � R�� br +48,

dqg/ lq d vlplodu zd|/ iru wkh iruhljq frxqwu|=

+Wr ' �bE0� ��RW n b0>Een RW � R�� brW +49,

zkhuh= rW ' 5W � �W � �

b
,W � �

b
RoJ_W
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514 Wkh wudqvplvvlrq ri wkh vkrfnv

Iurp htxdwlrqv +4, wr +9, dqg +:, wr +45,/ dqg dvvxplqj htxloleulxp lq wkh
jrrgv pdunhw= +r ' +_ ' + dqg +Wr ' +W_ ' +W/ zh fdq rewdlq wkh uhgxfhg
irupv iru hdfk frxqwu| +vhh Dsshqgl{ D1L,1

+ ' @6	 K6W n Ss 	 _sW n @^ 	 K^W � }r� �rW +4:,

+W ' @6W 	 K6n SsW 	 _s n @^W 	 K^ � }rW � �r +4;,

R ' �6	 �6W n &s n ,sW n �^ 	 �^W n ?rn �?rW +4<,

RW ' �6W 	 �6n &sW n ,s n �^W 	 �^ n ?rW n �?r +53,

Wkh uhgxfhg irup jlyhq e| htxdwlrqv +4:, wr +53, vkrzv wkh
lqwhughshqghqfh ehwzhhq wkh wzr hfrqrplhv/ jlyhq e| wkh lqwhudfwlrq ri wkh
yduldeohv1

51414 Vxsso| vkrfnv

Vroylqj wkh prgho/ zh �qg wkdw d qhjdwlyh vxsso| vkrfn ohdgv wr dq rxwsxw
idoo dqg d ulvh lq sulfhv lq erwk frxqwulhv1 Wklv h�hfw lv lqghshqghqw ri wkh
fkdqqho ri wudqvplvvlrq ri wkh vkrfn1

Wkh vxsso| vkrfnv pxowlsolhuv duh dv iroorzv=

Y+

Yr
'

Y+W

YrW
' �} +54,

YR

Yr
'

YRW

YrW
' ? +55,

Y+

YrW
'

Y+W

Yr
' �� +56,

YR

YrW
'

YRW

Yr
' �? +57,
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51415 Ghpdqg vkrfnv

Srvlwlyh ghpdqg vkrfnv ohdg wr srvlwlyh h�hfwv rq wkh rxwsxw dqg sulfhv ri
wkh frxqwu| ri ruljlq ri wkh vkrfn1 Exw zkhq wkh vkrfn lv wudqvplwwhg dfurvv
wkh wzr frxqwulhv/ wkh vljq ri wkh frh!flhqwv ghshqgv rq zklfk fkdqqho ri
wudqvplvvlrq suhydlov1

Lq rxu prgho/ wkh fkdqqhov ri wudqvplvvlrq ri wkh ghpdqg vkrfnv duh
wkh djjuhjdwh ghpdqg/ wkh lqwhuhvw udwh/ wkh uhdo h{fkdqjh udwh/ dqg wkh
frxqwulhv* uhodwlyh sulfhv1 Zkhq djjuhjdwh ghpdqg suhydlov/ wkh uhvxow lv
wkh �orfrprwlyh h�hfw�= wkh h�hfwv rq wkh rxwsxw dqg sulfhv ri wkh frxqwu|
ri ruljlq ri wkh vkrfn duh wudqvplwwhg wr wkh rwkhu frxqwu| zlwk wkh vdph
vljq1 Exw zkhq fkdqjhv lq wkh lqwhuhvw udwh dqg uhdo h{fkdqjh udwh suhydlo/
wkh uhvxow lv wkh �ehjjdu0wk|0qhljkerxu h�hfw�= wkh h�hfwv rq wkh rxwsxw dqg
sulfhv ri wkh frxqwu| ri ruljlq ri wkh vkrfn duh wudqvplwwhg wr wkh rwkhu
frxqwu| zlwk wkh rssrvlwh vljq1 Wkh uhdvrq lv wkdw d uhdo h{fkdqjh udwh
ghsuhfldwlrq +dssuhfldwlrq, lq dq hfrqrp| ohdgv wr dq djjuhjdwh ghpdqg
h{sdqvlrq +frqwudfwlrq, lq wkdw hfrqrp|/ dqg wr d frqwudfwlrq +h{sdqvlrq,
lq wkh rwkhu/ jlyhq wkdw zklfk phdqv d ghsuhfldwlrq +dssuhfldwlrq, iru dq
hfrqrp|/ phdqv dq dssuhfldwlrq +ghsuhfldwlrq, iru wkh rwkhu1

Wkh �orfrprwlyh h�hfw� Dq lqfuhdvh lq wkh prqh| vxsso| +6 : f,/ d
srvlwlyh prqhwdu| vkrfn lq jhqhudo +^ : f,/ dqg d srvlwlyh uhdo vkrfn +s : f,
ohdg wr dq lqfuhdvh lq rxwsxw1 Wkh uhvxow lv dq djjuhjdwh ghpdqg h{sdqvlrq
zlwk dq rxwsxw h{sdqvlrq dq d ulvh lq sulfhv lq wkh wzr frxqwulhv1

Wkh prqhwdu| pxowlsolhuv duh dv iroorzv=

Y+

Y6
'

Y+W

Y6W

'
Y+

Y^
'

Y+W

Y^W
' @ +58,

YR

Y6
'

YRW

Y6W

'
YR

Y^
'

YRW

Y^W
' � +59,

Y+

Y6W

'
Y+W

Y6
'

Y+

Y^W
'

Y+W

Y^
' K +5:,

YR

Y6W

'
YRW

Y6
'

YR

Y^W
'

YRW

Y^
' � +5;,

dqg wkh pxowlsolhuv ri wkh uhdo vkrfnv=
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Y+

Ys
'

Y+W

Ys W

' S +5<,

YR

Ys
'

YRW

Ys W

' & +63,

Y+

YsW

'
Y+W

Ys
' _ +64,

YR

Ys W

'
YRW

Ys
' , +65,

Wkh �ehjjdu0wk|0qhljkerxu h�hfw� Dq lqfuhdvh lq wkh prqh| vxsso| ri
wkh grphvwlf frxqwu| +6 : f, ru d srvlwlyh prqhwdu| vkrfn +^ : f,/ lqfuhdvh
rxwsxw dqg ohdgv wr dq h{fkdqjh udwh ghsuhfldwlrq1 Wkh uhvxow lv wkh �ehjjdu0
wk|0qhljkerxu h�hfw�= rxwsxw dqg sulfhv ulvh lq wkh grphvwlf frxqwu|/ exw
rxwsxw dqg sulfhv idoo lq wkh iruhljq frxqwu|1

Wkh prqhwdu| pxowlsolhuv duh wkh iroorzlqj=

Y+

Y6
'

Y+W

Y6W

'
Y+

Y^
'

Y+W

Y^W
' @ +66,

YR

Y6
'

YRW

Y6W

'
YR

Y^
'

YRW

Y^W
' � +67,

Y+

Y6W

'
Y+W

Y6
'

Y+

Y^W
'

Y+W

Y^
' �K +68,

YR

Y6W

'
YRW

Y6
'

YR

Y^W
'

YRW

Y^
' �� +69,

Rq wkh rwkhu kdqg/ d srvlwlyh uhdo vkrfn wr wkh grphvwlf frxqwu| +s : f,
ohdgv wr dq lqfuhdvh lq djjuhjdwh ghpdqg wkdw lv sduwldoo| r�vhw e| d uhdo
h{fkdqjh udwh dssuhfldwlrq1 Wklv dssuhfldwlrq uhgxfhv djjuhjdwh vxsso| lq
wkh iruhljq frxqwu|/ zklfk wudqvodwhv wr wkh grphvwlf frxqwu|1 Wkh uhvxow lv
wkdw wkh rxwsxw ri wkh frxqwu| vx�hulqj wkh vkrfn ulvhv/ dqg wkh rxwsxw ri
wkh rwkhu frxqwu| idoov/ zlwk sulfhv dozd|v ulvlqj1

Wkh pxowlsolhuv duh qrz wkh iroorzlqj=

Y+

Ys
'

Y+W

Ys W

' S +6:,
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YR

Ys
'

YRW

Ys W

' & +6;,

Y+

YsW

'
Y+W

Ys
' �_ +6<,

YR

Ys W

'
YRW

Ys
' , +73,

6 Prqhwdu| srolf| frruglqdwlrq

Lq wkh suhylrxv vhfwlrq zh kdyh vwxglhg wkh wudqvplvvlrq ri pdfurhfrqrplf
vkrfnv d�hfwlqj lqwhughshqghqw hfrqrplhv/ dqg wkh h{whqw wr zklfk
wkh prqhwdu| srolf| dgrswhg e| wkh frxqwulhv* jryhuqphqwv jhqhudwhv
glvwxuedqfhv lq wkh rwkhu frxqwu|1 Wkh sxusrvh ri wklv vhfwlrq lv wr vkrz
krz lqwhuqdwlrqdo srolf| frruglqdwlrq pd| lqwhuqdol}h wkhvh vslooryhu h�hfwv1
Wkh wkhruhwlfdo dujxphqwv vxssruwlqj srolf| frruglqdwlrq duh edvhg rq wkh
lghd wkdw frrshudwlrq lqwhuqdol}hv wkh h�hfwv ri hfrqrplf lqwhughshqghqfh1
Lq wklv frqwh{w zh qhhg wr wdnh lqwr dffrxqw wkh vwudwhjlf ehkdylrxu ri wkh
dxwkrulwlhv/ vr zh zloo xvh wkh Jdph Wkhru| dssurdfk lq rughu wr vwxg| krz
wkh dxwkrulwlhv fdq ghdo zlwk vkrfnv1

614 Wkh suhihuhqfhv ri wkh frxqwulhv

Zh dvvxph wkdw wkh frxqwulhv duh uhsuhvhqwhg e| wkhlu dxwkrulwlhv/ zklfk idfh
wkh sureohp ri plqlpl}lqj wkhlu orvv ixqfwlrqv=

u ' +2 n jR2 +74,

uW ' +W2 n jWRW2 +75,

zkhuh wkh wdujhw yduldeohv duh wkh udwhv ri fkdqjh lq rxwsxw/ E+c +W�/ dqg
wkh udwh ri fkdqjh lq sulfhv/ ERc RW�1 Wkh sdudphwhuv j : f dqg jW : f
duh wkh lqyhuvh ri wkh pdujlqdo vxevwlwxwlrq udwhv/ l1h1/ wkh frvw ri uhdfklqj
dq remhfwlyh uhodwlyh wr wkh frvw ri uhdfklqj wkh rwkhu1 Rq wkh rwkhu kdqg/
wkh txdgudwlf irup ri wkh orvv ixqfwlrq lpsolhv wkdw dq| fkdqjh/ srvlwlyh ru
qhjdwlyh/ lq wkh yduldeohv zloo uhsuhvhqw d orvv ri xwlolw|1 Vr/ hdfk frxqwu| zloo
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plqlpl}h lwv orvv ixqfwlrq zkhq doo wkh remhfwlyhv duh htxdo wr }hur/ + ' +W ' f
dqg R ' RW ' f1

615 Wkh rswlpl}dwlrq sureohp

Lq wklv vxevhfwlrq zh zloo vkrz wkh h�hfwv ri prqhwdu| dxwkrulwlhv* ghflvlrqv
zkhq wkh| frsh zlwk vkrfnv1 Iru wklv uhdvrq/ zh zloo dqdo|vh krz wkh| zloo
uhdfw zkhq idflqj vkrfnv wkdw d�hfw erwk wkh prqh| pdunhw +6/ 6Wc ^/ ^W,
dqg wkh jrrgv pdunhw +s / sW,/ vkliwlqj wkh djjuhjdwh ghpdqg fxuyh> dqg
zkhq idflqj vxsso| vkrfnv +r/ rW,/ zklfk vkliw wkh djjuhjdwh vxsso| fxuyh1

Hdfk prqhwdu| dxwkrulw| kdv wr plqlpl}h lwv orvv ixqfwlrq e| fkrrvlqj
wkh rswlpdo udwh ri fkdqjh ri wkh prqh| vxsso|/ vxemhfw wr wkh uhvwulfwlrqv
lpsrvhg e| wkh lqwhuqdwlrqdo hfrqrplf iudphzrun1 Dffruglqj wr wkh Jdph
Wkhru| olwhudwxuh/ wkhuh duh wkuhh srvvlelolwlhv wr vroyh wkh sureohp= wkh
frpshwlwlyh htxloleulxp/ wkh ohdghu0iroorzhu prgho dqg wkh frrshudwlyh
vroxwlrq1 Exw wkh vroxwlrqv zloo ghshqg rq wkh suhydlolqj fkdqqho ri
wudqvplvvlrq= wkh djjuhjdwh ghpdqg/ ru wkh lqwhuhvw udwh dqg wkh uhdo
h{fkdqjh udwh1 Vr/ zh zloo vroyh wkh sureohp iru wkhvh wzr dowhuqdwlyh fdvhv1

616 Wkh �orfrprwlyh h�hfw�

Zkhq djjuhjdwh ghpdqg lv wkh suhydlolqj fkdqqho ri wudqvplvvlrq/ wkh
uhvwulfwlrqv wkdw �vfdo dxwkrulwlhv kdyh wr wdnh lqwr dffrxqw zkhq vroylqj
wkhlu rswlpl}dwlrq sureohp duh dv iroorzv=

+ ' @6n K6W n Ss n _s W n @^ n K^W � }r� �rW +76,

+W ' @6W n K6n Ss W n _s n @^W n K^ � }rW � �r +77,

R ' �6n �6W n &s n ,sW n �^ n �^W n ?rn �?rW +78,

RW ' �6W n �6n &sW n ,s n �^W n �^ n ?rW n �?r +79,
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61614 Qrq0frrshudwlyh vroxwlrq= Wkh frpshwlwlyh vroxwlrq

Zkhq hdfk frxqwu| vroyhv wkh sureohp lqglylgxdoo|/ ljqrulqj lqwhughshqghqfh
dqg wdnlqj dv jlyhq wkh rwkhu frxqwu|*v srolf|/ wkh vroxwlrq lv wkh Qdvk0
Frxuqrw Htxloleulxp1 Wkh rswlpl}dwlrq sureohp ri wkh grphvwlf frxqwu| lv
dv iroorzv=

4�?
6

u ' +2 n jR2

r�|�Ee��c EeD� +7:,

Iurp wkh �uvw0rughu frqglwlrq zh rewdlq wkh uhdfwlrq ixqfwlrq ri wkh
grphvwlf frxqwu|/ zklfk vkrzv wkh uhvsrqvh wr vkrfnv dqg wr fkdqjhv lq
wkh iruhljq frxqwu|*v srolf|1 Zh kdyh prghoohg d orvv ixqfwlrq lq zklfk
hdfk frxqwu| vkrzv d juhdwhu ru orzhu dyhuvlrq wr fkdqjhv lq sulfhv zlwk
uhvshfw wr fkdqjhv lq rxwsxw Ejc jW I ��1 Jlyhq wkdw wkh frh!flhqwv ri
wkh uhdfwlrq ixqfwlrq ghshqg rq j +vhh Dsshqgl{ D1LL,/ zh zloo rewdlq wzr
uhdfwlrq ixqfwlrqv ghshqglqj rq wkh frxqwulhv* suhihuhqfhv1

Zkhq Ej : ��/ fkdqjhv rq sulfhv uhsuhvhqw d orvv ri xwlolw| iru wkh grphvwlf
frxqwu|1 Iru wklv uhdvrq/ lw zrxog suhihu wr pdlqwdlq sulfhv lqvwhdg ri rxwsxw/
vr wkh uhdfwlrq ixqfwlrq zloo eh=

6R ' �-Rc�6
W

�-Rc2s �-Rc�s
W

� ^ �-Rc�^
W

�-Rcer�-RcDr
W +7;,

Rq wkh frqwudu|/ zkhq Ej 	 ��/ wkh frxqwu| zrxog suhihu wr pdlqwdlq
rxwsxw dqg wkh uhdfwlrq ixqfwlrq zloo eh=

6+ ' �-+c�6
W

�-+c2s �-+c�s
W

� ^ �-+c�^
W n-+cern-+cDr

W +7<,

Wkh sureohp iru wkh iruhljq frxqwu| lv vlplodu=

4�?
6W

uW ' +W2 n jWRW2 +83,

r�|�Eee�c EeS�

iurp zklfk zh fdq rewdlq/ iru jW : � dqg jW 	 � uhvshfwlyho|=
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6W

R ' �-
W

Rc�6�-W

Rc2s �-W

Rc�s
W

�-W

Rc�^ � ^W �-W

Rcer�-W

RcDr
W +84,

6W

+ ' �-
W

+c�6�-W

+c2s �-W

+c�s
W

�-W

+c�^ � ^W n-W

+cern-W

+cDr
W +85,

Wkh devroxwh ydoxh ri hdfk frh!flhqw lqglfdwhv wkh vl}h ri wkh uhvsrqvh wr
vkrfnv1 Zkhq d frxqwu| vx�huv d prqhwdu| glvwxuedqfh E^ ru ^W�/ wkh fkdqjh
lq prqh| vxsso| kdv wkh vdph vl}h exw rssrvlwh vljq +frh!flhqw htxdo wr 04,
wkdq wkh vkrfn1 Frqvhtxhqwo|/ wklv prqhwdu| srolf| zrxog r�vhw wkh h�hfwv
ri wkh vkrfn1 Uhjduglqj uhdo dqg vxsso| glvwxuedqfhv/ qrqh ri wkhp lv wrwdoo|
r�vhw/ ehfdxvh m-m 	 �1

Erwk uhdfwlrq ixqfwlrqv kdyh qhjdwlyh vorshv1 Wkh grphvwlf
frxqwu|*v uhdfwlrq ixqfwlrq kdv d vorsh juhdwhu wkdq rqh lq devroxwh

ydoxh= _6
W

_6

��
6'-E6W�

' � �
-�

/ zlwk
���� �

-�

��� : �1 Wklv phdqv wkdw dq| pryhphqw

dorqj wkh grphvwlf frxqwu|*v uhdfwlrq ixqfwlrq/ uhtxluhv d orzhu fkdqjh lq
prqh| vxsso| lq wkh grphvwlf frxqwu| wkdq lq wkh iruhljq rqh1 Vroylqj wkhlu
sureohpv lqglylgxdoo|/ dqg ljqrulqj lqwhughshqghqfh/ li d frxqwu| plqlpl}hv
fkdqjhv lq lwv prqh| vxsso| wklv uhtxluhv d juhdwhu yduldwlrq lq wkh rwkhu
frxqwu|*v prqh| vxsso|1 Zh fdq vhh iurp wkh orvv ixqfwlrqv 0htxdwlrqv +e�,
dqg +e2,0 wkdw dq| ghyldwlrq iurp }hur/ + ' +W ' f dqg R ' RW ' f/ zloo
uhsuhvhqw d orvv ri xwlolw|1 Zkhq d frxqwu| vx�huv d vkrfn/ wkh eolvv srlqwv

duh jlyhq e| � ' Efc6W 9' f� dqg �W ' E6 9' fcf� zklfk duh wkh ruljlq ri
wkh lqgl�huhqfh fxuyhv1 Wkh frxqwulhv zrxog dfklhyh wkh pd{lpxp zhoiduh
lq wkhvh srlqwv ehfdxvh wkh| zrxog qrw kdyh wr fkdqjh wkhlu prqh| vxssolhv/
exw frq lfw dulvhv vlqfh wkh wzr srlqwv gr qrw frlqflgh1

Jlyhq wkdw zh kdyh dvvxphg  h{leoh h{fkdqjh udwhv/ hdfk frxqwu| fdq xvh
lwv prqhwdu| srolf| lqvwuxphqw lqglylgxdoo|1 Wkh Qdvk0Frxuqrw htxloleulxp
lv jlyhq e| wkh lqwhuvhfwlrq ri wkh frxqwulhv* uhdfwlrq ixqfwlrqv1 Lq rxu fdvh/
vlqfh zh frqvlghu dv|pphwulf suhihuhqfhv j 9' jW/ wkhuh duh irxu srvvlelolwlhv=

d, j : �c jW : �= erwk frxqwulhv duh lqwhuhvwhg lq pdlqwdlqlqj sulfhv1
Vroylqj wkh htxdwlrqv +7;, dqg +84,/ zh jhw wkdw/ iroorzlqj d ulvh lq sulfhv/
wkh rswlpdo srolf| zrxog eh d frqwudfwlrqdu| prqhwdu| srolf|1

e, j 	 �c jW 	 �= erwk frxqwulhv suhihu wr pdlqwdlq rxwsxw1 Vroylqj
wkh htxdwlrqv +7<, dqg +85,/ wkh rswlpdo srolf| zrxog eh d frqwudfwlrqdu|
prqhwdu| srolf| wr r�vhw dq rxwsxw h{sdqvlrq/ dqg d h{sdqvlrqdu| prqhwdu|
srolf| wr r�vhw dq rxwsxw frqwudfwlrq1
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f, j : �c jW 	 �= wkh grphvwlf frxqwu| suhihuv wr pdlqwdlq sulfhv/ dqg wkh
iruhljq frxqwu| suhihuv wr pdlqwdlq rxwsxw1 Wkh rswlpdo uhvsrqvh lv jlyhq
e| wkh vroxwlrqv wr htxdwlrqv +7;, dqg +85,1

g, j 	 �c jW : �= wkh grphvwlf frxqwu| suhihuv wr pdlqwdlq rxwsxw/ dqg
wkh iruhljq frxqwu| suhihuv wr pdlqwdlq sulfhv1 Wkh rswlpdo uhvsrqvh lv jlyhq
e| wkh vroxwlrqv wr htxdwlrqv +7<, dqg +84,1

Lq wkh fdvhv f, dqg g, wkh frxqwu| lqwhuhvwhg lq sulfhv zrxog dozd|v xvh
frqwudfwlrqdu| prqhwdu| srolflhv1 Exw wkh frxqwu| lqwhuhvwhg lq rxwsxw zrxog
xvh frqwudfwlrqdu| prqhwdu| srolflhv zkhq ghdolqj zlwk ghpdqg vkrfnv/ dqg
h{sdqvlrqdu| prqhwdu| srolflhv zkhq ghdolqj zlwk vxsso| vkrfnv1

Jlyhq wkdw zh zrxog olnh wr dqdo|vh krz wkh frxqwulhv uhdfw wr vshfl�f
vkrfnv/ zh zloo frqvlghu wkh prvw dv|pphwulf fdvh1 Vr/ zh zloo vwxg| fdvh
g, zkhuh wkh grphvwlf frxqwu| suhihuv wr pdlqwdlq rxwsxw dqg wkh iruhljq
frxqwu| sulfhv1 Wkh Qdvk vroxwlrq lv wkh srlqw zkhuh wkh uhdfwlrq ixqfwlrqv
ri hdfk frxqwu| lqwhuvhfw=

6� ' �^ ���s ��2s
W n��rn�er

W +86,

6W

� ' �^W �� W

�s ��W

2s
W ��W

�r �� W

e r
W +87,

Lw fdq eh suryhg +vhh Dsshqgl{ D1LLL, wkdw wkh frh!flhqwv ri wkh Qdvk
vroxwlrq duh orzhu/ lq devroxwh ydoxh/ wkdq wkh frh!flhqwv ri wkh uhdfwlrq
ixqfwlrq1 Wkdw lv/ zkhq vroylqj wkh sureohp lqglylgxdoo| hdfk frxqwu| dfwv lq
d �p|rslf� zd| dqg/ vlqfh lqwhughshqghqfh lv ljqruhg/ wkh h�hfwv ri prqhwdu|
srolf| duh wudqvplwwhg deurdg1

61615 Qrq0frrshudwlyh vroxwlrq= Wkh ohdghu0iroorzhu prgho

Zkhq rqh ri wkh frxqwulhv dfwv dv d ohdghu dqg wkh rwkhu dv d iroorzhu/ wkh
uhvxow lv d Qdvk0Vwdfnhoehuj Htxloleulxp1 Wkh ohdghu fkrrvhv �uvw wdnlqj lqwr
dffrxqw lwv rzq lqwhuhvw dqg wkh iruhljq frxqwu|*v uhdfwlrq ixqfwlrq/ zklfk
wkh ohdghu lqfoxghv lq lwv orvv ixqfwlrq1 Li wkh iruhljq frxqwu| +lqwhuhvwhg lq
pdlqwdlqlqj sulfhv, dfwv dv ohdghu/ wkhq lwv rswlpl}dwlrq sureohp lv jlyhq e|=

4�?
6W

uW ' uWE+Wc RWc6+� +88,

vr/ lw zloo kdyh wr vroyh=
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4�?
6W

uW ' +W2 n jWRW2 +89,

r�|�Eee�c EeS�c Eeb�

rewdlqlqj iurp wkh �uvw0rughu frqglwlrq=

6W

7 ' �^W 	 7W

�s 	 7W

2s
W 	 7W

�r	 7W

er
W +8:,

Wkh suhylrxv htxdwlrq uhsuhvhqwv fkdqjhv lq wkh prqh| vxsso| ri wkh
ohdghu1 Wkh iroorzhu wdnhv lw lqwr dffrxqw wr vroyh lwv rzq sureohp=

4�?
6

u ' +2 n jR2

r�|�Ee��c EeD�c ED.� +8;,

rewdlqlqj=

67 ' �^ 	 7�s 	 72s
W 	 7�r	 7er

W +8<,

Wkh dpeljxlw| ri wkh vljqv lqglfdwhv wkdw wkh ehvw srolf| uhvsrqvh/
h{sdqvlrqdu| ru frqwudfwlrqdu|/ zloo ghshqg rq wkh ydoxh ri wkh frh!flhqwv
lqyroyhg lq wkh vroxwlrq1 Lq dq| fdvh/ wkh fkdqjh lq wkh ohdghu*v prqh| vxsso|
lv orzhu wkdq wkdw ri wkh iroorzhu +vhh lq Dsshqgl{ D1LY wkdw m7�m : m7W

� m
iru � ' �c ���c e ,1 Fkrrvlqj �uvw/ wkh ohdghu kdv d wlph dgydqwdjh dqg wkh
iroorzhu*v uhvsrqvh uhtxluhv d juhdwhu fkdqjh lq lwv prqh| vxsso|1 Ehfdxvh ri
wkdw/ wkh Vwdfnhoehuj htxloleulxp lv qrw dozd|v d Sduhwr lpsuryhphqw xsrq
wkh Qdvk htxloleulxp1 Wkh ohdghu lv dozd|v ehwwhu r� wkdq lq wkh frpshwlwlyh
vroxwlrq/ exw wkh �qdo uhvxow iru wkh iroorzhu lv dpeljxrxv1 Pruhryhu/ wkh
vroxwlrq lv xqvwdeoh ehfdxvh wkh ohdghu lv qrw rq lwv uhdfwlrq ixqfwlrq1

61616 Frrshudwlyh vroxwlrq= Wkh vrfldo sodqqhu sureohp

Li wkh frxqwulhv frruglqdwh wkhlu srolflhv/ wkh| plqlpl}h wkh zhljkwhg vxp
ri wkhlu orvv ixqfwlrqv1 Jlyhq wkh dvvxpswlrq ri v|pphwu|/ dqg zlwk wkh
zhljkwv ri hdfk frxqwu| htxdo wr �

2
/ wkh vrfldo sodqqhu sureohp zrxog eh=

4�?T
6c6W

'

�
�

2
E+2 n jR2� n

�

2
E+W2 n jWRW2�

�

r�|�Ee�� wr EeS� +93,
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Iurp wkh �uvw0rughu frqglwlrqv zh rewdlq +vhh Dsshqgl{ D1Y,=

6� ' �^ � ��s � �2s
W 	 ��r	 �er

W +94,

6W

� ' �^W � �W

�s ��W

2s
W 	�W

�r	 �W

er
W +95,

617 Wkh �ehjjdu0wk|0qhljkerxu h�hfw�

Zkhq wkh lqwhuhvw udwh dqg wkh h{fkdqjh udwh dfw dv wkh suhydlolqj fkdqqhov
ri wudqvplvvlrq/ wkh uhvwulfwlrqv wkdw wkh dxwkrulwlhv kdyh wr wdnh lqwr dffrxqw
wr vroyh wkhlu rswlpl}dwlrq sureohp duh dv iroorzv1

+ ' @6� K6W n Ss � _sW n @^ � K^W � }r� �rW +96,

+W ' @6W

� K6n SsW

� _s n @^W � K^ � }rW � �r +97,

R ' �6� �6W n &s n ,sW n �^ � �^W n ?rn �?rW +98,

RW ' �6W

� �6n &sW n ,s n �^W � �^ n ?rW n �?r +99,

61714 Qrq0frrshudwlyh vroxwlrq= Wkh frpshwlwlyh vroxwlrq

Wkh Qdvk0Frxuqrw Htxloleulxp ri wkh grphvwlf frxqwu| lv jlyhq e|=

4�?
6

u ' +2 n jR2

r�|�ES��c ESD� +9:,

dqg iurp wkh �uvw0rughu frqglwlrqv/ iru j : � dqg j 	 � / zh rewdlq wkh
uhdfwlrq ixqfwlrqv +vhh Dsshqgl{ D1LL,=
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Wkh sureohp lv vlplodu iru wkh iruhljq frxqwu|=
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r�|�ESe�c ESS�

iurp zklfk zh rewdlq/ iru jW : � dqg jW 	 �/ uhvshfwlyho|=
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Lq wklv fdvh/ wkh uhdfwlrq ixqfwlrqv kdyh srvlwlyh vorshv/ ehlqj wkh vorsh
ri wkh uhdfwlrq ixqfwlrq ri wkh grphvwlf frxqwu| juhdwhu wkdq rqh1 Wkh Qdvk
vroxwlrq lv jlyhq e| wkh iroorzlqj htxdwlrqv +vhh Dsshqgl{ D1LLL,=
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61715 Qrq0frrshudwlyh vroxwlrq= Wkh ohdghu0iroorzhu prgho

Dvvxplqj/ djdlq/ wkdw wkh iruhljq frxqwu| +lqwhuhvwhg lq pdlqwdlqlqj sulfhv,
dfwv dv wkh ohdghu wkh sureohp wr vroyh zloo eh=

4�?
6W

uW ' +W2 n jWRW2 +:8,

r�|�ESe�c ESS�c ESb�

rewdlqlqj iurp wkh �uvw0rughu frqglwlrq=

6
�
W

7 ' �^W 	 7
�
W

�
s 	 7

�
W

2
s W 	 7

�
W

�
r	 7

�
W

e
rW +:9,

Wkh iroorzhu wdnhv wklv vroxwlrq lqwr dffrxqw wr vroyh lwv rzq sureohp=
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rewdlqlqj wkhuhiruh=
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Lq wkh vdph zd| dv lq wkh �orfrprwlyh h�hfw� fdvh/ wkh dpeljxlw| ri wkh
vljqv lqglfdwhv wkdw wkh ehvw srolf| uhvsrqvh/ h{sdqvlrqdu| ru frqwudfwlrqdu|/
zloo ghshqg rq wkh ydoxh ri wkh lqyroyhg frh!flhqwv1 Wkh ohdghu kdv d wlph
dgydqwdjh dqg lwv prqh| vxsso| kdv wr fkdqjh ohvv/ lq devroxwh ydoxh/ wkdq
wkh iroorzhu*v prqh| vxsso| +vhh lq Dsshqgl{ D1LY wkdw m7 �

�m 	 m7�W

� m iru
� ' �c ���c e,1

61716 Frrshudwlyh vroxwlrq= Wkh vrfldo sodqqhu sureohp

Fkrrvlqj djdlq zhljkwv htxdo wr �

2
/ wkh sureohp zrxog eh=
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Iurp wkh �uvw0rughu frqglwlrqv zh rewdlq +vhh Dsshqgl{ D1Y,=
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7 Zhoiduh dvshfwv ri wkh rswlpdo vroxwlrq

Wkhruhwlfdoo|/ wkh frrshudwlyh vroxwlrq lv Sduhwr lpsurylqj vlqfh lw
lqwhuqdol}hv wkh vslooryhu h�hfwv dulvlqj iurp hfrqrplf lqwhughshqghqfh1
Wkhvh h{whuqdolwlhv/ Yu

Y6W
dqg YuW

Y6
/ vkrz krz wkh orvv ixqfwlrq ri d frxqwu|

fkdqjhv lq uhvsrqvh wr fkdqjhv lq wkh rwkhu frxqwu|*v lqvwuxphqw1 Iru

4<



wkdw uhdvrq frrshudwlrq lv Sduhwr lpsurylqj/ vlqfh wkh frpshwlwlyh vroxwlrq
qhjohfwv wkh h{whuqdolwlhv surgxfhg e| fkdqjhv lq wkh srolf| lqvwuxphqw1

Rq wkh rqh kdqg/ wkh �uvw0rughu frqglwlrqv iurp zklfk zh kdyh rewdlqhg
wkh Qdvk Htxloleulxp duh _u

_6
' f dqg YuW

Y6W
' f1 Exw iru wkhvh srlqwv Yu

Y6W
9' f

dqg YuW

Y6
9' f1 Rq wkh rwkhu kdqg/ wkh �uvw0rughu frqglwlrqv ri wkh vrfldo

sodqqhu sureohp duh=
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Iurp wkhvh frqglwlrqv lw lv fohdu wkdw Yu

Y6
' �YuW

Y6
dqg YuW

Y6W
' � Yu

Y6W
/

zklfk vkrzv krz wkh frrshudwlyh vroxwlrq lqwhuqdol}hv h{whuqdolwlhv1 Exw
wkh ghvludelolw| ri wkh frrshudwlyh vroxwlrq zloo ghshqg rq wkh qdwxuh ri wkh
h{whuqdolw| vlqfh/ li wklv h{whuqdolw| kdv wkh vdph vljq wkdq wkh vkrfn/ wkh
frrshudwlyh vroxwlrq grhv qrw r�vhw wkh dgyhuvh h�hfwv1 Vxevhtxhqwo|/ zh
fdq frqfoxgh wkdw frrshudwlrq pd| eh frxqwhusurgxfwlyh zkhq lw lqwhuqdol}hv
vslooryhu h�hfwv zklfk uhlqirufh wkh h�hfwv ri wkh vkrfn1

Lq rughu wr dyrlg wkh vslooryhu h�hfwv ri wkhlu srolflhv/ frxqwulhv*
dxwkrulwlhv zloo wu| wr plqlpl}h wkh xvh ri wkh prqh| vxsso|1 Lq wklv vhqvh/
wkh| lghqwli| vwdelol}dwlrq zlwk dyrlglqj fkdqjhv lq wkh srolf| lqvwuxphqw1
Lq sduwlfxodu/ zh kdyh prghoohg d orvv ixqfwlrq lq zklfk dq| fkdqjh lq wkh
yduldeohv lpsolhv d orvv ri xwlolw|1 Vlqfh wkh wdujhw yduldeohv duh olqhdu lq wkh
srolf| lqvwuxphqwv/ wkh vroxwlrq wkdw uhtxluhv d orzhu fkdqjh lq wkh prqh|
vxsso| zrxog eh wkh rswlpdo vroxwlrq1 Vr/ lq d �uvw vwhs/ dxwkrulwlhv zloo
plqlpl}h wkhlu orvv ixqfwlrq/ dqg/ lq d vhfrqg vwhs/ wkh| zloo fkrrvh wkh
vroxwlrq +frpshwlwlyh ru frrshudwlyh, zlwk wkh orzhvw devroxwh ydoxh=

6 ' @h} 4�? im6�c�m c m6�c�mj ;� ' �c 2

Lw lv gl!fxow wr nqrz wkh vl}h ri wkh frh!flhqwv ri wkh vroxwlrqv/ vlqfh
wkh| ghshqg rq wkh frh!flhqwv ri wkh uhgxfhg irup 0htxdwlrqv +�., wr
+2f,1 Iru wkdw uhdvrq/ lq rughu wr frpsduh wkh Qdvk vroxwlrq zlwk wkh
frrshudwlyh vroxwlrq zh zloo pdnh xvh ri judsklfdo dqdo|vlv1 Zh zloo wdnh lqwr
dffrxqw erwk wkh vorsh ri wkh uhdfwlrq ixqfwlrqv +qhjdwlyh iru wkh �orfrprwlyh

h�hfw�/ dqg srvlwlyh iru wkh�ehjjdu0wk|0qhljkerxu h�hfw�,/ dqg wkh vljq ri wkh
vroxwlrqv1
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Iljxuh 4= �Orfrprwlyh h�hfw�1 Uhdfwlrq ixqfwlrqv lq devhqfh ri vkrfnv1

714 Wkh �orfrprwlyh h�hfw�

Iurp wkh uhgxfhg irup 0htxdwlrqv +�., wr +2f,0 zh fdq vhh wkdw wkh remhfwlyh
yduldeohv ++c +Wc Rc RW, duh olqhdu lq wkh srolf| lqvwuxphqwv +6c6W,1 Ehfdxvh
ri wkdw/ zh fdq sorw erwk wkh uhdfwlrq ixqfwlrqv dqg wkh lqgl�huhqfh fxuyhv
lq wkh vdph 6� 6W sodqh1 Iru vlpsolflw|/ zh zloo qrw vkrz wkh lqgl�huhqfh
fxuyhv1

Iru wkh �orfrprwlyh h�hfw�/ wkh uhdfwlrq ixqfwlrqv kdyh qhjdwlyh vorshv1
Iljxuh 4 vkrzv wkdw wkh uhdfwlrq ixqfwlrqv lqwhuvhfw dw wkh ruljlq= qrqh ri
wkh frxqwulhv kdv wr fkdqjh lwv prqh| vxsso| lq wkdw srlqw/ vlqfh wkhuh duh
qr vkrfnv1 Li dq| glvwxuedqfh wdnhv sodfh/ wkh uhdfwlrq ixqfwlrqv zrxog vkliw
wr wkh ohiw ru wr wkh uljkw dffruglqj wr wkh sduwlfxodu w|sh ri vkrfn1

Iljxuh 5 vkrzv wkh uhdfwlrq ixqfwlrqv diwhu d prqhwdu| vkrfn lq wkh
grphvwlf frxqwu|1 Wkh uhdfwlrq ixqfwlrqv vkliw wr wkh ohiw/ ehlqj odujhu
wkh pryhphqw iru wkh frxqwu| vx�hulqj wkh vkrfn/ dqg wkh eolvv srlqwv duh
� ' Efc6W 9' f� dqg �W ' E6 9' fc f� uhvshfwlyho|1

Wkh Qdvk vroxwlrq lv dw srlqw � ' E�^c f�/ zkhuh wkh uhdfwlrq ixqfwlrqv
lqwhuvhfw1 Lq sduwlfxodu/ dw srlqw � frrshudwlrq uhvxowv lqgl�huhqw/ vlqfh
lw frlqflghv zlwk wkh frpshwlwlyh vroxwlrq m� m ' m�m/ dv fdq eh vhhq iurp
htxdwlrqv +86,/ +87, dqg +94,/ +95,1
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Iljxuh 5= Prqhwdu| vkrfn1 Frrshudwlrq lqgl�huhqw zlwkrxw �prqhwdu|
xqlrq�> exw xvhixo iru wkh frxqwu| vx�hulqj wkh vkrfn lq d �prqhwdu| xqlrq�1

Li zh ghslfw wkh fdvh ri d uhdo vkrfn/ wkh uhdfwlrq ixqfwlrqv vkliw wr wkh
ohiw1 Wkh Qdvk vroxwlrq lv dw srlqw � ' E�^c f�/ zkhuh wkh uhdfwlrq ixqfwlrqv
lqwhuvhfw1 Frrshudwlyh vroxwlrq zloo olh rq wkh frqwudfw fxuyh olqnlqj � dqg
�W1 Wkhuh duh lq�qlwh frrshudwlyh vroxwlrqv/ exw zh fdq irfxv rq wkh fdvh
lq zklfk erwk frxqwulhv uhdfw lq wkh vdph zd|/ 6� ' 6W

�
1 Lq d v|pphwulf

prgho/ zlwk wkh vdph edujdlqlqj zhljkwv iru hdfk frxqwu|/ lw lv uhdvrqdeoh wr
dvvxph wkdw wkh jdlqv dqg orvvhv iurp frrshudwlrq zrxog eh glylghg htxdoo|1
Lq wkdw fdvh/ wkh vroxwlrq 0zklfk lv wkh prvw v|pphwulf srvvleoh0 lv jlyhq e|
srlqw F1 Dv zh fdq vhh iurp Iljxuh 6/ wkh frrshudwlyh v|pphwulf fdvh/ dw
srlqw �/ uhtxluhv d juhdwhu fkdqjh lq prqh| vxsso| wkdq wkh Qdvk vroxwlrq1

Exw zkhq ghdolqj zlwk vxsso|0vlgh vkrfnv/ wkh frrshudwlyh vroxwlrq
lpsolhv d orzhu fkdqjh lq prqh| vxsso| +vhh Iljxuh 7,1 frqvhtxhqwo|/ iru
wkh �orfrprwlyh h�hfw�/ frrshudwlrq zrxog eh xvhixo wr r�vhw vxsso| vkrfnv1

715 Wkh �ehjjdu0wk|0qhljkerxu h�hfw�

Iru wkh �ehjjdu0wk|0qhljkerxu h�hfw�/ wkh uhdfwlrq ixqfwlrqv kdyh srvlwlyh
vorshv1 Iljxuh 8 vkrzv wkdw wkh uhdfwlrq ixqfwlrqv lqwhuvhfw dw wkh ruljlq/
zkhuh qrqh ri wkh frxqwulhv kdv wr fkdqjh lwv prqh| vxsso|1
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Iljxuh 6= Uhdo vkrfn1 Frrshudwlrq frxqwhusurgxfwlyh1

m*

mB*

C

N

B

R

R*

Iljxuh 7= Vxsso| vkrfn1 Frrshudwlrq xvhixo1
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Iljxuh 8= �Wkh ehjjdu0wk|0qhljkerxu�1 Uhdfwlrq ixqfwlrqv lq devhqfh ri
vkrfnv1

Lq wkh fdvh ri d prqhwdu| vkrfn +vhh Iljxuh 9,/ wkh uhvxowv duh htxlydohqw
wr wkrvh iru wkh �orfrprwlyh h�hfw�1 Vr/ frrshudwlrq uhvxowv lqgl�huhqw1

Iru d uhdo vkrfn/ frrshudwlrq lv frxqwhusurgxfwlyh rqo| zkhq wkh iruhljq
frxqwu| lv wkh rqo| rqh vx�hulqj wkh vkrfn +vhh Iljxuhv : dqg ;,1 Wklv uhvxow
krogv zlwk lqghshqghqfh ri wkh w|sh ri djuhhphqw1

Zkhq frxqwulhv vx�hu vxsso|0vlgh vkrfnv/ frrshudwlrq uhtxluhv d
juhdwhu fkdqjh lq wkh prqh| vxsso|1 Wkhuhiruh/ frrshudwlrq uhvxowv
frxqwhusurgxfwlyh1

716 Wkh ghvludelolw| ri prqhwdu| srolf| frruglqdwlrq

Iurp wkh uhvxowv rewdlqhg lq wkh suhylrxv vxevhfwlrqv/ zh fdq hvwdeolvk d
frpsdulvrq ehwzhhq wkh Qdvk vroxwlrq dqg wkh Frrshudwlyh vroxwlrq1 Wklv
frpsdulvrq lv vkrzq lq Wdeohv 714 dqg 715/ zkhuh zh surylgh wkh h�hfw
+h{sdqvlrqdu|/ frqwudfwlrqdu|/ dpeljxrxv ru }hur, ri wkh prqhwdu| srolf|
xvhg wr frsh zlwk vkrfnv/ ghshqglqj rq wkh fkdqqho ri wudqvplvvlrq ri wkh
vkrfnv1
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Iljxuh 9= Prqhwdu| vkrfn1 Frrshudwlrq lqgl�huhqw zlwkrxw �prqhwdu|
xqlrq�> exw xvhixo iru wkh frxqwu| vx�hulqj wkh vkrfn lq d �prqhwdu| xqlrq�1

m*

m

R

R*

N

C

B

B*

Iljxuh := Uhdo vkrfn1 Frrshudwlrq frxqwhusurgxfwlyh iru i-1
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m*

m

R

R*

N

C

B

B*

Iljxuh ;= Uhdo vkrfn1 Frrshudwlrq xvhixo iru i ru i/i-1

m*

m

R

R*

N

C

B

B*

Iljxuh <= Vxsso| vkrfn1 Frrshudwlrq frxqwhusurgxfwlyh1
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WDEOH 714

prqhwdu| srolf| iurp wkh grphvwlf frxqwu|

�ORFRPRWLYH � �EHJJDU 0WK\0QHLJKERXU�

Qdwxuh ri wkh vkrfn U Q F U Q F

^ 0 0 0 0 0 0
^W 0 3 3 . 3 3
s 0 0 0 0 0 0
s W 0 0 0 . . .
r . . 	 . . 	
rW . . 	 . . 	

Qrwhv= d, U/Q dqg F ghqrwh uhdfwlrq ixqfwlrq/ Qdvk vroxwlrq dqg Frrshudwlyh
vroxwlrq/ uhvshfwlyho|1

e, +.,/+0,/ +�, dqg 3 ghqrwh wkh vljq ri wkh srolf|1
1

WDEOH 715

prqhwdu| srolf| iurp wkh iruhljq frxqwu|

�ORFRPRWLYH� �EHJJDU 0WK\0QHLJKERXU�

Qdwxuh ri wkh vkrfn U Q F U Q F

^ 0 3 3 . 3 3
^W 0 0 0 0 0 0
s 0 0 0 0 0 .
s W 0 0 0 . 0 0
r 0 0 	 0 0 	

rW 0 0 	 0 0 	

Qrwhv= vhh Wdeoh 714
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Vxppdulvlqj wkh uhvxowv rewdlqhg/ zh frxog ghulyh wkh frqglwlrqv xqghu
zklfk frruglqdwlrq ri prqhwdu| srolf| pd| eh xvhixo1 Wkhvh frqglwlrqv duh
suhvhqwhg lq Wdeoh 7161 Iurp Wdeoh 716 zh fdq frqfoxgh wkdw wkh uhvxowv
duh ghwhuplqhg qrw rqo| e| wkh dv|pphwu| ri wkh vkrfn/ exw e| lwv qdwxuh
+prqhwdu|/ uhdo ru vxsso|,1 Zkhq idflqj prqhwdu| vkrfnv/ frrshudwlrq
dozd|v uhvxowv lqgl�huhqw1 Exw zkhq ghdolqj zlwk uhdo dqg vxsso| vkrfnv/
wkh fkdqqho ri wudqvplvvlrq suryhv wr eh ghwhuplqdqw1

wdeoh 716

GHVLUHDELOLW\ RI PRQHWDU\ SROLF\ FRRUGLQDWLRQ

VKRFN frrshudwlrq

Prqhwdu| +^c ^W, Lqgl�huhqw1

Uhdo +sc sW,
� �Orfrprwlyh h�hfw�= frxqwhusurgxfwlyh1

� �Ehjjdu0wk|0qhljkerxu h�hfw�= frxqwhusurgxfwlyh zkhq wkh vkrfn
kdv lwv ruljlq lq wkh iruhljq frxqwu|/ dqg xvhixo iru wkh uhvw ri wkh fdvhv1

Vxsso| +rc rW, � �Orfrprwlyh h�hfw�= xvhixo1
� �Ehjjdu0wk|0qhljkerxu h�hfw�= frxqwhusurgxfwlyh1

8 Frqfoxvlrqv

Lq wklv sdshu/ zh kdyh wulhg wr vwxg| wkh frqglwlrqv xqghu zklfk prqhwdu|
srolf| frruglqdwlrq zrxog eh xvhixo zkhq ghdolqj zlwk dv|pphwulf vkrfnv1
Iru wklv sxusrvh zh kdyh ghyhorshg d wzr0frxqwu| prgho lq zklfk frxqwulhv/
dvvxphg wr kdyh gl�huhqw suhihuhqfhv rq rxwsxw dqg sulfh wdujhwv/ vx�hu
dv|pphwulf ghpdqg0vlgh dqg vxsso|0vlgh vkrfnv1

E| dqdo|vlqj wkh htxloleulxp ydoxhv ri wkh wdujhw yduldeohv/ zh kdyh
vwxglhg erwk wkh h�hfwv ri wkh vkrfnv dqg wkh hfrqrplf srolflhv xvhg wr
frxqwhudfw wkhp1 Lq rxu prgho/ vxsso|0vlgh vkrfnv kdyh xqdpeljxrxv h�hfwv
rq wdujhw yduldeohv1 Rq wkh frqwudu|/ wkh h�hfwv ri ghpdqg0vlgh vkrfnv
ghshqg rq wkh fkdqqho ri wudqvplvvlrq= zkhq djjuhjdwh ghpdqg suhydlov/
wkh uhvxow lv wkh �orfrprwlyh h�hfw�/ zkhuhdv li fkdqjhv lq wkh lqwhuhvw udwh
dqg uhdo h{fkdqjh udwh suhydlo/ wkh uhvxow lv wkh �ehjjdu0wk|0qhljkerxu h�hfw�1
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Qh{w/ zh kdyh wulhg wr vwxg| zklfk frxog eh wkh rswlpdo hfrqrplf
srolflhv wr r�vhw wkh h�hfwv ri wkh vkrfnv1 Iru wklv uhdvrq zh dqdo|vhg/
lq vwudwhjlf whupv/ krz wkh frxqwulhv* dxwkrulwlhv fdq ghdo zlwk vkrfnv xvlqj
wkh prqh| vxsso| dv lqvwuxphqw1 Wkh frpshwlwlyh vroxwlrqv uhyhdo wkdw wkh
rswlpdo uhvsrqvh ghshqg erwk rq wkh ruljlq ri wkh vkrfnv dqg wkh dxwkrulwlhv*
suhihuhqfhv1 Wkh uhvsrqvh ri wkh grphvwlf frxqwu| +dvvxphg dv suhihuulqj wr
pdlqwdlq rxwsxw, dqg wkh iruhljq frxqwu| +dvvxphg dv suhihuulqj wr pdlqwdlq
sulfhv, gr qrw dozd|v frlqflgh1 Wkhvh gl�huhqfhv frxog eh vroyhg e| wkh
frrshudwlyh vroxwlrq zklfk wkhruhwlfdoo| lv Sduhwr lpsurylqj1

Iurp wkh frpsdulvrq ehwzhhq wkh frpshwlwlyh dqg wkh frrshudwlyh
vroxwlrqv/ zh rewdlq wkdw=

� Zkhq ghdolqj zlwk prqhwdu| vkrfnv/ wkh frrshudwlyh vroxwlrq
uhvxowv lqgl�huhqw zlwk lqghshqghqfh ri wkh fkdqqho ri wudqvplvvlrq1
Wkhuhiruh/ frrshudwlrq zrxog qrw lpso| d orvv ri prqhwdu|
lqghshqghqfh1 Wkh uhdvrq lv wkdw zkhq frxqwulhv frrshudwh/ wkh| uhdfw
lq wkh vdph zd| wkdw li wkh| dfw lqglylgxdoo|1

� Vhfrqgo|/ zh irxqg wkdw/ zkhq ghdolqj zlwk uhdo vkrfnv/ frrshudwlrq
zrxog eh dozd|v xvhixo zkhq wkh djjuhjdwh ghpdqg suhydlov dv fkdqqho
ri wudqvplvvlrq1 Rq wkh frqwudu|/ zkhq wkh lqwhuhvw udwh dqg wkh uhdo
h{fkdqjh udwh suhydlo/ frrshudwlrq zrxog eh frxqwhusurgxfwlyh zkhq
wkh iruhljq frxqwu| vx�huv wkh vkrfn1

� Ilqdoo|/ zh rewdlq wkdw zkhq wkh djjuhjdwh ghpdqg suhydlov dv fkdqqho
ru wudqvplvvlrq/ prqhwdu| srolf| frrshudwlrq lv dozd|v xvhixo zkhq
ghdolqj zlwk vxsso|0vlgh vkrfnv1 Wkh uhdvrq lv wkdw wkh frrshudwlrq
plqlpl}hv wkh frvw ri xvlqj dq lqdssursuldwh srolf| +d ghpdqg0vlgh
srolf| lq rughu wr r�vhw d vxsso|0vkrfn,1 Rq wkh frqwudu|/ zkhq
wkh lqwhuhvw udwh dqg wkh uhdo h{fkdqjh udwh suhydlo/ frrshudwlrq lv
frxqwhusurgxfwlyh1

Wkhvh uhvxow frqwudvw frq wkrvh lq Gðd}0Urogäq +4<<;,/ zkhuh wkh h�hfwv
ri v|pphwulf vkrfnv rq hfrqrplhv zlwk lghqwlfdo suhihuhqfhv zhuh dqdo|vhg1
Wkh uhvxowv vkrzhg wkdw prqhwdu| frrshudwlrq zdv dozd|v xvhixo wr ghdo zlwk
prqhwdu| vkrfnv/ dqg zlwk vxsso|0vlgh vkrfnv1 Exw zkhq wkh vxsso| fxuyh
lv uhodwlyho| vwhhs/ prqhwdu| frrshudwlrq frxog ehfdph frxqwhusurgxfwlyh wr
frsh zlwk vkrfnv1

5<



Lq wklv sdshu zh vwxg| wkh fdvh ri dv|pphwulf vkrfnv dqg dv|pphwulf
suhihuhqfhv1 Lq sduwlfxodu/ zh rewdlq wkdw wkh dgydqwdjhv ri prqhwdu|
srolf| frruglqdwlrq duh juhdwhu dv juhdwhu lv wkh suredelolw| ri vx�hulqj
vxsso| vkrfnv1 Wdnlqj lqwr dffrxqw wkh hpslulfdo hylghqfh rq wkh HPX/
wkh dv|pphwu| ri wkh vkrfnv kdv ehhq d txhvwlrq eurdgo| dqdo|vhg lq uhfhqw
|hduv1 Exw lqvwhdg ri vwxg|lqj wkh dv|pphwu| ri wkh vkrfnv/ lw zrxog eh
pruh lqwhuhvwlqj wr glvwlqjxlvk dprqj prqhwdu|/ uhdo dqg vxsso| vkrfnv1
Wklv nlqg ri fodvvl�fdwlrq frxog vxssruw wkh frqyhqlhqfh ru qrw ri uhdfklqj
d kljkhu ohyho ri prqhwdu| frruglqdwlrq/ hyhq ri mrlqlqj d prqhwdu| xqlrq1

Wkhuh lv d vfduflw| ri olwhudwxuh rq wklv lvvxh/ zklfk lv wkh olqh ri
lqyhvwljdwlrq wkdw frxog looxvwudwh wkh uhvxowv rewdlqhg lq wklv sdshu1 Ed|rxpl
dqg Hlfkhqjuhhq +4<<6, ghfrpsrvh wkh revhuyhg fkdqjhv lq rxwsxw dqg sulfhv
ri wkh Hxurshdq frxqwulhv dqg wkh Xqlwhg Vwdwhv/ lq whupv ri ghpdqg0vlgh
dqg vxsso|0vlgh vkrfnv1 Dv uhvxow/ wkh| rewdlq wkdw wkh vxsso| vkrfnv zrxog
suhydlo lq Hxursh1 Nduudv +4<<7, dqdo|vhv wkh ruljlq ri pdfurhfrqrplf
 xfwxdwlrqv lq Iudqfh/ Jhupdq| dqg lq wkh XN1 Kh �qgv wkdw/ lq vslwh ri wkdw
ghpdqg vkrfnv h{sodlq wkh vkruw0uxq hfrqrplf f|fohv/ vxsso| vkrfnv surgxfh
 xfwxdwlrqv erwk lq wkh vkruw0uxq dqg wkh orqj0uxq1 Ilqdoo|/ Ehujpdq +4<<9,/
lq d vlplodu vwxg| iru Jhupdq|/ XN/ Vzhghq/ XVD dqg Mdsdq/ rewdlqv wkdw
vxsso| vkrfnv duh ghwhuplqdqw wr h{sodlq fkdqjhv lq rxwsxw dqg lq dwlrq1
Wklv nlqg ri uhvxowv frxog vxssruw wkh frqfoxvlrq rewdlqhg lq wklv sdshu=
prqhwdu| srolf| frruglqdwlrq frxog eh xvhixo zkhq vxsso| vkrfnv suhydlo1
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9 Dsshqgl{

D1 L Wkh uhgxfhg irup +Htxdwlrqv 4< wr 55,

Iurp htxdwlrq +5, lq wkh pdlq wh{w/ zh rewdlq wkh htxloleulxp rxwsxw lq
wkh prqh| pdunhw1 Qh{w/ zh vxevwlwxwh lw lqwr wkh jrrgv pdunhw htxloleulxp
frqglwlrq +htxdwlrq +4,,1 Grlqj wkh vdph iru wkh htxdwlrqv iru wkh uhvw ri
wkh zruog/ dqg vxevwudfwlqj/ zh rewdlq wkh uhdo h{fkdqjh udwh ehwzhhq wkh
grphvwlf frxqwu| dqg wkh iruhljq frxqwu|=

Een RW � R� '
E6� R�� E6W

� RW�� BwE+ � +W�� wEs � sW� n E^ � ^W�

2qw
+D14,

Uhsodflqj +D14, dqg wkh zruog lqwhuhvw udwh/ uz/ iurp htxdwlrq +5, lqwr
htxdwlrq +4, zh rewdlq=

+ ' @�6� @�R� @26
W n @2R

W n @�+
W n @es n @es

W n @�^ � @2^
W +D15,

dqg dovr iru wkh iruhljq frxqwu|=

+W ' @�6
W

� @�R
W

� @26n @2Rn @�+ n @es
W n @es n @�^

W

� @2^ +D16,

Wkhq/ vxevwlwxwlqj +D14, lqwr wkh djjuhjdwh ghpdqg dqg djjuhjdwh vxsso|
0htxdwlrqv +48, dqg +49,0 zh fdq rewdlq wkh iroorzlqj h{suhvvlrqv=

R ' @D6n @DR
W

� @D6
W n @S+ � @.+

W n @D^� @D^
W

� @Hs n @Hs
W n @br +D17,

RW ' @D6
Wn @DR� @D6n @S+

W

� @.+n @D^
W

� @D^� @Hs
W n @Hs n @br

W +D18,

zkhuh=

@� '
2wkn�

wE2�n2kw3B��
c @2 '

�

wE2�n2kw3B��
c @� '

B�

2�n2kw3B�
c

@e '
�

2�n2kw3B�
c @D '

b0>

b0>nb2qwE�3b0>�
c @S '

E2qnb0>B�w
b0>nb2qwE�3b0>�

c

@. '
Bwb0>

b0>nb2qwE�3b0>�
c @H '

wb0>

b0>nb2qwE�3b0>�
c @b '

2qwb
b0>nb2qwE�3b0>�
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zlwk @� : @2c @2 : @ec @e : @�c @S : @D dqg @H : @. dqg wkh ghqrplqdwruv
duh srvlwlyh1

Wr rewdlq wkh htxloleulxp ydoxhv iru rxwsxw dqg sulfhv/ zh qhhg wr vroyh
wkh v|vwhp jlyhq e| htxdwlrqv +D15, wr +D18,=

3
EEC

� 3@� @� 3@2

3@� � 3@2 @�

3@S @. � 3@D

@. 3@S 3@D �

4
FFD

3
EEC

+

+W

R

RW

4
FFD '

3
EEC

@�63@26
Wn@esn@es

Wn@�^3@2^
W

3@26n@�6
Wn@esn@es

W
3@2^n@�^

W

@D63@D6
W
3@Hsn@HsWn@D^3@D^Wn@br

3@D6n@D6Wn@Hs3@HsW3@D^n@D^Wn@brW

4
FFD

Htxdwlrqv +4:, wr +53, lq wkh pdlq wh{w duh wkh vroxwlrq/ zkhuh wkh
frh!flhqwv duh=

@ ' d@DE@� n @2�E�� n @� n @D � @SE@� � @2�� n @�E@�@. � @�@D n @2@S��

@2E@� n @2E@S n @.�� n @�E�� @2D n @SE@� � @2@D� n @.E@2 � @�@D��o!{

K ' d@DE@� n @2�E�� @� � @D � @.E@� � @2��� @2E@�@. � @�@D n @2@S�n

@�E@� n @2@S n @�@.��� @2E� � @2D n @SE@� � @2@D� n @.E@2 � @�@D��o!{

S ' d@eE� � @2DE� n @�� n @� n E@� n @2�E@S n @.�E�� @D��n

@HEE@� n @2�E� � @2DE� n @��� @� n E@� � @2�E@S n @.���o!{

_ ' d@eE�� @2DE� n @�� n @� n E@� n @2�E@S n @.�E�� @D���

@HEE@� n @2�E� � @2DE� n @��� @� n E@� � @2�E@S n @.���o!{

} ' d@bE�@�E� n @�@D�� @SE@2� � @22� n @2E@� n @D��o!{

� ' d@bE@2E� n @�@D�� @.E@
2
� � @22�� @�E@� n @D��o!{

� ' d@DEE� � @2��E�� @D� n @SEE� n @D�E@� � @2@�� n 2@DE@�@� � @2�n

@SE@2� � @22� n @.EE� n @D�E@2 � @�@�� n 2@DE@2@� � @��� @.E@2� � @22���o!{

� ' dE� � @D�E@SE@�@� � @2� n @.E@2@� � @��� @DE� � @2���o!{
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& ' d@eE@S n @.�EE� n @��E� n @D� n E@� n @2�E@S n @.���

@HE�� @��EE� n @��E� � @D� n E@� � @2�E@S � @.�o!{

, ' d@eE@S n @.�EE� n @��E� n @D� n E@� n @2�E@S n @.��n

@HE�� @��EE� n @��E� � @D� n E@� � @2�E@S � @.�o!{

? ' dE� � @2�� n @SE@� � @2@�� n @.E@2 � @�@��o!{

�? ' d@DE�� @2�� n @SE@2 � @�@�� n @.E@� � @2@��o!{

zlwk

{ ' d�� @2DE� � @2��� @2� n @�@SE2 n @�@S n 2@�@D� n @2@.E2 n @2@. n 2@�@D�

� @2@SE2@D n @2@S n 2@��� @�@.E2@D n @�@. n 2@��o : f

D1LL Wkh frh!flhqwv ri wkh uhdfwlrq ixqfwlrqv

wkh orfrprwlyh hiihfw

Iru d frxqwu| lqwhuhvwhg lq pdlqwdlqlqj sulfhv j : � dqg/ wkhq/ zh kdyh=

-Rc� '
2@Kn2��j

2@2n2�2j
c -Rc2 '

2@Sn2�&j

2@2n2�2j
c -Rc� '

2@_n2�,j

2@2n2�2j
c

-Rce '
2@}n2�?j

2@2n2�2j
c -RcD '

2@�n2��?j

2@2n2�2j

Rq wkh rwkhu kdqg/ iru d frxqwu| lqwhuhvwhg lq pdlqwdlqlqj rxwsxw wkh
frh!flhqwv duh lghqwlfdo h{fhsw iru j 	 � 1

Iru wkh iruhljq frxqwu|/ wkh frh!flhqwv duh wkh vdph wkdq iru wkh grphvwlf
frxqwu| h{fhsw iru jW : � dqg jW 	 � / ghshqglqj rq wkh suhihuhqfhv iru sulfhv
ru rxwsxw/ uhvshfwlyho|1
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wkh ehjjdu0wk|0qhljkerxu hiihfw

Iru d frxqwu| lqwhuhvwhg lq pdlqwdlqlqj sulfhv j : � dqg/ wkhq/ zh kdyh=

-
�

Rc� '
2@Kn2��j

2@2n2�2j
c -

�

Rc2 '
2@Sn2�&j

2@2n2�2j
c -

�

Rc� '
2@_32�,j

2@2n2�2j
c

-
�

Rce '
2@}32�?j

2@2n2�2j
c -

�

RcD '
2@�32��?j

2@2n2�2j

Rq wkh rwkhu kdqg/ iru d frxqwu| lqwhuhvwhg lq pdlqwdlqlqj rxwsxw wkh
frh!flhqwv duh lghqwlfdo h{fhsw iru j 	 � 1

Iru wkh iruhljq frxqwu|/ wkh frh!flhqwv duh wkh vdph wkdq iru wkh grphvwlf
frxqwu| h{fhsw iru jW : � dqg jW 	 � / ghshqglqj rq wkh suhihuhqfhv iru sulfhv
ru rxwsxw/ uhvshfwlyho|1

D1 LLL Wkh Qdvk0Frxuqrw vroxwlrq

wkh orfrprwlyh hiihfw

�� '
-+c23-+c�-

W

Rc2

�3-+c�-
W

Rc2

�W

� '
-W

Rc2
3-+c2-

W

Rc�

�3-+c�-
W

Rc2

�2 '
-+c�3-+c�-

W

Rc�

�3-+c�-
W

Rc2

�W

2 '
-W

Rc�
3-+c�-

W

Rc�

�3-+c�-
W

Rc2

�� '
-+cen-+c�-

W

Rce

�3-+c�-
W

Rc2

�W

� '
-W

Rce
n-+ce-

W

Rc�

�3-+c�-
W

Rc2

�e '
-+cDn-+c�-

W

RcD

�3-+c�-
W

Rc2

�W

e '
-W

RcD
n-+cD-

W

Rc�

�3-+c�-
W

Rc2

wkh ehjjdu0wk|0qhljkerxu hiihfw
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W
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W
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+c�
-
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W

Rc2

�
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� '
-

�
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�
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W
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�3-
�

+c�
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W

Rc2

�
�
W

� '
-

�
W

Rce
3-

�

+ce
-

�
W

Rc�

�3-
�

+c�
-

�
W

Rc2

�
�

e '
-

�

+cD
3-

�

+c�
-

�
W

RcD

�3-
�

+c�
-

�
W

Rc2

�
�
W

e '
-

�
W

RcD
3-

�

+cD
-

�
W

Rc�

�3-
�

+c�
-

�
W

Rc2

D1 LY Wkh Qdvk0Vwdfnhoehuj vroxwlrq

wkh orfrprwlyh hiihfw

7W� '
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^4` Edmr/ R1 dqg Yhjdud/ G1 +4<<:,= �Lqwhjudflöq prqhwduld hq Hxursd=
Whruðd | hylghqfld hpsðulfd�/ Kdflhqgd Sýeolfd Hvsdôrod 473/ 4<06:1

^5` Edoodeuljd/ I1/ Vhedvwläq/ P1 dqg Ydooìv/ M1 +4<<6,= �Lqwhughshqghqfh
ri HF hfrqrplhv= D YDU dssurdfk�/ Zrunlqj Sdshu <647/ Edqfr gh
Hvsdôd/ Pdgulg1

^6` Ed|rxpl/ W1 dqg Hlfkhqjuhhq/ E1 +4<<6,= �Vkrfnlqj dvshfwv ri Hxurshdq
prqhwdu| lqwhjudwlrq�/ lq Wruuhv/ I1 dqg Jldyd}}l/ I1 +hgv1,= Dgmxvwphqw

dqg jurzwk lq wkh Hxurshdq Prqhwdu| Xqlrq/ Fdpeulgjh Xqlyhuvlw|
Suhvv/ Fdpeulgjh/ 4<6055<1

^7` Ehujpdq/ P1 +4<<9,= �Lqwhuqdwlrqdo hylghqfh rq wkh vrxufhv ri
pdfurhfrqrplf  xfwxdwlrqv�/ Hxurshdq Hfrqrplf Uhylhz 73/ 456:0
458;1

^8` Eu|dqw/ U1 F1 +4<<8,= �Lqwhuqdwlrqdo frrshudwlrq lq wkh pdnlqj ri
qdwlrqdo pdfurhfrqrplf srolflhv= Zkhuh gr zh vwdqgB�/ lq Nhqhq/ S1 E1
+hg1 ,=Xqghuvwdqglqj lqwhughshqghqfh1 Wkh pdfurhfrqrplfv ri wkh rshq

hfrqrp|/ Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq1

^9` Fdq}rqhul/ P1 dqg Jud|/ M1 +4<;8,= �Prqhwdu| srolf| jdphv dqg wkh
frqvhtxhqfhv ri qrq frrshudwlyh ehkdylrxu�/ Lqwhuqdwlrqdo Hfrqrplf
Uhylhz 59/ 87:08971

^:` Frkhq/ G1 dqg Z|sorv}/ F1 +4<;<,= �Wkh Hxurshdq Prqhwdu| Xqlrq=
Dq djqrvwlf hydoxdwlrq�/ lq Eu|dqw/ U1 hw do1 +hgv1,= Pdfurhfrqrplf

srolflhv lq dq lqwhughshqghqw zruog/ Lqwhuqdwlrqdo Prqhwdu| Ixqg/
Zdvklqjwrq/ GF/ 644066:1

^;` Frrshu/ U1 Q1 +4<;8,= �Hfrqrplf lqwhughshqghqfh dqg frruglqdwlrq
ri hfrqrplf srolflhv�/ lq Mrqhv/ U1 dqg Nhqhq/ S1 +hgv1,= Kdqgerrn

ri Lqwhuqdwlrqdo Hfrqrplfv +yro LL,/ Qruwk0Kroodqg/ Dpvwhugdp/ 44<80
45671

^<` Frughq/ Z1 P1 +4<;8,= �Pdfurhfrqrplf srolf| lqwhudfwlrq xqghu  h{leoh
h{fkdqjh udwhv= D wzr0frxqwu| prgho�/ Hfrqrplfd 85/ <0561
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^43` Frughq/Z1 P1 +4<;9,= �Rq wudqvplvvlrq dqg frruglqdwlrq xqghu
 h{leoh h{fkdqjh udwhv�/ lq Exlwhu/ Z1 K1 dqg Pduvwrq/ U1 F1 +hgv1,=
Lqwhuqdwlrqdo Hfrqrplf Srolf| Frruglqdwlrq/ Fdpeulgjh Xqlyhuvlw|
Suhvv/ Fdpeulgjh/ ;0691

^44` Fxuulh/ G1 dqg Ohylqh/ S1 +4<;9,= �Pdfurhfrqrplf srolf| ghvljq lq dq
lqwhughshqghqw zruog�/ lq Exlwhu/ Z1 K1 dqg Pduvwrq/ U1 F1 +hgv1,=
Lqwhuqdwlrqdo Hfrqrplf Srolf| Frruglqdwlrq/ Fdpeulgjh Xqlyhuvlw|
Suhvv/ Fdpeulgjh/ 55;05:61

^45` Gh Judxzh/ S1 dqg Ydqkdyhuehnh/ Z1 +4<<6,= �Lv Hxursh dq rswlpxp
fxuuhqf| duhdB= Hylghqfh iurp uhjlrqdo gdwd�/ hq Pdvvrq/ S1 dqg Wd|oru/
P1 +hgv1,= Srolf| lvvxhv lq wkh rshudwlrq ri fxuuhqf| xqlrqv/ Fdpeulgjh
Xqlyhuvlw| Suhvv/ Fdpeulgjh/ 444045<1

^46` Gðd} Urogäq/ F1 +4<<;,= �Od frruglqdflöq lqwhuqdflrqdo gh od
sroðwlfd prqhwduld hq suhvhqfld gh shuwxuedflrqhv vlpìwulfdv= ÁUhvxowd
ehqh�flrvr frrshuduB�/ Zrunlqj Sdshu <;3;/ Ghsduwphqw ri Hfrqrplfv/
Xqlyhuvlgdg Sýeolfd gh Qdyduud1

^47` Grxyhq/ U1 F1 dqg Sodvpdqv/ M1 H1 M1 +4<<8,= �Frqyhujhqfh
dqg lqwhuqdwlrqdo srolf| frruglqdwlrq lq wkh HX= D g|qdplf jdphv
dssurdfk�/ Uhsruw <82658/ Xqlyhuvlwhlw Dqwzhushq1

^48` Hunho0Urxvvh/ K1 dqg Pìolw}/ M1 +4<<8,= �Qhz hpslulfdo hylghqfh hq wkh
frvwv ri Hxurshdq Prqhwdu| Xqlrq�/ Glvfxvvlrq Sdshu 449</ Fhqwuh iru
Hfrqrplf Srolf| Uhvhdufk/ Orqguhv1

^49` Iudqnho/ M1 D1 dqg Urfnhww/ N1 H1 +4<;;,= �Lqwhuqdwlrqdo pdfurhfrqrplf
srolf| frruglqdwlrq zkhq srolf|pdnhuv gr qrw djuhh rq wkh wuxh prgho�/
Dphulfdq Hfrqrplf Uhylhz :;/ 64;06731

^4:` Iuhqnho/ M1 D1> Jrogvwhlq/ P1 dqg Pdvvrq/ S1 +4<;;,= �Lqwhuqdwlrqdo
frruglqdwlrq ri hfrqrplf srolflhv= Vfrsh/ phwkrgv dqg h�hfwv�/ lq
Jxwk/ Z1 +hg1,= Hfrqrplf Srolf| Frruglqdwlrq/ Lqwhuqdwlrqdo Prqhwdu|
Ixqg/Zdvklqjwrq/ G1 F1

^4;` Jxwlìuuh}/ P1 M1 +4<<6,= �Prqhwdu| frrshudwlrq dprqj frxqwulhv= D
vxuyh|�/ Zrunlqj Sdshu <6153/ Xqlyhuvlgdg gho Sdðv Ydvfr1
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^4<` Kdpdgd/ N1 +4<:9,= �D vwudwhjlf dqdo|vlv ri prqhwdu| lqwhughshq0
ghqfh�/ Mrxuqdo ri Srolwlfdo Hfrqrp| ;7/ ;::0;<81

^53` Khoj/ U1> Pdqdvvh/ S1> Prqdfhool/ W1 dqg Uryhool/ U1 +4<<8,= �Krz pxfk
+d,v|pphwu| lq HxurshB Hylghqfh iurp lqgxvwuldo vhfwruv�/ Hxurshdq
Hfrqrplf Uhylhz 6</ 434:043741

^54` Kxjkhv Kdoohw/ D1 dqg Pd/ \1 +4<<8,= �Hfrqrplf frrshudwlrq zlwklq
Hxursh= Ohvvrqv iurp wkh prqhwdu| duudqjhphqwv lq wkh 4<<3v*/
Glvfxvvlrq Sdshu 44<3/ Fhqwuh iru Hfrqrplf Srolf| Uhvhdufk/ Orqguhv1

^55` Nduudv/ J1 +4<<7,= �Vrxufhv ri exvlqhvv f|fohv lq Hxursh= 4<9304<;;1
Hylghqfh iurp Iudqfh/ Jhupdq|/ dqg wkh Xqlwhg Nlqjgrp�/ Hxurshdq
Hfrqrplf Uhylhz 6;/ 4:9604::;1

^56` Nhkrh/ S1 +4<;:,= �Frruglqdwlrq ri �vfdo srolflhv lq d zruog hfrqrp|�/
Mrxuqdo ri Prqhwdu| Hfrqrplfv 4</ 67<06:91

^57` Od|dug/ U1/ Qlfnhoo/ V1 dqg Mdfnpdq/ U1 +4<<4,= Xqhpsor|phqw=

Pdfurhfrqrplf shuirupdqfh dqg wkh oderxu pdunhw/ R{irug Xqlyhuvlw|
Suhvv/ R{irug1

^58` Pxqghoo/ U1D1 +4<94,= �D wkhru| ri rswlpxp fxuuhqf| duhdv�/ Dphulfdq

Hfrqrplf Uhylhz 84/ 98:09981

^59` Pxqghoo/ U1D1 +4<97,= �D uhso|= Fdslwdo prelolw| dqg vl}h�/ Fdqdgldq
Mrxuqdo ri Hfrqrplfv dqg Srolwlfdo Vflhqfh 63/ 75407641

^5:` Qlfnhoo/ V1 +4<<3,= �Xqhpsor|phqw= D vxuyh|�/ Wkh Hfrqrplf Mrxuqdo/
433/ 6<4076<1

^5;` Rxgl}/ J1 | Vdfkv/ M1 +4<;7,= �Pdfurhfrqrplf srolf| frruglqdwlrq
dprqj wkh lqgxvwuldo hfrqrplhv�/ Eurrnlqjv Sdshuv rq Hfrqrplf

Dfwlylw| 4/ 40:81

^5<` Vlehuw/ D1 +4<<:,= �Prqhwdu| lqwhjudwlrq dqg hfrqrplf frqyhujhqfh�/
Glvfxvvlrq Sdshu 4894/ Fhqwuh iru Hfrqrplf Srolf| Uhvhdufk/ Orqgrq1

^63` Ylôdov/ M1 dqg Mlphqr/ M1 I1 +4<<9,= �Prqhwdu| xqlrq dqg Hxurshdq
xqhpsor|phqw�/ Zrunlqj Sdshu <957/ Edqfr gh Hvsdôd/ Pdgulg1
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^64` Zhehu/ D1 +4<<4,= �HPX dqg dv|pphwulhv dqg dgmxvwphqw sureohpv lq
wkh HPV= Vrph hpslulfdo hylghqfh�/ Hxurshdq Hfrqrp|/ Vshfldo hglwlrq
Qr1 4/ 4;:053:1
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