
Wudqvlwlrqdo G|qdplfv lq dq U)G0Edvhg

Jurzwk Prgho zlwk Lplwdwlrq= Frpsdulqj lwv

Suhglfwlrqv wr wkh Gdwd

Ilgho Shuh}0Vhedvwldq
W

Ghsduwdphqwr gh Hfrqrpðd

Xqlyhuvlgdg Sýeolfd gh Qdyduud

64339 Sdpsorqd/ Vsdlq

Vhswhpehu 6/ 4<<;

Devwudfw

Hpsor|lqj furvv0frxqwu| gdwd/ wklv sdshu hydoxdwhv wkh wudqvlwlrqdo g|qdp0
lfv suhglfwlrqv ri d qrq0vfdoh jurzwk prgho ri hqgrjhqrxv whfkqrorj| lqqrydwlrq
dqg lplwdwlrq1 Zh vkrz wkdw/ xqolnh wkh qhrfodvvlfdo jurzwk iudphzrun/ wkh
wudqvlwlrqdo g|qdplfv ri wkh U)G0edvhg jurzwk prgho fdq dffrxqw iru jurzwk
�pludfohv1� Wkh dgglwlrqdo frqyhujhqfh srzhu surylghg e| whfkqrorj| lplwdwlrq
doorzv wkh prgho wr uhsolfdwh udslg jurzwk h{shulhqfhv iru sodxvleoh uhdo lqwhu0
hvw udwhv/ dqg uhdvrqdeoh frqvxpswlrq dqg lqyhvwphqw vkduhv1 Ixuwkhupruh/ rxu
uhvxowv fdq uhfrqfloh wkh elj frqwulexwlrq ri lqsxw idfwru dffxpxodwlrq wr hfr0
qrplf jurzwk irxqg e| \rxqj +4<<7/ 4<<8d, zlwk wkh lpsruwdqfh ri whfkqrorj|
wudqvihu1

Nh| zrugv= jurzwk/ lqqrydwlrq/ lplwdwlrq/ wudqvlwlrq g|qdplfv

MHO Fodvvl�fdwlrq= R73/ R63/ R44

WFruuhvsrqglqj dxwkru1 Who1 &= +6707;, 49<66;1 Id{ &= +6707;, 49<:541 H0pdlo=
�gho1shuh}Cxqdyduud1hv1
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4 Lqwurgxfwlrq

Uhfhqw sdshuv kdyh dujxhg wkdw wkh Vrorz jurzwk prgho shuirupv dw ohdvw dv zhoo
dv dq| rwkhu fdqglgdwh iru h{sodlqlqj frqyhujh h{shulhqfhv1 Pdqnlz/ Urphu dqg
Zhlo +4<<5,/ Eduur dqg Vdod0l0Pduwlq +4<<5,/ dqg Eduur/ Pdqnlz/ dqg Vdod0l0Pduwlq
+4<<8, �qg wkdw wkh prgho ri fdslwdo dffxpxodwlrq lv frqvlvwhqw zlwk revhuyhg furvv0
frxqwu| gl�huhqfhv lq lqfrph ohyhov dqg jurzwk udwhv1 Dqg \rxqj +4<<7/ 4<<8d,
vkrzv wkdw lqsxw idfwru dffxpxodwlrq kdv ehhq lqghhg wkh pdlq irufh ehklqg wkh
Hdvw Dvldq Wljhuv* kljk hfrqrplf jurzwk udwhv1 Nlqj dqg Uhehor +4<<6,/ krzhyhu/
frqfoxgh wkdw wkh Vrorz prgho*v wudqvlwlrqdo g|qdplfv fdqqrw dffrxqw iru lpsruwdqw
sduwv ri vxvwdlqhg furvv0frxqwu| gl�huhqfhv lq udwhv ri hfrqrplf ghyhorsphqw1 Wkh
prgho idlov lq wklv uhvshfw ehfdxvh lw qhhgv hlwkhu lpsodxvleo| kljk lqwhuhvw udwhv ru
lpsodxvleo| orz frqvxpswlrq vkduhv lq rughu wr jhqhudwh wkh w|sh ri udslg frqyhujhqfh
revhuyhg lq Hdvw Dvld1 Dv Nlqj dqg Uhehor +4<<6, uhfrjql}h/ wklv �qglqj lv hvshfldoo|
lpsruwdqw ehfdxvh wudqvlwlrqdo g|qdplfv vhhp wr eh d nh| frpsrqhqw ri revhuyhg
jurzwk h{shulhqfhv1

Udslg fdslwdo dffxpxodwlrq irvwhuhg e| glplqlvklqj uhwxuqv lv qrw wkh rqo| srv0
vleoh h{sodqdwlrq iru idvw hfrqrplf ghyhorsphqw1 Klvwruldqv kdyh dozd|v dujxhg
wkdw whfkqrorj| wudqvihu idyruhg e| uhodwlyho| fkhds lplwdwlrq/ zkdw Jhuvfkhqnurq
+4<85, fdoohg wkh �dgydqwdjh ri edfnzdugqhvv/� lv d nh| gulylqj irufh ehklqg hfr0
qrplf jurzwk1 Vhyhudo sdshuv/ zklfk lqfoxgh Eduur dqg Vdod0l0Pduwlq +4<<8/ 4<<:,/
dqg Sduhqwh dqg Suhvfrww +4<<7,/ kdyh h{sorlwhg wklv dssurdfk wr exlog prghov ri
frqyhujhqfh1 Wkh olwhudwxuh/ krzhyhu/ kdv qrw |hw pdgh d vhulrxv h�ruw wr hydoxdwh
wkh suhglfwlrqv ri wkhvh prghov* wudqvlwlrqdo g|qdplfv1 Wklv sdshu grhv wkdw1 Zh dw0
wdfn wkh iroorzlqj txhvwlrqv= Fdq prghov zlwk hqgrjhqrxv whfkqlfdo fkdqjh gr ehwwhu
wkdq wkh qhrfodvvlfdo jurzwk iudphzrun lq h{sodlqlqj hfrqrplf wudqvlwlrqvB Lv wkh
revhuyhg elj frqwulexwlrq ri fdslwdo dffxpxodwlrq wr hfrqrplf jurzwk lqfrqvlvwhqw
zlwk wkh lpsruwdqw uroh dwwulexwhg wr whfkqrorj| wudqvihuB

Zh vwxg| g|qdplfv lq d yhuvlrq ri Mrqhv* +4<<8d, qrq0vfdoh U)G0edvhg jurzwk
iudphzrun1 Rxu pdlq prgl�fdwlrq lv wkh lqwurgxfwlrq ri whfkqrorj| lplwdwlrq1 Whfk0
qlfdo surjuhvv rffxuv lq wkh prgho hlwkhu e| lplwdwlqj iruhljq lghdv ru lqyhqwlqj qhz
rqhv1 Erwk lplwdwlrq dqg lqqrydwlrq duh frvwo|/ exw wkh iruphu lv fkhdshu1 Lqfrusr0
udwlqj lplwdwlrq juhdwo| lqfuhdvhv wkh prgho*v frqyhujhqfh vshhg/ zklfk lv fuxfldo iru
h{sodlqlqj udslg ghyhorsphqw h{shulhqfhv1 Zh sxw wkh U)G0edvhg jurzwk prgho wr
wkh wrxjkhvw whvw lpsrvhg e| Nlqj dqg Uhehor +4<<6, wr wkh Vrorz iudphzrun= zh
irufh wkh prgho wr uhsolfdwh wkh Mdsdqhvh srvwzdu rxwsxw �jxuhv/ dqg hydoxdwh lwv suh0
glfwlrqv xvlqj furvv0frxqwu| gdwd1 Zh vwxg| g|qdplfv xvlqj kljk0ghjuhh sro|qrpldo

3D suhylrxv yhuvlrq ri wklv sdshu flufxodwhg zlwk wkh wlwoh �Srolf| dqg Wudqvlwlrqdo G|qdplfv lq dq

U)L0Edvhg Jurzwk Prgho1� L zlvk wr wkdqn p| dgylvruv dw wkh Xqlyhuvlw| ri Ylujlqld/ E1 Udylnxpdu

dqg Dxekln Nkdq/ iru khosixo glvfxvvlrqv1 L dp dovr judwhixo wr Holdv Glqrsrxorv/ Mdqh H1 Lkulj/

Urehuw J1 Nlqj/ Wkrpdv Rvdqj/ Fkulv H1 Sdsdjhrujlrx dqg Doh{ Zropdq iru wkhlu frpphqwv/ dqg

wr Mrkq Zlooldpv iru khoslqj ph wr lpsohphqw wkh qxphulfdo dqdo|vlv whfkqltxh1 Ilqdoo|/ L zrxog olnh

wr wkdqn vhplqdu sduwlflsdqwv dw wkh 4<<9 Vrxwkhdvwhuq Wkhru| dqg Lqwhuqdwlrqdo Wudgh Frqihuhqfh/

wkh 4<<9 Vlpsrvlr gh Dqäolvlv Hfrqöplfr/ wkh Xqlyhuvlw| ri ]dudjr}d/ wkh Xqlyhuvlw| ri Vdodpdqfd/

dqg wkh Ulfkprqg Ihg1 Ilqdqfldo vxssruw iurp wkh Xqlyhuvlw| ri Ylujlqld dqg Glsxwdflöq Jhqhudo

wkh Dudjöq lv judwhixoo| dfnqrzohgjhg1
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dssur{lpdwlrqv> lq wklv/ zh iroorz wkh phwkrg sursrvhg e| Mxgg +4<<5,1
Zh fkrrvh d qrq0vfdoh jurzwk prgho ehfdxvh wkh hpslulfdo hylghqfh vxjjhvwv

wkdw wkh vfdoh h�hfwv suhglfwhg e| wkh �fodvvlfdo� U)G iudphzrunv +Urphu/ 4<<3/
Jurvvpdq dqg Khospdq/ 4<<4/ dqg Djkqlrq dqg Krzlww/ 4<<5, dqg e| DN prghov
+h1j1/ Oxfdv/ 4<;;, duh lqfrqvlvwhqw zlwk revhuydwlrq14 Zlwk uhvshfw wr rwkhu qrq0
vfdoh jurzwk prghov +h1j1/ Glqrsrxorv dqg Wkrpsvrq/ 4<<9/ Vhjhuvwurp/ 4<<8/ dqg
\rxqj/ 4<<8e,/ zh fkrrvh wkh Mrqhv0w|sh ehfdxvh lw lv pruh dssursuldwh wr lpsohphqw
wkh qxphulfdo dojrulwkp1

Wudqvlwlrqdo g|qdplfv jhqhudwhg e| wkh U)G prgho rxwshuirup wkh qhrfodvvlfdo
jurzwk iudphzrun1 Frpsduhg wr wkh odwwhu/ wkh dgydqwdjhv ri wkh iruphu prgho duh
wzr1 Iluvw/ wkh lqfoxvlrq ri d vhfrqg vwdwh yduldeoh/ wkh whfkqrorj| ohyho/ uhgxfhv wkh
pdujlqdo surgxfwlylw| ri fdslwdo +PSN, lq whfkqrorjlfdoo| edfnzdug hfrqrplhv/ dqg
wkhuhiruh shuplwv wkh jhqhudwlrq ri uhdvrqdeoh lqwhuhvw udwhv1 Vhfrqg/ wkh uhodwlyho|
kljk surgxfwlylw| ri lplwdwlrq dw hduo| vwdjhv ri ghyhorsphqw surylghv dq dgglwlrqdo
frqyhujhqfh hqjlqh wkdw doorzv iru wkh idvw wudqvlwlrqv dqg odujh frqvxpswlrq vkduhv
vkrzq e| Hdvw Dvldq hfrqrplhv/ zlwkrxw jhqhudwlqj lpsodxvleo| odujh lqyhvwphqw
vkduhv1

Hyhq wkrxjk lq rxu h{shulphqwv whfkqrorj| wudqvihu lv wkh prvw lpsruwdqw frq0
wulexwru wr wkh fdwfk0xs surfhvv/ zh �qg wkdw wkh prgho suhglfwv d uhodwlyho| orz
frqwulexwlrq ri wrwdo idfwru surgxfwlylw| +WIS, ryhu prvw ri wkh dgmxvwphqw sdwk1
Iru h{dpsoh/ vwduwlqj dw d uhodwlyh ohyho ri rxwsxw ri 4< shufhqw/ fdslwdo dffxpxodwlrq
dffrxqwv iru pruh wkdq 98 shufhqw ri wkh jurzwk h{shulhqfhg ryhu wkh �uvw 53 |hduv1
Wkh frqwulexwlrq ri whfkqrorj|/ rq wkh rwkhu kdqg/ ulvhv dorqj wkh sdwk wr wkh vwhdg|
vwdwh1 Wklv rffxuv ehfdxvh/ dowkrxjk whfkqrorj| ohyhov lq ohvv ghyhorshg frxqwulhv duh
zhoo ehorz wkh iurqwlhu/ uhodwlyh fdslwdo lqsxw ohyhov duh hyhq orzhu/ zklfk lv sduwo|
gxh wr wkh fdslwdo dffxpxodwlrq lqgxfhg e| wkh lqfuhdvlqj WIS1

Ehvlghv Nlqj dqg Uhehor +4<<6,/ Fkulvwldqr +4<;<, dovr vwxglhv g|qdplfv lq wkh
qhrfodvvlfdo jurzwk prgho1 Kh wulhv wr h{sodlq wkh kxps vkdsh glvsod|hg e| wkh hyr0
oxwlrq ri wkh Mdsdqhvh vdylqjv udwh gxulqj wkh srvwzdu shulrg15 U)G0edvhg jurzwk
prghov duh dqdo|}hg e| Ehqkdele/ Shuol dqg [lh +4<<7,/ Jdufðd0Fdvwuloor dqg Vdqvr
+4<<:,/ Jrphv +4<<7,/ dqg Zlooldpv +4<<7/ 4<<8,1 Wkh| gr qrw frqvlghu whfkqrorj|
wudqvihu1 Olnh xv/ Sdsdjhrujlrx +4<<9, dqg Eduur dqg Vdod0l0Pduwlq +4<<:, dqdo|}h
U)G0edvhg jurzwk prghov wkdw h{solflwo| lqfrusrudwh whfkqrorj| wudqvihu1 Exw Sdsd0
jhrujlrx h{foxvlyho| irfxvhv rq wkh uhodwlrqvkls ehwzhhq hfrqrplf jurzwk dqg kxpdq
fdslwdo/ dqg Eduur dqg Vdod0l0Pduwlq gr qrw wdnh wkh prgho*v suhglfwlrqv wr wkh gdwd1

4Mrqhv +4<<8d, vkrzv wkdw/ lq wkh RHFG frxqwulhv/ d kljkhu vfdoh ri U)G lqsxw grhv qrw lqfuhdvh
wkh jurzwk udwh1 Edfnxv/ Nhkrh dqg Nhkrh +4<<5, dovr idlo wr vhh dq| hylghqfh ri vfdoh h�hfwv dw
wkh qdwlrqdo ohyho1 Mrqhv +4<<8e, dqg \rxqj +4<<5, �qg DN prghov lqdghtxdwh lq hpslulfdo zrun1
Nrfkhuodnrwd dqg \l +4<<9/ 4<<:,/ krzhyhu/ �qg vrph vxssruw iru wkh suhglfwlrqv ri DN prghov1

5Fkulvwldqr +4<;<, vxffhhgv lq uhsurgxflqj wkh kxps vkdsh e| jlylqj d Vwrqh0Jhdu| irup wr wkh
uhsuhvhqwdwlyh djhqw*v suhihuhqfhv1 Wkh Vwrqh0Jhdu| irup dovr doorzv wkh prgho wr dffrxqw iru wkh
idfw wkdw Mdsdq*v jurzwk udwhv dfwxdoo| slfnhg lq wkh hduo| 4<93*v/ dqg qrw uljkw diwhu Zruog Zdu LL1
Zh gr qrw/ krzhyhu/ iroorz wklv dssurdfk iru wzr uhdvrqv1 Iluvw/ wkh dffxudf| ri wkh srolf| ixqfwlrq
dssur{lpdwlrqv zloo prvw olnho| eh yhu| edg � xvlqj dovr dq dssur{lpdwlrq phwkrg/ Fkulvwldqr
rewdlqv huuruv ri dv pxfk dv 94 shufhqw1 Vhfrqg/ zh gr qrw qhhg lw wr nqrz zk| wkh U)G0edvhg
jurzwk prgho shuirupv ehwwhu wkdq wkh Vrorz prgho1
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Hlfkhu dqg Wxuqryvn| +4<<:, dovr dqdo|}h g|qdplfv lq qrq0vfdoh jurzwk prghov/ exw
wkh| irfxv rq wkh vshhg ri frqyhujhqfh lpsolhg e| wkh olqhdul}hg v|vwhp1

Zh surfhhg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho1 Wkh fhqwudo sodqqhu*v
sureohp dqg wkh vwhdg| vwdwh duh glvfxvvhg lq vhfwlrq 61 Vhfwlrq 7 h{sodlqv wkh
phwkrgrorj| xvhg wr qxphulfdoo| vroyh wkh prgho/ dqg suhvhqwv erwk wkh lqwhuqdwlrqdo
gdwd dqg wkh wudqvlwlrqdo g|qdplfv uhvxowv1 Vhfwlrq 8 frqfoxghv1

5 Wkh Prgho1

Wkh ghfhqwudol}hg vwuxfwxuh ri wkh prgho lv wkh vwdqgdug lq qrq0vfdoh wkuhh vhfwru
jurzwk prghov +h1j1/ Mrqhv/ 4<<8d,1 Zh frqvlghu dq hfrqrp| lq zklfk wkh oderu
irufh lqfuhdvhv dw udwh q1 Wkhuh duh wkuhh w|shv ri dfwlylwlhv= frqvxpswlrq jrrgv
surgxfwlrq/ lqwhuphgldwh jrrgv pdqxidfwxulqj/ dqg U)G lqyhvwphqw1 Wkh odwwhu lv
lqwhqghg wr ohduq qhz ghvljqv iru qhz w|shv ri surgxfhu gxudeohv/ ehlqj wkh vrxufh ri
whfkqrorjlfdo surjuhvv lq wkh prgho1 Zkhq d qhz ghvljq lv ohduqhg/ dq lqwhuphgldwh
jrrgv surgxfhu dftxluhv wkh shushwxdo sdwhqw ryhu wkh ghvljq1 Wklv doorzv wkh �up
wr pdqxidfwxuh wkh qhz ydulhw|/ dqg sudfwlfh prqrsro| sulflqj16

Zh rplw wkh ghwdlov ri wkh ghfhqwudol}hg vhwxs/ dqg frqfhqwudwh rq wkh fhqwudoo|
sodqqhg hfrqrp|/ xvlqj vrfldo surgxfwlrq ixqfwlrqv lq zklfk h{whuqdolwlhv duh lqwhu0
qdol}hg1 Zh fkrrvh wkh vrfldo rswlpxp ehfdxvh lw vlpsol�hv wkh h{srvlwlrq ri wkh
sdshu dqg ehfdxvh lq sudfwlfh jryhuqphqwv kdyh w|slfdoo| vxssruwhg wkh dffxpxod0
wlrq ri nqrzohgjh1 H{dpsohv lqfoxgh= sxeolf hgxfdwlrq/ whfkqlfdo dgylvru| vhuylfhv
iru srwhqwldo dgrswhuv/ wudlqlqj surjudpv iru vflhqwlvwv dqg hqjlqhhuv/ dqg wkh hvwde0
olvkphqw ri lqgxvwuldo uhvhdufk oderudwrulhv1 Pruhryhu/ fdvxdo hpslulflvp srlqwv rxw
wkdw wkhvh srolflhv zhuh d ylwdo hohphqw lq wkh hdvw Dvldq frxqwulhv* jurzwk pludfohv1
Iuhhpdq +4<;;,/ iru h{dpsoh/ hpskdvl}hv wkdw wkh dgylvru| vhuylfhv surylghg e| wkh
Mdsdqhvh Plqlvwu| ri Lqwhuqdwlrqdo Wudgh dqg Lqgxvwu| +PLWL, vxevwdqwldoo| dffhohu0
dwhg wkh dgrswlrq ri zhvwhuq whfkqrorjlhv/ frqwulexwlqj wr Mdsdq*v hfrqrplf pludfoh1
Kh dovr wdonv derxw wkh h{lvwhqfh lq Mdsdq ri qhduo| 533 sxeolf oderudwrulhv wkdw ri0
ihu uhvhdufk dqg whfkqlfdo dgylvru| vhuylfhv wr vpdoo0 dqg phglxp0vl}h �upv1 Urphu
+4<<5, dujxhv wkdw jryhuqphqw srolflhv wr surprwh wkh lqwurgxfwlrq ri iruhljq lghdv
zhuh fuxfldo lq Wdlzdq*v jurzwk pludfoh1 Wkhuh lv hylghqfh dv zhoo wkdw Dvldq jryhuq0
phqwv zlgho| lqfuhdvhg lqyhvwphqw lq h{whqvlrq vhuylfhv gxulqj wkh 83*v wr idflolwdwh
wkh dgrswlrq ri iruhljq djulfxowxudo whfkqrorjlhv +Sud| dqg Uxwwdq +4<<3,,1

Ehiruh vwdwlqj wkh fhqwudo sodqqhu*v sureohp/ zh vkdoo dqdo|}h rqh dvshfw ri wkh
prgho wkdw lv ri sduwlfxodu lqwhuhvw/ wkh U)G whfkqrorj|1

Wkh djjuhjdwh surgxfwlrq ixqfwlrq wdnhv wkh Free0Grxjodv irup/

\| @ D
1
|O

k
|N

�3k
| > � A 3> 3 ? � ? 4 > +4,

zkhuh \| dqg O| duh wkh dprxqwv ri rxwsxw surgxfhg dqg oderu dw wlph w/ uhvshfwlyho|>
N| lv wkh frxqwu|*v vwrfn ri sk|vlfdo fdslwdo dw gdwh w/ wkdw lv/ wkh vxp ri doo surgxfhu

6Dv lq Eduur dqg Vdod0l0Pduwlq +4<<:,/ surgxfhuv duh dvvxphg wr eh xqdeoh wr flufxpyhqw wkh
orfdo prqrsro| e| lpsruwlqj lqwhuphgldwh jrrgv iurp wkh uhvw ri wkh zruog1

7



gxudeohv xqlwv> dqg D| lv wkh hfrqrp|*v whfkqrorjlfdo ohyho ru/ lq rwkhu zrugv/ wkh
pdvv ri surgxfhu gxudeohv ydulhwlhv wkdw kdyh ehhq douhdg| ohduqhg e| gdwh w1 \| fdq
eh lqwhusuhwhg dv wkh Jurvv Grphvwlf Surgxfw ri wkh hfrqrp|1

Wkh whfkqrorjlfdo ohyho fdq eh lpsuryhg hlwkhu e| lqyhqwlqj qhz w|shv ri lqwhuph0
gldwh jrrgv ru e| lplwdwlqj wkhp iurp dq lqwhuqdwlrqdo srro ri lghdv1 Zh dvvxph wkdw
wkh vl}h ri wkh lqwhuqdwlrqdo srro lqfuhdvhv h{rjhqrxvo| dw udwh j�� 1 Wkh lqfuhdvh lq
wkh wrwdo dprxqw ri surgxfhu gxudeohv ydulhwlhv xvhg lq surgxfwlrq dw d jlyhq srlqw
lq wlph w lv jlyhq e| wkh iroorzlqj djjuhjdwh �ode0htxlsphqw� U)G whfkqrorj|=

D|n� �D| @ � D
�
|

+
Ub
U| .

�
U�|

�
� D�|

D|

�4�b,
> 3 ? � ? 4> � A 3 > � A 3> +5,

zkhuh D�| lv wkh wlph0w zruogzlgh vwrfn ri doo lghdv wkdw fdq eh xvhg lq surgxfwlrq
li wkh| duh ohduqhg/ uhjdugohvv ri zkhuh wkh| ruljlqdwhg> dqg UU| dqg U�| duh wkh
dprxqwv ri rxwsxw wkdw wkh hfrqrp| lqyhvwv lq lqqrydwlrq dqg lplwdwlrq dw gdwh w/
uhvshfwlyho|1 Wklv phdqv wkdw wkh U)G lqsxw lv surgxfhg zlwk wkh vdph whfkqrorj| dv
frqvxpswlrq jrrgv/ htxdwlrq +4,> fdslwdo dqg oderu duh mxvw vkliwhg iurp surgxfwlrq
ri �qdo jrrgv lqwr surgxfwlrq ri qhz ghvljqv1 Qrwlfh wkdw D| pxvw eh ohvv wkdq ru
htxdo wr D�| dw hdfk gdwh w1 Wklv U)G whfkqrorj| lv dq h{whqvlrq ri wkh lqqrydwlrq
whfkqrorj| sursrvhg e| Mrqhv +4<<8d, lqwr zklfk zh kdyh lqwurgxfhg lplwdwlrq1 Lq
htxdwlrq +5,/ li ! A 3/ wkhuh lv d srvlwlyh h{whuqdolw| iurp ohduqlqj qhz ghvljqv wrgd|
wr ixwxuh ohduqlqj surgxfwlylw| � wkh �lqwhuwhpsrudo nqrzohgjh vslooryhu� fdvh1 Zkhq
! ? 4/ wkhuh duh glplqlvklqj whfkqrorjlfdo rssruwxqlwlhv/ dqg wkh hfrqrplf jurzwk
udwh ehfrphv h{rjhqrxv1 Wkh sdudphwhu � frqwurov iru wkh idfw wkdw wzr ru pruh
uhvhdufkhuv fdq frph xs zlwk wkh vdph lghd hlwkhu e| fkdqfh ru ehfdxvh ri U)G
udfhv1 Vlqfh 3 ? � ? 4/ d �frqjhvwlrq h{whuqdolw|� ru/ lq rwkhu zrugv/ gxsolfdwlrq ri
h�ruw lv suhvhqw1

Lq htxdwlrq +5,/ wkh whup lq vtxduh eudfnhwv fdswxuhv wkh h�hfw ri lplwdwlrq lq
wkh hfrqrp|*v whfkqlfdo surjuhvv1 Orfdo �upv lqyhvw uhvrxufhv lq rughu wr devrue wkh
lqirupdwlrq qhhghg wr uhsolfdwh qhz surgxfwv lqyhqwhg deurdg1 Lw gl�huv iurp lqqr0
ydwlrq lq wkdw wkh qxpehu ri jrrgv wkdw fdq eh frslhg dw dq| srlqw lq wlph lv olplwhg
wr wkh �qlwh qxpehu wkdw kdyh ehhq glvfryhuhg hovhzkhuh17 Wkh vshfl�fdwlrq lqfru0
srudwhv dq dgydqwdjh ri �edfnzdugqhvv/� dqg lv vlplodu wr wkh rqh lq Sduhqwh dqg
Suhvfrww +4<<7, dqg lq Eduur dqg Vdod0l0Pduwlq +4<<8/ 4<<:,1 Zh duh dvvxplqj wkdw
wkh frvw ri lplwdwlqj iruhljq ghvljqv ghfuhdvhv dv wkh zruogzlgh vwrfn jhwv uhodwlyho|

7Wklv lpsolhv wkh iroorzlqj frqvwudlqw/ zklfk zh gr qrw lpsrvh=

��| D �| n >�
�
|

k
-�|

�
#��|

�|

�4lb
1

Zh wkhq qhhg wr dvvxph wkdw # lv vx!flhqwo| vpdoo/ exw wklv dvvxpswlrq kdv qr h�hfw rq wkh lqwhulru

vroxwlrq rswlpdo doorfdwlrqv1 Qrwlfh wkdw wkh frqvwudlq zloo qhyhu eh elqglqj li ��| : �|n�/ wkdw lv/

li

k
��f

E�n}Dz �w

�w.4

l
: �1 Wkh udwlr

E�n}Dz �w

�w.4
kdv d orzhu erxqg juhdwhu wkdq }hur ehfdxvh ��| D �| lq

hyhu| shulrg/ dqg wkhuhiruh �| fdq jurz dw d udwh odujhu wkdq }�z rqo| whpsrudulo|/ xqwlo lw uhdfkhv

wkh vwhdg| vwdwh1 Dgglwlrqdoo|/ wkh lqwhulru vroxwlrq rswlpdo doorfdwlrqv duh d ixqfwlrq ri gf/ uf/ �f/

?/ }�z / dqg ri # |�6er ��f1 Iru dq| rswlpdo t�|�
"

|'f/ zh fdq wkhq dozd|v slfn d vx!flhqwo| odujh

��f iru zklfk wkh deryh frqglwlrq krogv li zh dvvxph wkdw # lv vx!flhqwo| vpdoo1

8



odujhu1 Wkh lghd lv wkdw surgxfwv wkdw duh hdvlhu/ dqg wkhuhiruh fkhdshu wr lplwdwh/
duh frslhg �uvw> wkhvh frxog eh wkh rqhv zkrvh whfkqlfdo vshfl�fdwlrqv duh uhodwlyho|
vlpsohu1 Dv wkhvh �fkhdshu� lqwhuphgldwh jrrgv duh devruehg/ wkh frvw ri frs|lqj dq
dgglwlrqdo ghvljq zloo lqfuhdvh ru/ lq rwkhu zrugv/ wkh lplwdwlrq h�ruw dyhudjh surgxf0
wlylw| zloo ghfolqh1 Wklv whfkqrorj| dovr doorzv lplwdwlrq wr ehfrph pruh h{shqvlyh
wkdq lqqrydwlrq1 D ydoxh ri � ohvv wkdq rqh zrxog lpso| wkdw vrph iruhljq lghdv*
whfkqlfdo vshfl�fdwlrqv duh yhu| frpsoh{/ dqg wkh frvw ri devruelqj wkhp lv uhodwlyho|
kljk frpsduh wr wkh frvw ri lqyhqwlqj d qhz rqh1 Vlqfh D| lv lq wkh ghqrplqdwru/
rxu irupxodwlrq ri wkh lplwdwlrq whfkqrorj| glvsod|v �glplqlvklqj lplwdwlrq rssruwx0
qlwlhv/� zklfk lpso| d qhjdwlyh h{whuqdolw| iurp fxuuhqw U)G lqyhvwphqw wr ixwxuh
lplwdwlrq surgxfwlylw|> kljkhu ohyhov ri U)G h�ruw wrgd| pd| ghfuhdvh wkh uhodwlyh
vl}h ri wkh lqwhuqdwlrqdo srro ri lghdv/ wkxv pdnlqj frs|lqj pruh frvwo| lq wkh ixwxuh1

Wkh zd| wkdw zh kdyh lqwurgxfhg lplwdwlrq fdswxuhv wzr nlqgv ri hpslulfdo �qg0
lqjv1 Iluvw/ frs|lqj whqgv wr eh fkhdshu wkdq lqqrydwlrq +Pdqv�hog hw do1 +4<;4,,1 Lq
rxu vhwxs/ wkh dyhudjh surgxfwlylw| ri ohduqlqj lv kljkhu lq wkh iruphu dfwlylw| wkdq
lq wkh odwwhu iru d vx!flhqwo| elj lqwhuqdwlrqdo nqrzohgjh srro1 Vhfrqg/ wkh delolw|
wr wdnh dgydqwdjh ri qhz lghdv dydlodeoh lq wkh uhvw ri wkh zruog lqfuhdvhv zlwk d
frxqwu|*v whfkqrorjlfdo ohyho +Urphu +4<<6, dqg Hdwrq dqg Nruwxp +4<<8,,1 Qrwh
wkdw rxu prgho lv frqvlvwhqw zlwk wklv vw|ol}hg idfw surylghg wkdw !� �� A 31

Wkhuh duh dw ohdvw wzr zd|v lq zklfk grphvwlf lqqrydwlrq dqg wkh iruhljq srro
fdq eh uhodwhg1 Iluvw/ d sruwlrq ri lqqrydwlrq h�ruw fdq eh gluhfwhg wr �uhlqyhqwlqj
wkh zkhho/� zlwkrxw frqwulexwlqj wr lqfuhdvh zruogzlgh nqrzohgjh1 Lq rwkhu zrugv/
grphvwlf �upv pd| zdqw wr exlog wkhlu rzq yhuvlrq ri vrph iruhljq surgxfwv1 Vhf0
rqg/ lqqrydwlrq pd| dovr |lhog qhz jrrgv wkdw zloo dgg xs wr wkh lqwhuqdwlrqdo srro
ri ghvljqv1 Li wkh vhfrqg fdvh lv uhodwlyho| lpsruwdqw/ wkh vl}h ri wkh lqwhuqdwlrqdo
srro zloo ghshqg rq grphvwlf uhvhdufk h�ruw1 Wklv zloo qrw eh wkh fdvh krzhyhu iru
orz ohyhov ri hfrqrplf ghyhorsphqw ehfdxvh dw wklv vwdjh lqqrydwlrq lqyhvwphqw lv
uhodwlyho| vpdoo1 Iru vlpsolflw|/ zh devwudfw iurp wklv h�hfw1

6 Wkh Sodqqhu*v Sureohp dqg wkh Vwhdg| Vwdwh

Ohw F| eh wkh dprxqw ri djjuhjdwh frqvxpswlrq dw gdwh w1 D fhqwudo sodqqhu zrxog
fkrrvh wkh vhtxhqfhv iN|>U�|>UU|> F|j

"
|'f vr dv wr pd{lpl}h wkh olihwlph xwlolw| ri

wkh uhsuhvhqwdwlyh frqvxphu vxemhfw wr wkh ihdvlelolw| frqvwudlqwv ri wkh hfrqrp|/ wkh
wlph sdwk ri wkh lqwhuqdwlrqdo srro ri ghvljqv/ dqg wkh lqlwldo ydoxhv Of> Nf> Df> dqg
D�f1 Wkh sureohp fdq eh vwdwhg dv iroorzv=

pd{
t�|c-U|c-�|c�
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D|n� �D| @ � D
�
|

+
Ub
U| .

��
� D�|

D|

�4
U�|

�b,

D�|n�

D�|
@ 4 . j�/ iru doo w +8,

O|n�

O|
@ 4 . q> iru doo w +9,

Of> Nf> Df> D�f jlyhq>

zkhuh � lv wkh glvfrxqw idfwru> dqg � lv wkh ghsuhfldwlrq udwh ri fdslwdo1 Htxdwlrq +7,
lv wkh hfrqrp|*v exgjhw frqvwudlqw dv zhoo dv wkh odz ri prwlrq ri wkh fdslwdo vwrfn>
lw vd|v wkdw/ dw wkh djjuhjdwh ohyho/ grphvwlf rxwsxw pxvw htxdo frqvxpswlrq soxv
U)G lqyhvwphqw soxv sk|vlfdo fdslwdo lqyhvwphqw1

Wkh IRF wr wkh deryh sureohp zlwk uhvshfw wr djjuhjdwh frqvxpswlrq jlyhv lwv
rswlpdo prwlrq/ �

F|n�

F| +4 . q,

�j
@

�
�

4 . q

�
+4 . u|n�, > +:,

zkhuh u| lv wkh lqwhuhvw udwh dw wlph w> u| htxdov wkh PSN/

u| @ +4� �,D1
|O

k
| N

3k
| � �1 +;,

Frqglwlrq +:, lv vwdqgdug1 Lw lpsolhv wkdw/ dw wkh rswlpxp/ wkh jurvv jurzwk udwh ri
wkh xwlolw| ydoxh ri frqvxpswlrq shu fdslwd pxvw htxdo wkh glvfrxqwhg PSN/ wdnlqj
lqwr dffrxqw srsxodwlrq jurzwk1 Wkdw lv/ lqglylgxdov pxvw eh lqgl�huhqw ehwzhhq frq0
vxplqj rqh dgglwlrqdo xqlw ri rxwsxw wrgd| dqg lqyhvwlqj lw/ frqvxplqj wkh surfhhgv
wrpruurz1

Wkh frqfdylw| ri wkh surgxfwlrq dqg U)G whfkqrorjlhv jxdudqwhhv wkdw rxwsxw
zloo eh glvwulexwhg hyhqo| ryhu doo dfwlylwlhv1 Erwk lqqrydwlrq dqg lplwdwlrq zloo
frh{lvw lq htxloleulxp dv orqj dv wkh srro ri lghdv wkdw fdq eh frslhg lv qrw hpsw|1
Wkh IRFv zlwk uhvshfw wr wkh wzr U)G dfwlylwlhv lpso| wkdw wkh vrfldoo| rswlpdo
udwlr ri lplwdwlrq wr lqqrydwlrq lv

U�|

UU|
@

�
� D�|

D|

� 4 b

�3b

= +<,

Dv wkh hfrqrp| fdwfkhv xs zlwk wkh whfkqrorj| iurqwlhu/ lplwdwlrq ehfrphv uhodwlyho|
ohvv surgxfwlyh/ lqfuhdvlqj wkh vkduh ri U)G lqyhvwphqw wkdw jrhv wr lqyhqw qhz w|shv
ri surgxfhu gxudeohv1

Ohw U| eh wkh wrwdo dprxqw ri uhvrxufhv lqyhvwhg lq U)G> wkdw lv/ wkh vxp ri U�|

dqg UU|1 Zh gh�qh W| wr eh wkh prgl�hg udwlr ri wkh lqwhuqdwlrqdo vwrfn ri lghdv
wr lghdv douhdg| lq xvh> wkxv W| @

#��|
�|

1 Iurp +<, dqg +5,/ zh fdq zulwh wkh prwlrq
htxdwlrqv ri wkh whfkqrorj| ohyho dqg wkh fdslwdo vwrfn dv iroorzv=

D|n� �D| @ � D
�
| Ub

|

�
4 . W

4b

�3b

|

��3b
+43,

:



N|n� � +4� �,N| @ \| �F| �U|= +44,

Xvlqj +<, dqg wkh IRF zlwk uhvshfw wr hlwkhu lqqrydwlrq ru lplwdwlrq h�ruw/ zh
rewdlq wkh Hxohu htxdwlrq wkdw jryhuqv wkh g|qdplfv ri wkh rswlpdo U)G lqyhvwphqw/

�
F|n�

F| +4 . q,

�j
@

�

+4 . q,

�
� +D|n� �D|,

U|

�
� +45,

�

;A?
A=

U|n�

� +D|n2 �D|n�,
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Wklv frqglwlrq lv htxlydohqw wr wkh rqh iru frqvxpswlrq1 Dw wkh rswlpxp/ lq0
glylgxdov pxvw eh lqgl�huhqw ehwzhhq frqvxplqj rqh dgglwlrqdo xqlw ri rxwsxw wr0
gd| dqg lqyhvwlqj lw lq U)G/ frqvxplqj wkh surfhhgv wrpruurz1 Wkh UKV qrz
uhsuhvhqwv wkh glvfrxqwhg vrfldo pdujlqdo surgxfwlylw| ri lqyhvwlqj lq U)G/ wdnlqj
lqwr dffrxqw srsxodwlrq jurzwk1 Rqh dgglwlrqdo xqlw ri rxwsxw lqyhvwhg wrgd| lq
U)G zloo lqfuhdvh wrpruurz*v whfkqrorj| ohyho e| b E�|n�3�|�

-|
1 Wkh sdudphwhu �

fdswxuhv wkh qhjdwlyh h�hfw ri glplqlvklqj uhwxuqv lq ohduqlqj gxh wr gxsolfdwlrq ri
h�ruw1 Wkh fhqwudo sodqqhu dovr wdnhv lqwr dffrxqw wkh lpsdfw rq ixwxuh surgxfwly0
lw|1 Rqh dgglwlrqdo ydulhw| ri surgxfhu gxudeohv wrgd| lpsolhv wkdw wrpruurz*v �qdo
rxwsxw zloo ulvh e| 1 t|n�

�|n�
/ dqg wkdw wkh frpsrvlwh h�hfw rq ixwxuh U)G surgxfwlylw|

zloo eh -|n�
bE�|n23�|n��
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7�|n23�|n�
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4 b
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4 b
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81 Wkh whup ��

A

4 b
�3b
|

�nA

4 b

�3b
|

phd0

vxuhv wkh qhjdwlyh h{whuqdolw| iurp glplqlvklqj lplwdwlrq rssruwxqlwlhv> wkh sdudph0
whuv ! sur{lhv iru srvvleoh lqwhuwhpsrudo nqrzohgjh vslooryhuv> �qdoo|/ ixwxuh jurzwk
�|n23�|n�

�|n�
dqg wkh lqyhuvh ri wrpruurz*v U)G pdujlqdo surgxfwlylw| -|n�

bE�|n23�|n��
zhljkw wkh lqflghqfh ri wkhvh h{whuqdolwlhv1

Wkh v|vwhp ri gl�huhqfh htxdwlrqv frpsrvhg ri Hxohu frqglwlrqv +:, dqg +45,/ dqg
wkh odzv ri prwlrq +8,/ +9,/ +43, dqg +44, fkdudfwhul}h wkh htxloleulxp doorfdwlrqv
lq wkh prgho1 Qh{w/ zh uhvwulfw rxu dwwhqwlrq wr wkh shuihfw0iruhvljkw htxloleulxp
edodqfhg jurzwk sdwk lq zklfk wkh jurzwk udwhv ri doo yduldeohv lq wkh prgho duh
frqvwdqw1 Ohw J% eh wkh jurvv jurzwk udwh ri yduldeoh { dorqj wkh edodqfhg jurzwk
sdwk/ dqg gh�qh j% dv J% � 41 Wkh xvxdo dujxphqw derxw wkh frqvwdqf| ri wkh
fdslwdo rxwsxw udwlr phdqv wkdw rxwsxw dqg sk|vlfdo fdslwdo pxvw jurz dw wkh vdph
udwh +l1h1/ jg @ jt ,1 Orrnlqj dw htxdwlrq +4,/ zh vhh wkdw wkh rxwsxw jurzwk udwh
lv wkhq ghwhuplqhg e| wkh h�hfwlyh0oderu jurzwk udwh1 Dsshqgl{ D vkrzv wkdw/ dw
vwhdg| vwdwh/ wkh qxpehu ri surgxfhu gxudeohv hpsor|hg lq wkh hfrqrp| pxvw jurz
dw wkh vdph udwh dv wkh lqwhuqdwlrqdo srro/ j� @ j��

> W| wkhq uhpdlqv frqvwdqw dorqj
wkh edodqfhg jurzwk sdwk1

Iurp Mrqhv +4<<8d,/ zh nqrz wkdw wkh vwhdg| vwdwh jurzwk udwh ri shu fdslwd
rxwsxw dqg wkh lqwhuhvw udwh duh h{rjhqrxv/ h{foxvlyho| slqqhg grzq e| wkh surgxfwlrq
dqg U)G whfkqrorjlhv1 Dsshqgl{ D suryhv wkdw htxdwlrqv +4, dqg +43, lpso| wkdw

;



wkh jurzwk udwh ri rxwsxw lv jlyhq e|

Jt @ +4 . q,
�3�

�3�3b
1
k =8 +46,

Htxdwlrqv +:, dqg +46,/ lq wxuq/ jlyh xv wkh vwhdg| vwdwh lqwhuhvw udwh

urr @ +4 . q,

j b
1
k

�3�3b
1
k

n�
�
4

�

�
� 4= +47,

H{suhvvlrq +46, kdv wkh iroorzlqj lpsolfdwlrqv= +l, wkh prgho grhv qrw glvsod| vfdoh
h�hfwv rq wkh vwhdg| vwdwh jurzwk udwhv> dqg +ll, srolf| rqo| kdv ohyho h�hfwv1 Jurzwk
h�hfwv duh krzhyhu srvvleoh dorqj wkh wudqvlwlrq1

Iurp htxdwlrqv +:,/ +43, dqg +45,/ lw lv hdv| wr vkrz wkdw wkh vkduh ri rxwsxw
jrlqj wr U)G +V-, lv frqvwdqw dorqj wkh edodqfhg jurzwk sdwk/ dqg htxdo wr

V-crr @
� � j�

+4 . urr,
C�
C-
� 4� j�

#
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4 b
�3b
rr

�nA

4 b
�3b
rr
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zkhuh vv ghqrwhv vwhdg| vwdwh ydoxhv1 Wkh deryh dujxphqwv dqg wkh hfrqrp|*v exgjhw
frqvwudlqw lpso| wkdw frqvxpswlrq dqg U)G lqyhvwphqw zloo dovr jurz dw wkh vdph
udwh dv rxwsxw1 Wkdw lv/ jt @ jg @ j� @ j-1

7 Fdoleudwlrq dqg G|qdplfv1

Lq dqdo|}lqj wkh wudqvlwlrqdo g|qdplfv htxloleulxp doorfdwlrqv/ lw lv xvhixo wr uhgh�qh
jurzlqj yduldeohv vxfk wkdw wkh uhvxowlqj qrupdol}hg rqhv uhdfk d vwhdg| vwdwh1 Dv
zh kdyh vhhq/ wkh h�hfwlyh0oderu jurzwk udwh ghwhuplqhv wkh rxwsxw jurzwk udwh1 Zh

wkhq fkrrvh D
1
k
| O| dv wkh qrupdol}dwlrq idfwru iru wkh yduldeohv ri wkh prgho1 Ghqrwh

qrupdol}hg yduldeoh G| e| aG| @
(|

�
1
k
| u|

1 Qrupdol}hg yduldeohv duh phdvxuhg lq shu

fdslwd0h!flhqf| xqlwv1 Zh dovr gh�qh

� @ � +� D�|,
�3�nb

1
k Ob| =

Ehfdxvh j�� @ j�/ htxdwlrq +46, lpsolhv wkdw � lv d frqvwdqw frh!flhqw1 Lq whupv
ri qrupdol}hg yduldeohv/ wkh htxloleulxp lv wkh vhw ri vhtxhqfhv ri sulfhv dqg qrupdo0

l}hg doorfdwlrqv
q
aN|> aU|> aF|

r
"

|'f
vdwlvi|lqj wkh rswlpdoolw| dqg htxloleulxp frqglwlrqv1

Iurp htxdwlrqv +8,/ +9,/ +:,/ +43,/ +44, dqg +45,/ wkh v|vwhp ri gl�huhqfh htxdwlrqv
wkdw vroyh wkh vrfldo sodqqlqj sureohp lv qrz wkh iroorzlqj=
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8Zh qhhg wr uhtxluh wkdw �3 � : b
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k
1 Rwkhuzlvh/ qr edodqfhg jurzwk sdwk h{lvwv1
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Wkh htxloleulxp doorfdwlrqv duh ghvfulehg e| wkh ghflvlrq uxohv/ ru srolf| ixqfwlrqv1
Wkh prgho krzhyhu grhv qrw gholyhu forvhg irup vroxwlrqv iru wkhp1 Olqhdul}lqj
wkh v|vwhp durxqg wkh vwhdg| vwdwh lv qrw xvhixo ehfdxvh rxu jrdo lv wr vwxg| wkh
wudqvlwlrqdo g|qdplfv iru vwdwh vsdfh srlqwv wkdw olh idu dzd| iurp wkh vwhdg| vwdwh1
Zh wkhuhiruh fkrrvh wr qxphulfdoo| dssur{lpdwh wkh vroxwlrqv1 Lq zkdw iroorzv/ zh
�uvw ghvfuleh wkh phwkrgrorj| dqg slfn wkh sdudphwhuv* ydoxhv xvhg wr fduu| rxw wkh
h{shulphqwv1 Qh{w/ zh suhvhqw wkh uhvxowv1

714 Dssur{lpdwlrq1

Iroorzlqj Mxgg +4<<5,/ zh xvh kljk0ghjuhh sro|qrpldov lq wkh vwdwh yduldeohv wr uhsol0
fdwh wkh srolf| ixqfwlrqv1 Wkh sdudphwhuv ri wkh dssur{lpdwhg ghflvlrq uxohv duh
fkrvhq wr +dssur{lpdwho|, vdwlvi| wkh Hxohu htxdwlrqv ryhu d qxpehu ri srlqwv lq wkh
vwdwh vsdfh/ xvlqj d qrqolqhdu htxdwlrq vroyhu1 D Fkhe|vkhy sro|qrpldo edvlv lv xvhg
wr frqvwuxfw wkh srolf| ixqfwlrqv/ dqg wkh }hurv ri wkh edvlv irup wkh srlqwv dw zklfk
wkh v|vwhp lv vroyhg> lq rwkhu zrugv/ zh xvh wkh phwkrg ri ruwkrjrqdo froorfdwlrq wr
fkrrvh wkhvh srlqwv1 Ilqdoo|/ whqvru surgxfwv ri wkh vwdwhv yduldeohv duh hpsor|hg lq
wkh sro|qrpldo uhsuhvhqwdwlrqv1 Wklv phwkrg kdv suryhq wr eh kljko| h!flhqw lq vlp0
lodu frqwh{wv19 Iru h{dpsoh/ iru wkh rqh0vhfwru jurzwk prgho/ Mxgg +4<<5, �qgv wkdw
wkh dssur{lpdwhg ydoxhv ri wkh frqwuro yduldeohv glvdjuhh zlwk wkh ydoxhv gholyhuhg
e| wkh wuxh srolf| ixqfwlrqv e| qr pruh wkdq rqh sduw lq 43/3331

Iru prvw prghov/ krzhyhu/ zh fdqqrw gluhfwo| dvvhvv krz zhoo wkh sro|qrpldo
edvlv dssur{lpdwhv wkh wuxh vroxwlrq> exw wkhuh duh lqgluhfw phdvxuhv1 Iru lqvwdqfh/
dv Mxgg +4<<5, dujxhv/ zh fdq dvvhv wkh Hxohu htxdwlrq huuru ryhu d odujh qxpehu ri
srlqwv xvlqj wkh dssur{lpdwhg uxohv1 Iru h{dpsoh/ li zh hpsor| Hxohu htxdwlrq +48,/

9Vhh Mxgg +4<<5,/ dqg Zlooldpv +4<<7/ 4<<8,1
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wkh phdvxuh zloo jlyh wkh fxuuhqw frqvxpswlrq ghflvlrq huuru wkdw djhqwv xvlqj wkh
dssur{lpdwhg uxohv pdnh/ dvvxplqj wkdw wkh +wuxh, rswlpdo ghflvlrqv zhuh pdgh lq
wkh suhylrxv shulrg1 Wkh dffxudf| ulvhv zlwk wkh ghjuhh ri wkh sro|qrpldov1 Wklv
lpsuryhphqw/ krzhyhu/ ghfolqhv zlwk wkh sro|qrpldo ghjuhh/ zkhuhdv wkh frpsxwd0
wlrqdo wlph lqfuhdvhv h{srqhqwldoo|1 Wr uxq rxu vlpxodwlrqv/ zh xvhg sro|qrpldov ri
ghjuhh hljkw1 Kljkhu ghjuhhv jdyh pruh dffxudf|/ exw wkh uhvxowv zhuh doprvw lghq0
wlfdo1 Wdeoh 4 uhsruwv wkh pd{lpxp dqg dyhudjh Hxohu htxdwlrq huuruv irxqg ryhu
d julg vhdufk ri 43/333 vwdwh vsdfh srlqwv iru wkh fdvhv dqdo|}hg lq wkh sdshu1 Wkh
huuruv duh phdvxuhg lq shufhqwdjh whupv1 Hyhq wkrxjk lq rxu h{shulphqwv zh vwduw
iurp d uhodwlyh ehorz0wuhqg ohyho ri rxwsxw ri 4<(/ wkh dffxudf| ri wkh dssur{lpd0
wlrqv lv uhpdundeoh1 Zlwk uhvshfw wr wkh rswlpdo frqvxpswlrq uxoh/ wkh pd{lpxp
dqg dyhudjh huuruv zhuh qhyhu juhdwhu wkdq 3=7 dqg 3=3< shufhqw/ uhvshfwlyho|1 Wkh
U)G vroxwlrq dssur{lpdwlrq qhyhu jdyh dyhudjh dqg pd{lpxp huuruv juhdwhu wkdq
3=; dqg 6=8 shufhqw/ uhvshfwlyho|/ dqg h{fhsw iru rqh fdvh wkh pd{lpxp huuru zdv
dozd|v ehorz 4=9 shufhqw1:

715 Fdoleudwlrq1

Wdeoh 5 vkrzv wkh sdudphwhu ydoxhv xvhg wr fduu| rxw rxu vlpxodwlrqv1 Zh dvvljq
ydoxhv ri 3=69 wr wkh fdslwdo0vkduh ri rxwsxw +4� �,/ 3=<9 wr wkh glvfrxqw idfwru +�,/
dqg 3=4 wr wkh ghsuhfldwlrq udwh +�,1 Wkhvh ydoxhv duh w|slfdo lq qhrfodvvlfdo jurzwk
prgho uhvhdufk1 Zh vhw wkh jurzwk udwh ri wkh srsxodwlrq +q, wr 4=7( shu |hdu/ zklfk
lv wkh dyhudjh ydoxh iru wkh Xqlwhg Vwdwhv gxulqj wkh shulrg 4<8304<;31 Hvwlpdwhv ri
wkh lqyhuvh ri wkh lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq ehwzhhq suhvhqw dqg ixwxuh
frqvxpswlrq jr iurp 4 wr 6=8 +Kdoo +4<;;,/ dqg Dwwdqdvlr dqg Zhehu +4<<6,,> zh uxq
wkh h{shulphqwv iru wzr gl�huhqw ydoxhv= � @ 4/ zklfk lv wkh ehqfkpdun fdvh lq Nlqj
dqg Uhehor +4<<6,> dqg � @ 5/ dq lqwhuphgldwh ydoxh1 Dsshqgl{ E vkrzv wkdw wkh
ghfhqwudol}hg vhwxs lpsolhv wkdw � @ +p � 4,+4 � �,> zkhuh p lv wkh pdun0xs udwlr
fkdujhg e| lqwhuphgldwh jrrgv surgxfhuv1 Khqfh/ dvvljqlqj d ydoxh wr wkh hodvwlflw|
ri rxwsxw zlwk uhvshfw wr wkh whfkqrorjlfdo ohyho lv htxlydohqw wr fkrrvlqj d ydoxh iru
wkh pdun0xs1 Iurp Grprzlw}/ Kxeedug dqg Shwhuvhq +4<;;,/ zh wdnh d pdun0xs
udwlr ri 4=681;

Wkh fdoleudwlrq ri wkh U)G whfkqrorj| sdudphwhuv lv pruh sureohpdwlf1 Wkhuh
duh qrw uholdeoh hvwlpdwhv ri �1 Zlooldpv +4<<8, surylghv vrph suholplqdu| hylghqfh
wkdw � wdnhv rq ydoxhv ehwzhhq 3=8 dqg 3=:81 Mrqhv dqg Zlooldpv +4<<9, �qg wkdw d
ydoxh ri 3=7; lv d srvvleoh orzhu erxqg iru �1 Glqrsrxorv dqg Wkrpsvrq +4<<8/ 4<<9,
rewdlqhg hvwlpdwhv lq d udqjh 3=4:� 3=6;1 Ilqdoo|/ Nruwxp +4<<5, rewdlqv ydoxhv iru

:Wkh srolf| ixqfwlrqv zhuh dssur{lpdwhg xvlqj wkh ixqfwlrqdo irup=

*?(| ' [HE*?A|cg|� c (| ' �|c-| (

zhuh [? ghqrwhv wkh ?wk0ghjuhh Fkhe|vkhy sro|qrpldo ixqfwlrq1 Wkh surjudp zdv zulwwhq lq jdxvv0
6;9/ dqg lv dydlodeoh xsrq uhtxhvw1

;Wkh| hvwlpdwh d surgxfhu gxudeoh pdunxs udwlr xvlqj hohfwurqlf dqg hohfwulf htxlsphqw gdwd1
Ixuwkhupruh/ wkh| dgmxvw lw wr vhsdudwh rxw �{hg frvwv/ zklfk duh frpsohwho| devhqw lq rxu prgho1
Wkh vdph pdun0xs ydoxh lv dovr xvhg lq d yhu| vlplodu iudphzrun e| Zlooldpv +4<<7/ 4<<8,1
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d sdudphwhu olnh � ri derxw 3=51 Jlyhq wkdw wkh olwhudwxuh grhv qrw surylgh pxfk
jxlgdqfh/ zh fduu| rxw d vhqvlwlylw| dqdo|vlv/ dqg suhvhqw uhvxowv iru � htxdo 3=58/ 3=8/
dqg 3=:81 Hvwlpdwhv ri ! fdq eh rewdlqhg dv d ixqfwlrq ri � dqg �> lq wklv/ zh iroorz
Mrqhv dqg Zlooldpv +4<<9,1 Zh fdq xvh wkh idfw wkdw erwk WIS jurzwk +�jA8� , dqg
U)G h{shqglwxuh jurzwk +�j-, kdyh ehhq uhodwlyho| frqvwdqw ryhu wkh srvwzdu shulrg
lq wkh Xqlwhg Vwdwhv dw udwhv 3=34;6 dqg 3=37:8/ uhvshfwlyho|1< Vlqfh lq rxu prgho
JA8� lv htxlydohqw wr J1

�/ h{suhvvlrq +43, lpsolhv wkdw +vhh Dsshqgl{ D,=

! @ 4� ��
orj+4 . �j-,

orj+4 . �jA8� ,
=

Dsshqgl{ E vkrzv wkdw wkh vwhdg| vwdwh ydoxh ri wkh uhodwlyh lqwhuqdwlrqdo srro ri
ghvljqv +Wrr, htxdov wkh udwlr ri lplwdwlrq wr lqqrydwlrq sxeolf vxssruw143 Edvhg rq
djulfxowxudo gdwd suhvhqwhg lq Wdeoh 6/ wkh udwlr ri h{whqvlrq +ru lplwdwlrq, wr uhvhdufk
+ru lqqrydwlrq, vxssruw uhdfkhv iru wkh ghyhorshg zruog d srvvleoh vwhdg| vwdwh ydoxh
ri 3=741 Wklv lv wkh ydoxh wkdw zh dvvljq wr Wrr1 Wkhuh duh qrw dq| hpslulfdo hvwlpdwhv
ri sdudphwhu �1 Zh slfn wkh ydoxh ri � iru zklfk wkh sodqqlqj vroxwlrq ehvw �wv wkh
Mdsdqhvh rxwsxw gdwd/ wdnlqj dv jlyhq wkh uhvw ri sdudphwhuv* ydoxhv1 Lq sduwlfxodu/
zh xvh wkh idfw wkdw Mdsdq* shu fdslwd rxwsxw pryhg iurp 4< shufhqw ri X1V1 rxwsxw
wr :7 shufhqw gxulqj 4<83 wr 4<;31

Xvlqj wkh vwhdg| vwdwh doorfdwlrqv lq wkh frppdqg rswlpxp/ zh gluhfwo| rewdlq
wkh uhpdlqlqj prgho*v sdudphwhuv iurp wkh deryh rqhv1 Iru wkh fdoleudwhg sdudph0
whuv/ wkh vwhdg| vwdwh dqqxdo udwh ri jurzwk ri shu fdslwd rxwsxw lv 5=5 shufhqw1 Wkh
edodqfhg jurzwk sdwk uhdo lqwhuhvw udwh htxdov ; shufhqw li � @ 4/ dqg 43=6 shufhqw li
� @ 51

716 Vlpxodwlrq Uhvxowv

Wkh sxusrvh ri wklv vhfwlrq lv wzr irog1 Iluvw/ zh zdqw wr dvvhvv wkh frqwulexwlrqv ri
whfkqrorjlfdo fkdqjh dqg fdslwdo dffxpxodwlrq wr shu fdslwd rxwsxw jurzwk1 Vhfrqg/
zh zdqw wr frpsduh wkh suhglfwlrqv ri wkh U)G prgho*v wudqvlwlrqdo g|qdplfv wr wkh
rqhv ri wkh qhrfodvvlfdo jurzwk iudphzrun1 Wr gr wklv/ zh orrn dw wkh htxloleulxp
ehkdylru lq uhvsrqvh wr wzr vlpxowdqhrxv vkrfnv/ rqh wr hdfk vwdwh yduldeoh1 Iru
wkh vl}h ri wkh vkrfn wr wkh vwrfn ri sk|vlfdo fdslwdo/ zh iroorz Fkulvwldqr +4<;<,1
H{wudsrodwlqj iurp suh0Zruog Zdu LL gdwd/ kh hvwlpdwhv wkdw wkh Mdsdqhvh fdslwdo
vwrfn lq 4<79 zdv rqo| 45 shufhqw ri lwv suh0zdu vwhdg| vwdwh ydoxh> wkxv/ zh wdnh
fNf @ 3=451 Lq wxuq/ zh slfn wkh vkrfn wr wkh uhodwlyh vl}h ri wkh lqwhuqdwlrqdo
nqrzohgjh srro vr dv wr pdnh shu fdslwd rxwsxw 4< shufhqw ri lwv vwhdg| vwdwh ohyho1

<Wkh iruphu qxpehu lv wkh dyhudjh WIS jurzwk udwh iru wkh pdqxidfwxulqj vhfwru/ dqg lv wdnhq
iurp wkh Exuhdx ri oderu Vwdwlvwlfv/ X1V1 Ghsduwphqw ri oderu +4<<4,1 Wkh odwwhu �jxuh lv wkh dyhudjh
jurzwk udwh ri uhdo lqgxvwu|0�qdqfhg dqg frqgxfwhg U)G/ dqg lv frpsxwhg e| Mrqhv dqg Zlooldpv
+4<<9, xvlqj d ydulhw| ri vrxufhv1

43
Arr dovr ghwhuplqhv wkh frxqwu|*v whfkqrorj| ghshqghqf| udwlr1 Zh rsw iru wkh rwkhu dowhuqdwlyh

ehfdxvh dgydqfhg frxqwulhv/ olnh wkh Xqlwhg Vwdwhv dqg Mdsdq/ wkdw vhhp wr eh yhu| forvh wr wkh
whfkqrorjlfdo iurqwlhu kdyh yhu| gl�huhqw ghshqghqf| udwlrv/ dqg rxu prgho fdqqrw dffrxqw iru wklv
skhqrphqrq1
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Dvvxplqj wkdw wkh XV zdv lq vwhdg| vwdwh lq 4<83/ wklv lpsolhv lqlwldo ydoxhv iru
wkh fdslwdo vwrfn shu fdslwd dqg WIS ri 7=< shufhqw dqg 89=6 shufhqw ri wkh X1V1
ohyho/ uhvshfwlyho|1 Zh uxq vlpxodwlrqv iru wkh vl{ wulsohv +�> �> �, wkdw gholyhu vrfldo
vroxwlrqv frqvlvwhqw zlwk Mdsdq*v frqyhujhqfh vshhg +vhh Wdeoh 5,144

Ehvlghv wkh Mdsdqhvh/ duh wkrvh ydoxhv uhohydqw iru rwkhu srvvleoh ghyhorsphqw
h{shulhqfhvB Lvq*w wkh fdslwdo vwrfn wrr orz frpsduhg wr WISB H{wudsrodwlqj iurp
hvwlpdwhv frpsxwhg e| Mrqhv +4<<9/ Dsshqgl{ Wdeoh,/ Iljxuh 4 sorwv wkh uhodwlyh
ohyhov ri wkh Vrorz uhvlgxdo dqg wkh fdslwdo vwrfn shu fdslwd lq 4<<3 iru ;7 frxqwulhv1
Lw wxuqv rxw wkdw/ lq prvw fdvhv/ uhodwlyh fdslwdo ohyhov duh pxfk orzhu wkdq wkhlu
whfkqrorj| frxqwhusduwv1 Frpsduhg wr wkh sorwwhg vdpsoh/ rxu lqlwldo ydoxhv/ jlyhq
lq Iljxuh 4 e| wkh wklfn eodfn grw/ duh uljkw rq wkh rxwvlgh hgjh ri wkh forxg ri srlqwv1
Dgglwlrqdoo|/ wkh uhodwlyh fdslwdo0WIS udwlr ri 3=3;: lpsolhg e| wkh vwdwh yduldeohv*
lqlwldo vwrfnv lv doprvw lghqwlfdo wr wkh rqh ri Vhqhjdo + 2��S

2S�bS
@ 3=3;;,/ dqg kljkhu wkdq

iru h{dpsoh wkh rqhv ri Edqjodghvk + 2�DD

eH�.�
@ 3=385, dqg Pr}dpeltxh + f�D.

2D�SS
@ 3=355,1

Zh wkhq frqfoxgh wkdw rxu lqlwldo ydoxhv gr vhhp wr ehorqj wr wkh ghyhorslqj zruog1

71614 Whfkqrorj| Wudqvihu yhuvxv Fdslwdo Dffxpxodwlrq

Doz|q \rxqj +4<<7/ 4<<8d, vkrzv wkdw Hdvw Dvldq frxqwulhv juhz prvwo| iurp fdsl0
wdo dffxpxodwlrq/ dqg wkdw wkhlu WIS jurzwk udwhv zhuh qrw h{wudruglqdu| kljk1 Dv
Nohqrz dqg Urguðjxh}0Foduh +4<<:, dujxh/ ehfdxvh ri wklv zrun �pdq| shrsoh kdv
frqfoxghg wkdw wkh Hdvw Dvldq hslvrghv looxvwudwh wkh lpsruwdqfh ri qhrfodvvlfdo wudq0
vlwlrqdo g|qdplfv udwkhu wkdq whfkqrorjlfdo fdwfk0xs1� Vrph dxwkruv/ olnh Eduur dqg
Vdod0l0Pduwlq +4<<8, dujxh wkdw \rxqj*v lqwhusuhwdwlrq ri klv uhvxowv lv qrw fruuhfw
ehfdxvh jurzwk lq fdslwdo dffxpxodwlrq lqgxfhg e| ulvlqj WIS vkrxog eh fdxvdoo| dw0
wulexwhg wr whfkqrorj|1 Wkh suhglfwlrqv ri wkh U)G0edvhg jurzwk prgho wudqvlwlrqdo
g|qdplfv frq�up Eduur dqg Vdod0l0Pduwlq*v lqwxlwlrq1

Iljxuh 5 ghslfwv wkh wlph sdwkv iru shu fdslwd rxwsxw/ shu fdslwd rxwsxw jurzwk/
dqg wkh frqwulexwlrqv ri sk|vlfdo fdslwdo dffxpxodwlrq dqg WIS1 Rxwsxw lv h{suhvvhg
dv d iudfwlrq ri lwv vwhdg| vwdwh ydoxh1 Lq doo fdvhv/ vwduwlqj iurp d uhodwlyh rxwsxw
ohyho ri 4< shufhqw/ wkh kdoi olih lv uhdfkhg lq ehwzhhq 4: dqg 4; |hduv/ dqg ;3 shufhqw
ri wkh wudqvlwlrq lv frpsohwhg lq 65 |hduv1 Rxwsxw jurzwk lq wkh �uvw ihz shulrgv ulvhv
zlwk wkh lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq/ dqg ghfolqhv odwwhu rq/ jhqhudwlqj
d ohvv olqhdu frqyhujhqfh sdwk1 Dw lpsdfw/ wkh jurzwk udwh ri rxwsxw lv urxjko|
5: shufhqw iru � @ 4/ dqg 54 shufhqw iru � @ 51 Dowkrxjk voljkwo|/ wkh udwh dovr
ghfuhdvhv zlwk �1 Wkh uhdvrq lv wkdw vwurqjhu glplqlvklqj uhwxuqv wr U)G kdyh wr
eh dffrpsdqlhg e| d odujhu � wr uhsolfdwh wkh Mdsdqhvh frqyhujhqfh sdwk1 D eljjhu
dgydqwdjh ri �edfnzdugqhvv� lq wxuq pdnhv rswlpdo kljkhu jurzwk udwhv dw hduo|
vwdjhv ri ghyhorsphqw1

44Zh gr qrw suryh irupdoo| wkdw wkh vwdeoh dgmxvwphqw sdwk lv xqltxh1 Hlfkhu dqg Wxuqryvn|
+4<<:,/ krzhyhu/ hvwdeolvk vx!flhqw frqglwlrqv iru wklv wr eh vr lq d yhu| vlplodu qrq0vfdoh jurzwk
prgho1 Lq whupv ri rxu sdudphwhuv/ wkrvh frqglwlrqv duh htxlydohqw wr uhtxlulqj wkdw �n b1 	 � dqg
k 	 �

2
1 Lw wxuqv rxw wkdw rxu fdoleudwhg sdudphwhuv ixo�o wkhvh uhvwulfwlrqv1 Ixuwkhupruh/ gxulqj wkh

lqqxphudeoh vlpxodwlrqv/ zh dozd|v irxqg wkh vdph vwdeoh dup/ lqghshqghqw ri wkh lqlwldo jxhvv xvhg
wr dssur{lpdwh wkh ghflvlrq uxohv/ dqg wkh lqlwldo ydoxhv ri wkh vwdwh ydoxhv1
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Wkh ghfrpsrvlwlrq ri wkh jurzwk udwh ri shu fdslwd rxwsxw lqwr lwv wzr frpsrqhqwv
jlyhv wkh iroorzlqj uhvxowv1 Dffxpxodwlrq ri fdslwdo dffrxqwv iru pruh wkdq <3 shufhqw
dw lpsdfw zkhq � @ 4/ dqg pruh wkdq :3 shufhqw zkhq � @ 41 Pruhryhu/ lq erwk
fdvhv/ wkh fxpxodwlyh fdslwdo dffxpxodwlrq frqwulexwlrq ryhu wkh �uvw 53 shulrgv
lv odujhu wkdq 98 shufhqw/ dqg odujhu wkdq 88 shufhqw hyhq diwhu 83 shulrgv1 Dw
wkh vwhdg| vwdwh/ krzhyhu/ lw jrhv grzq wr 69 shufhqw/ zklfk lv wkh fdslwdo lqsxw
zhljkw1 Wkh frqwulexwlrq ri wkh Vrorz uhvlgxdo/ rq wkh rwkhu kdqg/ lqfuhdvhv ryhu
wlph1 Wkh h�hfwv ri fkdqjhv lq � dqg � duh wkh vdph dv ehiruh1 Pruh frqvxpswlrq
vprrwklqj lpsolhv pruh olqhdu sdwkv iru wkh jurzwk frpsrqhqwv/ zkhuhdv vwurqjhu
glplqlvklqj uhwxuqv wr U)G udlvh wkh uroh ri whfkqrorj| wudqvihu1 Wkh elj frqwulexwlrq
ri fdslwdo dffxpxodwlrq dorqj wkh wudqvlwlrq lv fohduo| gxh erwk wr wkh uhodwlyho| orz
lqlwldo ohyho ri fdslwdo dqg wkh lqflghqfh ri whfkqlfdo fkdqjh rq lqsxw jurzwk � wkh
lqlwldo uhodwlyh ohyho ri fdslwdo ghfolqhv iurp 45 shufhqw wr 7=< shufhqw ehfdxvh ri
wkh whfkqrorjlfdo jds1 Wkhvh uhvxowv fdq h{sodlq \rxqj*v +4<<7/ 4<<8d, �qglqj wkdw
fdslwdo dffxpxodwlrq kdv ehhq wkh pdlq frqwulexwru wr wkh Hdvw Dvldq frxqwulhv*
udslg jurzwk h{shulhqfhv1 Exw wklv rffxuv hyhq wkrxjk WIS lv d pruh lpsruwdqw
frqwulexwru wr wkh hfrqrplf ghyhorsphqw surfhvv1 Qrwlfh wkdw zlwkrxw whfkqrorj|
wudqvihu/ Mdsdqhvh shu fdslwd rxwsxw frxog kdyh uhdfkhg dw prvw 73=; shufhqw ri
wkh X1V1 ohyho/ exw zlwkrxw qrq0WIS0lqgxfhg fdslwdo dffxpxodwlrq/ lw zrxog kdyh
dfklhyhg 79=9 shufhqw1

71615 Wkh Vshhg ri Frqyhujhqfh Zlwkrxw Lplwdwlrq

Lq klv vhplqdo frqwulexwlrq/ Mrqhv +4<<8d, olqhdul}hv wkh qrq0vfdoh U)G0edvhg jurzwk
iudphzrun durxqg wkh vwhdg| vwdwh/ dqg �qgv kdoi olyhv ri shu fdslwd rxwsxw lq wkh
kxqguhg ri |hduv1 Zlooldpv +4<<8, frq�upv wklv uhvxow xvlqj qxphulfdo phwkrgv/ exw
iru vkrfnv wr wkh vwdwh yduldeohv ri mxvw 43 shufhqw1 Hlfkhu dqg Wxuqryvn| +4<<:,/
krzhyhu/ �qg wkdw qrq0vfdoh jurzwk prghov fdq glvsod| yduldeoh vshhg ri frqyhujhqfh1
Idvwhu dgmxvwphqw sdwkv pljkw wkhq rffxu iru eljjhu vkrfnv1 Qh{w/ zh vkrz wkdw
zlwkrxw lplwdwlrq wkh prgho fdqqrw uhsurgxfh wkh Mdsdqhvh rxwsxw gdwd1

Lq rughu wr vhh wklv/ zh gr h{shulphqwv iru � htxdo wr 3=381 Zkhq wkh ydoxh
ri � lv wkdw vpdoo/ wkh h�hfw ri lplwdwlrq lv qhjoljleoh1 Iljxuh 6 vkrzv wkdw qrz lw
wdnhv rxwsxw pruh wkdq 83 |hduv wr dfklhyh wkh :7 shufhqw ohyho/ lqvwhdg ri wkh 63
|hduv lpsolhg e| wkh Mdsdqhvh rxwsxw gdwd1 Zkhq � lv 3=:8 dqg � lv 4/ wkh prgho
dffrpsolvkhv lwv vpdoohvw kdoi olih ri frqyhujhqfh/ 6< |hduv1 Wkh dgmxvwphqw vshhg
ghfuhdvhv dv wkh glplqlvklqj uhwxuqv wr U)G jhw vwurqjhu/ dqg dv wkh lqyhuvh ri
wkh lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq ulvhv1 Iru h{dpsoh/ wkh kdoi olih ehfrphv
93 |hduv iru +�> �, @ +3=8> 4,/ uhdfklqj 47< |hduv zkhq +�> �, @ +3=58> 5,1 Zh wkhq
frqfoxgh wkdw wkh lqwurgxfwlrq ri lplwdwlrq lq wkh qrq0vfdoh jurzwk prgho lv wkh nh|
wr dffrxqw iru jurzwk pludfohv1

71616 Wkh U)G Prgho yhuvxv wkh Vrorz Prgho

Zh wxuq qrz wr frpsduh wkh U)G0edvhg jurzwk prgho*v suhglfwlrqv wr wkh Vrorz
iudphzrun*v1 Dv zh vdlg lq wkh lqwurgxfwlrq/ Nlqj dqg Uhehor +4<<6, vkrz wkdw wkh
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suhglfwlrqv ri wkh Vrorz prgho wudqvlwlrqdo g|qdplfv duh frxqwhuidfwxdo hlwkhu zlwk
uhvshfw wr wkh vhtxhqfh ri lqwhuhvw udwhv ru wkh frqvxpswlrq vkduhv1 Wkh| �qg wkdw
�lq rughu iru wkh Mdsdqhvh frqyhujhqfh wrzdug wkh X1V1 lqfrph ohyho lq wkh srvwzdu

hud wr eh wkh uhvxow ri wudqvlwlrqdo g|qdplfv/ wkh Mdsdqhvh uhdo dqqxdo lqwhuhvw udwh

zrxog kdyh ehhq ryhu 833 shufhqw lq 4<831� Iljxuh 7 sorwv Mdsdqhvh lqwhuhvw udwhv
iru wkh shulrg 4<88 wr 4<;; dv frpsxwhg e| Fkulvwldqr +4<;<,1 Orrnlqj dw wkhvh
hvwlpdwhv/ zklfk duh dozd|v ehorz ;3 shufhqw/ d 833 shufhqw lqwhuhvw udwh vhhpv wr
eh lpsodxvleo| kljk1

Lqfuhdvlqj wkh fdslwdo vkduh lq wkh qhrfodvvlfdo jurzwk prgho wr frqvlghu kxpdq dv
zhoo dv sk|vlfdo fdslwdo fdq ghfuhdvh vxevwdqwldoo| wkh PSN/ dqg wkhuhiruh wkh lqwhuhvw
udwh1 Vshfl�fdoo|/ xvlqj d orjdulwkplf xwlolw| ixqfwlrq/ wkh| �qg wkdw wkh lqwhuhvw udwh
ghfuhdvhv wr urxjko| 63 shufhqw dw hduo| vwdjhv ri ghyhorsphqw zkhq wkh fdslwdo lqsxw
zhljkw lv 3=81 Iru wklv ydoxh ri wkh fdslwdo vkduh/ krzhyhu/ wkh frqvxpswlrq vkduh
uhdfkhv ydoxhv ehorz 83 shufhqw zkhq ohyhov ri rxwsxw duh mxvw 83 shufhqw ehorz
wuhqg145 Wklv rffxuv ehfdxvh wkh kljkhu wkh fdslwdo lqsxw zhljkw/ wkh zhdnhu wkh
Vrorz prgho*v frqyhujhqfh hqjlqh> wkxv udlvlqj wkh lqyhvwphqw vkduh qhfhvvdu| wr
dfklhyh d jlyhq udwh ri jurzwk1 Lq wkh Vrorz prgho/ wkh frqvxpswlrq vkduh ehfrphv
urxjko| 65 shufhqw lq erwk wkh orqj dqg wkh vkruw uxqv zkhq wkh fdslwdo lqsxw zhljkw
lv 3=<1 Wdeoh 7 vkrzv wkh odujhvw lqyhvwphqw vkduh dqg wkh vpdoohvw frqvxpswlrq
vkduh gxulqj wkh shulrg 4<930;8 iru wkh idvwhvw0frqyhujlqj hfrqrplhv/ dqg wkh dyhudjh
ydoxhv ryhu wkh lqwhuydo 4<;30<3 iru wkh prvw ghyhorshg RHFG frxqwulhv/ zklfk pxvw
eh yhu| forvh wr wkh vwhdg| vwdwh146 Zh fdq vhh wkdw prvw ri wkh udslgo| frqyhujlqj
hfrqrplhv glvsod| frqvxpswlrq vkduhv deryh 83 shufhqw1 Iru lqvwdqfh/ Krqj Nrqj
dqg Nruhd kdyh frqyhujhg dw dq dyhudjh 7=9 dqg 7=8 shufhqw/ uhvshfwlyho|/ hqmr|lqj
frqvxpswlrq vkduhv deryh 95 shufhqw1 Li zh wdnh lqwr dffrxqw wkh Pdqnlz/ Urphu
dqg Zhlo*v +4<<5/ sdjh 74:, hvwlpdwh wkdw d uhdvrqdeoh ydoxh iru wkh h{whqghg fdslwdo
vkduh lv dw ohdvw 99 shufhqw/ lw ehfrphv fohdu wkdw wkh Vrorz prgho fdqqrw dffrxqw
iru prvw udslg jurzwk h{shulhqfhv1

Wkh vkduhv ri wkh gl�huhqw h{shqglwxuh fdwhjrulhv dqg wkh lqwhuhvw udwh sdwkv
suhglfwhg e| wkh U)G prgho duh ghslfwhg lq Iljxuh 81 Zh fdq vhh wkdw wkh U)G
prgho lv deoh wr ryhufrph wkh frxqwhuidfwxdo lpsolfdwlrqv ri wkh qhrfodvvlfdo jurzwk
iudphzrun1 Iru d ohyho ri rxwsxw ri 4< shufhqw ehorz wuhqg/ wkh uhdo lqwhuhvw udwh lv
qhyhu eljjhu wkdq 75 shufhqw iru � @ 4/ dqg 89 shufhqw iru � @ 51 Wkhvh duh pxfk
orzhu ydoxhv wkdq wkh 833 rewdlqhg e| Nlqj dqg Uhehor +4<<6, xvlqj urxjko| wkh vdph
sdudphwhu ydoxhv dv xv/ dqg vhhp uhdvrqdeoh orrnlqj dw Iljxuh 71 Wr xqghuvwdqg wklv
uhvxow/ uhfdoo wkdw wkh lqwhuhvw udwh lv slqqhg grzq e| wkh PSN/ htxdwlrq +;,1 Vlqfh
zh kdyh dq lqlwldo vwrfn ri fdslwdo wkdw lv kljkhu wkdq lq Nlqj dqg Uhehor/ wkh lqlwldo
PSN lv orzhu1 Dgglwlrqdoo|/ dw lpsdfw/ wkh U)G prgho vkliwv wkh PSN ixqfwlrq
grzq ehfdxvh wkh Vrorz uhvlgxdo lv vpdoohu wkdq lwv vwhdg| vwdwh ydoxh> sxvklqj wkh
lqwhuhvw udwh grzq hyhq pruh1 Wkh lqwhuhvw udwh lv kljkhu zkhq � htxdov 5 ehfdxvh

45Vhh Nlqj dqg Uhehor +4<<6/ Iljxuh 8,1
46Wkh gdwd frphv iurp wkh SZW/ Pdun 819/ zhe vlwh kwws=22zzz1qehu1ruj2szw891kwpo1 Wkh

frxqwulhv olvwhg lq Wdeoh 7 dv idvwhvw0frqyhujlqj duh wkrvh iurp wkh qrq0rlo vdpsoh zlwk wkh kljkhvw
dyhudjh uhodwlyh0lqfrph jurzwk udwhv ryhu wkh shulrg 4<93 wr 4<;81 Wr rewdlq wkh h{wuhph ydoxhv/
wkh vhulhv zhuh voljkwo| vprrwkhg xvlqj 60|hdu prylqj dyhudjhv1
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pruh frqvxpswlrq vprrwklqj jhqhudwhv orzhu sk|vlfdo fdslwdo lqyhvwphqw dqg U)G
vkduhv1 Vlqfh iru � @ 5 suhvhqw dqg ixwxuh frqvxpswlrq duh frpsohphqwdu|/ wkh
lqwhuhvw udwh pxvw wkhq ulvh wr uhgxfh wkh vdylqj udwh dqg fohdu wkh �qdqfldo pdunhw1
Ilqdoo|/ wkh lqwhuhvw udwh dgmxvwphqw sdwk lv grzqzdug vorsslqj dv lq wkh Vrorz prgho1
Wkh uhdvrq lv wkdw wkh fdslwdo vwrfn jurzv pxfk idvwhu wkdq wkh ohyho ri whfkqrorj|/
pdnlqj wkh PSN ghfuhdvh ryhu wlph1

Zlwk uhvshfw wr wkh frqvxpswlrq vkduhv/ wkhvh duh rqo| ehorz 83 shufhqw iru
wkh qrq0vwurqj glplqlvklqj uhwxuqv wr U)G fdvhv/ zkhq � @ 4/ dqg rqo| gxulqj wkh
�uvw ihz shulrgv1 Iru wkh orz hodvwlflw| ri vxevwlwxwlrq fdvh/ iru h{dpsoh/ frqvxpswlrq
vkduhv duh qhyhu ehorz 98 shufhqw1 Wkh nh| lv wkh odujh dyhudjh lplwdwlrq surgxfwlylw|
dw hduo| vwdjhv ri ghyhorsphqw/ zklfk uhgxfhv wkh lqlwldo U)G dqg fdslwdo lqyhvwphqwv
uhtxluhg wr jhqhudwh kljk jurzwk udwhv1 Lq doo fdvhv/ wkh U)G vkduh dfwxdoo| vwduwv
dw ydoxhv ehorz lwv vwhdg| vwdwh ohyho1

Lw lv lpsruwdqw wr phqwlrq wkdw sk|vlfdo fdslwdo lqyhvwphqw vkduhv duh dovr txlwh
uhdvrqdeoh1 H{fhsw iru wkh zhdn glplqlvklqj uhwxuqv wr U)G fdvhv/ zkhq � @ 4/
dqg rqo| gxulqj wkh �uvw ihz shulrgv/ lqyhvwphqw lv dozd|v ehorz 75 shufhqw/ zklfk
lv urxjko| wkh kljkhu ydoxh lq Wdeoh 71 Wkh prgho dovr grhv zhoo dw vwhdg| vwdwh
suhglfwlrqv1 RHFG frxqwulhv* vkduhv lq Wdeoh 7 udqjh iurp 79=; wr 9:=5 shufhqw
iru frqvxpswlrq/ dqg iurp 4:=4 wr 66=; iru lqyhvwphqw1 H{fhsw iru wkh +�> �, @
i+3=58> 5,> +3=8> 5,j fdvhv/ zh vhh wkdw wkh U)G prgho suhglfwv vwhdg| vwdwh ydoxhv
wkdw duh frqwdlqhg lq wkrvh lqwhuydov1

8 Vxppdu| dqg Frqfoxvlrqv

Uhfhqw olwhudwxuh kdv frpsduhg wkh suhglfwlrqv ri qrq0vfdoh U)G0edvhg jurzwk prg0
hov wr wkh rqhv ri dowhuqdwlyh jurzwk wkhrulhv1 Ehuqdug dqg Mrqhv +4<<9d/ 4<<9e,
surylgh hpslulfdo hylghqfh derxw wkh lpsruwdqfh ri whfkqrorj| lq xqghuvwdqglqj gli0
ihuhqfhv lq lqfrph ohyhov dqg rxwsxw jurzwk udwhv dfurvv frxqwulhv1 Mrqhv +4<<8d/
4<<8e, �qgv jurzwk prghov wkdw lpso| vfdoh h�hfwv lqfrqvlvwhqw zlwk revhuydwlrq1
Eduur dqg Vdod0l0Pduwlq +4<<8/ Fkdswhu :, vkrz wkdw wkh furvv0frxqwu| jurzwk uh0
juhvvlrq uhvxowv vxssruwlqj wkh qhrfodvvlfdo jurzwk iudphzrun fdqqrw eh xvhg wr glv0
fulplqdwh djdlqvw U)G0edvhg jurzwk prghov1 Ilqdoo|/ Hlfkhu dqg Wxuqryvn| +4<<:,
�qg wkdw/ xqolnh wkh qhrfodvvlfdo dqg wkh wzr0vhfwru hqgrjhqrxv jurzwk prghov/ qrq0
vfdoh jurzwk iudphzrunv fdq jhqhudwh yduldeoh vshhgv ri frqyhujhqfh erwk wkurxjk
wlph dqg dfurvv gl�huhqw vhfwruv ri wkh hfrqrp|1 Wkh| dovr vkrz wkdw qrq0vfdoh
jurzwk prghov gholyhu dv|pswrwlf vshhgv ri dgmxvwphqw frqvlvwhqw zlwk wkh hpslulfdo
hylghqfh1

Rxu zrun frqwulexwhv wr wklv olwhudwxuh1 Zh kdyh vkrzq wkdw wkh wudqvlwlrqdo g|0
qdplfv ri wkh qrq0vfdoh U)G0edvhg jurzwk prgho rxwshuirup wkh qhrfodvvlfdo jurzwk
iudphzrun lq h{sodlqlqj furvv frxqwu| gl�huhqfhv lq udwhv ri hfrqrplf ghyhorsphqw1
Rxu h{shulphqwv lpso| wkdw prvw frxsohv +�/�, lq zklfk wkh lqwhuwhpsrudo hodvwlflw|
ri vxevwlwxwlrq dqg wkh ghjuhh ri glplqlvklqj uhwxuqv wr U)G wdnh rq ydoxhv eh0
wzhhq 4 dqg 5 dqg ehwzhhq 3=8 dqg 3=:8/ uhvshfwlyho|/ gholyhu suhglfwlrqv wkdw duh
frqvlvwhqw zlwk revhuydwlrq1 Wkh nh| lv wkh lqwurgxfwlrq ri whfkqrorj| lplwdwlrq1
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Wklv surylghv dq dgglwlrqdo jurzwk hqjlqh wkdw doorzv iru udslg frqyhujhqfh dorqj

zlwk lqwhuhvw udwhv dqg frqvxpswlrq dqg sk|vlfdo fdslwdo lqyhvwphqw vkduhv wkdw duh

sodxvleoh dffruglqj wr furvv0frxqwu| gdwd1

Ixuwkhupruh/ diwhu dqdo|}lqj wkh wudqvlwlrqdo g|qdplfv ri wkh U)G prgho/ lw lv

fohdu wkdw d elj frqwulexwlrq ri fdslwdo dffxpxodwlrq wr hfrqrplf jurzwk dorqj prvw

ri wkh ghyhorsphqw sdwk lv zkdw zh vkrxog h{shfw1 Exw rxu dqdo|vlv dovr lpsolhv wkdw

zlwkrxw whfkqrorj| wudqvihu lpsruwdqw gl�huhqfhv lq lqfrph ohyhov dfurvv frxqwulhv

duh frqghpqhg wr shuvlvw1

Lw zrxog eh lqwhuhvwlqj wr frpsduh wkh prgho*v suhglfwlrqv derxw lqqrydwlrq dqg

lplwdwlrq lqyhvwphqw wr wkh gdwd1 Wkh sureohp lv wkdw/ dv idu dv zh nqrz/ jrrg gdwd

derxw lplwdwlrq dqg lqqrydwlrq lqyhvwphqwv gr qrw h{lvw1 Lplwdwlrq h{shqglwxuhv

duh qrw dozd|v frqvlghuhg dv U)G1 Iru h{dpsoh/ lq djulfxowxuh/ sxeolf vxssruw wr

lplwdwlrq lv xvxdoo| uhihuuhg dv �h{whqvlrq vhuylfhv�/ dqg lv qrw lqfoxghg lq U)G

�jxuhv1 Wkh frqvwuxfwlrq ri vxfk d gdwd vhw lv fohduo| rxwvlgh wkh vfrsh ri wklv sdshu1

Zh ohdyh wr ixwxuh uhvhdufk wkh lqwurgxfwlrq ri kxpdq fdslwdo dffxpxodwlrq lqwr

wkh prgho1 Vwxg|lqj wkh g|qdplfv ri wklv iudphzrun zrxog doorz xv wr ixuwkhu

h{soruh lwv fdsdflw| wr h{sodlq furvv frxqwu| gl�huhqfhv lq ohyhov dqg udwhv ri hfrqrplf

ghyhorsphqw xvlqj qhz gdwd vhwv/ olnh vfkrrolqj �jxuhv1
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Prqhwdu| Hfrqrplfv 55/ 60751

^68` Pdqnlz/ Q1 J1/ G1 Urphu dqg G1 Q1 Zhlo/ 4<<5/ D Frqwulexwlrq wr wkh Hpslulfv
ri Hfrqrplf Jurzwk/ Txduwhuo| Mrxuqdo ri Hfrqrplfv 43:/ 73:076:1

^69` Pdqv�hog/ H1/ P1 Vfkzduw} dqg V1 Zdjqhu/ 4<;4/ Lplwdwlrq Frvwv dqg Sdwhqwv=
Dq Hpslulfdo Vwxg|/ Hfrqrplf Mrxuqdo <4/ <3:0<4;1

^6:` Sdsdjhrujlrx/ F1/ 4<<9/ Gr Whfkqrorj| Wudqvihuv Pdwwhu lq Hfrqrplf Ghyhors0
phqwB/ plphr/ Xqlyhuvlw| ri Slwwvexujk1

^6;` Sduhqwh/ V1O1 dqg H1F1 Suhvfrww/ 4<<7/ Eduulhuv wr Whfkqrorj| Dgrswlrq dqg
Ghyhorsphqw/ Mrxuqdo ri Srolwlfdo Hfrqrp| 435/ 5<;06541

^6<` Sud|/ F1 H1 dqg Y1 Z1 Uxwwdq/ 4<<3/ Vflhqfh dqg Whfkqrorj| Srolf|= Ohvvrqv
iurp wkh Djulfxowxudo Vhfwru lq Vrxwk dqg Vrxwkhdvw Dvld/ lq Vflhqfh dqg Whfk0
qrorj|= Ohvvrqv iru Ghyhorsphqw Srolf| +Zhvwylhz Suhvv,/ U1 H1 Hyhqvrq dqg
J1 Udqlv/ Hgv1

^73` Urphu/ S1 P1/ 4<<3/ Hqgrjhqrxv Whfkqlfdo Fkdqjh/ Mrxuqdo ri Srolwlfdo Hfrqrp|
<;/ V:40V4351

^74` Urphu/ S1 P1/ 4<<5/ Wzr Vwudwhjlhv iru Hfrqrplf Ghyhorsphqw= Xvlqj Lghdv
dqg Surgxflqj Lghdv/ Zruog Edqn Uhvhdufk Revhuyhu= vxssohphqw/ 9604481

^75` Urphu/ S1 P1/ 4<<6/ Lghd Jdsv dqg Remhfw Jdsv lq Hfrqrplf Ghyhorsphqw/
Mrxuqdo ri Prqhwdu| Hfrqrplfv 65/ 87608:61

^76` Vhjhuvwurp/ S1 V1/ 4<<8/ Hqgrjhqrxv Jurzwk Zlwkrxw Vfdoh H�hfwv/ plphr/
Plfkljdq Vwdwh Xqlyhuvlw|1

^77` Zlooldpv/ M1 F1/ 4<<7/ Sdwhqw Surwhfwlrq/ Wd{dwlrq/ dqg Wkh vxsso| dqg Ghpdqg
iru U)G/ plphr/ Vwdqirug Xqlyhuvlw|1

^78` Zlooldpv/ M1 F1/ 4<<8/ Wdnlqj Jurzwk Vhulrxvo|= Wkhru| dqg Phdvxuhphqw lq
dq U)G0Edvhg Jurzwk Prgho/ plphr/ Vwdqirug Xqlyhuvlw|1

^79` \rxqj/ D1/ 4<<5/ D Wdoh ri Wzr Flwlhv= Idfwru Dffxpxodwlrq dqg Whfkqlfdo
Fkdqjh lq Krqj Nrqj dqg Vlqjdsruh/ QEHU Pdfurhfrqrplfv Dqqxdo/ 460871

^7:` \rxqj/ D1/ 4<<7/ Ohvvrqv iurp wkh Hdvw Dvldq QLFv= D Frqwuduldq Ylhz/ Hxur0
shdq Hfrqrplf Uhylhz 6;/ <970:61
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^7;` \rxqj/ D1/ 4<<8d/ Wkh W|udqq| ri Qxpehuv= Frqiurqwlqj wkh Vwdwlvwlfdo Uhdol0
wlhv ri wkh Hdvw Dvldq Jurzwk H{shulhqfh/ Txduwhuo| Mrxuqdo ri Hfrqrplfv 443/
97409;31

^7<` \rxqj/ D1/ 4<<8e/ Jurzwk Zlwkrxw Vfdoh H�hfwv/ QEHU Zrunlqj Sdshu Qr1
85441
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D Wkh Vwhdg| Vwdwh Jurzwk Udwh ri Rxwsxw

Zh �uvw suryh wkdw dorqj wkh edodqfhg jurzwk sdwk j� @ j�� 1 Wr vhh wkdw j�
fdqqrw eh odujhu wkdq j�� / qrwlfh wkdw D| zrxog wkhq eh hyhqwxdoo| eljjhu wkdq D�|1
Wkh gh�qlwlrq ri wkh lqwhuqdwlrqdo nqrzohgjh srro/ krzhyhu/ uhtxluhv wkdw D�| pxvw
dozd|v eh juhdwhu ru htxdo wkdq D|1

Vkrzlqj wkdw j� vpdoohu wkdq j�� lv qrw frpsdwleoh zlwk wkh vwhdg| vwdwh qhhgv
d olwwoh elw pruh ri dojheud1 Iurp htxdwlrqv +:,/ +43, dqg +45,/ zh jhw wkdw/ dw vwhdg|
vwdwh/

V-c|n� @
� � j�

+4 . urr,
C�
C-
� 4� j�

3
C! � ��

A

4 b
�3b
|n�

�nA

4 b
�3b
|n�

4
D
= +53,

Qrwlqj wkdw/ dorqj wkh edodqfhg jurzwk sdwk/ W|n� @
�
C��

C�

�
W|/ zh fdq zulwh

V-c|n�

V-c|
@

+4 . urr,
C�
C-
� 4� j� +!� �� },

+4 . urr,
C�
C-
� 4� j�

5
99997!� �� 5�

C�
C��

� 4 b
�3b

n

%
�3

�
C�
C��

� 4 b
�3b

&
5

6
::::8

> +54,

zkhuh } @
A

4 b
�3b
|

�nA

4 b
�3b
|

1 Dw vwhdg| vwdwh/ Jt dqg J- pxvw eh frqvwdqw1 Wklv lpsolhv

g
�
7-c|n�
7-c|

�
g}

@
g
�
C-
Ct

�
g}

@ 31

Qh{w/ zh suryh wkdw zkhq j� lv ohvv wkdq j�� wklv ghulydwlyh lv srvlwlyh/ dqg qr vwhdg|
vwdwh fdq wkhq h{lvw1

Gl�huhqwldwlqj +54, zlwk uhvshfw wr } dqg uhduudqjlqj/ zh �qg wkdw wkh vljq ri
wkh ghulydwlyh lv wkh vljq ri wkh iroorzlqj h{suhvvlrq=�

+4 . urr,
J�

J-

� 4� !j�

�
d . +��j� }, e> +55,

zkhuh

d @ 4�

�
C�

C��

� 4 b
�3b

+�
C�

C��

� 4 b

�3b .

%
4�

�
C�

C��

� 4 b

�3b

&
}

,2
>

dqg

e @

}

%
4�

�
C�
C��

� 4 b

�3b

&
+�

C�

C��

� 4 b

�3b .

%
4�

�
C�
C��

� 4 b

�3b

&
}

,2 =
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Zkhq j� lv ohvv wkdq j�� / W| jrhv wr lq�qlw| zlwk w1 Wkhuhiruh/ wkh yduldeoh }

jrhv wr rqh dorqj wkh edodqfhg jurzwk sdwk1 Wklv vd|v/ lq wxuq/ wkdw d jrhv wr%
4�

�
C�
C��

� 4 b

�3b

&
A 3/ dqg wkdw e hyhqwxdoo| ehfrphv odujhu wkdq d1 Hfrqrplf vhqvh

uhtxluhv wkdw 3 � V-| � 4 1 Iurp htxdwlrq +53,/ zh wkhq kdyh wkdw�
+4 . urr,

J�

J-

� 4� !j� . �� j� }

�
A 3=

Wkh deryh dujxphqwv lpso| wkdw h{suhvvlrq +55, ehfrphv hyhqwxdoo| srvlwlyh dorqj
wkh edodqfhg jurzwk sdwk1 Wkh rqo| vfhqdulr frpsdwleoh zlwk d vwhdg| vwdwh lq zklfk
doo yduldeohv jurz dw frqvwdqw udwhv lv wkhq rqh lq zklfk j� htxdov j�� 1

Zh wxuq qrz wr fdofxodwlqj wkh vwhdg| vwdwh jurzwk udwh ri rxwsxw1 Iurp htxdwlrq
+4,/ zh jhw wkdw

Jt @ J
1
�+4 . q,kJ�3k

g =

Xvlqj wkh xvxdo dujxphqw derxw wkh frqvwdqf| ri wkh fdslwdo0rxwsxw udwlr +l1h1/ Jg @
Jt ,/ zh fdq uhzulwh wkh edodqfhg jurzwk udwh ri rxwsxw dv

Jt @ J
1
k

� +4 . q,= +56,

Iurp +43,/ zh ghgxfh wkdw dorqj wkh edodqfhg jurzwk sdwk

J� @ �D
�3�
| Ub

|

�
4 . W

4b
�3b

|

��3b

. 4=

Jlyhq wkdw W| uhpdlqv frqvwdqw dw vwhdg| vwdwh/ lw pxvw wkhuhiruh eh wkh fdvh wkdw

J
�3�
� @ Jb

-= +57,

Vroylqj iru J� lq +57,/ wkhq vxevwlwxwlqj wkh uhvxowlqj h{suhvvlrq lqwr +56,/ dqg �qdoo|
qrwlqj wkdw J- @ Jt / zh jhw wkdw wkh edodqfhg jurzwk udwh ri rxwsxw htxdov

Jt @ +4 . q,
�3�

�3�3b
1
k =

Ehfdxvh lq rxu prgho wkh edodqfhg jurzwk udwh ri WIS htxdov J1
�/ h{suhvvlrq +57,

dovr lpsolhv wkdw

JA8� @ J
b 1

�3�

- = +58,

Wdnlqj qrz orjv lq +58,/ zh jhw wkh h{suhvvlrq xvhg wr hvwlpdwh wkh sdudphwhu !/

! @ 4� ��
orj+4 . j-,

orj+4 . jA8� ,
=
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E Wkh Ghfhqwudol}hg Hfrqrp| Ehklqg wkh Sdudphwhuv

Frqvlghu dq hfrqrp| lq zklfk wkhuh duh wzr w|shv ri �upv= frqvxpswlrq jrrgv
surgxfhuv/ dqg lqwhuphgldwh jrrgv pdqxidfwxuhuv1 Wkh odwwhu dovr lqyhvw uhvrxufhv wr
ohduq qhz ghvljqv iru qhz w|shv ri surgxfhu gxudeohv1 Wkh �qdo jrrgv vhfwru lv pdgh
xs ri d odujh qxpehu ri lghqwlfdo �upv1 Ohw {|� eh wkh dprxqw ri lqwhuphgldwh jrrg
l doorfdwhg wr surgxfwlrq dw wlph w1 Wkh frqvwdqw uhwxuqv whfkqrorj| iru surgxflqj
frqvxpswlrq jrrgv lv jlyhq e|

\| @ Ok
|

%] �|

f

{
E�3k��
|� gl

& �

�

> 3 ? � ? 4 > � A 3 = +59,

Li � ? 4/ lqwhuphgldwh jrrgv duh frpsohphqwdu|> wkh| duh vxevwlwxwhv li � A 41 Ilqdo
jrrgv pdqxidfwxuhuv duh sulfh wdnhuv/ dqg hduq }hur sur�wv lq htxloleulxp1 Wkh|
vroyh wkh iroorzlqj sureohp=

pd{
tu| c %|� �

;?
=Ok

|

%] �|

f
{
E�3k��
|� gl

& �

�

� $| O| �

] �|

f
s|� {|� gl

<@
> > +S4,

zkhuh s|� lv wkh uhqwdo sulfh ri surgxfhu gxudeoh l dw gdwh w> dqg $| lv wkh zdjh udwh
lq shulrg w1 Iru wkh lqwhulru vroxwlrq wr wklv sureohp/ wkh �uvw rughu frqglwlrq zlwk
uhvshfw wr {|� lv

s|� @

�
4� �

4� �%|�

�
\|

D| {|�
> l 5 +3>D|, 1 +5:,

Htxdwlrq +5:, lv wkh lqyhuvh ghpdqg ixqfwlrq iru surgxfhu gxudeoh l dw gdwh w1 Jlyhq
wkdw doo lqwhuphgldwh jrrgv ghvljqv surylgh wkh vdph lpsuryhphqw lq surgxfwlylw|/
zh fdq irfxv rq wkh v|pphwulf htxloleulxp lq zklfk fdslwdo lv hyhqo| glvwulexwhg ryhu
doo dydlodeoh w|shv> wkdw lv/ {|� @ �{| iru doo l1 Wkh frxqwu|*v vwrfn ri sk|vlfdo fdslwdo
dw gdwh w +N|, wkhq htxdov D| �{|/ dqg wkh surgxfwlrq whfkqrorj| wdnhv wkh iroorzlqj
vwdqgdug Free0Grxjodv irup=

\| @ D
1
|O

k
| N

�3k
| > � @

4

�
� +4� �,=

Lqwhuphgldwh jrrgv pdqxidfwxuhuv eruurz fdslwdo/ zklfk lv doorfdwhg wr surgxflqj
h{lvwlqj ydulhwlhv ri surgxfhu gxudeohv dqg wr ohduqlqj qhz ydulhwlhv1 Zh pdnh wkh
iroorzlqj irxu vlpsoli|lqj dvvxpswlrqv= +l, surgxfhu gxudeohv duh uhqwhg udwkhu vrog>
+ll, wkhuh h{lvw shuihfwo| frpshwlwlyh pdunhwv iru sdwhqwv dqg sk|vlfdo fdslwdo> +lll,
lqwhuphgldwh jrrgv surgxfhuv wdnh dv jlyhq wkh suhvhqw ydoxh ri ghvljqv> dqg +ly, rqh
xqlw ri udz fdslwdo fdq eh frvwohvvo| frqyhuwhg lqwr rqh xqlw ri dq| w|sh ri surgxfhu
gxudeoh1 Qrwlfh wkhq wkdw wkh sulfh ri rqh xqlw ri sk|vlfdo fdslwdo dqg wkh sulfh
ri d sdwhqw uljkw zloo htxdo rqh xqlw ri rxwsxw dqg wkh suhvhqw ydoxh ri wkh ghvljq/
uhvshfwlyho|1 Dw gdwh w/ �upv wkhuhiruh ghflgh wkh dprxqw ri surgxfhu gxudeoh l wkdw
zloo eh dydlodeoh lq shulrg w. 4 e| vroylqj wkh iroorzlqj wzr0shulrg sureohp=
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pd{
t%|n�c��

�
�Y | � {|n�c� .

�
4

4 . u|n�

�k
s|n�c� {|n�c� . +4� �,{|n�c� . Y |n�

l�
> l 5 +3>D|`>

+5;,
zkhuh �Y| lv wkh sdwhqw uljkwv* suhvhqw ydoxh dw gdwh w � qrwlfh wkdw doo ghvljqv duh dolnh
lq surgxfwlylw| whupv/ uhjdugohvv ri zkhwkhu wkh| duh frslhg ru fuhdwhg iurp vfudwfk1

Prqrsro| sulflqj ri lqwhuphgldwh jrrgv lpsolhv wkdw s|� lv jlyhq e| wkh �qdo jrrgv
pdqxidfwxuhuv* lqyhuvh ghpdqg ixqfwlrq/ htxdwlrq +5:,1 Vxevwlwxwlqj +5:, edfn lqwr
+5;,/ vroylqj wkh sureohp/ dqg uhfdoolqj wkdw lq wkh v|pphwulf htxloleulxp {|� htxdov
�{| iru doo l/ zh jhw wkdw li wkh qxpehu ri �upv lv odujh/

s|� @
u| . �

� +4� �,
@ �s| > iru doo l > +5<,

wkdw lv/ wkh sulfh lv sursruwlrqdo wr wkh frqvwdqw hodvwlflw| ri vxevwlwxwlrq ehwzhhq
lqwhuphgldwh jrrgv1 Li zh ghqrwh wkh pdun0xs udwlr e| p/ htxdwlrq +5<, vd|v wkdw

p @
4

� +4� �,
= +63,

Uhphpehu wkdw zh irxqg wkdw � htxdov �

�
�+4��,1 H{suhvvlrq +63,/ wkhuhiruh lpsolhv

wkdw zh fdq zulwh wkh hodvwlflw| ri rxwsxw zlwk uhvshfw wr wkh whfkqrorjlfdo ohyho dv

� @ +p� 4,+4� �,=

Rxu qh{w wdvn lv wr vkrz wkdw wkh vwhdg| vwdwh ydoxh ri wkh uhodwlyh lqwhuqd0
wlrqdo srro ri ghvljqv +Wrr, htxdov wkh udwlr ri lplwdwlrq wr lqqrydwlrq sxeolf vxssruw1
Dvvxph wkdw/ lq wkh hfrqrp|/ wkhuh h{lvwv d Jryhuqphqw +ru fhqwudo sodqqhu, wkdw
froohfwv oxps0vxp wd{hv/ dqg xvhv wkh uhyhqxhv wr wd{2vxevlgl}h wkh U)G dfwlylwlhv1
Nqrzlqj wkh jdlqv iurp ohduqlqj qhz ghvljqv/ lqwhuphgldwh jrrgv surgxfhuv fkrrvh
krz pxfk fdslwdo wr lqyhvw lq lplwdwlrq dqg lqqrydwlrq1 Iuhh hqwu| lq wkh surgxfhu
gxudeohv vhfwru lpsolhv wkdw/ dw hdfk lqvwdqw lq wlph/ wkh dprxqw lqyhvwhg lq U)G
pxvw htxdo wkh suhvhqw ydoxh ri wkh ohduqhg lghdv1 Zh zloo kdyh wkhq wzr }hur0sur�w
htxloleulxp frqglwlrqv/ rqh iru lqqrydwlrq dqg dqrwkhu iru lplwdwlrq1 Iurp wkh U)G
whfkqrorj|/ htxdwlrq +5,/ wkh| fdq eh vwdwhg irupdoo| dv iroorzv=

USe
U| +4� � U|, @ Y | � D

�
| Ub

U| > +64,

dqg

USe
�|+4� ��|, @ Y | � D

�
|

�
U�|

�
� D�|

D|

�4�b
> +65,

zkhuh fh ghqrwhv rswlpdo doorfdwlrqv lq wkh frpshwlwlyh htxloleulxp zlwk wd{hv> dqg
� U| dqg ��| duh wkh udwhv dw zklfk wkh jryhuqphqw vxevlgl}hv lqyhvwphqw lq lqqrydwlrq
dqg lplwdwlrq/ uhvshfwlyho|1 Wkh OKV ri h{suhvvlrqv +64, dqg +65, uhsuhvhqwv wkh frvw
lqfxuuhg lq hdfk ri wkh U)G dfwlylwlhv/ zkhuhdv wkh UKV jlyhv wkh ehqh�w1
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Frpelqlqj }hur sur�w frqglwlrqv +64, dqg +65,/ zh rewdlq wkh rswlpdo udwlr ri
lplwdwlrq wr lqqrydwlrq lqyhvwphqw=

USe
�|

USe
U|

@

%�
4� � U|

4� ��|

��
� D�|

D|

�4b
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�3b

= +66,

Frqglwlrqv +<, dqg +66, lpso| wkdw

USe
�|

USe
U|

�
4� ��|

4� � U|

� �

�3b

@
UrJ
�|

UrJ
U|

> +67,

zkhuh vr ghqrwhv vrfldo rswlpxp doorfdwlrqv1
Wkh fhqwudo sodqqhu zloo fkrrvh � U| dqg ��| vr dv wr htxdol}h USe

U| wr UrJ
U| / dqg USe

�|

wr UrJ
�|1 Khqfh/ iurp +67,/ lplwdwlrq dqg lqqrydwlrq zloo eh vxevlgl}hg dw wkh vdph

udwh> wkdw lv/ ��| @ � U| @ �� | iru doo w1 Htxdwlrq +<, wkhq lpsolhv wkdw wkh udwlr ri
lplwdwlrq wr lqqrydwlrq sxeolf vxssruw htxdov wkh ydoxh ri wkh uhodwlyh lqwhuqdwlrqdo
srro ri ghvljqv> wkdw lv/

UrJ
�2

�� |

UrJ
U2 �� |

@

�
� D�|

D|

� 4b

�3b

@ W| = +68,

Wklv htxdolw| zloo krog/ lq sduwlfxodu/ dw wkh vwhdg| vwdwh1
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Wdeoh 4= Vroxwlrq Dojrulwkp Dffxudf| iru Dqdo|}hg Fdvhv

( ri Huuru iru �F |n� ( ri Huuru iru �U|n�

Fdvh � � Dyhudjh Pd{lpxp Dyhudjh Pd{lpxp
4

5

6

4

4

4

3158

318

31:8

313;

313;

313;

3168

3168

3168

3143

3148

3167

3183

31:5

418<

7

8

9

5

5

5

3158

318

31:8

3139

3139

313:

3164

3164

3166

3149

3157

31:8

31;;

4164

6173

Wdeoh 5= Sdudphwhu Ydoxhv Xvhg lq wkh Vlpxodwlrqv

Fkdqjlqj Sdudphwhuv* ydoxhv
Frqvwdqw

Sdudphwhuv* ydoxhv
Fdvh � � Lpsolhg ! Fdoleudwhg �

� 3197 4 4 3158 31<5 5136

� 31<9 5 4 318 31;7 31;6

� 314 6 4 31:8 31:9 3175

q 31347 7 5 3158 31<5 516

� 31459 8 5 318 31;7 4136

W
W 3174 9 5 31:8 31:9 318;

Wdeoh 6= Uhvhdufk dqg H{whqvlrq H{shqglwxuhv dv Shufhqwdjh ri wkh Ydoxh ri Djul0

fxowxudo Surgxfw= Sxeolf Vhfwru

Uhvhdufk +U, H{whqvlrq +L, L2U
Frxqwu| JurxsW 4<:3 4<;3 4<:3 4<;3 4<:3 4<;3

Orz0lqfrph

Plggoh0lqfrph

Vhpl0lqg*}hg

Lqgxvwuldol}hg

315:

318:

3187

416:

318

31;4

31:6

418

3176

4134

3184

318:

3177

31<5

318<

3195

418<

41::

31<7

3174

31;;

4147

31;4

3174

Vrxufh= Mxgg/ Er|fh dqg Hyhqvrq +4<;9,

- Wkh frxqwu| jurxsv zhuh iruphg dffruglqj wr wkh Zruog Edqn Ghyhorsphqw Uhsruw
4<;3 +Zruog Edqn/ Zdvklqjwrq/ G1F1, dv iroorzv= +4, Lqgxvwuldol}hg frxqwulhv � phpehuv
ri wkh RHFG/ h{fhsw iru Juhhfh/ Sruwxjdo/ Vsdlq/ dqg Wxunh|> +5, Vhpl0lqgxvwuldol}hg
frxqwulhv � rwkhu frxqwulhv zlwk dqqxdo shu fdslwd lqfrph deryh 4/383> +6, Plggoh0lqfrph
ghyhorslqj � rwkhu qdwlrqv zlwk dqqxdo shu fdslwd lqfrph ehwzhhq '693 dqg '4/383> dqg
+7, Orz0lqfrph ghyhorslqj � rwkhu frxqwulhv zlwk dqqxdo shu fdslwd lqfrph ehorz '6931
Hdvwhuq Hxursh/ Vrylhw Xqlrq dqg Fklqd zhuh h{foxghg iurp wkh vdpsoh1
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