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Abstract

In this paper we study possible rankings of opportunity profiles. An opportunity profile is adistsof

of alternative opportunities, one set for each agent in the societgoMfgaresuch opportunity profiles

on thebasis ofthe notion of “equality ofopportunities”.Our mainresults showthe necessary and
sufficient conditions for this comparison to edeusing exclusively the informatioprovided by two
cardinal measures: the number of common alternatives for all sets in a given profile and/or the differen
between the number of alternatives of individseels. Wealsoshow that, undegiven circumstances,

the only way to solveconflicts between thesevo numbers is tacombine them in a lexicographic
procedure.
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1. INTRODUCTION.

There have been in recent times several attemggitty the notion of “equality of opportunities”
through comparisons dhe opportunity setsavailable to the members of a giveaciety. Thatis, a
social situation is represented by a profile of opportusetts,one foreach individual in thasociety.
Our aim is to find reasonable ways of comparing any two social situations by looking at tineueoex
opportunity profiles. Our main concern will be the notion of equality of opportunities withigeheral

framework.

The nature of the elements within each set of opportunities is open to a variety of interpretations. E
the standards okconomictheory, they can baunderstood aswvailableconsumption baskets for the
consumer or feasible production plans for the prodigarthey mayalso be interpreted, for example,
as different primangoods as in Rawls (197 Ljlifferent functioningsas in Sen (1985), or dsmsic

liberties and civil or political rights of the population as in Ok (1997)

We do not adscribe this work to any particular interpretation of the alternatives, but it may be of som
help to look upon them as any kind of mutually exclusive opportunities, one of which will be the agent’
final choice. This is an interpretati@ssumed by mamyorks inthe literature on “freedom of choice”
and “preferencdor flexibility” (see for exampleirlegi and Nieto(1997), BossertPattanaik and Xu
(1994), Gravel (1998), Kreps (1979), Neme, Nieto y Quintas (19=6)anaik and X1990), Puppe
(1996) or Sen (1991) among others). This interpretation is also present in other works dikedted,

one, to the notion of equality of opportunities, such as Bossert, Fleurbaey and Van de gaer (1996).

Some authors, such as Thomson (1994Kanich (1995), proposehe study of equality of
opportunities on théasis ofindividual preferences ovéhe alternatives included iopportunity sets.

But, onthe otherhand,there could be a problem of “adaptative preferenpesed byElster (1982).



Bossert,Fleurbaey and&/an deGaer(1996),and Herrero (19973tart withthe assumption of aocial

ranking, R, on the alternatives, at# goal is to obtainankings of profiles orthe basis ofthat social
ranking R. InHerrero, lturbe-Ormaetxe and Niet(l998) thissocial ranking, R, isinduced from a
ranking on “uniform profiles”; thais, profiles where every individudlasthe sameopportunityset. In

this work we follow the approach of Krani¢h996), HerreroJturbe-Ormaetxe and Nietd995), and
also Ok and Kranich{1998), in whichthe opportunity setsare evaluatednly by the number of
alternatives in each set (its cardinality). Our main concern will be the notion of equappatunities,
leaving aside other considerations such as Pareto efficiency, for instancele@hill be reflected by
the axiomswhich will be presented as desirable propertieshef social preference relatimver the

opportunity profiles.

Among therules based othe use of sets cardinalitythere aretwo main principles toevaluate
equality in opportunity profiles. One takes into account the difference between the opportunity sets of tl
richest and the poorest members of society. The second one is based on the similarity between individ
opportunity sets. According to the first principlethe number of opportunities is more lesssimilar
across individualsthen wesaythat there is more equality @pportunities.According to thesecond
principle, we wouldlike to focus onthe number of opportunities commonghared byall the
individuals, and this number would be a reasonable meastine efjuality of opportunities of a given

profile.

Thesetwo principles have been translated imteo criteria for ranking opportunity profiles. One
seeks to minimize differences between the number of opportunities as in KE®&), and the other
to maximize the cardinality of the intersectionatifindividual opportunitysets as in Herrerdturbe-

Ormaetxe and Nieto (1995).

Kranich (1996) showseveral examples in whidhe situationmproves according tthe difference
criterion only at the cost of worsening (reducing) the common opportunities. A very relevant question i
then how to combine the two cardinality-based criteria. One aim of this paper is to provide an answer

the question of what the reasonable trade-off will be between the two rules.



The plan of the paper goes as follows: In Section 2 we introduce notation and definitions. Section 3
devoted to the axiomati&tructure of théwo cardinality-based criteria. In Section 4 we present some
examples of paradoxicaesults fromthe isolateduse of both criteria. We find that, under sogieen
assumptionsthe only way to solve such paradoxes is fmyxing the two numerical criteria in a

lexicographic procedure. All the results corresponding to sections 1 to 4 have been obtahmetivinr
person case. Iisection 5 we present a possilgieneralizatiorfor the n-person caseand Section 6

contains some final conclusions

2. NOTATION AND DEFINITIONS.

Let N={1,---,n} denote the set of agents, andXdbe an infinite set obpportunities.We denote the

set of finite subsets of by L. An opportunity sefor agent is an elemena'nL. We consideprofiles

of opportunity setsf the formA=[A",--- A"JoL".

For A=[A,--, AOL", 6(A) denotes a permutation af such that &°Vz#A@z... . =#A° " we

g pieces of notationAD:D{‘zlAi; A”:ni’LlAi. A™ will denote the —1)-

will also usethe follo

relation definedLdh As we know,

- denotefogical negation, is the

elatiop, wildenote the lexicographic order




read asat least as equitable as” and “as equitableraspectively. In Section 3 and 4 we investigate

rankings orL?, and in Section 5 we generalize our resulinffagents.

3. CARDINAL DIFFERENCE AND NUMBER OF COMMON OPPORTUNITIES
EQUALITY FACTORS.

In Kranich (1996)the Cardi ifference Relatioron profiles of opportunity set§ cps

defined by:0A,BOL®, A coBif C(A)<CD(B), wherenADL?, CD(A)=[#A'~# A’|.

This ordering reflectshe principlewhich identifiesequality of opportunities with equality of the
number of opportunities, and reachesniaximumwhenall of the agents enjoy the same number of

opportunities.

On the other h here exists the idea of identifying equality g@opportunitiealvatents having

the same oppor. $his idea finds anatural representation in th ri@dommon Opportunity

Relation ( ¢) ppears in Kranicfil996), Herreroturbe-Orma and Niet(1998) and in

Bossert, Fleurb aj Van i Gaer (1996), its definition b&in B (in the case=2, if

#(A' n A%)=#(B' n BY)).

As said before, cp o orderings with aardinalitybasis. In generathey lead to

solutions whicharediffe

t, an s wavill show later,sometimes mutuallgontradictory.That is
why we want first to focus ouwattention orthose rankings of profiles whidre consistentvith both

rules, and for this we propose the following axioms:



Axioms

ANONYMITY (AN)

DA=[AY, AY0L? A~[A?

MONOTONICITY (MON)

DAOL?, OxOX, o(A) [ARP, {x}], with strict preference ika(A' n A?).

ASSIMILATION (ASM)

OAOL?, 0x,y1,Y,0X s.t.x0X\A", y,0A! andy,0A?, [A'T0{A vid, A2O{x\{ y,}] A

INDEPENDENCE OF DISJOINT EXPANSIONS (IDE)

DAOL?, ox,yoX\A7, xzy, [ATD{x}, A*0{y}]~A

(AN) is a minimal condition in fairness and distributive justice, and says that it is only the distribution
of opportunity sets among agents that mattersthaatnames.(ASM) appears in Kranicli1996), and
implies that the substitution of any two opportunities (onesémh individual) in a given profilith a
common one, will not cause detriment. (MON) requires that dropping an opportunitthiaset of the
worst-off, will not increase the equality of opportunitiéshich strictly decreasesvhen such an
opportunity was common to both). (IDE) says that increasiaghumber of opportunitiger all (both)
agents with new non-common opportunitig$f not affect the degree aquality. It is veryclear that
(IDE) goes against the notion of Pareto efficiency, but makase from atrictly egalitariarapproach.

(IDE) implies theproperty of “Replacing(REP) used in Herrerdturbe—Ormaetxe and Niet1998):
DAOL?, Ox,yoX such thakoA”, yoANA?, then BO{X}\{ v}, A%]-A.
Proof: Let zoX\A" s.t. zzx,y. By (IDE) [A'0{x}\{ v}, A%]~[(A'0{x}\{ y}) O{y}, A°0{Z}], and also

by (IDE) A~[A'D{x}, A’0{Z}]. Then by transitivityA~[A'0{x}\{ y}, A7.



Notice that the inverse implication is not true: letl

:w B :ﬁ This relation

h sfic#(AN), (MON)(ASM)
d

is transitive, and satisfies (REP), but not (IDE).

A Characterization Th

THEOREM 1.Let b leterdering defined oh.?; t

and (IDE) if and only if:
OA,BOL®,  [#A"2#B" and CDQA)<CD(B)] - A B
[#A">#B" and CDA)<CD(B)] - A B

(and hence [£"=#B" and CDA)=CD(B)] - A-~B).
(Proof of Theorem 1 available upon request).

Theorem 1 statethat underthe axiomaticconditions,the ranking willalways verifythe dominance
principle described by th&wvo implications of thetheorem. In othewords, the proposedaxiomatic
structure constrains the rankings to those based on the common opportunities cardinal and/or the card
difference, weighting uphe first factor positively andhe second one negatively. This implies, for

example,that no other factor apaftom thesetwo, such asthe total sum of opportunities, is

determinating ting the equality opportunities. The class of orderingscharacterized in

Theorem 1 repre le set of rules in a context of cardinal evaluation of the opportunities.

Indeed, cp ers of this family of rankings andase severapossible combinations

of the two (in a §gxicogr@@hiprocedure, for instance). Btitere arealso inthe literature many criteria
which are not members of the characterizkeds. Forexample, in Herrerdturbe-Ormaetxe and Nieto

(1995,1998), the following orderings over profiles of opportunities are defined:



Lexmin Cardinality Relation( |0 > [B°® B
Maxmin Opportunity Rela #B" ,# B°Y)
Lexmin Opportunity Utilitari HA"] = [#B" #B"]

Lexmin Opp. Relatiof |o HATP) #A°

> [#B",#B°@ #B°M)

Bossert, Fleuerbay and Van de Ga 6) also defi following:

Maxmin Cardinality Relatior{ mj ># B”?

The aboveorderingscombine in differentways notions ofequality of opportunities with some

Paretian considerations. It is easy to check that all of these orderings fail precisely in the axiom (IDE).

Other interesting orderings of opportunity profiles defined in Kranich (1996), also violate some of the

For example:

axd@)=max{#A"A?), #A7AD}, and mind@)=min{#(A\A?), #(A2\AY)}, we define:
axd@)<maxdB)
nd(A)=mind(B)

nd(A),maxd@)) 2. (mind(B),maxd@))

4. LEXICOGRAPHIC COMBINATIONS

The two previous criteria for ranking opportunity profiles might be the object of criticism. tilikee

into account onlythe Cardinality Differencerdering,then there could bavo profiles A,B suchthat



#A' = #A7 = #B' = #B°, butA'zA”andB' = B In this exampldhere argeasons tacceptprofile B as

being more egalitarian thax, which would suggest the need to measure in seayethe opportunities

shared by all the agents.

On the othehand,the use ofthe cardinality of the intersection as the unique criteriorwhich to

rank profiles in terms of equalitynay also lead tosome counterintuitiveesults.Let A be the case
#A'=#A” = 2 andA'=A?, thenA would beindifferent to a profileB suchthat #B8'=4, #8° = 2, and

B*0B. This example would have a satisfactory solution taking into account the Cardinality Difference.

The above examples lead us to consider combinations of the two measures asragkedgg. Now

we present some possildlembined rankingsal r the domain of Theorem 1, thavesifying

the axioms in Section 3:

Let us consid lowing rankings, 1 re lexicographic combinations of the

—CD(A)]2.[#B",~CD(@B)]
A) #A"]2,[-CD(B) #8"] \
These criteriasolve the conflicts between thievo measures in a vergimilar way to cpMn

ions ‘

nts hdde same opportunity

cardinality-base

0A,BOL? A

A

respectively, since they always prioritize one of the facives the gher. Hence thekind of obj

we may find are quite similafor example, from grofile where bot

set, if we were to increase one set with an additional however ¥ e other with a sokement

XOX, this modificationwould improve the profile according to,, eems to be counterintuitive.
On the other hand, let us imagine a profile with an empty interséition and a big diftirece, and

let us suppose that we increase the small set with an additional however |aXge/isig, increasing the



et with an additional 3&€t{x}: this would produce a worsprofile according to

Leta,bod,, 0A,BOL?, A ,BM[ )—b(CD(A)]=[a#B")-b(CD(B)]

The first ranking weights up the number of common opportunities while weigtding the cardinal
difference, and alsaicely relativizes changes iboth values when &onflict arises. However,

sometimes this rankingan be arbitraryfor example, if we add tthe bigger set aew opportunity

ts a class of rankinggrametrized bya andb, and combines both measures as a
sum. Th@gvalues of andb could, to some extenteflect the weight given teachmeasure, and
hence, determine the degree to which one prevails over the other (whenever there is no domination).

But this measure might also be arbitramhen wegive “b/a” additional opportunities to the richer

agent -ifthatnum i entire, wiake thefirst whole after “b/a’- then, the new situation is

possible to thirg about other non-lexicographic combinations of the

two nu ' IGl also are within th of Theorem 1, such as the following:

,#B" <k, andA ¢ or #B" =k

, #3"<k, andA cp A" or#B" =k

10



(wherek is a fixed natural number).

These solutions could be appropriatecantain contexts but they clearly become arbitrary ifwigh
to apply them as general rules of equality.

In short, if we want to presentrale which combines botprinciples, it must provide an answer to
such questions as: when isgaeater number of common opportunitieble to compensate big

differences in the number of opportunities;vatich point can wesay that a similarnumber of

opportunities is more equitable, despite a smaller number of common opportunities; and other simil

questions. We have seen how none of the proposed criteria can elude having to look for the solution i

specific direction, anthow there isalways a degree of arbitrarinessthie solution theypropose; as a
consequence, we can always find an objectiagathrule. It is, therefore, worth posirtge following

question: Is it possible to find an overall, coherent and satisfactory solutiba tonflicts between the
two cardinal measures? We willow propose twaaxioms which imposeadditional properties of

consistency in order to come closer to answering this question:

OxoX\( A"0C,0C,); then
C.0{x}, A’0C,, -, A'0C,] A

[A'DC,, A0C,, - A'0C,] A

(C) deals with the rule that certain expansions, which are similar for both profilestHe@vevious

preference between themmaffected. (ND) imposes @ertain coherence in tlerdering on opportunity

11



profiles: if an increase in the cardinality difference is not negative from the g@igdoint, then neither

is any additional increase with one new opportunity.

Theorem 1 was to show how, under given conditionsnace than théwo numericalmeasures are

necessary and sufficient &valuate the equality adpportunities.The following theoremshows that,

under certain consist@cy conditionsthe onl® way to combine thetwo measures is through a

lexicographic

THEOREM 2.Le s8Misfic#(AN), (MON), (ASM), (IDE), (Cand (ND) if

and Only if D{ CcD

(Proof of Theorem 2 available upon request)

Theorem 2 can be interpreted in #olowing sense: giverthe meaning of coherenaxpressed by
axioms (C) andND), the only coherentway to combine thetwo cardinal measures ighrough a
lexicographic procedure. Although Theorem 2 is not formally an impossibility theorem, it could also be
interpreted in that sense: If we want to preserve the coherence given by é@X)oamsl(ND), we must
fall into the arbitrariness which underligbe lexicographicsolutions, or we musgnore one of the

measures.

5. THE n-AGENTS CASE

There are many different ways to generalize the two basic cardinal measures udeacheog.them
could be more or less appropriate according to the context in which the equality of opportunities is to |
analyzed. In the case of the number of common opportunities, one possible formula is the cardinal of
intersection of then sets inthe profile(see HerreroJturbe-Ormaetxe and Niet(1998), and Bossert,
Fleuerbaey an®¥an deGaer(1996)), however, irtontexts where thesetstend to be vergifferent,

the intersection may very frequently empty, andhe measure may becomen-functional. We could

12



then think of othemeasures, such #se sum ofthe number of commoapportunities,takentwo by
two; the maximal (minimal) number of common opportunities between two sets; the intersection betwese

the bigger and the smaller set of opportunities, and others.

The cardinality difference is also susceptible to different generalizat@es. forexample, Kranich
(1996), who provides a mean of the cardinal differences betweetalsatidwo by two. Wecould also

think of another simpler measure, such as the cardinal difference between the bigger and the smaller <

Obviously,the type of axiomatic generalization is closely linked to tthe respective generalized

measureshat one decides tadopt. We proposéere one possiblgeneralization on theasis of the

number of the common opportunities in theets of the profile; that is, féoL", we will considerA”.

On the other hand, we will uske cardinality diff bigger and the smaller satin

profile; that is, DAOL", we will consider CR(A According to this, the

definitions of thdiriteria described in the precedi tely be extendadagethis

case, in particu ill define the orderings, ely by:

0A,BOL", A
DA,BOL", A CDn(B)
DA,BOL", A =CDn(A)]2.[# B",—CDn(B)]

0A,BOL", A n(A).# A= [-CDnp(B),# B"]

Generalized axioms.

ANONYMITY (AN ©)

DAOL", A~a(A).

13



Applying (AN 9), we cansuppose without loss afenerality thatACL", it is presented in cardinal

order, that ifA=a(A). We will dg@so from this point on.

MONOTONICITY (MON?®)
DAOL", Ox0A' (i21), o(A) [ A, \{x}, -, A’

with strict preference %0A" andi

ASSIMILATION (ASM?)
DAOL", A=[AY, A% -, A, Ox0X\A", DyoA™X A% -

[A'D{ yab, AODN yab, - ATO{XM yn}] A

INDEPENDENCE OF DISJOINT EXPANSIONS (IE

DAOL" such that [A'z#A%-=#A,

oxoX" such that: (i #x; 0 j=1,-n; (i): x0A" xaDA™;

(iii): O, #AT{x)) 2HA D{ % ) 2#HA 0{xa}); and (iv): Ti , x0(A™)"

then A'O{x.}, A’0{xz}, -, A"O{xn}] A

CONSISTENCY (6

0A,BOL", nAlDA, BoB, oxoX\(A'0BY) such that:

it xa(B7)"; Gii): #A= nfR#A) iff #B'= mfalx(#B‘),

14



NON-DECISIVENESS (NDB)

DACL" suchthat [#A'2#A%->#A", OCOL (i=1,-n) suchthat A'nC;=0 0i, and suchthat

#C>#Cy, andoxoX\( A"o(0™,

[A'DC,, A0C,, - A'0C,] A Ci0{x}, A°0C,, -, A'0C,] A

All axioms belong to the possible generalizations of the corresponding axioms in the twocagents

As then, it is possible to derive froffDE?) the following generalized axionfREF): DAOL", DA'DA,

Ox,y s.t. xoX\A", yo N [AL -, ATy}, -+, A"~A. Thaeproof of the relation between

dar to the=2 case.

(IDEY and (REP) is quite

THEOREM 1. Let b , (MON?), (ASM)
and (IDE) if and only if:
OA,BOL®  [#A"2#B" and C(A)<CDn(B)] - A B

48" and C(A)<CDn(B

»
THEOREM 2. Let o®(AN), (MONY), (ASM?), (IDEY), (C°) and

(Proof of Theorems'land 2 available upon request).
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