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Abstract

Sometimes individual agents display in their decisions a prefefend&ving more opportunities to
choose from. Irthis paper thidact is interpretedrom a preference forflexibility approach, which
links with the hypothesis that there is some uncertainty or vagueness in the decision maker’s preferen
We define an asymmetric (but not necessarily transitivepmplete) preference on a finibaiverse of
alternativesX, to express that vagueness. Taking this preference as a reference, the notion of prefere
for flexibility is described by means of tlaiomatic characterization ofaass of binary relations over
the possible subsets Xf which are interpreted agpportunity sets Subsequently, wdemonstrate the
relationship between the results and the representation theorem of preflerdigogbility proposed by
Kreps [10]. Finally, it is shown how some special orderingh@frelated literature could be interpreted
as elements of the class characterized here.
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1. Introduction

In certain problems of individual choicthe decision makenas only provisional, or naompletely
made up preferences among the alternatives atisigosal.When thishappensand if it is possible to
postponethe final choice, it is plausible to thinthat she wouldlike the chance to maintain bigger
opportunity sets to choose fromhis problem, where future preferen@suncertain, haveencalled
preference foiflexibility in the related literaturésee Koopmanfd], Arrow [2], and speciallyKreps
[10]). According to the last author, in such situations, preferences on opportunity setslestiafiset
is at least as good as all of its subsets, but maysatsfy ‘revealed preference’, thenion of two
sets may be strictly preferred to each one taken separafigps [10,p.565]).This motivates him

to provide a rationalization of this type of behavior by means of contingent utility functions.

In relation to the preference for flexibility literature, but with a different motivation, there asent
years been increasing debate over the individual valtreedom of choicésee Pattanaik and Xa3],
Bossert [4], BossertPattanaik and Xy5], Gravel [6], Klemisch-Ahlert[8], Puppe [14,15], Sen
[17,18,19] or Suppes [20] among others). In most cHsEseworks turn,more orless exclusively, to
theintrinsic valueof freedom of choiceaccording to which aenlargement of the set of opportunities
always implies a strict improvement of individual welfare (see Sen [18]); that is, the condition satisfied |
that, for any opportunity s&&, and for anyalternativex not belonging tdA, the setA0{x} is strictly
better tharA. The desire for a greater range of choice is in this case independent of the uncertainty of 1
preferences. In generahe notion of freedom of choice is formalized by means ofatkiematic
characterization of preferences on opportunity sets which reflects such a desgedom of choice (it
is better to have more tohoose from),while simultaneously being consistent withe ex-ante
preferences on the individual alternativespasic preferenceqit is better to havgood alternatives to

choose from than bad ones).

In contrast withthe above mentionedorks, the currentwvork returns tahe idea ofpreference for

flexibility. According to the interpretation of the tefpreferencefor flexibility”, an enlargement of the



opportunity set shouldtrictly improve the agent’'s welfaanly in some cases; in particular, only if it
allows herfinally to select a better alternative thany othershe could have selected before the
enlargement. In thisase, it isnot generally tru¢hatany opportunity added to a given set necessarily
implies a strict improvement. This/pothesis leads usaturally to examine thagent's preferences on
the alternatives individuallgonsideredthat is, it seems reasonable &malyzethose attributes of the
basic preferences, which give rise to the discrimination between alternakigesavailability is valued

and those whose availability is not.

Therefore the formalization of the idea of preferenime flexibility presented here is isome way
related both wittthe freedom of choice literature anath works onpreferencdor flexibility: We take
the axiomatianethodology of the freedom of choice literature, With a “preferencefor flexibility”
motivation. That is, we axiomatically characterize orderings over opportunity sets coherent with the ba:
preferencebut, in our casesince that preference may becertain, it has garticular structure (in
particular, it is supposed to be only asymmetric, and may be clearly incomplete). On tHeantheour
description of the concept of prefererioe flexibility differs tothat of Kreps, whosanodel lacks any

formal allusion to an underlying binary relationXn

This approach enables us to show that some paradigmatic rankings of the freedom of choice literat
such aghe cardinalist onésee Pattanaik and X3]), or the leximax(seeBossert,Pattanaik and Xu
[5]), can be axiomatically obtained as coherent with the prefefendkexibility idea; thatis, sometimes
the apparent intrinsic value of freedom of choice, providethbymere availability of moralternatives,
may mask some uncertainty as to futymeeferencesOn the otherhand, we showthe formal link
between both types oformalization of the preferencdor flexibility concept (the axiomatic

characterization proposed here, and Kreps’ representation theorem).

In order toillustrate the differences between the preferdiaceflexibility idea and the freedom of
choice motivationJet us considerthe following example Let us imagine atudent whocan choose
between studying Law or Economics at her local university. If, afterwards, this university offers her th

additional option testudy Medicine, it seemshat her welfare increases in as muchshe hasmore



opportunities at hedisposal, and in consequence, enjoysore flexibility in choosing a career.
However, let ussupposédhatshe loves=conomics andvould never prefer to be a doctor to being an
economist. In this case, would her capacity to decide be affected by the incorporation of the third optic
We could reasonably assert that the opportunity set {(E)conomics, (L)aw, (M)edicine} provides her wit
the same flexibility to choose as {E,L}, because she will never take the alternative (M) if (E) is available
In contrast, let us imagine another student who préErer (L) to (M), but who isnot yet absolutely
certain ofhis tastes. In this casalthough he values (E) and (L) more highly ti{a#), it might be
reasonable to think that heould like to keep the thirdoption open if possible; so that, in such
circumstances, the enlargementtoé set could plausibly be considered as an improvement in terms of

flexibility.

Examplessuch aghe one abovsuggest that, in facthe analysis ofthe agent’'s basipreferences,
and especially in so far as the certainty of these is concerned, is a necessary, or atdtemat, starting
point for the correct study of her desire for flexibility. A first simple stepgsessinghe importance of
these factors is to distinguish, among the binary relations of preference on the alternatives, between tt
which areabsolutely certainn nature (the decision makieas no doubthatshe preferx toy, and is
sure that she will never choogdf she canchoosex), and those whiclare not so certaifperhaps the
agentprefersx toy, but is not absolutelgure about her tasteshe cannotclaim thatshe never will
choosey instead ok; lack of information enabling her to evaluate all the aspects of the alternatives coul

be a clear motive).

In this work thecertainpart of the basic preferences is taken as a primititkerdecisiorprocess. It
is understood to b#he immutable part of thmdividual's present preferences, and consequently, the
known portion ofher future preferences. Thmart of her tastes is represented by means of a binary
relation P, which is only required to be asymmetric, but not necessagbyatively transitive, or
complete, in accordance with its naturdaél certainty. Sometimes it is quitdear thatx is better than
y, and then we writgPy; in other cases it is not possible to assert thislsarly: even if there is a

preference fok, this is not absolutely definite, therefoxeandy are not related through



The structure oP allows forthe decision maker being unable to compare cepairs of elements
with absolute certainty, and for hpreference between them beiogly approximate, allowing for the
possibility of reversal. Also, it could happ#rat thedecision maker might be |ure in her tastethat
she could order all the alternatives by mear®, diat is, it is possible fdP to be not only asymmetric,
but also a negatively transitive relatidnkewise, the possibility isalso admitted of the degree of
uncertainty being great enough to consil@mpty. Of course the structurePincludes cases in which

it is, for example, a partial order, or a semiorder.

The above distinctiorfits in very well with the two notionsintroduced by Harsanyi [7]: The
preferences such as they are at preserdauéal preferences’and the‘well-informed preferences;
thosehypothetical preferences the decision makeuld have if she hadall the relevant information
about the alternatives and if she made use of it. Imibeel, P representshe part of the well-informed
preferences that the decision maker knows at present (at the moment of the evaluation of the opportu

sets).

The information attached ® makes it possible to establish chanrefsthe consistencywhich, in
terms of preferencdor flexibility, must be maintained by the decisiomaker's comparisons of
opportunity sets. Inparticular, preferences on opportunity sate supposed to satisfy ainimal
property: the addition of an alternative to a given set only implies a strict improvement if there is no oth
opportunity inthe setwhich, by means ofP, surpasseshe one added (it isindoubtedlybetter);
otherwise, the additional alternative does not contribute any flexibility to the choice, and in this sense, t

enlarged set is considered to be indifferent to the original one.

The described condition establishes restrictions only on comparisons betetsemnvhich are
enlargements (reductions) one of the other. Not in Veuae we tried to keep the condition free of any
meaning beyond the mere concept of flexibility in choice. In its strictest sense, only sets related by me:
of inclusion would be susceptible to having this characteristic of providing ‘fless flexibility in the
election than” the one contained (containing). This condition will not, therefore, be generally sufficient t

obtain complete orderings on the opportunity.Sete actual extent of theroperty lies inthe fact that it



restricts thecases in which set enlargemeatsually increase theitexibility. In fact, there is a wide
range of incomplete orders which verify the axiom, but this paperfauills mainly onthose which are
complete. Also, the proposed formalization makes it possible to experimerthgitionnection between

the degree of uncertainty in the agent’s tastes, and her wish for flexibility when choosing sets.

Consequentlythe paper is set out dsllows: Section 2 containghe notation andoroposes a
definition of the relations on sets which are consistent in terms of prefdogrftaxibility with a given
preferencd. Section 3 holds the main results of the paper; among them, an axiomatic characterization
the class of relations ovesets defined previously; and a representation theofemthe complete
orderings whichare consistentvith a certainP. In Section 4 we present some special examples of
orderings,taken fromthe freedom of choice literaturehich can be interpreted as particulzases of

consistency in terms of preference for flexibility. Section 6 contains some final remarks.

2. Notation and definitions.

0 (O4) will denote the set of all the real numbers (all the positives).

Let X be a finite set of alternatives, and=; 2° will represent the set of all the non-emptybsets of

X. Sometimes, we will refer to the elementsXds the “basic alternatives”.

Let P O X2 be a binary relation defined of it will be denotedkPy when §,y)OP. In the present

context, P representshe absolutely certain part of tlagent's preferences, and mustread as “is

referenceelation, and will

“theset A is

preferred toB”. At first, no particular struc be imposed on, though,the paper will

concentrate mainly on the case in whicisjlin asymmetric and negatively transitive binary relation, and



then, d#fin y:A B here - denotekgical negation, is a&completeand transitive

—

ordering ongg and the ass@@lated relatiems an equivalence relation.

The formal goal othis work is toinvestigatepossible binary relations osubsets ofX which are

istent in terms of preferene flexibility with the relationP: We express this bthe following

' Let P be an asymmetribinary relation defined oiX. It will be saidthat abinary relation

P-consistent in terms of preference for flexibilityt satisfies the following condition:

« CAO{¢ ~ A o Oa OA st. aPx
0 A02%, O XOX/A, O _ (2.1)
AO{G >~ A otherwise

3. Main results.

First, we present and propose amxiomatic characterization of the relatiooser sets which are

consistent in terms of flexibility with a prefereniéeFor this we cojider the following axioms:

Restricted MonotonicityRM)

Ox,yaX, xPy implies{ x,y} ~{x}, and =Py ) implies {x,y} {

Indifference Consistency{iC)

OXOX, OA,B02%, s.t.xa0X/AOB andA B,

Strict Preference ConsistencsPC)

OxOX, 0A,BO2" s.t.xaX/AOB,  [AO{x} AndBO{x} B



(RM) issoused inArlegi and Nieto[1]. It is related to the axiom o$trong Monotonicity (SM),

used by Patt d Xu [13] and Bossert, Pattanaik ar{@]Xaccording towhich, forany x,yoX,

{x¥

preferencdor flexibility. By (RM), we restrict thecases in whiclvalue is attached thaving a wider

and which is used in &reedom of choiceontext.(RM) reinterprets (SM) in a context of

choice, and we consider that this happens only when there is some doubt in the basic preferences.

(IC) establishes that, if an alternative does not add any value to a giverils=t neithedoes it to a
set which containé. This property is related to the standard theory of consumer beh@RL) states

that, if an additional alternative increases the flexibility of a pair of sets, then it should lileffiettethe

union of those sets.

'

ry relation defined orf,2andlet P be an asymmetric binamelation f

{

Theorem 1: Let

s gireferencdor flexibility (it satisfies(2.1)) if and only if

Proof: It is easy to check that, if s#isfi 1), then it also satisfieRM), (IC) and (SPC). Waeuwill

X, #A=m, and letxaX/A: If there existJ@OA suchthat a;PXx,

only prove the inverse implication:

then, by (RM){a;,xt ~{a;}. AB{a} OA, by (IC), An{x}~A

which by (SPC)

If theredoes not exisa iPx then, by (RM),0a0A {a;,x} {

implies {a;}0{ax} 0{x} { Also by (SPC), the last ation implies in its turn

By repeating as often ssary, we have

{a}0{az}0{agto{x} {

{} 0{az} 0...0{an}, that is,AT{x} A

{ai} 0{az} 0...0{an} O{x}

(2.1) only establishes conditions of consistency Wiih cases of enlargements (reductionsjers.
This does nofgreatly restrict the structure of thmossible orders orhe opportunity sets; in fact,

intransitive relations or clearly incomplete relations on opport@weitgcan satisfy (2.1). From now on,



the paperfocusesmainly onthose orders which satisf2.1) and are at the santene complete and

transitive (complete preorders or “complete orderings”).

This does nomean that weassumethat the naturalvay to comparesets is with acomplete and
transitive preference. The previous reslilbws, in a waythat incompleteness in the basic preferences
leads to incompleteness in the preferences over sets. The question now is: given a complete and trans
way to order opportunity sets (as in the freedorshaficemodels), is it possible tmterpret it in terms

of flexibility, that is, as d-consistent ordering?

Definition. LetP be an asymmetric binary relation definedrA binary relation on opportugisets

will be said to be &-consistenbrdering of opportunity sets in terms of preferefiaeflexibil

it is complete and transitive, and satisfies (2.1) with respétt to

Remark:lIt is easy to prove that, P is an asymmetric binary relation defined ¥n and i

consistent ordering of opportunity sets, tieis transitive.

As justified before, unlike Kreps, we try to formalize tea of preferencéor flexibility in terms of
the basigreferences, represented iy binary relatiorP. However,there is some relation between

Kreps’ approach and the one adopted in this paper.

Kreps [10] proposes i@eprgsentation theorefar the preferencdor flexibility, but with no formal

remission to preferences d ternatives individuallgonsidered The ex-ante conditionsthat he

imposes on orderings of sets to at they display preference for flexibility are the following:
(3.1)0A,B02X, ALB - B A

(3.2) 0A,B,CQ12%, A~AOB - 0OCO2%, ADC~ADBOC

That is, enlarging an opportunity set never makes things worse for the decision maker ((3.1)), and i

setB does not add angdditional value to another sAt then nor will it do so to a different set



containingA ((3.2)). Therefore, Krepgoncentrates on representioglerings which satisfy3.1) and

(3.2). Kreps'representation theorem establishes in advance one vaiéihke state of the individual's

suchthat thefunctionv:2* . O defined byv(A) = %S[nE;\AxU(x,s)] OADO2%, represents .

this representation, whenevise decision makesrdersthe opportunity sets satisfying properti€s 1)
and (3.2), wemay interpret that there is amderlying set ofutility functions representing different
orderings orX, orderings which areontingent to differenpossible states dhe world (possiblestates

of future preferences). Then, when the agent evaluates an opportunity set, she is behaving as if she

adding up the different maximal utilities she could reach with the elements of the set for eacbf Sate

The following Lemmarelates theclass ofcompleteP-consistent orderings according to a given

with the class of orjgerings represented by Kreps:

Lemma l:Let b plete an itive binary relation defined*parfl letP be an asymmetric

binary relation definéfoX. If  iSMP-com8istent in terms gireferencdor flexibility, then it satisfies

(3.1) and (3.2).

Proof: (3.1) is straightforward from condition ). To prove that (3.2) is also satis

is P-con nt in terms of preference for flexibilit 0B implies thatob;OB\A ther S0A ‘

such thag;Ph ise, by (2.1)A0{b;} A JBnd by the monotonic character ofal itivity,

AOB A Jhich is absurd. Therefore,b;0B\A there exists;0A such thataiPb;, thenDEB\A there
existsaOAOC suchthat a;Plby;; Takebq,...baO0B\A. By (2.1) AOCO{bs}~AOC. For the sameeason
ADCO{ by} 0{ by} ~ADCO{ by}, and by transitivityADCO{ b1} 0{b,} ~AOC. By repeating as often as

necessary we readdDCOB~AOC. ]



In otherwords, although the starting point iaur approach iguite different to the one iKreps’
work, the class of orderings consistent in terms of preferendlexdility with a given preferencP is
representabl@ la Kreps. Howeverthe inverseimplication is not true ingeneral. In particular, if a

complete ordering satisfies (3.1) an

.2), this does not imply ti®t it satisfies (RM) or (SPC).

Examples:

» LetX={xy,Z}; P=[(x,y)], an . It is easy to checthat

this ordering (“counting'the alte C)), but not

(RM).

* Let X={x,y,z}, and let

'
"

amplethe ordering is not consistent withe given relatior?, but could be consistent

satisfies (3.1) and (3.2), but n

In the first

with another di t asymmetric relatién(in fact it is consistent with an hypothetic®f=[1). The

secondexampl avay more relevant, as it is impossible to find any asymmegiation P on X

suchthat | ent witht: According to the definition oP-consistency, X,y,32~{x,y} would

imply xPzor X, and this would imply X, ~{x} or {y,3~{y}.

This point mightlead us to investigate theecessary and sufficiersxiomatic conditions for a

completeordering of opportunity sets for there to exi mmetric relatio®® which parametrizest

in terms of flexibility. The following theorem answers uestion. For tiestwo following axioms

are considered:

Weak Simple MonotonicityNSM): 0Ox,ydX,

Simple RelevancéR): Ox,yOX, {X,y} {

10



(WSM) is a weak version of (RM). tlaims that never is the availability o opportunitiesvorse

than that ofone ofthemalone. (SR) imposes, fany pair of elementghe existence of at least one

which is relevant, thiiis, which contributes to the flexibility.

Theorem 2.Let ry relation defined orf.2Thereexists arasymmetric bina IoR on

tent in terms gbreferencefor flexibility if and only if  sEisfi

Proof. It is straightforward thatgiven an asym
Therefore, the proof of the sufficient part of

Theorem 1. For the necessary part, we must

we can find affiasymmetric relatiéhsuchthat

{(xXB~{x}. We

such that {x,y} X (From (SR) we have t

w that, in particular, i ent with the relation ofidefined by:P={(x,y)

defined as above is an asymmetric relation).

Moreover, iSWP-c stent in terms of preference for flexibilg@. For that we must prove:

(i): DAD2X, O®EX/A, Caj OA such thagiPx - AD{x} ~A

and (ii): DAD2%, xaoX/A, [a; OA such thagiPx - AO{x} A

(i): Let AD2%, xOX/A. If thereexistsaj0A suchthatajPx, then by deMiigion &,x} ~{a;}. By (IC),

11



Notice that Theorem 2howsthe conditionfor any binaryrelation on 2 to exist an asymmetric
relationP which parametrizes it, and not only for complete orderings of sets.Theorem 2 has some forn
analogies with the well known results of Sen [16] concerning rational choice. He imposes conditions,
a ory, on thechoicefunctions to assethat certairbinary relations between the individual alternatives
rationalize them. Theorem 2 imposes certain conditions on the set orderings sufficient tihastbente
exists a binaryelation that rationalizethose orderingsbut in terms of flexibility. Inthat sense, the
induced relationP={(x,y) suchthat {x,y} ~{x}}, used in the proof, playsthe role played by the

revealed preferenca the standard rationality models.

Theorem 2shows noevident formal relationship witkKreps’ characterization. But wé&now by
Lemma 1 thatsuch arelationship exists: given an asymmetric relatln the set ofP-consistent
orderingsare asubset otthe orderingscharacterized b¥Kreps (butnot thereverse). Then, it is worth
posing the following question: Is it possibledwaracterize the particuléorm of Kreps’representation
function, forthe particular case of the-consistent orderings? This point leads usth® following

theorem of representation in termd~of

Theore . e a finite set of alternativelet P be an asymmetric binary relation defined>on

stent in terms of preference for flexibility if and only if thexg Inite setS, and a

functionUgKx S- 0, such that/(A)= %S[mgg(U(x, s)] DAD2" represents, hatU satisfies the

following property with resp

DAD2Y, Dai0A, gi{max(A)} - U(aj,9>U(a},5) DajdA, aj # a; (3.3)

Proof: By Lemma 1, if i#®P-c@fsistent, it satisfie43.1) and (3.2); hence,according to the

representation theorem Bfepsil0], thereexists afinite setS and a functioJ:Xx S- 0, suchthat

12



DAD2%, (A)= %S[mg\xU(x,s)] represents . provghat ve@fifi .3) with respect tg2. Let

us suppose that this is not true; then, there*®e two possi first one is that fan2%

exists aj0{max(A)} such that 0sOS [gj#a, oA, U(gj,92U(g,9); in that

2[ max U(a,9)]= Z[maxU(a )], and ifv represents , t ot

.} ~A, and consequently i
sOS & A {a}

consistent. The second pgssibility is that for sém2*, there®exists; [ max,(A)}, and sOS, su

aj L{ max,(A)}, in this case therexistsg;JA suchthatajPa;. L

On the othehand, wemust provethat if thereexists afini a functionU:XxS- O

satisfying(3.3), and suchthat thefunctionv represents , Istent. Again, in order to

demonstrate this part of the proof, it is sufficient to prove t

(i) DAD2%, OxOX/A, Cgj OA such thagiPx - AD{x} ~A

and (ii) DAD2%, OxaX/A, [a; OA such thagPx - AO{x} A

(i): Let AD2%, xaX/A. If thereexistsaJA suchthatajPx, thenx (X max,(AC0{x}}). By (3.3) it is
implied that, 0OsOS,  there exists gUA, such that U(g,9=2U(x,9, consequently

Z[maxU(a s)]=2[ max U(a;,s)], thereforeAo{x} ~A.

s0S aiDAD{ %}

(ii): Let AD2%, xO If there is nogj0A suchthatajPx, thenxo{ max,(ACD{x}}. This impliesthat

there exists sOS sucht >U(a,9) Oa0A, consequentlyZ[rrnxU(a 9)]< %S[ %?(}U(a 9],

thereforeAD{x} A. |

Interpretation of Theorem 3n our approachthe relationP overthe alternatives, and the consistency

condition (2.1) with respect 8, are the primitives ithe model. From them, warrive at orderings on

13



opportunity setsvhich, by Lemma 1, arewithin the generafframework of Kreps, but which are
parametrizedby the preference®. This revealsthat any P-consistent ordering must be also
representable in terms of utility contingdonctions, andndicates that therenust be some specific
connection between the structurePodind the structure of the utility functions; that is, the requirement of
consistency witlP must unavoidably constrathe type ofrepresentation. This restriction is given by
property (3.3), which demands that aalernative isnot dominated by means Bf by any other in the

its set, if and only if there exists a stat&Swhere the alternative is the best in the set.

Property (3.3)characterizes the particuliorm of Kreps’representation functions the case of-
consistent rankings: Given a relatiBngiven aP-consistent orderingand given a Kreps-type function
representing it, then, the function must ve(iBy3). Onthe otherhand,given a relatiorP, and given a
Kreps-type function satisfyin¢3.3) according toP, thensuch a function representsPaconsistent
ordering ofthe opportunity sets. This meanghat P parametrizes, not onlihe class ofP-consistent

orderings, but also, the set of Kreps-type functions which can characterize them.

Furthermore, (3.3) implies that, givéhn and one function like v representingPaconsistent ordering
of opportunity sets, then we can define itdy - U(x,9=2U(y,9 Os, with strict inequalityfor somes.
However, it is possible to prowbat theinverseimplication isnot true: giverP, it is not truethat any

functionU satisfyingxPy- U(x,92U(y,9 Os, with strict inequality for soms, is useful to repres n

ordering consistent in terms of preference for flexibility viRthWe can then propose the following

Corollary: Let X be a finite set of alternatives, Rbe an a etric relation defined Xnlet bE¥a

P-consistent order defined ort, 2andlet be a finitesetS, and nctior: Xx S- 0O, satisfying(3.

and such that(A) = %S[m&xU(x, s)] DAD2" represents . fine a functiorp: X - 0, suchthat:

OX,yYOX, @(X)>@(y) - U(x,9=2U(y,9 [s, with strict inequality“tor soms.

Then, @ (weakly) representB; that is,0x,yOX xPy - @(X)>@(y).

14



4. Examples.

Below we study different criteria for ordering opportunity sets taken from the related literature, and |
particular, from the freedom of choice literature. We analyze how to interpret them in terms of preferen
for flexibility,

atis, they are described as consistesnikings according to a giverlation P, and,

therefore, w ose ways to represent them in the for ablished by Theorem 3.

Proposition 1. Ox,yOX; x#y; xPy or

yPx Let b terms gbreference for
flexibility if andi@inly if Rmax(B)) (whereR is

the weak preference relati ssociated, iwhich is

Proof. Thenecessary part dhe implication is quit ; ' e onlyhe sufficient
part: We must prove that, givéhas defin dard indirectitility

criterion. For this we have to prove:
(: max(A)Pmax(B) - A B

(i1): max(A)lmax,(B) - A~B (wherel denotes indifference relation associate@)to

(): Giventhe formal structure AO02%, max(A) exi isinique.ldegm with max,(B). Let

a,=max(A), b,=max(B). By hypoth Pa@#®nsistent binar tion, and is

asym ic, thend,,b;}~{a} { As P is connected @OA, a, #a, a,Pa; OA, b, Zb,

b,Pb. He condition (2.1) repeatedly applieal} A, and {,}~B. As | eterdering,

A B.

15



(i): Let a;= max(A), ax(B). As P is connectedmax(A)Imax(B) implies a,=b,. By

reflexivity of ~, {a,} ~{b.}, as in (i), by propertf2.1), {a,}~A and {b,} ~B. And by transitivity

and completeness of,

Prop 2.Let P be an asymmetric, transgd onnected binary reldgbned on X, and let

b lete ordering defined oh Zhen, stent in terms gdreferencdor flexibility if

and if there exists a nd a functiotJ: X x

such thaB={s}; U:(X, 4 - U represent®;

_ X
andv(A)= S%S[ riléanU (x,9)] DAD2

irect utilitycriterion, that is,0A,B02*, A B

Proof. By Proposition 1,

Then, let U:XxS- O such } and U:(X,s,)-0O representsP (

utility criterion, 0A,B02%, A B Rmax(B); as U representsP, max(A)Rnilx(B) -

- U(max(A),s)zU(max(B),s); a definition ofv, U(max(A),s)=U(max(B),s,) -

- V(A)=v(B), that is,v represents .

On the other hand, let the relatidhs , nctionsU, v defi theéhypothesis, sucthat

V(A)= %S[rrg)(U(x,s)] DAO2* represents ; provahat i9WP- Istent. Fothat we must
prove:

(i) DAD2%, OxOX/A, CgiDA such thagPx — AD{x}~A.

OX/A, [aj OA such thagPx - AO{x} A.

(i): By the definiti unctiond) andy, if there existsy0A suchthataiPx, thenv(AO{x})=Vv(A).

If v represents , X} ~A. (ii): By the formal structure o, if theredoes notexistaj0A such
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thata;Px, thenxPg DajJA. That is,max(AC andxPm herefore, bythe definition ofU

andv, vV(AO{x})> V(A). If v represents , then } AR nm

From Propositions 1 and 2 we have that, when there is no uncertainty (the binary Relaiates all
the possible pairs)the rule obtained is the ormsed orthe indirect utility of theopportunity sets.
Proposition 2 illustrates this fact, sinceslitowsthat such asituation can be interpreted as the existence

of a unique state of the future preferences.

Proposition 3. Let he empty binary relation defined ¥n andlet b#a pleterdering

defined on 2. terms gbreferencefor flexibility if and onlgif it satisfies that

0A,BO2Y, BOA- A e proof is quite straightforward, so it is omitted.

Many rules in the freedom of choice literature Sitisfy the monotonic feature of Proposition 3. We ha
selected some par&digmatic ones:
Thecardinalist ranki opportunity sets (.) rcterized and defined in Pattanaik and Xu [13]

by: DA,B02", A

Theleximaxrule ( |) d inBossert,Pattanaik and X{i5] as follows:Let R be a complete

ordering defined | : X~ O+ suchthat Ox,yOX, u (x)zu.(y) - XRy. Let vR:ZXqD”+,

v (A)=[u(a), u,(a). -S| DAD2%. And | . be the lexicographic order ai. Then

2 v (B).

ality-first lexicographic relatiorf B a epreference-firstlexicographicrelation

fined as follows, also in Bossé&attanall® and Xu [5]: Let R be a completerdering on



0ABO2X, A ¢ max,(A)R max,(B)]

DA,B02*, A o max,(B) and #A>#B]

Corollary. | ep#eonsistent in terms gireferencdor flexibility.
To prove this, nt that théour criteria satisfy that, 0A,BO2%,

BUA-A B.

Proposition 4. Le the empty binary relation defined #nh andlet pleterdering

defined on 2. iWP-coMBistent in terms gireferenceor flexibility if and o ereexists a ses,

and a functionU: - 0O, suchthat U satisfies(3.3), and OxoX there

U(x,9)>U(y,s) OyoX, y#x; andv(A)= %S[mé;\AxU(x, s)] DAO2* represents .

Proof. By Th 3, given an asymmetric binary relafigrand acompleteordering

consistent, then t ts a Setind a functiorJ: XxS- O, suchthatv(A)= %S[mDeE(U(x,s AD2*
represents , hat function U satisfies(3.3). Wemust then provéhat, whenP is the empty

relation, for anyjiX there existsOS such thatJ(x,5)>U(y,s) OyOX, yZX: For anyxdX, let X\{

P is empty xdmax(X), hence, by (3.3) there exissS such thatJ(x,9)>U(y,s) OyOX, yZX.

On the other hand, we must prove that, gitrenempty relatio?; the completerdering ;

implies that, OA OX/A, Ao{x} A hereforeJA,B02*, BUA_ A B.JBy Proposition 3,

implies that iSHP-com®istent with the empty relatiéh |
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The case shown by Propositions 3 and 4 is at the opposite extreme from that of Propositions 1 anc
On the onéhand,the complete absence cértainty, (displayed by thiact thatP is empty), givedull

value to flexibility in choiceany additionaklternative implies a sjig . [the otherhand,

while in Propositions 1 and 2 the absence of uncertainty was ass [statetate
preferences, whethe uncertainty igotal, there mustoe, at least, there are

elements irX. Below we propose sonexamples to represent,, ay clarify
the meaning of the previous arguments. The proofs of the exam

Example 1Let S={s,,s,..., S}, X={X,%..., X} (#S=#j=n), and letc be any positive constant value,

[
letU:Xx S- O be defined by:0x0X, U(x,s;) = %i

thenv(A)= %S[méag(U(x,s)] OAD2* represents 4.

Example 2Let S={s,,S,..., S}, X={X,,%...., %}, (#S=#X=n). Let R be a completerdering defined on
X, letXnN={C,,C,...,.C} be the quotient setletermined byl suchthatC_PC_,P--PC, andlet n_ =

=max(#C)

+ )< Lif j =i

LetU:Xx S- O be defined byrx 0C, U X, U(X,s,) = it 2
if j #i

thenv(A)= %S[”‘SA?(U(X’S)] OAO2" represents |.

Examples 1 and 2 satisfy the conditions of Proposition 4fheutlifferent type of information about
the agent’s tastdnds adifferent expressionwhen represented hiyeans of functiord. In thefirst
example, there is no preference (either certain or “probable”) on basic alternatives; therefor¢hemy of

has anequal chance of being thest one inthe future. Underthe leximax rule there is a preference
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relation,R, which can be interpreted as “uncertain” ‘@robable”, and which reveals more about the
agent’s tastesSo, whenrepresenting by functiobd, anyalternative can be theest one infuture, but

according to a consistent hierarchy in relatioR 1o

Example 3Let X={X,X,..., X}, S={s,,S;---» S}, #S=n+1). Let R be a complete ordering defined X¥n

let X/l ={C,,C....,C,} the quotient set determined byuch thaC _PC_ P--PC..

if j=0
it =i
] #0,i

LetU:Xx S- O defined byOx0C, OX, U(x,s) =

thenv(A)= %S[W%XU(X, s)] DAD2" represents cg

Example 4Let X={X,,X,..., X}, S={s,,S;---» S}, #S=n+1). Let R be a complete ordering defined ¥n

let X/l ={C,,C....,C,} the quotient set determined byuch thaC PC_ P--PC..

Ok if j=0
if j=i
] #0,i

LetU:Xx S- O defined by: Ox, OC, O X, U(x,S/)

thenv(A)= %S[W%XU(X, s)] DAD2 represents pr

5. Summary and conclusions

We have analyzedrderings on opportunity sets in orderféomalize the concept of preference for
flexibility. We are inspired by the interpretation of this notion as suggested by Koopmans [Qjeasd
[10]. Although the notion of preference for flexibility atitht of preferencéor freedom of choiceseem
to be similar, there are some causal differences: imiherousecentworks about freedom of choice,
the value of having more tchoose from is not necessarilycompatiblewith preferences over the
alternatives which are certain and complete and, therefore, these works appeal to the intrinsic value of

mere availability of morgossibilities to choostrom. Certainly, insome contextsfreedom of choice
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can beendowed with somegalue per se but the motivation of the presembrk lies in thehypothesis
that, often,insufficiently certain tastes or preferences can bedhkunderlying cause of theish for
more to choosé&om. This conjecturavould justify the need to provide a coherent formalization of the
relation between the preferenfle more opportunities (termed “preferenfoe flexibility” under this

interpretation) and uncertainty in tastes.

A reasonable approach to this problean be achieved by looking at thery structure of the
preferences ovethe basic alternatives, as a primitive in the decigpoocedure. Therefore, we are
required to distinguish (in a return tiee distinctionproposed by Harsanybetween those preferences
over basic alternativewhich are sufficiently certain, and those whiclre doubtful, and thereby,
establish the subsequanbdeling of a basic preferences structurenaichsuch a distinction. Wenk
preferences on opportunity sets witle preferenceverthe basic alternatives by means omaimal
consistency condition (Conditigi2.1)), and the resulturns out tofall within the general domain of
Kreps’ proposalCondition (3.3) establisheshe connection betwedfreps’ approach andhat of this

paper.

Furthermore, it i;otedhow some well-known rules for ordering opportursigts, also given as
extensions of basic preferences, belonthéxlass of orderings proposed in tm®rk, and precisely
these rules can be interpreted as speasés of preferender flexibility, which are related to different
degrees of uncertainty. This circumstahes itsformal reflection in the fact that each of thesées
arises from garticular form ofthe basic preferencestructure, and also frorparticularforms to be
represented by thKreps’ formula.The formal particularizations obtained in each case fit nifaén
hypothesis of this papethatis, that the value ohaving more to choose from @rectly related to the
degree of uncertainty, displayed by the “absolutely certain” basic preference. Precisely those rules wh
the availability of more opportunities is more highly valued (the decision maker displays more preferen
for flexibility), require, on the one hanthe “certain” part of the basjareferences to be “smaller”, and
on the othehand, wherrepresenting thenthe existence opossible states ahe future preferences

which allow for their reversals.
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This paperhas focused itattention on completerderings on opportunitgets, which seem to be
more appropriatéor the purpose ofpolitical evaluation. Nevertheless, it would also ib&eresting to
approach thanalysis ofincompleteorders, which, akinted at bySen ([19],p.19), could arisewhen
trying to describe the preferenfia flexibility or for freedom of choice. Ifact, the initial results in
Section 3 are not constrained to tesumptiorthat theorderings on setare complete, séhat, this

opens many possibilities for further investigation.

Finally, there aresome additional aspectglated tocomparisons of opportunitgets, studied in
merely a few recent works, but which are worthy of more thorough research. For examptadénee
of variety between the alternatives within opportunity sets (Bavetta and D¢BEdteehringand Puppe

[11]), or the consequences of the presence of evaluation costs (Neme, Nieto and Quintas [12]).
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