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Abstract

We consider the second-order linear difference equation y(n + 2) — 2ay(n + 1) — A%y(n) =
g(n)y(n)+ f(n)y(n+1), where A is a large complex parameter, ¢ > 0 and g and f are sequences
of complex numbers. Two methods are proposed to find the asymptotic behavior for large |A|
of the solutions of this equation: (i) an iterative method based on a fixed point method and
(ii) a discrete version of Olver’s method for second-order linear differential equations. Both
methods provide an asymptotic expansion of every solution of this equation. The expansion
given by the first method is also convergent and may be applied to nonlinear problems. Bounds
for the remainders are also given. We illustrate the accuracy of both methods for the modified
Bessel functions and the associated Legendre functions of the first kind.
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1 Introduction

Second-order difference equations are an important branch of mathematics with an active research
and development. A comprehensive study of second-order difference equations and generalizations
to higher order equations and partial difference equations may be found in classical references,
like for example [13], |[15] and [26], or in more modern references like [7] and [20]. In these
references and in other related ones, we can find definitions, general properties, techniques of
resolution in particular situations, stability properties, systems of difference equations, boundary
value problems, eigenvalue problems and many other aspects of the theory of difference equations.

On the other hand, difference equations are an essential ingredient in mathematical models for
discrete evolution problems that arise in different applied sciences such as biology, biochemistry,
economy, etc., where the time variable is considered a discrete variable. Simple economical models
that involve difference equations may be used to determine the evolution of the national income of
a certain economy [13, Sec. 3.6, example 1], [25, Sec. 5.2]; to study inventory analysis [13, Sec. 3.6,
example 3]; to analyze market price’s behavior or Keynesian models with naive expectations [17,
Chap. 1], multiplier-accelerator models for business cycles [17, Chap. 2], [10, Sec. 8.4], [25, Sec.



5.1] or output, inflation and inflationary expectations |17, Chap. 3|; and to study interest and
loan repayment [10, Sec. 8.2], models of supply and demand |10, Sec. 8.3], and chaos and
competition in models of consumer behavior |25, Sec. 5.3]. There are also several biological
systems analyzed by means of difference or systems of difference equations, like for example models
of restricted or unrestricted population growth (discrete logistic equation, measles epidemic) 10,
Chap. 9]; models for population genetics (random mating, selection and mutation) |10, Chap. 10].
Other models of the economy and biological sciences may be found in [25] and references therein.
Difference equations are also used to describe discrete dynamics in physical systems [26] and
discrete hamiltonian systems (including discrete symplectic systems and discrete Jacobi equations)
[1]. Certain particular discrete dynamical models like population models, neural networks and
replicator equations can be found in [2]. The use of difference equations to approximate the
solutions of differential problems in field theory may be found in [27].

Difference equations are also important in several branches of mathematics: many sequences
that occur in enumerative combinatorics satisfy a second-order linear difference equation [30]; a
great number of special functions of mathematical physics and, in particular, orthogonal poly-
nomials, satisfy a three-term recurrence relation, which is a second-order linear difference equa-
tion [16, Sec 18.9]; the discretization of a second-order differential equation yields a second-order
difference equation [14, Chaps. 3 and 4]; the coefficients of the Taylor expansion of the solutions
of a differential equation obtained by the method of Frobenius are the solution of a difference
equation. The behavior of the solutions of linear recurrence equations for large values of the
discrete independent variable n is important for combinatorics and computer science, numerical
analysis, orthogonal polynomials, continued fractions and many other areas of pure and applied
mathematics. It is also important in the applications mentioned in the previous paragraphs, as it
is important to approximate the solution of the difference equations modeling the above mentioned
problems for large n (large time). A classical result in this topic are the theorems of Poincaré and
Perron [12, Chap. 4].

On the other hand, in general, the difference equations of the economic, biological or physical
models contain parameters and then, it is interesting to analyze the solutions of the equations
for certain asymptotic values of one or several of their parameters. In particular, and as we
show in Section 5, many special functions are solutions of difference equations with parameters,
and it is interesting to approximate these functions in terms of simpler functions for certain
asymptotic limits of those parameters. As we have mentioned in the previous paragraph, most
of the investigations about the asymptotics of the solutions of linear difference equations are
concerned with the behavior for large n and fixed values of the parameters (see for example
[3,4411,1221,22,128]29/[31] and references therein). But, as far as we know, the literature concerned
with the behavior of the solutions for large values of the parameters is very limited. We can just
mention the asymptotic technique proposed in [18] to approximate orthogonal polynomials in
terms of simpler orthogonal polynomials in certain asymptotic limits of some of their parameters
for fixed degree n; although the method is restricted to orthogonal polynomials of the Askey
tableau and is not directly based on the difference equation satisfied by the polynomials. Then,
in this paper we are interested in the asymptotic theory of difference equations for large values of
the parameters and fixed n. More precisely, we study the asymptotic behavior of the solutions of
linear second-order difference equations when one parameter is large and n is fixed; we consider
difference equations of the form

y(n+2) —2ay(n+1) — A%y(n) = g(n)y(n) + f(n)y(n+1), n=0,1,2,..., (1)

where A is a large complex parameter and a > 0. In this equation, g and f are sequences of
complex numbers and of the order O(A) and O(1), respectively, as |A| — co. Equation is a
particular case of the Sturn-Liouville difference equation considered in [15, Chap. 7], where A2
represents the eigenvalue parameter. Therefore, the asymptotic methods introduced in this paper



may be used to study the large eigenvalues of the Sturn-Liouville problem considered in [15, Chap.
7).

The parameter a could be absorbed in the definition of f(n) but, for convenience in the
analysis, we consider equation as it stands. For example, the case a = 1 and f(n) = 0
leads to the natural discretization of the second-order linear differential equation containing a
large parameter considered by F. W. J. Olver in his asymptotic method for second-order linear
differential equations without singular or turning points [23, Chap. 10]:

y' = [A2 +g(:1c)} Yy, x€[0,400), (2)

where ¢ is an analytic function.

Motivated by the analogy of with its continuous counterpart , we propose in this paper
two methods to approximate the solutions of for large |A| and fixed n. In the following section
we consider the iterative method designed in [19] for an initial value problem related to the
differential equation and generalized in [8,9]; we adapt this method to the difference equation
, obtaining an asymptotic and convergent expansion of the unique solution of an initial value
problem involving equation . In Section 3 we show that this iterative method may also be
applied to nonlinear problems. In Section 4 we consider a different technique, the asymptotic
method designed in |23, Chap. 10] for equation when |A| is large and z is fixed; we adapt
the method to its corresponding discrete formulation , obtaining the Poincaré-type asymptotic
expansion of two independent solutions of . Finally, Section 5 contains two examples, the
modified Bessel functions and the associated Legendre functions of the first kind, with numerical
experiments confirming the validity of the two methods designed, and some concluding remarks.

2 An iterative method

In this section we are interested in the following initial value problem that selects one of the
solutions of :

y(0) =, y(1)=B. ®)

W1thaﬁ€Canda— 1) O(A) as A — 0o, ne M :={0,1,2,...,N}, N € N fixed and
a’? + A% #0.

For later convenience, we define, for n € M and k£ =0,1,2,...,n — 1, the sequences,

{ y(n+2) = 2ay(n +1) — A’y(n) = g(n)y(n) + f(n)y(n + 1),
o(

1 n—k—1 n—k—1
Gn, k) i = ——-—— (a a2+A2) —(a—\/a2+A2) ] 4
k)= A [ W
and n
H(n) := <a+ a2+A2> . (5)
We use the symbol |||, as the usual supremum norm for bounded sequences u(n):
[ull oo = sup |u(n)]. (6)
neM
We have the following theorem.
Theorem 1. Let g and f be two sequences of complex numbers. Then, for m = 0,1,2,... and

fized n. € M, the sequence y™ (n) obtained with the recursion

n—2

Yy (n) = ¢(n) + Y Gln, k)[g(k)y"™ (k) + f(k)y™ (k +1)],



_aWVa?+A2—a)+ 5 n a(vVaZ T A +a)-f n
o) = e (e VR 22) e e (o= Va1 A7) (9)

converges to the unique solution y(n) of problem . Moreover, it converges after a finite number
of stepsm=mn—1.

Proof. The function ¢(n) defined in (8) is the unique solution of the auxiliary initial value problem

{(Z)(n +2) — 2a¢(n + 1) — A2¢(n) = 0,
P(0) =, ¢(1) =4

Then, after the change of unknown y(n) — u(n) := y(n) — ¢(n), problem (3| reads

u(n +2) — 2au(n + 1) — A%u(n) = F(n,u) := g(n)[u(n) + ¢(n)] + f(n)[u(n + 1) + ¢(n + 1)],
u(0) =0, wu(l)=0.
9)
We seek solutions of the equation L[u] := u(n + 2) — 2au(n + 1) — A%u(n) — F(n,u) = 0 in the
Banach space of bounded finite sequences By = {u(n),n € M;|ull,, < oo, u(0) = u(1) = 0},
equipped with the norm @
We write the equation L[u] = 0 as L[u] = M[u] — F(n,u), with M[u] := u(n + 2) — 2au(n +
1) — A%u(n). Then we solve the equation L[u] = 0 for u in the form u = M~![F(n,u)], where
M1 is the inverse of the operator M in the space By. For any v € By, that inverse is given by
Mt (v) = 322, G(n, k)v(k), where G(n, k) is the corresponding Green’s function of the problem
M{u] = v with homogeneous conditions [15, Sec. 6.3]. That is, G(n, k) is the unique solution of
the problem

G(n+2,k) —2aG(n+ 1,k) — A2G(n, k) = dp,
G0, k) = G(1,k) = 0,

where 6, =1 if n =k and 0, = 0 if n # k. After a straightforward computation we obtain

Gln. k) G(n,k) if n>k+1,
n, k) =
0 if n<k+1,

with G(n, k) defined in (). Then, the solution u(n) of (9) is the solution of

n—2
u(n) = M7 [Fln,ul] = Y G(n, k) {g(k)[u(k) + o(k)] + f(k)[u(k +1) + 6k + 1]}, (10)
k=0
Or equivalently, the exact solution of problem satisfies the equation

n—2

y(n) = ¢(n) + Y _ G(n,k) [g(k)y(k) + f(k)y(k + 1)]. (11)

k=0

To prove the convergence of the recurrence @ for a given n € M after a finite number of steps
m =n — 1, that is, y"™(n) = y(n) for n = 0,1,2,...,m+ 1, and m = 0,1,2,3,..., we will use
formula and induction over m:

- For m = 0, we have that (©) (n) = ¢(n) and then y(?(0) = ¢(0) = y(0) and ¥ (1) = ¢(1) =
y(1). Then the hypothesis is true for m = 0.



- Suppose now that it is true for a given m > 0. We know that 3™ (n) = y(n) for n =
0,1,2,3,...,m+ 1. Consider any n < m + 2 and subtract and :

n—2
Y (n) —y(n) = > Gn, k) {g(k)[y"™ (k) — y(k)] + F(R) "™ (k + 1) — y(k + 1]}
k=0

Using the induction hypothesis we have that, inside the brackets we find (™ (k) — y(k) = 0
for any k as k runs from k=0 to k =n —2 < m and y™ (k4 1) — y(k 4+ 1) = 0 for any k
ask+1lruns fromk+1=1tok+1=n—1<m+ 1. Therefore,

y " (n) = y(n) =0
forn=0,1,2,3,...,m+ 2 and the thesis follows.
O

In the remaining of this section we show that the recursion @ may be arranged in the form of an
asymptotic expansion of y(n) for large |A|. To this end we define a bounding constant U and the
remainder R(™ (n) in the form:

= M”gW”;’OTM 1l s R (n) := H (n)[y(n) — y"™ (n))], (12)

where y(n) is the solution of and y(™)(n) is obtained from after m steps.

Theorem 2. Under the same hypothesis of Theorem the remainder term s bounded by

|R(m)(n)|<(n_l UmHHl (y — d))H

13
- la? + A2|™/2m)! (13)

Proof. In the proof of Theorem |1} we have shown that any solution of @D can be written in the
form . Equivalently, defining
a(n) = B (n)u(n) and  3(n) = H-\(n)o(n),

w1th H ( ) g1ven by and respectively, we have that for any solution u(n) =

nd ¢(n)
@ @(n) is a solution of the equation

u(n) = [Tal(n), (14)

where we have defined the operator T : By — By:

) vara\" !
)= wmkzo (ww)

(15)
[a(k) + o(k)]g(k) - ;
X { Y/ by +[u(k:+1)+¢(k:+1)]f(k:)}.
It is clear that if we define
a®(n) = H ') [y® (n) — ¢(n)], k=0,1,2,..., (16)



with y*) given by (7)), then @™+ (n) = [Ta(™)](n). Then, for any couple z(n), w(n) € By:

[T=](n) — [Tw](n)]

n—k—1
Z 0TI
2\/|a2+A2 a—|—\/a2—|—A2

. [[z(k) —wk)llg(k)l l2(k + 1) — w(k + 1)||£(k)]

|a+\/a2+A2|
_ n—k—1
< U _ Z 1— CL—\/a2+A2
/|2_|_A2 = a+~’a2—|—A2
k
—_ /a2 2
<L _ Z 14 u <M” H
q 2+_A2 — a_+,/a2%_A2 q 2+_A2

We also have
[T22](n) — [T?w](n)]

n—k—1
Z VTR
wm Py v

" [I[TZ](k) — [Tw](F)[lg(F)]

+[T2](k + 1) — [Tw](k + 1) £(F)]

la + va? + A?|
_ k
< U? ” || nZ:l o Va2 + A? U%(n—1)n || ||
— |z —w —_— —— Iz —w
~2|a? + A2 et a+ Va2 + A2 = 2laZ + A2 o0

It is straightforward to prove, by means of induction over m, that for m =1,2,3,...

(mn—Dnn+1)(n+2)...(n+m—2)

‘[Tmz](n) — [me](n)\ < ’a2 + AQ’m/Qm!

Urllz —wlly, — (17)

and then

Um™n—1)m

m m
HT z—T w”oo = | 2—|—A2‘m/2

7z = wlly (18)
where (n),, denotes the Pochhammer symbol: (n),, :=n(n+1)(n+2)...(n+m —1).

To prove bound , we set z = @ and w = @9 = 0 in (I7). Using that T™a = @ and
T30 = 4(m we find 1 D

i(n) — am < 2\~ m

in) = i) < o il

O]

We have seen in Theorem (1| that the unique solution y(n) of problem may be obtained
from the limit y(n) = lim,, e ¥ (n), where y(™(n) is the recurrence relation defined in (7)) and
(). (Indeed we have that y(™ (n) = y(n) for m > n — 1.) In other words, y(n) admits the series
expansion

n—2 n—2
y(n) = o(n) + ) [y* V() —y® ()] = 6(n) + H(n) Y [a*V(n) —a® @),  (19)
k=0 k=0



with @(*¥)(n) defined in (16). Using the definition for the remainder R(™ (n) we find that, for
m<n— ].[l, we may write in the form

m—1
y(n) =¢(n) + > [y (n) —y®(n)] + H(n)R™ (n)
k=0 . (20)
=¢(n) + H(n) | Y _[a* D (n) — a®(n)] + R (n)
k=0

In the next theorem we analyze the asymptotic properties of this expansion.

Theorem 3. Let the functions y(m)(n) be defined by the recurrence relation @ and with
g = O(A) and f of the order O(1) when |A] — oo. Then, for n € M, the expansion is
an asymptotic expansion for large |A| of the unique solution of . More precisely, for m =
0,1,2,3,...,

@™ (n) —a™ V() = OA™™) and R™(n)=OA™). (21)

Proof. From definition ([15)) we have

@™ (n) = [T ](n)

1 n—2 a— m n—k—1
“waw | (m) )
(m—1) 5 R
X{[ afggﬁﬁywxﬂﬁwﬂ%+w+¢%+nu@%
and
@4 (n) = [T (n)
1 n—2 a— \/m n—k—1
“wEw | (m) 3)
(m) % ~
X{[af§ﬁfg%xﬂwm%+n+¢%+Mﬂ@}
Subtracting and we get
Ha(m“)—a(m)H < U=l Ha<m) _a(m—l)H : (24)

o0

co /‘a2+A2|

We have (% (n) = 0 and @ (n) = [Ta@)(n) = O(A™!) for n € M. Using this and (24), the first
thesis in follows by induction over m.

Setting z = w and w = @9 =0 in the inequality (as we did in the proof of Theorem ,
we find

=2 < e ke )

But @ = limy, 0 @™ = 7 2[ah+h) — a®)] = P2 O(A~F1) = O(A™!) for n € M. This and
inequality prove the second thesis in . ]

Tndeed, this expression is also valid for m > n — 1, although trivial, as R<m>(n) =0form>n—1.




3 The nonlinear case

The iterative method introduced in Section 2 can be generalized to approximate the solution of
nonlinear second-order difference problems of the form

{y(n +2) = 2ay(n + 1) = A%y(n) = h(n,y(n),y(n + 1)), (26)

y(0) =a, y(1) =4,

where h is continuous in its three variables, a > 0, A is a large complex parameter and o = O(1),
B = O(A). We also require for the forthcoming analysis that the function h satisfy a Lipchitz
condition in its second and third variables:

|h(n7u7v)_h(n727w>‘ SAKl‘U—Z"i‘KQ"U_w’, (27)

fo any u,v,z,w € C, n € M and K; and K positive constants independent of n,u, v, z,w, A. As
in the linear case, we assume that A% + a? # 0. Now, in this nonlinear case, we assume the extra

conditionk
Ui=— 1= + Ko < +/|a? + A2]. 28
la + Va? + A?| ? | | (28)

We have the following theorem.

Theorem 4. Let h be a continuous function that satisfies and assume that holds and
n € M is fized. Then,

1. Form=0,1,2,..., the sequence y(™ (n) obtained with the recursion

n—2

YD) = 6(n) + 3 Gl )bk, y ™ (k)5 (k + 1))
k=0
yO () = 6(n),

with G(n, k) given in and ¢(n) given by , converges to the unique solution y(n) of
: limy, 00 y(m) (n) =y(n).

2. The remainder R(™ (n) defined, as in the linear case, by formula , 1s bounded by

(29)

(m) (n = 1), U™ 1
Proof. We cannot prove the convergence 3™ (n) — y(n) as in Theorem [I| as the first line in
is nonlinear. But we can repeat step by step the proof of Theorem [2} replacing || flloo and
|l9]|so by K1A and K respectively and the constant U by the constant U, to derive formula (30)).
From this formula it is clear that, under assumption , recursion converges to the unique

solution of (26): limy, e y™ (n) = y(n). O

Observe that now, we cannot assure that the convergence of the sequence 3™ (n) — y(n)
occurs after a finite number of steps, as it happens in the linear case. But, as well as in the linear
case, the sequence y(™ (n) may be rearranged in the form of an asymptotic sequence of y(n) for
large |A[, as we show below. As in the linear case, the unique solution of admits the series
expansion with (™ (n), @™ (n) and R(™ (n) given by [29), and respectively. Then,
we have the following theorem.

2This condition is not very restrictive whenever we are considering that the parameter |A| is large.



Theorem 5. Let the functions y(m)( ) be defined by the recurrence relation and with
h a continuous functwn in its three variables that satisfies (27)) and . Then, forn € M,
the expansion is an asymptotic expansion for large |Al of the unique solution of . More
precisely, form=1,2,3,...,

@™ (n) — @™ V() = OA™) and R (n)=0OA™Y). (31)

Proof. Similar to the proof of Theorem 3| replacing || f||co and ||g||ecc by K1A and K5 respectively
and U by U. ]

4 Olver’s method for problem

In Section 2 we have proposed a convergent and asymptotic iterative technique to approximate the
solution of the initial value problem (3|) for a linear difference equation. The method is based on its
continuous counterpart [19] designed for differential equations. In Section 3 we have generalized
the technique to the initial value problem for a nonlinear difference equation. In this section
we propose a different technique to approximate the solution of , an asymptotic technique
based on its continuous counterpart designed by Olver |23 Chap. 10] for differential equations.
This method is not convergent in general.

We can summarize the discussion in the following theorem.

Theorem 6. Let g and f be two sequences of complex numbers. Then, for m = 0,1,2,..., fixed
n € M and |A| — oo, the unique solution y(n) of problem admits the asymptotic expansion

B(VaZ+ A%+ a) + al? iy A(n, k)
y(n) = a+vVa?+ A2
2va? + A2 ( ) kz=o (a+\/m)k

B(VaZ+ A% —a) — aA? Va1 A2 ~ A(n, k)
* 2v/a? + A2 (a @ ) k
k=0 (a —Va® + A2>

(32)

,_.

+0(A"),

with A(n,0) =0, A(n,1) = 1 and the remaining coefficients A(n, k) are obtained from the recur-
sion
ln/2]
Ak +2) = [g9(n—2§)A(n — 2, k) + f(n — 2))A(n +1 - 2j,k + 1)
j=1
+2aA(n +1— 25,k +1) — 2aA(n — 24,k + 1)).

(33)

Proof. Reproducing Olver’s idea for differential equations, we consider two (at this moment un-
known) independent solutions y4(n) and y_(n) of and propose the following representations
in the form of formal asymptotic expansions for large |Al:

yi(n) =y () + R (@),  y_(n) =y (n) + R"™(n), (34)
with .
v (n) = (a +/a? + AQ)n 3 Amk) (35)

0 (ax \/m)’“
(

and at this moment unknown coefficients A(n, k) and remainders Rim) (n). When we introduce
and in the equation (/1)) we find that both, y4(n) and y_(n), formally satisfy this equation,



term-wise in (a+va2 + A2)* and (a — Va2 + A2)¥ respectively if, for k = 0,1,2,.. ., the following
identities hold true:
A(n,0) =0, A(n,1)=1,
A(n+2,k+2) —2aA(n+ 1,k +1) — A(n,k +2) + 2aA(n, k + 1)
— g(m)A(n, k) + F(m)A(n + 1,k + 1),

It is straightforward to show that we can solve this recursion in the variable k£ in the form .
Now, using that y4(n) and y_(n) satisfy equation (1)), we find that the remainder terms RSLm) (n)
and R(_m)(n) in must be the solutions of the respective problems:

(m) —9aR™ (4 1) — A2RU™ () — (m) A(n,m —1)
RY(n+2) — 2aRY™ (n +1) — 2Ry (n) = ()(R ()+(aim)m_n_l>

A(n+2,m)— A(n,m)
(a £ Va2 + A2)m—n—2 ’

+ f)RI (n +1) +

RI(0) =0, R{M(1)=0,

These problems for Rim) (n) are identical to problem (9] for u(n) replacing g(n)¢(n)+ f(n)p(n+1)
by
A(n,m —1) A(n+2,m) — A(n,m)

=+ .
(CL 4+ 4 /a2 + A2)m—n—1 (a + 4 /CLQ + AQ)m—n—Q

Therefore, proceeding as in the proof of Theorem 1, we find that R(;") (n) and R (n) satisfy an
equation similar to :

g(n)

n—2
R (n) =37 Gln,k) [gk)REY (k) + FOR)RE (k + 1)
k=0
2 A(k,m —1) Ak +2,m) — A(k,m)
360 o)+ (o e

We define now the normalized remainder:
Rim) (n) := (a +va®+ A2> o Rim) (n).

Then, we have that

< (m) a2+A2 g(k ) = (m)
R 1-— f(k)R k+1
+ ()= 2 a2—|—A2kO! <a—|—\/a2+A2 a+\/a2+A2 + AR )

1
wmkzo {1 ot Vart A2
y [ ( A(k,m —1) Ak +2,m) — A(kz,m)}

( m) -
WiV T s va A

10



Taking bounds we find

n—k—1 ~(m
B ()] < —va P IR o7, 1 1)
- 2 \aQ—i—AQ a+\/a2+A la + Va? + A?| *
_varr\" ! o JAGm = 1)
|c12—|—A2 a—l—\/a2—i—A2 o€ )||a—|—\/a2+A2]m
|A(k +2,m) — A(k,m)|]

la 4 Va2 + A2|m—1

and
(m)
A0m) lg(R)IIRY™ (k)| ()| = (m)

(36)

Z[ k)||A(k,m — )I+A(k+2,m)A(k,m)l}
¢wi;@1 At V@ LA™ | |at va? A2l

Defining now

9(0)] i
L/ if k=0,
1 |a+\/m’
(k)= = B gy 1<k <n—2
VI 8 v T
and
n—2

gl
ho(n) = x E A(k,m — 1)
) Va2 + A2l|a+ va2 + A2|m =
1

/‘CLQ +A2 |CL+ 1/a2 +A2|m 1

we can rewrite bound (36)) as

Z|A (k+2,m) — A(k, m)|,

R ()] < ha(n) +Zm IR (k).
Applying discrete Gronwall’s Lemma [5], we find

IR (0)] < ha(n +Z@ X M),

Thus, R{™(n) = O(A~™), and then R (n) = <a+\/a2 +A2) R (n) = O(A""™). Simi-
larly, we obtain that R™ ( ) = O(A™ ™). These bounds show the asymptotic character of the

expansions y4(n) ~ yi m) ) given in (34)-(35).
The unique solution y(n) of problem is a certain linear combination of the two independent
solutions y4(n) and y_(n): y(n) = Ay4(n) + By—(n), for certain constants A and B. Therefore,
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the unique solution y(n) of problem may be approximated, up to order O(A"~"), by that linear
combination replacing y+(n) by their respective asymptotic approximations yim) (n). That is, we
have that y(n) = y™(n) + O(A®™), with y(™)(n) = Aysr )( ) + By(m)(n). We compute the
approximate value (up to order O(A"~ ™)) of the constants A and B, by imposing the conditions
y™)(0) = o and y(™) (1) = j3, obtaining

B(\/m+a)+aA2 5(\/W—@)—04A2

A= ., B= : 37

2va? + A2 2va? 4+ A2 (37)

from where follows. O
5 Examples

In this section we apply the two techniques proposed in the respective sections 2 and 4 for the
approximation of the solution of the second-order difference problem (3)) to the particular examples
of the modified Bessel functions and the associated Legendre functions of the first kind.

Example 1. Consider the second-order difference equation

2n+1
y(n—|—2)—|—(z)y(n—|—1)—y(n):(), n=0,1,2,...,

y(0) =1, y(1) = Li(2)/Io(2),

where z € C and [y(z) and [;(z) are modified Bessel functions and whose solution is y(n) =
I,(2)/Io(z) (see |24, Formula 10.6.1]). After the change of dependent variable y(n) = u(n)/z",
can be written in the form

u(n +2) — 22u(n) = —2(n + u(n + 1),
u(0) =1, u(l)=zLi(2)/Ip(z).
This problem is of the form of equation with a = 0, A2 = 22, g(n) =0, f(n) = —2(n + 1),
a=1and 8 = zI1(2)/Io(z). The exact solution of is given by u(n) = 2"1,,(2)/Io(z).
Then, the iterative method introduced in Section 2 provides a convergent as well as an asymp-
totic expansion of I,,(z) for large |z| and fixed n given by the recurrence relation :

(38)

(39)

2", if n is even,
u®(n) = ¢(n) =", I
2"11(2)/1p(2), if n is odd.
and, form=0,1,2,...,
n—2
(m+1 Z |: n k— 1] (]{Z—i- 1)znfk72u(m)(k+ 1) (40)

On the other hand, using Olver’s method given in Section 4, we find that I,,(z) admits, for large
z and fixed n, the asymptotic expansion (32), u(n) = u™(n) + O(A"™™), with

L(2) + Io(2) "= A(n, k) I(z ml A

2[0(2) — 2k—n—1 + 2]0 k;:o k n— 1

u™ (n) =

(41)
where A(n,0) =0,A(n,1) =1 and

n/2]
A(n,k+2) = 722n+1—2‘7 An+1-2j,k+1), k>0.

12



Table |1 shows the asymptotic character of both methods, and , in the approximation
of the terms u(8) and u(10) of the solution of problem for different values of A and using the
approximation given by m = 5 and m = 6 respectively.

z Method Method z Method Method
-9+100 % 0.00001388 0.00001388 100 0.00001425 0.00001425
-9+1000 1.38¢—10 1.38¢—10 1000 9.45e—12 9.45e—12

-9+10000 1% 1.38¢—15 1.38¢—15 10000 9.10e—18 9.10e—18

Table 1: Relative errors in the approximation of the terms u(8) and «(10) in problem using the
iterative method and Olver’s method for different values of A and for m = 5 and m = 6 respectively.
The table shows the asymptotic character of both methods.

O
Example 2. Consider the second-order difference equation
2n +1)z < 1)2 )
n+2)+ —=yn+1)+|(n+=<) —7 n) =0, n=20,1,2,...,
ynt2)+ ==y + 1) 5 y(n) (42)

y(O) = 17 y(l) = P;—I/Q(z)/Pq(—]—l/2(z)7

where z,7 € C and P? | /Q(z) and P! | /2(2) are associated Legendre functions of the first kind.

The unique solution of this problem is y(n) = Pf_1/2(z)/PTO_1/2(z) (see |6, Formula 14.10.6)).
This problem is of the type witha =0, A =7, g(n) = — (n + %)2, f(n) = —2\(/%, a=1
and f = P:—1/2(Z)/PTO—1/2(Z)' The exact solution of is y(n) = Pf_l/Z(z)/PTO_l/Q(z).

Then, the iterative method introduced in Section 2 provides a convergent as well as an asymp-
totic expansion of P | /2 (z) for large |7] and fixed n given by the recurrence relation ([7)):

)y _ B P—Efl/z(z)T + Pﬂ}fl/Z(z) " P£71/2(Z)7' - Pflfl/z(z)
YO (n) = g(n) = ’ . 0
QTPT_I/Q(Z) 27'PT_1/2 (2)

(=)™

and, form=0,1,2,...,

n—2 2
(m41) (1) — () — = k=1 _ (__yn—k—1 1\" o) 2k + 1)z ()
) = o0n) - 5. 3 | o] | (ke g) v+ 2|

(43)
On the other hand, using Olver’s method given in Section 4, we have that PT”_I/Q(Z) can be
approximated, for large 7 and fixed n, by the expansion ([32): y(n) = y(™ (n) + O(A"™), with

y(m) (n) = Pﬂ}—l/z('z) + P£—1/2(Z)T7_n = A(n, k) P.rl_l/g(Z) — Pg_l/Q(z)T(_T)n m—1 A(n, k)
2PS_1/2(2') — Tk 2P£_1/2(z) — (—7)k
(44)
where A(n,0) =0,A(n,1) =1 and
[n/2] 2 .
A k+2)=— [(n2j+;> A(n2j,k)+WA(n+12j,k+l) k>0
i=1 =
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Tableshows the asymptotic character of the two methods, and , in the approximation
of the term y(5) for z = 2 of the solution of problem for different values of 7 and using the

approximation given by m = 4.

7 | Method Method T Method Method

0.31558587 0.13986491 5 eim/4 0.23446498 0.10377073

50 0.00011022 0.00004879 50 /4 0.00009004 0.00003290
500 1.09¢—8 4.83e—9 500 e'7/4 1.07e—8 3.12¢—9

Table 2: Relative errors in the approximation of the term (5) of problem using the iterative method
and Olver’s method for different values of 7, z = 2 and m = 4. The table shows the asymptotic
character of both methods.

6 Final remarks

From the first example of the previous section we may suspect that the approximations given by
both, the iterative method and Olver’s method, are exactly the same ones (at any order m). In
fact, this is true and is not genuine of this example, but a general property for any difference
equation with @ = 0 and g(n) = 0: under these circumstances, the iterative method reads

Ln/2]

y " (n) Z A2 f(n = 2k)y " (n+1-2k), 4@ (0) =0, (45)
with Ad 5 ol — B
« — n
bln) = “Sr S (A" (46)
On the other hand, Olver’s approximation (32)) reads
m—1 m—1
(M) () — ol + 8 An—k+1 al =B kgt B
y™ (n) Z[ T + 5 (-4) d(n—k+1)A(n, k), (47)
k=0 k=0
with
[n/2]
Aln, k+2) = an—zj (n+1—-25,k+1), (48)

and A(n,0) = 0, A(n,1) = 1. It can be checked that, Olver’s approximation satisfies the
recurrence relation and if and only if the coefficients A(n, k) in verify the equation
(48). Thus, for a = 0 and g(n) = 0, the iterative method and Olver’s method provide the same
expansion and we can deduce that, in this case, Olver’s method is not only asymptotic but also
convergent.

In the continuous case (Olver’s theory |23 Chap. 10] for linear second order differential equa-~
tions), the two coefficients A and B of the linear combination of the two approximate independent
solutions must be computed at every step of the approximation an then, they depend on the order
m of the approximation. The situation is very different in the discrete case because, as we see in
, the coefficients A and B of the linear combination that gives the approximate solution of
problem (3)): y™(n) = Ay&m) (n) + By(_m) (n), are independent of the degree m of the approxima-
tion. Once they are computed for a certain order m of the approximation, they are computed for
any order.
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