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Abstract

The process of aggregation addresses the problem of combining a collection of numerical val-
ues into a single representative number and the functions that perform this operation are
called aggregation functions. Aggregation functions are required to satisfy two boundary
conditions and to be monotone with respect to all their arguments.

One of the trends in the research area of aggregation functions is the relaxation of the
condition of monotonicity. In that attempt, various relaxed forms of monotonicity have been
introduced. This is the case of weak, directional and cone monotonicity.

However, all these relaxed forms of monotonicity are based on the idea of increasing, or
decreasing, along a fixed ray defined by a real vector. There is no notion of monotonicity
allowing the direction of increasingness to depend on the specific values to aggregate, nor
there exists any other notion that considers increasingness along more general paths, such as
curves. Additionally, another trend in the theory of aggregation is the extension to handle
more general scales than real numbers and there is no relaxation of monotonicity available in

that general context.

In this dissertation, we propose a collection of new relaxed forms of monotonicity for
which the directions of monotonicity may vary from one point of the domain to another.
Specifically, we introduce the concepts of ordered directional monotonicity, strengthened or-
dered directional monotonicity and pointwise directional monotonicity. Based on the concept
of ordered directionally monotone functions, we propose an edge detection algorithm that
justifies the applicability of these concepts. Furthermore, we generalize the concept of direc-
tional monotonicity so that, instead of directions in IR”, more general paths are considered: we
define curve-based monotonicity. Finally, combining both trends in the theory of aggregation,
we generalize the concept of directional monotonicity to functions that are defined on more
general scales than real numbers.

Structure of the dissertation

This dissertation is divided in two parts:

m Part I: we describe the concept of directional monotonicity as a relaxation of standard
monotonicity in the aggregation setting and we motivate and discuss our research find-
ings.

m Part II: we present a collection of published, accepted and submitted works related to
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Abstract

this dissertation.

Part I starts with an introductory section (Section 1) regarding aggregation functions, the

relaxation of the monotonicity axiom and the notions of weak and directional monotonicity,

which have lead to the introduction of the concept of a pre-aggregation function. In Section

2 we

motivate and justify the relevance of the subject of study (Section 2.1) and, we set the

objectives of the current dissertation (Section 2.2). In Section 3 we discuss briefly our results

and, lastly, we expose the conclusions of our findings, along with some directions of future

research, in Sections 4 and 5.

Part Il is comprised by the following publications:

Universidad Publica de Navarra
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1 Introduction

At this time, on the Information Age, adequate data fusion methods are essential. It is not hard
to find several examples of information systems that combine data from numerous sources of
information: multi-criteria and group decision making problems, research evaluation metrics,
economic indices and indicators, fuzzy connectives, rule based systems, ensemble models and
social and political surveys, to name a few. The field of information fusion studies techniques
to combine data from multiple sources and aggregation functions, also called aggregation

operators, are some of the functions that can be used for combining data.

The theory of aggregation addresses the problem of combining a set of numerical values
to find a single representative number. This idea of aggregation is probably as old as count-
ing, however, not until the 1980s did the theory aggregation become an independent research
field. Prior to that date, specific classes of aggregation functions were independently studied
within the domain of different areas of knowledge. For instance, the theory of means dates
back to 1930 [50, 67], triangular norms were introduced in the framework of probabilistic met-
ric spaces [62] and copulas were studied in probability theory and statistics [79]. The cited
examples and their duals conform the three main classes in the classification of aggregation
functions [37]:

m averaging aggregation functions, whose values lie within the minimum and the maxi-

mum of the inputs (e.g., monotone means);

m conjunctive aggregation functions, whose values are bounded by the minimum of the
inputs (e.g., triangular norms and copulas);

» disjunctive aggregation functions, whose values are above the maximum of the inputs
(e.g., triangular conorms and co-copulas).

Among the class of averaging aggregation functions, integrals with respect to not necessarily
additive measures stand out, particularly Choquet [26] and Sugeno integrals [82].

Although the mentioned classes of aggregation functions have continued to be studied
independently, as can be derived from the existence of specific monographs [17, 48, 49], the
theory of aggregation as a genuine theory has attracted a lot of attention. There exist several
monographs on the topic [9, 12, 38, 42, 83], as well as research articles, both from the theoretical
[8, 20, 24, 32, 65] and applied points of view [31, 39, 40, 69, 85].
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6 Part I. Thesis

Formally, an aggregation function is a function whose domain is the unit hypercube [0, 1]",
for n € N, and outputs a number in the unit interval, [0, 1]. The choice of the interval [0, 1] is
made by convention, being all the developments in the theory of aggregation readily extensi-
ble to any arbitrary closed real interval [a, b].

Definition 1.1. A function A : [0,1]" — [0, 1] is said to be an aggregation function if

i) A(0,...,0) =0;
i) A(1,...,1)=1;

(iii) Ais increasing1 with respect to all its arguments, i.e., if x,y € [0,1]" such that x; < y; for
alli € {1,...,n}, then A(x) < A(y).

The first and second conditions are natural boundary conditions for a function whose
objective is that of aggregating n numbers between 0 and 1. The third condition, which regards
monotonicity, seems natural as well since, a priori, any increase in the inputs should result in
the increase of the output. Specifically, for decision making problems, the increase of one
criterion should result in the increase, or at least not decrease, of the overall score.

However, in real world problems, data may be perverted by noise or there may be outliers
among data. In these situations, the monotonicity condition causes that a great deal of aggre-
gation functions behave poorly as they are influenced by single input values. For example, in
image processing, if we were to find a representative value for a region of pixels, an abrupt
variation in a certain pixel with respect to its neighbours may be probably a noise corruption
and it would affect negatively in the computation of such representative value by means of
an aggregation function. A concrete example in which this situation occurs is image reduc-
tion [69, 86]. In this setting, non-monotone means are often employed, e.g., the mode, Gini
means, Lehmer means, Bajraktarevic means [13, 17] and mixture functions [11, 70, 81]. Robust
estimators of location, used in statistical analysis, are generally not monotone either [72].

Nevertheless, although monotonicity with respect to all arguments may be too restrictive
for certain applications, our expectation with respect to the behaviour of means requires that
some monotonicity-like condition is satisfied, e.g., in the case of robust estimators of location

shift-invariance is required.

With the objective of providing a theoretical framework of functions that are valid to fuse
data, although in some cases monotonicity is not satisfied, and having in mind that some sort

n this dissertation we convene to use the terms increasing and decreasing functions to refer to monotone non-
decreasing and non-increasing functions, respectively. In the cases where strict monotonicity is required, we use
the terms strictly increasing and strictly decreasing.

Universidad Publica de Navarra
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1. Introduction 7

of monotonicity is necessary, Wilkin and Beliakov proposed in [87] a relaxed form of mono-
tonicity: weak monotonicity. Weak monotonicity permits the aggregate value to decrease even
if one of the inputs increases, but requires that if all the inputs increase by the same amount,
then the aggregate value must increase, not decrease, as well.

Definition 1.2. A function f : [0,1]" — [0,1] is said to be weakly increasing if for all x =
(x1,...,x,) € [0,1)" and ¢ > Osuch that (x1 +¢,...,x, +¢) € [0,1]",itholds that f(x1,...,x,) <
f(x1+¢,..., x5 +c). Similarly, f is said to be weakly decreasing if for all x € [0,1]" and ¢ > 0
such that (x; +¢,...,x, +c) € [0,1]", it holds that f(x1,...,x,) > f(x1+¢,...,xp +¢). If
a function f is both weakly increasing and weakly decreasing, then f is said to be weakly
monotone constant.

Remark 1.3. Shift-invariance implies weak monotonicity.

Note that weak monotonicity can be seen as monotonicity along the ray (1,...,1). This
consideration led to the generalization of weak monotonicity to directional monotonicity in
[21], a relaxation of monotonicity that considers increasingness or decreasingness of functions
along general real directions 7 € R" \ {0}.

Definition 1.4. Let 7 € R” \ {0}. A function f : [0,1]" — [0,1] is said to be F-increasing, if for
all c > 0 and x € [0,1]" such that x + c¢7 € [0,1]", it holds that f(x) < f(x + ¢7). Similarly, f
is said to be 7-decreasing, if for all ¢ > 0 and x € [0,1]" such that x + ¢7 € [0, 1]", it holds that
f(x) > f(x+cF). If fisboth F-increasing and 7-decreasing, then f is said to be 7-constant.

Monotonicity of derivable functions is linked to the sign of partial derivatives. Similarly,
directional monotonicity is linked to directional derivatives, a concept that has been largely
studied and applied [76, 77, 92]. However, the concept of directional monotonicity had been
only scarcely studied in rather specific settings, e.g., [46].

The introduction of directional monotonicity has broaden the framework of data fusion
functions, allowing other functions, such as implication operators [4, 5], to be also considered
as valid functions to fuse information.

Subsequently, the notions of weak and directional monotonicity have been studied and,
parallel to the development of this dissertation, new relaxed forms of monotonicity have
arisen. A relevant one is cone-monotonicity, which was defined in [10] with respect to positive
cones C C (R4 )". We present the definition for any cone C C R”".

Definition 1.5. Let C C R" be a nonempty cone. A function f : [0,1]" — [0, 1] is said to be
cone increasing with respect to C if f is F-increasing for any direction 7 € C. Similarly, f is
said to be cone decreasing with respect to C if it is 7-decreasing for any direction 7 € C.

Universidad Publica de Navarra
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8 Part I. Thesis

In the same manner, several of the aforementioned families of means have been studied
from the perspectives of weak and directional monotonicity, giving rise to many works [10,
11, 13, 21, 81, 87].

Furthermore, the aim of relaxing the monotonicity condition of aggregation functions to
create a framework in which a greater deal of functions is contemplated has been explicitly
generated with the introduction of the so-called pre-aggregation functions [58].

Definition 1.6. A function A : [0,1]" — [0, 1] is said to be a pre-aggregation function if

i A(0,...,0)=0;
i) A(1,...,1)=1;
(iii) A is 7-increasing for some 7 € [0,1]".
It is worth to point out that the direction of increasingness of a function must be positive

so that it can be consider a pre-aggregation function. This fact concurs with the necessity of

maintaining some sort of monotonicity.

Pre-aggregation functions have been employed in numerous applications and, particu-
larly, the case of fuzzy rule-based classification problems stands out [36, 56, 57, 58].

Universidad Publica de Navarra
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2 Motivation and objectives

2.1 Motivation

The introduced relaxed forms of monotonicity are based on monotonicity of a function f along
a direction, or a set of directions, that is common to all the points in the domain of f. For weak
monotonicity the direction is given by (1,...,1), for directional monotonicity by a general
vector 7 € R" \ {0} and for cone-monotonicity for all the vectors 7 that form a nonempty cone
CCcR™.

However, on the one hand, there is no relaxed form of monotonicity that permits the di-
rection of monotonicity to vary from one point of the domain to another. The interest of this
sort of property is readily justified, as it allows to model certain relations among data that
directionally monotone functions are not able to model. For example, in some cases, it might
be desirable that an increase of some already high inputs does not yield an increase in the ag-
gregate value, but that increases of low inputs result in high increases of the aggregate value.
Hence, there is a necessity to introduce a notion of monotonicity that takes into account the
specific values to aggregate in order to set the direction of monotonicity.

An example of an application field in which the mentioned developments are potentially
useful is computer vision. Specifically, edge detection. The task of detecting edges in an image
is not explicitly defined since the concept of edge itself is not clearly stated. We understand
that an edge is a big enough jump between the intensity of a pixel and the intensity of its neigh-
bours. Some edge dectection algorithms are based on intensity changes between a pixel and
its neighbours with no additional information [6, 19, 41], whereas other edge detectors in-
clude the information provided by the directions in which those intensities change for each
pixel [25, 55]. Thus, in the process of edge detection, the use of a function that fuses infor-
mation and increases or decreases along a certain direction depending on the values to fuse
might be useful.

Furthermore, there is no work in the literature regarding the geometrical aspects of di-
rectionally monotone functions. Studying the classes of functions that satisfy different re-
laxations of monotonicity helps furthering the theoretical understanding of such concepts.
Besides, looking at these properties from a different perspective might help arising ideas of
their applicability.

On the other hand, all the proposed forms of monotonicity are based on the idea of mono-
tonicity along a direction defined by a ray in R". Regardless the fact that the direction might
change from certain points to others, the idea of monotonicity along a linear direction is fixed.
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10 Part I. Thesis

This is a limitation in order to model more complex relations among data. The introduction
of a relaxed form of monotonicity that is not based on rays in IR” is due. The consideration of
more general paths, such as curves « : [0,1] — R”, could lead to a more general relaxed form
of monotonicity.

Finally, in various works regarding the state-of-the-art of the theory aggregation [38, 63]

two major trends are cited.

» The relaxation of the monotonicity constraints defining new forms of monotonicity.

» The extension of the concept of aggregation functions to more general scales than real

numbers.

The first item has already been discussed. With respect to the second item, there exist
works dealing with aggregation functions defined on posets [33, 51], functions intended to
aggregate information from graphs [84], to aggregate infinite sequences [64, 71] and intervals
[22, 29], among others. One of the reasons of the existence of works regarding different scales
is that in real applications there is a degree of uncertainty in the data (missing inputs, mea-
surement errors, etc.). As a consequence, many general forms of aggregation functions have
been proposed in order to fuse uncertain data coming from different extensions of fuzzy sets,
e.g., type-2 fuzzy sets [43, 54], n-dimensional fuzzy sets [31], Atanassov intuitionistic fuzzy
sets [28] and interval-valued fuzzy sets [15, 19, 22], among others.

Consequently, it would be interesting to join both trends in the theory of aggregation and
define a relaxed form of monotonicity for functions that are able to handle the uncertainty
resulting from different extensions of fuzzy sets.

2.2 Objectives

The main objective of this dissertation is:

To develop new relaxed forms of monotonicity, admitting different directions of increasingness and
more general paths than rays, and to extend these concepts to more general frameworks than real func-
tions.

For its achievement, we set the following particular objectives:

» To introduce a relaxed form of monotonicity that, resembling OWA operators, is depen-
dent of the relative size of the inputs.

» To study the behaviour of such notions of monotonicity in the task of edge detection.

Universidad Publica de Navarra
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To define a local notion of relaxed monotonicity.
To study the introduced concepts from a geometrical perspective.

To generalize directional monotonicity by considering general curves in R" instead of
rays.

To generalize directional monotonicity for functions that handle various types of un-
certain data coming from different extensions of fuzzy sets, particularly interval-valued

functions.
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3 Discussion of research findings

3.1 Ordered Directionally Monotone Functions: Justification and Application

In this work we introduce the concept of an ordered directionally monotone function, or OD
monotone function. These functions satisfy a directional monotonicity condition with the
particularity that the direction is different from one point of the domain to another.

Specifically, the direction of monotonicity depends on the relative size of the inputs. In-
spired by the ideas in [88], to define the concept of OD monotonicity of a function f : [0,1]" —
[0,1], we need to consider a decreasing permutation of the inputs. We denote by S, the set of
all permutations of n elements.

Definition 3.1. Let 7 € R"\ {0}. A function f : [0,1]" — [0,1] is said to be ordered di-
rectionally (OD) 7-increasing if for all ¢ > 0, all permutation ¢ € S, and x € [0,1]" with
xa(l) Z e Z xa(n) such that

12> x5 +cr 2.0 = Xgm) +cra 20, (1)
it holds that
f(x) < flx+c7p), (2)

where 0! is the inverse permutation of ¢. Similarly, f is said to be OD 7-decreasing if for all
c>0,0€S,and x € [0,1]" with Xg(1) = - -+ 2 Xg(y) such that

1 ZXU(1)+C1"1 > ...ng(n)+crn >0,

it holds that f(x) > f(x+ c7,-1). If f is both OD 7-increasing and OD 7-decreasing, f is said
to be OD 7-constant.

The main theoretical results of this work are the characterization of OD monotonicity for
dual functions, the characterization of standard monotonicity in terms of OD monotonicity
and the construction method of OD monotone functions by means of Choquet integrals. These
results correspond to Corollay 3.8, Proposition 3.12 and Theorem 4.7 of our work, respectively.

Additionally, in this work we present an edge detection algorithm that is based on OD
monotone functions. Our method follows the edge detection scheme proposed by Bezdek et
al. [14], which is composed by four phases: conditioning, feature extracting, blending and
scaling.

(ED1) Smoothening the original image with a Gaussian filter;
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14 Part I. Thesis

(ED2) Obtaining the feature image using ordered directionally monotone functions;
(ED3) Thinning the feature image using the Non-Maximum Suppression (NMS) procedure;

(ED4) Binarizing the feature image applying hysteresis to obtain the black and white edge

image.

Our proposal focuses on step (ED2); we establish a methodology to obtain a feature image
based on OD monotone functions. The construction of the feature image results from filtering
the image by means of an OD 7-increasing function, where the direction 7 varies from pixel to
pixel depending on local variations of intensity.

With respect to the remaining steps, for (ED1), we use a Gaussian filter with deviation
o = 1. For (ED3), Kovesis” implementation of the NMS algorithm is used [52] and, for (ED4),
we obtain a binary image with the hysteresis algorithm proposed in [59].

Finally, we test our algorithm using images from BSDS500 dataset [1] and comparing our
results with the edge detection methodologies proposed in [25], [41], [55] and [80].

After the completion of this work, we arrive at the following conclusions:

» The notion of OD monotonicity allows to define a family of functions that satisfy a di-
rectional monotonicity condition where the direction varies depending on the relative
size of the inputs.

m It is possible to characterize standard monotonicity of a function f : [0,1]" — [0,1] by
OD monotonicity along n appropriate directions.

» The OD monotone functions used in the proposed edge detection algorithm are capable
of fusing information taking into account the most influential directions for each point.

» The use of OD monotone functions enable to construct a simple edge detection algo-
rithm, which does not overcome, but yields competitive results with respect to those by
Canny’s method [25].

This section of the thesis is associated with the following publication:

s H. Bustince, E. Barrenechea, M. Sesma-Sara, J. Lafuente, G.P. Dimuro, R. Mesiar, A.
Kolesdrova. Ordered directionally monotone functions: Justification and application,
IEEE Transactions on Fuzzy Systems, 26 (4): 2237-2250, 2018.

DOI: 10.1109/TFUZZ.2017.2769486.
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3.2 Strengthened ordered directionally monotone functions. Links between the
different notions of monotonicity

Based on the concept of ordered directional (OD) monotonicity and the results presented in
Section 3.1, in this work we propose a new notion of monotonicity: strengthened ordered
directional (SOD) monotonicity.

The concept of SOD monotonicity is intimately related to OD monotonicity, with the sole
difference that condition (1) is not required for a function to verify inequality (2).

Definition 3.2. Let 7 € R" \ {0}. A function f : [0,1]" — [0,1] is said to be strengthened
ordered directionally (SOD) F-increasing if for all ¢ > 0, all permutation ¢ € S, and x € [0,1]"
such that x,1) > ... > x4, and x + c7,-1 € [0,1]", it holds that f(x) < f(x + cFy-1), where
o~ is the inverse permutation of ¢. Similarly, f is said to be SOD 7-decreasing if for all ¢ > 0,
o € S, and x € [0,1]" such that Xp(1) = -+ = Xg(yy and x + 7,1 € [0,1]", it holds that
f(x) > f(x+cP,-1).If fis both SOD 7-increasing and SOD 7-decreasing, f is said to be SOD
7-constant.

From the definition, it follows that, given a vector 7 € R" \ {6}, if a function f is SOD
7-increasing, then f is OD 7-increasing. However, the converse statement does not hold.

In our work, we develop a profound theoretical study about the main properties of SOD
monotone functions, as well as about how this concept relates to the previously introduced re-
laxations of monotonicity, i.e., weak, directional and ordered directional monotonicity. Among
the main results, Proposition 3.3 asserts that for specific vectors 7 € R" \ {0}, namely, the ones
such thatr; > ... > ry, the notions of OD and SOD monotonicity are equivalent and Propo-
sition 3.7 characterizes directional, OD and SOD monotonicity for the dual f? of a function f.
On the other hand, Proposition 3.4 shows that it is equivalent for a function to be 7-increasing
and (—7)-decreasing and, similarly, that it is equivalent to be OD 7-increasing and OD (—7)-
decreasing. However, this is not so for the case of SOD monotonicity, as shown in Remark
5.10.

Additionally, in this work we define two families of functions:

w Linear fusion functions: Given u € Rand 7 € R" \ {0}, we say that (u, ) generates the
linear fusion function L[y, 7], given by

n
L{p, ) (x) =pu+x-7= ],t+2xivi,
i—1

1

if u+x-7€]0,1] forall x € [0,1]".
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16 Part I. Thesis

m Ordered linear fusion functions: Given y € R and & € R" \ {0}, we say that (y, 7)
generates the ordered linear fusion function OL[y, 7], given by

OL[u, 0] (x) =pu+xs-=u+ ng(i)vz’/
i=1

if u+x,-79€0,1] forall x € [0,1]" and all ¢ € S,, such that Xo(1) 2+ o+ 2 Xo(n)-

In Proposition 4.6 we characterize all the directions 7 for which a linear fusion function is
7-increasing, OD 7-increasing and SOD 7-increasing. Similarly, in Proposition 4.15 we char-
acterize the direction 7 for which an ordered linear fusion function is OD 7-increasing. The
characterization of directions with respect to directional and SOD monotonicity is achieved
for the 2-dimensional case in Proposition 4.17.

Then, we introduce an operation * between functions f; and f, from [0,1]? to [0, 1] such
that f1(x,x) = fa(x, x) forall x € [0,1],
flxy)ifx >y,
fo(x,y)ifx <y.

As a consequence of Proposition 5.4, when applied to ordered linear fusion functions (n = 2),

(fr+f2)(xy) =

this operation generalizes the Lukasiewicz implication (Example 5.5) and the Choquet integral
(Example 5.9).

We end this work showing a characterization of standard and weak monotonicity in terms
of directional, OD and SOD monotonicity with respect to an appropriate set of a finitely many
directions (Propositions 6.1 and 6.3). Consequently, directional, OD and SOD monotonicity
are valid tools to check whether a function is monotone in the regular sense. Additionally, in
the final part of this work, we also present an aggregation-based construction method for OD
and SOD functions.

After the completion of this work, we arrive at the following conclusions:

» SOD monotonicity resembles OD monotonicity in the sense that it allows to define a
family of functions that satisfy a directional monotonicity condition where the direction
varies depending on the relative size of the inputs, but it is more restrictive as every
SOD monotone function is OD monotone but not vice-versa.

» The directions along which linear and ordered linear fusion functions increase, in the
directional, OD and SOD sense, are characterized and these two families of functions
make it possible to generalize well-known functions such as the Lukasiewicz implication
and the Choquet integral.
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m It is possible to characterize standard and weak monotonicity of a function f : [0,1]" —
[0,1] by directional, OD and SOD monotonicity along n appropriate directions.

This section of the thesis is associated with the following publication:

m M. Sesma-Sara, J. Lafuente, A. Rolddn, R. Mesiar, H. Bustince. Strengthened ordered
directionally monotone functions. Links between the different notions of monotonicity;,
Fuzzy Sets and Systems, 357: 151-172, 2019.
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3.3 Pointwise directional increasingness and geometric interpretation of direc-
tionally monotone functions

The goal of relaxing the monotonicity condition of aggregation functions has led to the in-
troduction of a variety of relaxations of monotonicity, all of which are global properties, i.e.,
demanded to the whole domain of functions. In this work we aim at studying the similarities
and particularities of the main relaxations of monotonicity from a geometrical point of view.
Specifically, we study some geometric aspects of weak, directional, cone, OD and SOD mono-
tonicity. For this purpose, we introduce the concept of pointwise directional increasingness
(or directional increasingness at a point), a local condition that focuses on the monotonicity of
a function f : [0,1]" — [0,1] at a point x € [0,1]" along a direction 7 € R" \ {0}.

Definition 3.3. Let 7 € R” \ {0}. A function f : [0,1]" — [0,1] is said to be -increasing at
a point x € [0,1]" if for any ¢ > 0 such that x + c¢7 € [0,1]", it holds that f(x) < f(x+ c7).
Similarly, f is said to be 7-decreasing at a point x € [0,1]" if for any ¢ > 0 such that x + ¢¥ €
[0,1]", it holds that f(x) > f(x + c7). If f is both 7-increasing and 7-decreasing at x, then f is
said to be 7-constant at x.

This is a local property that is studied at an specific point x € [0,1]" and at the points
x + c7. In consequence, there exist properties that directionally monotone functions satisfy but
not pointwise directionally monotone functions. For instance, if a function f : [0,1]" — [0,1]
is 7-increasing at x € [0,1]" for some 7 € IR" \ {0}, then f is not necessarily (—7)-decreasing at
X.

Pointwise directional monotonicity enables a better understanding of the effect of each of
the relaxations of monotonicity in different points of the domain. In this work, we characterize
each of the cited notions of monotonicity in terms of pointwise directional monotonicity.

Particularly, Remark 3.3 shows that a function f : [0,1)" — [0,1] is weakly increasing if
and only if it is 1-increasing at x, for all x € [0,1]". Similarly, given 7 € R" \ {0}, Remark
3.3 shows that f is 7-increasing if and only if it is 7-increasing at x for all x € [0,1]". The
case of cone monotonicity with respect to a cone C C IR" is equivalent to that of directional
monotonicity considering all directions 7 € C.

The characterization of SOD monotonicity and OD monotonicity in terms of pointwise
directional monotonicity is shown in Theorems 3.6 and 3.9, respectively. In order to state
these theorems, it is necessary to define a subset of [0, 1]" that is dependent of a permutation
o € S Qp C [0,1]", as the set that contains all the elements of the hypercube which are
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decreasingly ordered through the permutation o, i.e.,
Q, = {X S [0, 1]” | X (1) > X (2) > ... > xa(n)}.

Theorem 3.4 (Theorem 3.6 of our work). Let 7 € R” \ {0}. A function f : [0,1]" — [0,1] is SOD
7-increasing if and only if it is 7,—1-increasing at X, for all x € Qy and forall ¢ € S,,.

Theorem 3.5 (Theorem 3.9 of our work). Let 7 € R" \ {0}. A function f : [0,1]" — [0,1] is OD
7-increasing if and only if it is 7, 1-increasing at x within? the region Oy, for all x € Q, and for all
o€ S

Thus, for a function f : [0,1]" — [0,1] and a point x € [0,1]", we define the set of all

directions 7 € R" \ {0} for which f is pointwise 7-increasing at x:
D¢(x) = {17’ € R"\ {0} | f is F-increasing at x} :

Moreover, we define Ds(H) as the set of all directions 7 for which a function f is 7-increasing
at x, for all x € H. Then, it holds that

Df(H) = ) Dg(x).

xeH

Similarly, we can define the set Dy of directions 7 for which a function f is 7-increasing, and,
in the same manner, we can define the sets OD ¢ and SOD It

Ds = {? € R"\ {0} | fis ?—increasing} ,
ODy = {? € R"\ {0} | fis OD ?—increasing} ,

SODs = {? eR"\ {6} | fis SOD 7—increasing} .

According to the characterizations of each notion of monotonicity in terms of pointwise
directional monotonicity, we obtain the following equalities:

Df= () Ds(x);

x€[0,1]"

SODf = {7 € R"\ {0} | 7,1 € Dy(Q) ¥ € Sy };

OD; = {7 € R"\ {0} | 7,1 € Dy, (Qe) Vo € S}

Pointwise directional increasingness of a function f : [0,1]" — [0,1] within a region Q coincides with point-
wise directional increasingness of the function f|q : QO — [0,1].
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Based on these considerations, we remark some geometric aspects about each relaxation
of monotonicity. We focus on some special points of the domain. On the one hand, the points
for which a function trivially satisfies each monotonicity condition can be seen in Table 1.
On the other hand, it is worth highlighting Proposition 4.6 and Theorem 4.8, which deal with
pointwise directional increasingness of an SOD monotone function f : [0,1]" — [0, 1] at points

k
X € ﬂ Qaj,for Qoy,.. ., Qp C [0,1]™
j=1

After the completion of this work, we arrive at the following conclusions:

» Pointwise directional monotonicity is a local condition that allows to characterize the
global notions of weak, directional, cone, OD and SOD monotonicity.

» Each monotonicity condition has a distinctive impact in different regions of the domain.
In particular, there exist points that trivially satisfy the different conditions of mono-
tonicity.

» The behaviour of a function f : [0,1]" — [0,1] at points of equal components, i.e.,
(x,...,x) € [0,1]", is relevant in terms of SOD monotonicity.

This section of the thesis is associated with the following publication:

m M. Sesma-Sara, L. De Miguel, A. F. Roldan Lépez de Hierro, J. Lafuente, R. Mesiar, H.
Bustince. Pointwise directional increasingness and geometric interpretation of direc-
tionally monotone functions, Information Sciences, Submitted.
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3.4 Curve-based monotonicity: a generalization of directional monotonicity

In this work we propose a new relaxed form of monotonicity that generalizes directional
monotonicity: curve-based monotonicity. This notion is able to model monotonicity relations
among the inputs of a function f : [0,1]" — [0,1] that might be more complex than those
considered by directional monotonicity. Instead of studying monotonicity along rays in R",
curve-based monotonicity examines the value of a function along a general path in IR" that is

given by a curve «.

A curve on R" is a function « : [, — IR", where the domain I, is a nonempty interval in
R. In this work, we assume that I, is positive, i.e., [, C Ry, and that 0 € I,. Without loss
of generality, we set #(0) = 0. The nature of interval I,, whether it is bounded /unbounded
or open/closed, is unimportant for most of the properties studied in this work. In fact, in
Section 5.1 we demonstrate that the character of the domain I, of the curves that we study in
this work can be reduced to two cases: curves defined on [0, 1] and curves defined on [0, 1).

Thus, for a given curve « : [, — R”, we define the concept of curve-based monotonicity.

Definition 3.6. Let f : [0,1]" — [0,1] and let w : I, — R” be a curve such that a (0) = 0. We
say that f is a-increasing if
fx+a(t) > f(x) forallx € [0,1)" and all t € I, \ {0}
such that x + a (s) € [0,1]" forall0 < s < .

Similarly, f is a-decreasing if
fxta(t)) < f(x)
forallx € [0,1]" and all t € I, \ {0} such that x4+« (s) € [0,1]" forall 0 < s < t.

If f is both a-increasing and a-decreasing, then f is said to be a-constant.

Straight lines (or segments of straight lines) are a particular instance of curve. Hence,

curve-based monotonicity is a generalization of directional monotonicity.

Note that for a function f to be a-increasing, once the curve leaves the unit hypercube
[0,1]", it has no influence in the property of a-monotonicity of f. Indeed, the condition that
must hold is f(x) < f(x+ «(t)) provided that all the points x + a(s) € [0,1]" forall0 < s < ¢.
Therefore, the points x + a(t) ¢ [0,1]", even in the case that the curve eventually returns to
take values within [0, 1]", do not influence the condition of a-monotonicity. This is shown in

Figure 1.

Furthermore, if a function f : [0,1]" — [0,1] is a-increasing for a certain curve w, it does
not necessarily mean that f increases along the graph of such curve. Instead, a-increasingness
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22 Part I. Thesis

Figure 1. Example of points x + a(t) that have influence on the a-monotonicity of functions
(in solid blue) and points that do not (dashed blue).

of f refers to the property of non-decreasingness in the values of f when evaluating the points
across which, starting from a fixed x € [0,1]", the curve « goes. This fact is explicitly discussed
in Section 3.3.

Standard monotonicity of a function f : [0,1]" — [0,1] can be characterized in terms of
curve-based monotonicity for appropriate curves a (Lemma 4.2) and so happens with weak
monotonicity (Lemma 4.3). Another relevant feature of this notion is that curve based mono-
tonicity of a function f : [0,1]" — [0, 1] is entirely determined by a local property of f (Theo-
rem 4.9).

We also study the conditions of curve-based monotonicity of functions with respect to the
composition of two, or more, curves. By composition of two curves, we refer to the curve
whose graph goes through the first curve and, then, through the second. Formally, given two
curves &, f: [0,1] — RR", we define their composition « x 8 : [0,1] — R" by

x(2t), if0<t<05,

ax B(t) :{ a(l)+p(2t—1), f05<t<1.

If a function f : [0,1]" — [0,1] is a-increasing and B-increasing, then f is also (a x B)-
increasing (Lemma 5.6).

Finally, in Section 6, we study idempotent and averaging behaviour of curve-based mono-
tone functions.

After the completion of this work, we arrive at the following conclusions:

» The notion of curve-based monotonicity is a relaxation of monotonicity that generalizes
directional monotonicity for functions f : [0,1]" — [0, 1].
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s Standard monotonicity can be characterized in terms of curve based monotonicity. How-
ever, this characterization is not as practical as the one based on directional monotonic-

ity.
» The domain of the curves can be reduced to two cases: [0,1] and [0,1).

» The conditions of idempotency and averaging behaviour of a function f : [0,1]" — [0, 1]

are characterized in terms of conditions related to a-monotonicity of f.
This section of the thesis is associated with the following publication:

m A. F. Roldén Lépez de Hierro, M. Sesma-Sara, J. gpirkové, J. Lafuente, A. Pradera, R.
Mesiar, H. Bustince. Curve-based monotonicity: a generalization of directional mono-
tonicity, International Journal of General Systems.

DOI: 10.1080/03081079.2019.1586684.
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3.5 Weak and directional monotonicity of functions on Riesz spaces to fuse un-
certain data

Following both trends in the theory aggregation, the one towards the relaxation of the mono-
tonicity condition and the one towards the extension to other domains besides real numbers,
in this work we introduce the concept of directional monotonicity for functions that take val-
ues in Riesz spaces, also known as vector lattices [90].

A vector space V endowed with a partial order relation <y is said to be a partially ordered
vector space if the order structure and the vector space structure are compatible, i.e., if the
following conditions hold for any u,v € V:

m Ifu <yvthenu+w <y v+ wforeveryw c V;

n If u <y v, then au <y av for every real « > 0.

If, additionally, (V, <y) forms a lattice, then V is said to be a Riesz space.

The Cartesian product V" = V x ... x V is a Riesz space with respect to the product order
<y, which results from considering <y component-wise.

We define directional monotonicity of functions F : V" — V, understanding that the

directions are non-zero vectors from V".

Definition 3.7. Let (V, <y) be a partially ordered vector space over Rand letv = (vy,...,v,) €
V" such that v; # Oforsomel < i< n. We say that a function F : V* — V is v-increasing if for

all x € V" and ¢ > 0, it holds that F(x + c¢v) >y F(x). Similarly, we say that F is v-decreasing

if for all x € V" and ¢ > 0, it holds that F(x + cv) <y F(x). If F is both v-increasing and

v-decreasing, we say that F is v-constant.

We also extend the concept of weak monotonicity to w-weak monotonicity, focusing on a
fixed0 £ w € V.

Definition 3.8. Let (V, <y) be a partially ordered vector space over R and let 0 # w € V. We
say that a function F : V" — V is w-weakly increasing if for all x € V" and ¢ > 0, it holds that
F(x+c(w,...,w)) >y F(x). Similarly, we say that F is w-weakly decreasing if for all x € V"
and ¢ > 0, it holds that F(x + c(w, ..., w)) <y F(x).

In our work, we show that functions that satisfy these broader notions of monotonic-
ity meet the most relevant properties of standard directional monotonicity. Among them,
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the main properties are that it is equivalent for a function F to be v-increasing and (—v)-
decreasing (Proposition 4.6), the set of directions v for which a function F is v-increasing is
closed under convex combination (Theorem 4.7) and that standard monotonicity for functions
F : V" — V can be characterized in terms of directional monotonicity along appropriate di-
rections (Theorem 4.10 and Corollary 4.11).

The structure of a Riesz space, and the adaptation of Definition 3.7 to certain convex sub-
lattices, permits to introduce a framework to define directional monotonicity for functions
that handle various types of uncertain data coming from different extensions of fuzzy sets.
Specifically, we provide a definition of directional monotonicity that is extensible for functions
that fuse type-2 fuzzy values [91], fuzzy multiset values [89], n-dimensional fuzzy values [7],
Atanassov intuitionistic fuzzy values [2] and interval-valued fuzzy values [91].

Particularly, we focus on the interval-valued (IV) setting, i.e., functions F : L([0,1])" —
[0,1], where

L([0,1]) = {[x, ¥l [ x,y € [0,1], x < y}.

The order relation in this setting is given by
[a,b] <p [c,d]ifand only ifa < cand b < d.

Definition 3.9. Let v = (a1, by,...,a,,b,) € (R?)"\ {0}. A function F : L([0,1])" — L([0,1])
is said to be v-increasing if for all x € L([0,1])" and ¢ > 0 such that x4+ cv € L([0,1])", it holds
that F(x) <p F(x + cv). Similarly, F is v-decreasing if for all x € L([0,1])" and ¢ > 0 such
that x + cv € L([0,1])", it holds that F(x) > F(x + cv). In the case that F is simultaneously
v-increasing and v-decreasing, F is said to be v-constant.

Note that since L([0,1])" is a bounded convex sublattice of the Riesz space (IR?)", then,
for functions F : L([0,1])" — L(]0,1]), the directions along which directional monotonicity is
considered come from (IR?)".

Similarly, we extend the concept of weak monotonicity to the interval-valued setting.

Definition 3.10. Let (2,b) € R?\ {0}. A function F : L([0,1])" — L([0,1]) is said to be (a, b)-
weakly increasing if for all x € L([0,1])" and ¢ > 0 such that x +¢(a,b,...,a,b) € L([0,1])",
it holds that F(x) <y F(x+c(a,b,...,a,b)). Similarly, F is said to be (a, b)-weakly decreasing
if for all x € L([0,1])" and ¢ > 0 such that x4+ ¢(a,b,...,a,b) € L([0,1])", it holds that
F(x) >L F(x+c¢(a,b,...,a,Db)).

Besides the rest of discussed properties, in the setting of IV functions, the characterization
of standard monotonicity by means of directional monotonicity along a set of finitely many
directions is feasible (Theorem 6.5).
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A relevant family of IV functions is that of IV representable functions [35]. A function
F:L([0,1])" — L([0,1]) is said to be representable if it satisfies

F([xy, %], [xn, %)) = [f(x1, .-, xn), §(30, ..., %),

for some functions f,g : [0,1]" — [0,1] such that f(x1,...,x,) < g(y1,...,yn) whenever
x; <y;foralll <i<n.

Referring to functions f and g as the component functions of F, in our work we show
that the directions of monotonicity of IV representable functions are totally determined by the
directions of monotonicity of each of the component functions (Theorem 6.6).

Thus, in order to construct directionally monotone IV representable functions, it suffices
to make use of the numerous examples of directionally monotone functions that can be found
in [10, 11, 13, 21, 87]. In our work, we study the directions of increasingness of the discrete IV
Choquet integral [3], due to its relevance in diverse applications [47] (Example 6.9).

In the final part of this work, we study the particular case of directional monotonicity for
functions F : L([0,1])" — L([0,1]) that increase along directions formed by closed real inter-
vals, i.e., the cases in which F is v-increasing for v = ([a1, b1],..., [an, bu]) € L(R)". We refer
to this notion as interval directional monotonicity (IDM) and, unlike the case of directional
monotonicity, standard monotonicity cannot be characterized by means of IDM (Remark 6.12).

Although not present in our work, these findings lead us to introduce the concept of an IV

pre-aggregation function.

Definition 3.11. A function F : L([0,1])" — L([0,1]) is said to be an IV pre-aggregation
function if it satisfies the following conditions.

1. F([0,0],...,[0,0]) = [0,0];
2. F([1,1],...,[1,1]) =[1,1];
3. There exists a vector v = ((ay,b1),. .., (an, by)) € ((R1)?)" such that F is v-increasing.

After the completion of this work, we arrive at the following conclusions:

» Riesz spaces provide a framework in which it is possible to generalize the notion of di-
rectional monotonicity to functions that fuse data from the type-2 fuzzy, fuzzy multiset,
n-dimensional fuzzy, Atanassov intuitionistic fuzzy and interval-valued fuzzy settings.

» The notion of directional monotonicity presented in this works recovers completely, as a
particular instance, the usual form of directional monotonicity for functions f : [0,1]" —
[0,1].
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» Directionally monotone functions in this general setting satisfy all the relevant proper-
ties of standard directionally monotone functions.

» The directions of monotonicity of IV representable functions are determined by the di-

rections of monotonicity of the component functions.
» In the case that the directions of monotonicity are formed by intervals (IDM), it is not
possible to characterize standard monotonicity in terms of directional monotonicity.

This section of the thesis is associated with the following publication:

m M. Sesma-Sara, R. Mesiar, H. Bustince. Weak and directional monotonicity of functions
on Riesz spaces to fuse uncertain data, Fuzzy Sets and Systems.
DOI: 10.1016/j.£s5.2019.01.019.
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3.6 New measures for comparing matrices and their application to image process-
ing

This chapter can be seen as an appendix as it does not deal with any relaxation of monotonic-
ity per se. However, we include it in this dissertation as a study that has been developed
concurrently with the rest of discussed works.

In this work we introduce matrix resemblance functions, a class of functions to measure the
level of resemblance between two matrices. We study the conditions under which this class
of functions satisfy a set of properties that are favourable for image comparison operators
and we present a neighbourhood-based image comparison algorithm that makes use of the
class of matrix resemblance functions. We conclude this work with three instances of potential
applications for this proposal: tamper and detection of image damaged areas, defect detection
in industrial processes and video motion detection and object tracking.

The neighbourhood of a pixel can be defined as the square set of pixels surrounding it, i.e.,
a square matrix with values in the unit interval. We denote the set of such n x n matrices by

M, ([0,1]).

Definition 3.12. A function¥ : M,,([0,1]) x M, (]0,1]) — [0, 1] is called a matrix resemblance
function if it satisfies the following properties:

(MRF1) ¥(A,B) =1lifand only if A = B;
(MRF2) Y (A, B) = 0if and only if there exist i and j such that {a;;, b;;} = {0,1};

(MRF3) ¥(A,B) = ¥(B, A) forall A, B € M,([0,1]).

Conditions (MRF1) and (MRF3) are natural for matrix comparison operators. Condition
(MRF2) is based on the erosion operator of mathematical morphology [16, 66] (see Section 5
of our work for the relation between matrix resemblance functions and fuzzy mathematical
morphology).

We present two construction methods that provide an algebraic expression for this class
of functions. The first one is based in the concept of restricted equivalence functions [18]
(Theorem 4.4) and the second in the concept of inclusion grades for fuzzy sets in the sense of
Sinha and Dougherty [78] (Theorem 4.7). These construction methods are related and, in our
work, we analyze their relation (Section 4.4) and the cases in which both construction methods
are equivalent (Theorems 4.13 and 4.16).

Comparison measures are expected to verify some specific properties [23, 34]. In our work
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we study the conditions under which matrix resemblance functions satisfy the following prop-
erties:

s Symmetry;
» Reflexivity;

m The comparison of an image and its complement should yield the minimum possible
number, in this case 0;

» Invariance under permutation;
= Monotonicity;

m Shift invariance.

We also show that matrix resemblance functions do not meet the conditions to be homo-
geneous, migrative or additive.

After this theoretical study, we propose an image comparison algorithm that is under-
pinned on matrix resemblance functions. The proposed algorithm consists in comparing the
neighbourhood of a pixel from the first image with the neighbourhood from the pixel in the
same position of the second image using a matrix resemblance function. Then, the output
image is built by setting the pixel in that position with the result of the comparison of neigh-
bourhoods.

An advantage of the proposed algorithm is that, while matrix resemblance functions pro-
duce a number, the output of the global comparison of two images is a third image, enabling
to distinguish different zones where both images are more (or less) similar. Therefore, in the
final step of our algorithm we apply an image segmentation technique to extract the different
areas in which the images are equally similar (or dissimilar).

We conclude this work with three possible applications of our proposal that illustrate its
applicability. The first one is detection of tampered areas in images [44, 45]. The second is
defect detection in industrial processes, such as in the manufacturing production of PCBs
[27]. The third is video motion detection using a video from a human motion database® that
is described in [53].

After the completion of this work, we arrive at the following conclusions:

3 http://serre-lab.clps.brown.edu/resource/hmdb-a-large-human-motion-database/
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Matrix resemblance functions can be constructed by means of restricted equivalence
functions and Sinha and Dougherty’s inclusion grades.

The second construction method enables to find a relation between the class of matrix
resemblance functions and the erosion operator from fuzzy mathematical morphology.

Matrix resemblance functions meet the criteria usually demanded to image comparison

measures.

The proposed image comparison algorithm reflects the level of similarity of the images

in different regions.

The proposed algorithm can be applied to tamper detection, defect detection and video
motion detection.

This section of the thesis is associated with the following publication:

Universidad Publica de Navarra
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M. Sesma-Sara, L. De Miguel, M. Pagola, A. Burusco, R. Mesiar, H. Bustince. New mea-
sures for comparing matrices and their application to image processing, Applied Mathe-
matical Modelling, 61: 498-520, 2018.

DOI: 10.1016/j.apm.2018.05.006.
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4 Conclusions

In this dissertation we have proposed several relaxed forms of monotonicity, all of which are
to some extent related to the notions of weak and directional monotonicity. The first two forms
of monotonicity, OD and SOD monotonicity, are based on the fact that the direction of mono-
tonicity depends on the relative size of the inputs. Hence, the direction varies from one point
of the domain to another and, in order to facilitate dealing with this fact, we introduce the third
notion of monotonicity: pointwise directional monotonicity or directional monotonicity at a
point, a local condition that studies the monotonicity of a function f : [0,1]" — [0, 1] at a point
x € [0,1]" along a direction 7 € R” \ {0}. The fourth notion of monotonicity is curve-based
monotoniciy that extends directional monotonicity of functions f : [0,1]" — [0, 1] considering
general curves, instead of rays, in IR". The fifth notion of monotonicity is a generalization of
directional monotonicity for functions that are defined on a Cartesian product of Riesz spaces
and that output values in a Riesz space.

The main conclusions are:

m OD and SOD monotonicity are relaxed forms of monotonicity that define a family of
functions satisfying a directional monotonicity condition where the direction of increas-
ingness, or decreasingness, is determined by the relative size of the inputs of each func-
tion.

» The use of OD monotone functions in a local feature extraction process permits to design
an edge detection algorithm that obtains competitive results while standing out for its
simplicity.

» Although the notions of OD and SOD monotonicity are essentially different, under the
right circumstances they coincide. Moreover, standard monotonicity of a function f :
[0,1]" — [0,1] is characterized by directional, OD and SOD monotonicity of f with
respect to a set of n directions.

s Pointwise directional monotonicity is a local form of monotonicity, which is able to char-
acterize the global notions of weak, directional, cone, OD and SOD monotonicity. This
notion permits to study the effect of each of the global forms of monotonicity in different
regions of the domain and, additionally, shows some revelling geometric aspects about
them.

s Curve-based monotonicity is a relaxed form of monotonicity that generalizes directional
monotonicity for functions f : [0,1]" — [0, 1] considering curves « : I, — R" instead of
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rays 7 € R" \ {0}. The domain I, of the curves can be reduced to two cases: [0,1] and
[0,1).

Riesz spaces provide a framework in which it is possible to generalize the notion of di-
rectional monotonicity to functions that fuse data from the type-2 fuzzy, fuzzy multiset,
n-dimensional fuzzy, Atanassov intuitionistic fuzzy and interval-valued fuzzy settings.
This generalization recovers the standard case of directional monotonicity for functions
f :[0,1]" — [0,1]. With respect to the interval-valued case, the fact that the direc-
tions of monotonicity of IV representable functions are determined by the directions of
monotonicity of the component functions is relevant. Additionally, we conclude that it
is not possible to characterize standard monotonicity when the directions are formed by
intervals (IDM).
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5 Future research lines

With the exception of the OD monotone function based edge detection algorithm and the
image comparison algorithm discussed in Sections 3.1 and 3.6, respectively, the findings of
this dissertation are fundamentally theoretical. Hence, our perspectives with respect to future
research lines are principally practical.

Edge detection based on SOD monotone functions

We have proposed an edge detection algorithm based on OD monotone functions in Sec-
tion 3.1 and we have introduced the notion of SOD monotonicity in Section 3.2, which is more
restrictive than OD monotonicity. In fact, every SOD monotone function is also OD monotone,
but the converse does not hold. We think that it would be interesting to study the influence of
each type of monotonicity in the task of detecting edges. Our intention is to construct an edge
detection algorithm based on the notion of SOD monotonicity and to study the performance
of SOD monotone functions in comparison to the performance of OD monotone functions that
are not SOD monotone.

Extension of OD and SOD monotonicity to a more general framework

As presented in Section 3.5 with directional monotonicity, the concepts of OD and SOD
monotonicity can also be extended to the framework of Riesz spaces. In fact, interval-valued
fusion techniques have been applied to detect edges in images [19, 60, 61]. We intend to join
both approaches to study the possibility of constructing an edge detector based on interval-
valued OD and SOD monotone functions.

Use of interval-valued pre-aggregation functions in fuzzy rule-based classification prob-
lems

Pre-aggregation functions have been employed in fuzzy rule-based classification problems
with high accuracy rates [36, 56, 57, 58]. Similarly, interval-valued fuzzy sets have also suc-
ceeded in many classification problems [73, 74, 75]. Thus, we have set as an intention for future
research joining both approaches and applying interval-valued pre-aggregation functions in
fuzzy rule-based classification problems.

Directional monotonicity of interval-valued functions with respect to an admissible order

The generalization of directional monotonicity to the interval-valued setting discussed in
Section 3.5 is made with respect the partial order in L([0,1]). However, there exist several
proposals of linear orders for the set of closed intervals, being the so-called admissible orders
a remarkable family of such order relations [20, 30]. In fact, many applications that make use
of interval-valued functions are based on this type of order relations [22, 31, 68] and, therefore,
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in the future we aim at generalizing the concept of directional monotonicity to interval-valued
functions with respect to admissible orders.
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6 Castellano: resumen y conclusiones

6.1 Resumen

El proceso de agregacion trata el problema de combinar una coleccién de valores numéricos
en un dnico valor que los represente y las funciones encargadas de esta operacién se deno-
minan funciones de agregacion. A las funciones de agregacion se les exige que cumplan dos
condiciones de contorno y, ademads, han de ser monétonas con respecto a todos sus argumen-
tos.

Una de las tendencias en el drea de investigacion de las funciones de agregacién es la
relajacion de la condicién de monotonia. En este respecto, se han introducido varias formas
de monotonia relajada. Tal es el caso de la monotonia débil, la monotonia direccional y la
monotonia respecto a un cono.

Sin embargo, todas estas relajaciones de monotonia estdn basadas en la idea de crecer, o
decrecer, a lo largo de un rayo definido por un vector real. No existe nocién de monotonia que
permita que la direccién de crecimiento dependa de los valores a fusionar, ni tampoco existe
nocién de monotonia que considere el crecimiento a lo largo de caminos mds generales, como
son las curvas. Ademads, otra de las tendencias en la teoria de la agregacion es la extensién
a escalas mas generales que la de los nimeros reales y no existe relajacion de monotonia
disponible para este contexto general.

En esta tesis, proponemos una coleccién de nuevas formas de monotonia relajada para las
cuales las direcciones de monotonia pueden variar dependiendo del punto del dominio. En
concreto, introducimos los conceptos de monotonia direccional ordenada, monotonia direc-
cional ordenada reforzada y monotonia direccional punto a punto. Basdndonos en funciones
que cumplan las propiedades de monotonia direccional ordenada, proponemos un algoritmo
de deteccion de bordes que justifica la aplicabilidad de estos conceptos. Por otro lado, ge-
neralizamos el concepto de monotonia direccional tomando, en lugar de direcciones en R”,
caminos més generales: definimos el concepto de monotonia basado en curvas. Por tltimo,
combinando ambas tendencias en la teoria de la agregacion, generalizamos el concepto de
monotonia direccional a funciones definidas en escalas mas generales que la de los ndmeros
reales.
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6.2 Conclusiones

En esta tesis hemos propuesto varias formas de monotonia relajada, todas las cuales estdn de
algtn modo relacionadas con las nociones de monotonia débil y monotonia direccional. Las
primeras dos formas de monotonia, la monotonia direccional ordenada y la direccional orde-
nada reforzada, estdn basadas en el hecho de que la direccién de monotonia es dependiente
de el tamafio relativo de los valores de entrada. Por lo tanto, dicha direccién varia de un punto
del dominio a otro y, en aras de facilitar el manejo de esta situacién, introducimos el concepto
de monotonia direccional punto a punto, una condicién local que estudia la monotonia de
una funcién f : [0,1]" — [0,1] en un punto x € [0,1]" a lo largo de la direcciéon 7 € R” \ {0}.
La cuarta nocién de monotonia es la denominada monotonia basada en curvas, que extiende
la monotonia direccional de funciones f : [0,1]" — [0,1] considerando curvas generales, en
lugar de rayos, en R". La quinta nocién de monotonia es una generalizacién de la monotonia
direccional para funciones que estan definidas en el producto cartesiano de espacios de Riesz
y toman valores en espacios de Riesz.

Las principales conclusiones son:

» La monotonia direccional ordenada y la monotonia direccional ordenada reforzada son
formas de monotonia relajada que definen una familia de funciones que satisfacen una
condiciéon de monotonia en la cual la direccién de crecimiento, o decrecimiento, esta
determinada por el tamafio relativo de sus valores de entrada.

» El uso de funciones monétonas direccionales ordenadas en procesos de extracciéon de
caracteristicas locales permite disefiar un algoritmo de deteccién de bordes que obtiene
resultados competitivos y, a la vez, destaca por su sencillez.

» Aunque las nociones de monotonia direccional ordenada y monotonia direccional or-
denada reforzada son fundamentalmente diferentes, bajo ciertas condiciones adecuadas
son equivalentes. Ademds, la monotonia estandar de una funcién f : [0,1]" — [0,1]
puede caracterizarse mediante monotonia direccional, direccional ordenada y direc-

cional ordenada reforzada con respecto a un conjunto determinado de n direcciones.

» La monotonia direccional punto a punto es una forma local de monotonia que permite
caracterizar las nociones globales de monotonia débil, direccional, cénica, direccional
ordenada y direccional ordenada reforzada. Este concepto permite estudiar el efecto
de cada una de las formas globales de monotonia en diferentes zonas del dominio vy,
ademds, mostrar varios aspectos geométricos sobre las mismas.
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= La monotonia basada en curvas es una forma de monotonia relajada que generaliza la
monotonia direccional de funciones f : [0,1]" — [0, 1] considerando curvas « : I, — R"
en lugar de rayos 7 € R" \ {0}. El dominio I, de las curvas se reduce a dos casos: [0, 1]

y [0,1).

m Los espacios de Riesz presentan un marco en el que es posible generalizar el concepto
de monotonia direccional para funciones que fusionan datos provenientes conjuntos di-
fusos tipo-2, multisets difusos, conjuntos difusos n-dimensionales, conjuntos Atanassov
intuicionistas difusos y conjuntos difusos intervalo-valorados. Esta generalizacién re-
cupera el caso estandar de monotonia direccional para funciones f : [0,1]" — [0,1].
Con respecto al caso intervalo-valorado, el hecho de que la direccién de crecimiento de
las funciones intervalo-valoradas representables esté determinada por las direcciones
de crecimiento de cada una de las funciones componentes es relevante. Ademas, con-
cluimos que no es posible caracterizar la monotonia estdndar cuando las direcciones

estan formadas por intervalos (caso IDM).
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Abstract

In this work, we propose a new notion of monotonicity: strengthened ordered directional monotonicity. This generalization of
monotonicity is based on directional monotonicity and ordered directional monotonicity, two recent weaker forms of monotonicity.
We discuss the relation between those different notions of monotonicity from a theoretical point of view. Additionally, along with
the introduction of two families of functions and a study of their connection to the considered monotonicity notions, we define an
operation between functions that generalizes the Choquet integral and the Lukasiewicz implication.
© 2018 Elsevier B.V. All rights reserved.

Keywords: Strengthened ordered directional monotonicity; Directional monotonicity; Generalizations of monotonicity

1. Introduction

Monotonicity with respect to each argument is one of the axioms around which the concept of aggregation function
is built (see [1,9]). Aggregation functions’ goal is to fuse information, generating a representative value from a number
of inputs, and these functions are used in a very vast and diverse field of applications [7,8,10,14]. However, the
mentioned condition of monotonicity with respect to every argument is sometimes excessively restrictive, which
causes to drop from the theoretical framework functions that otherwise are sound for certain applications, such as
fuzzy implication operators, the mode, the Gini and Lehmer means, etc. (see [3]).
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With the purpose of creating a wider framework of functions that are valid to fuse information, recently some
weaker forms of monotonicity have arised (see [2]). In [16], Wilkin and Beliakov introduced the notion of weak
monotonicity, which can be seen as monotonicity along the ray (1, 1, ..., 1). This interpretation led to a generalization
of that notion of monotonicity, considering monotonicity along any ray in R” and originating directional monotonicity
[6]. The possibility of choosing any vector 7 allows to pick a function that increases accordingly to the needs of a
certain application, with no need of it being increasing with respect to each of its arguments.

However, both of the aforementioned notions require that the direction of increasingness or decreasingness is
fixed beforehand and does not vary according to the point of the domain that is being considered. Based on Yager’s
ideas ([17]), in [5] ordered directionally monotone functions were introduced. This notion of monotonicity enables
the direction of increasingness (or decreasingness) to vary from one point to another. Specifically, the direction of
monotonicity depends on the relative size of the inputs, provided that a certain comonotonicity condition is fulfilled.

The relaxation of the monotonicity condition for aggregation functions is listed as a recent trend in Aggregation
Theory [13]. One of the main advances of the introduction of directional monotonicity is the formation of the so called
pre-aggregation functions [12], which have been successfully applied in fuzzy rule-based classification problems [11].
Furthermore, ordered directionally monotone functions have been used in the field of computer vision, see [5,15] for
an application of ordered directionally monotone functions in edge detection.

The restriction that comes from the comonotonicity condition in the definition of ordered directional monotonicity
makes us limit to the cases in which the input vector and the result of increasing it along a direction are comonotone,
making the family of ordered directionally monotone functions larger than if the condition were removed. This work
attempts to achieve the following goals:

e To introduce a new generalization of monotonicity based on ordered directional monotonicity but with no
comonotonicity condition.

o To study the properties and relations between the different notions of monotonicity.

e To define two classes of functions and an operation between them that enable to generalize the Choquet integral
and the Lukasiewicz implication.

We call the new notion of monotonicity strengthened ordered directional monotonicity. This generalization of
monotonicity is based on that of ordered directional monotonicity, but removing the comonotonicity condition from
the definition. The family of strengthened ordered directionally monotone functions is embedded in that of ordered
directionally monotone functions, i.e., every strengthened directionally monotone function is ordered directionally
monotone, but not the other way around.

Moreover, we carry out a deep study of the properties that the different families of functions satisfy, as well as the
relations among them. We show the conditions for which it is equivalent for a function to be increasing with respect
to all its arguments and to be increasing in the sense of the discussed different notions of monotonicity.

As to the third goal, we also present two classes of functions - linear fusion functions and ordered linear fusion
functions - and show their main properties in terms of the distinct types of monotonicity. Additionally, we introduce
an operation between functions from [0, 112 to [0, 1] that, when applied to ordered linear fusion functions, generalizes
the Choquet integral and the Lukasiewicz implication.

This work is organized as follows. In the next section we recall some preliminary notions that are used throughout
the paper, including the definition of strengthened ordered directionally monotone functions and some introductory
properties. In Section 3 we study a set of properties about the three different notions of monotonicity — directional
monotonicity, ordered directional monotonicity and strengthened ordered directional monotonicity — and we show
how these concepts are related. In Section 4 we introduce the family of linear fusion functions and the family of
ordered linear fusion functions and we show the behaviour of these families of functions in terms of the discussed
notions of directional monotonicity. In Section 5 we introduce the operation * between functions for n =2 and show
how Choquet integrals and the Lukasiewicz implication can be derived from this operation. In Section 6 we present
the relation of every notion of monotonicity that is considered throughout the paper and we finish the work with some
concluding remarks.
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Table 1
Conditions that characterize the specials points x € [0, 1] for each type of in-
creasingness.
F if0<ceR, o €8y, then
F-increasing X+ crF ¢1[0,1]"
SOD F-increasing Xs € [0, 1]’(’>) = Xg +cr ¢10,1]"
OD F-increasing x5 €10, 1 I(IZ) — Xy +cF ¢[0,1 '(ZZ)
2. Preliminaries
Letn € N, n > 1. We use an arrow to refer to vectors of R”, 7 = (r1, ..., ry) € R" and we set 74 = (ryy, ..., r1).
We use bold letters to specify points of the hypercube [0, 1]", so we set X = (x1, ..., x,) € [0, 1]*. In particular, we

write 0 =(0,...,0)and 1 =(1,...,1).Ifx, y € [0, 1]", we set x <y if x; < y; foreachi € {1,...,n}.

Sy, denotes the symmetrical group of degree n. Given a permutation o € S, we denote the inverse permutation by
o~ ie,o0 '=id, andifa= (a1,...,a,) and o € S, we set a, = (@o(1)s -+ -+ Ao(n))-

If HCR", we set H>) = {(h1,...,h,) € H|hy > --- > h,} (we occasionally refer to H<), H), H<), H=)
with the obvious meanings).

Let us recall the concepts of directional monotonicity and ordered directional monotonicity, which were introduced

in [6] and [5], respectively.

Definition 2.1 (/6]). Let F: [0, 1]" — [0, 1] and 7 € R", we say that F is r-increasing (resp. 7-decreasing), if for
all ¢ > 0 and x € [0, 1]" such that x + c¢7 € [0, 1]" it holds that F(x + c¢F) > F(x) (resp. F(x + ¢7) < F(x)). If
F(x+ cF) = F(x), then we say that F is 7-constant.

Definition 2.2 (/5]). Let F: [0, 1]" — [0, 1] and 7 € R", we say that F is ordered directionally (OD) 7-increasing
(resp. OD r-decreasing) if for all x € [0, 1]", 0 € S, and ¢ > 0 such that x, € [0, 1]2’>) and x, + c¢7 € [0, 1]’(’>), it
holds that F(x + c7y-1) > F(x) (resp. F(X + cfy-1) < F(x)). If F(x + c#;-1) = F(X), then we say that F is OD
F-constant.

We now introduce the central concept of this work, strengthened ordered directional monotonicity.

Definition 2.3. Let F: [0,1]" — [0, 1] and 7 € R", we say that F is strengthened ordered directionally (SOD)
7-increasing (resp. SOD F-decreasing) if for all x € [0, 11", o € S, and ¢ > 0 such that x, € [0, 1], and X, + ¢F €
[0, 1], it holds that F (X + cFy—1) > F(x) (resp. F(X + cFy-1) < F(X)). If F(x + cF,—1) = F(x), then we say that F
is SOD 7-constant.

For brevity, to refer to a function F that is monotone according to each of the defined types, we say that F is
T F-increasing for T € {J, SOD, OD}. Moreover, we say that F is T 7-monotone if it is either T 7-increasing or T
r-decreasing for T € {#}, SOD, OD}. . . .

Note that the case in which 7 = 0 is trivial, as every function is T O-increasing, T 0-decreasing and T O-constant,
for T € {¢, SOD, OD}.

Of course SOD 7-increasingness implies OD 7-increasingness and we will see that the reciprocal statement is not
true in general. A first flash of the differences between these classes of monotonicity can be done by the observation
of the points in [0, 1]" for which a function F': [0, 1]" — [0, 1] trivially satisfies the conditions from the different
classes of monotonicity. We refer to these points as special.

For instance, for a function F: [0, 1]" — [0, 1] to be increasing (if x, y € [0, 1]* such that x <y, then F(x) <
F(y)), the unique special point is 1, as with x = 1 only the trivial situation y =1 is to be considered (and if F is in
fact increasing, then F (1) = max{ F(x) | x € [0, 1]"}).

The conditions that characterize the special points x € [0, 1]" for the considered types of increasingness, associated
to vectors 7 € R”, appear in Table 1.

Set O =(0,0), X1 =(1,0), X =(0,1) and U = (1, 1). In Fig. 1 we see an example of a special point x for
F-increasingness.
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X, U
X+ ¢
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L
X
O +cF
P
@
o X,

Fig. 1. Example of special point x € [0, 1] for a direction 7 € R2.

X2 _ U

0] X1

Fig. 2. Directions 0 #7 € R whose angle with O X satisfies a € (0, /2) and their corresponding special points; the join of the closed segments
XoU and UX].

It is clear that for each 0 # 7 € R" whose angle o with O X satisfies o € (0, 7r/2) the corresponding special points
form the join of the closed segments X,U and U X . We illustrate this situation in Fig. 2.

If o = 0 however only the points of the closed segment U X are special, and for o € (37/2, 27), the special points
form the joint of the closed segments O X and U X. In this sense, « = 0 marks a transition (as also do « = /2,
o =m and @ =37 /2).

We depict the different situations by means of schemes which associate, through the use of colors, vectors of
transition and corresponding special points in the case n = 2. For a vector 7 lying between two consecutive transition
vectors, the set of special points is the join of the special points corresponding to the consecutive transition vectors.
Fig. 3 shows the transition vectors and sets of special points for the case of directional monotonicity and Figs. 4 and 5
for the cases of SOD monotonicity and OD monotonicity, respectively.

Observe, for instance, the case of Fig. 4 in which F is SOD 7-increasing. For o = /2 the only special point
is U and for o = 7 the only one is O. If o € (37/2, 2mr), then the special points draw the perimeter of the square
O0X1UX,. Ifa € (r/2, ), only the points O and U are special.

In the case of Fig. 5, in which F is OD F-increasing, for 7 /2 < o < 7 the special points form the diagonal OU .

Remark 2.4. An obvious generalization of the introduced concepts of (S)OD 7-increasingness appears changing in
the definitions the triangle [0, 1]:’>) for any subset S of [0, 1]".

3. Basic facts

We begin by developing some basic properties on T F-monotonicity for T € {#J, SOD, OD}.

First of all we remark that in the definitions corresponding to SOD and OD, instead of having required that x, €
[0, 1]’(’2), we could set x, € [0, 11" - The corresponding developments would be equivalent, as the following remark
states for the OD case (the SOD case is similar).

avarra
Publikoa




SOD monotone functions. Links between the different notions of monotonicity

M. Sesma-Sara et al. / Fuzzy Sets and Systems 357 (2019) 151-172 155

XQ_U

-+

 ——
0] X1

Fig. 3. Left: Transition vectors for directional monotonicity. Right: Sets of special points in [0, 1]2 for directional monotonicity. (For interpretation
of the colors in the figure(s), the reader is referred to the web version of this article.)

X o U
o X
Fig. 4. Left: Transition vectors for SOD monotonicity. Right: Sets of special points in [0, 1]2 for SOD monotonicity.
| Z |
] Xy

Fig. 5. Left: Transition vectors for OD monotonicity. Right: Sets of special points in [0, 1]2 for OD monotonicity.

+

R

Proposition 3.1. Forall x € [0, 11", r e R", 0 < c e R and o € S, the following assertions are equivalent:

(1) Xy, X5 +cF €0, 1];’2) = F(X+cFy-1) > F(X).

(2) %o, %o + PP € [0, 111 = F(x+c(Fh),-1) = F(x).

Proof. We must deal with permutations and in this case it is useful to handle permutation matrices. For o € S,, the
permutation matrix P, denotes the n x n matrix resulting from the application of the permutation o to the indices of

the rows of the identity matrix I,,. With this it is immediate that

Xo = (Xg(1)s -+ > Xon) = (X1, -+ Xn) Po =XPs .

0 --- 0 1

0O --- 10 _ _
With the permutation matrix D = | | .. . |- wehaver d=}D.

1 0 0
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Let us show that (1) = (2). Assume that X5, X, + c7¢ € [0, 11, that is, xPy, XPs 4 c7D € [0, 1](_,. Then
obviously xPy D, xPy D + ¢F € [0, 1]{. ), as D* = I,. Then, by (1), F(x + ¢7'(P,D)™") = F(x). As (P, D)™ =
D'P;'=DP i, and FDP,1 =F9P 1 = (%),-1, we have the thesis. Analogously one shows that (2) =
(. O

Let F: [0, 1]" — [0, 1] and let us set, for T € {#), SOD, OD}, the notation

Cr(F)={F eR"| F is T F-constant }
DL(F) = {7 € R" | F is T F-increasing }

particularizing C(F) = Cy(F) and DI F) = Dg (F).
We next result follows immediately.

Proposition 3.2. Ler F: [0, 11" — [0, 1] be a function. Then

(1) Cr(F) C D;(F)for T e {¥, SOD, OD}.
(2) Csop(F) € Cop(F).
(3) Dlpp(F) S DY, (F).

Proposition 3.3. If 7 € R?L), then F is SOD F-increasing if and only if F is OD F-increasing, and F is SOD F-constant

if and only if F is OD F-constant.
Observe that the statements of Propositions 3.2 and 3.3 changing increasingness by decreasingness are valid.

Proposition 3.4. Let F: [0, 1]" — [0, 1] be a function and k > 0.

(1) For T € {¥, SOD, OD}, F is simultaneously T F-increasing and T F-decreasing if and only if F is T F-constant.

(2) ForT e {#, SOD, OD}, F is T F-increasing (resp. decreasing) if and only if F is T (k¥)-increasing (resp. decreas-
ing).

(3) For Te{), OD), F is T F-increasing if and only if F is T (—kF)-decreasing.

Proof. (1) and (2) They are immediate.

(3) By (2) we may assume that k = 1. Suppose that F is OD r-increasing. Let x € [0, 1]", k > 0 and o € S,, such
that Xy, X, + k(—7) € [0, 1]’(’2). Sety =x + k(—F),-1. We have that y, = X, + k(—F) € [0, 1]2‘2) (hence y € [0, 11")
and y, + k¥ =x, € [0, 1]{,.). As F is OD F-increasing, we have F(y) < F(y + kF,-1), thatis F(x + k(—F),-1) <
F(x), hence F is OD (—r)-decreasing. Analogously one has the converse statement.

Similarly one shows that F is F-increasing if and only if it is (—kF)-decreasing. O

Item (2) of Proposition 3.4 shows that the vectors used for determining directions in all considered cases T €
{#, SOD, OD} can be normalized. Item 3 shows that for T € {#), OD}, the developments which result by considering
T increasingness and decreasingness are equivalent. However, in Section 5 we show that, in general, this is false for
T=S0D.

Proposition 3.5. Let F: [0,1]" — [0, 1] and 7 € R". Let F¢: [0, 1]" — [0, 1] be defined by F¢(x) =1 — F(x). Then

(1) For T e {¥, SOD, OD}:
(a) F is T F-increasing if and only if F€ is T F-decreasing.
(b) Cr(F) =Cr(F°).
(c) F is T F-constant if and only if both F and F€ are T F-increasing.
(2) For T €{®, OD), F is T F-increasing if and only if F¢ is T (—F)-increasing.
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Proof. (1) The claims in (a) are direct. For instance, for T = @, if c € R* and x, x + ¢F € [0, 1], then F(x) <
F(x+cr)ifand only if F¢(x) =1— F(x) > 1 — F(x+cF) = F*(X + cF).

(b) and (c) follow from (a) as (F€) = F.

(2) F is T F-increasing if and only if F is T (—7)-decreasing by Proposition 3.4 and this is equivalent to F¢ being
T (—F)-increasing by (1). O

In Section 5 we show that Proposition 3.5(2) is in general not true for 7 = SO D.
Proposition 3.6. Let F : [0, 11" — [0, 1] and ¥ € R". Let G : [0, 11" — [0, 1] defined by G(x) = F(1 — x).

(1) F is F-increasing if and only if G is (—F)-increasing.
(2) For T € {SOD, OD}, F is T F-increasing if and only if G is T (—F) ?-increasing.

Proof. (1) It is straightforward.

(2) Let F be OD F-increasing and let x € [0, 1]". Consider o € S, such that x, € [0, 1]’(’> ) and ¢ > 0 such that
xo —cr e 0,11

Put y =1 — x. Then ol e, given by ocliy=ocm—i+Dforalli=1,...,n isa permutation such that
You €0, 117, and y,a + cr €0, 11{..)- Due to the OD F-increasingness of F, we have F(y + ¢F(,ay-1) = F(y), and
fromo?(i)=0(m —i+1)=k wehave (69)"'(k)=iand 6~ (k) =n —i + 1, hence () "' (k) =n —o (k) + 1,
and finally, (F9),-1 = F(yay-1.

Therefore, we get

G (X"‘C(—;d)a,,) =F (1 _X+C;:*1>
:F(y—}—c?(a:/)fl)
>F(y)=F(1-x)=G(x),

which means that G is OD (—7) %-increasing.

The converse follows from the fact that — (—? d) 4_z
The case of T = SOD is analogous. 0O

The dual function F¢ of a function F: [0, 1]" — [0, 1] is defined for each x € [0, 1]" by Fix)=1—F(1 —x).
Propositions 3.5 and 3.6 arise the following result.

Proposition 3.7. Let F : [0,1]" — [0,1], ¥ € R" and F4:10,11" = [0, 1] be the dual function of F defined by
Fl(x)=1—F(1—x).

(1) F is F-increasing if and only if F¢ is F-increasing.
(2) F is OD F-increasing if and only if F¥ is OD 7 ¢-increasing.
(3) F is SOD F-increasing if and only if F% is SOD —F ?-decreasing.

The next result follows from the definition of each notion of monotonicity.
Proposition 3.8. Let F: [0, 1]" — [0, 1] be a T 7-monotone function for T € {#), SOD, OD}. Then, if ¢: [0,1] —
[0, 1] is an increasing (resp. decreasing) function, then the function ¢ o F: [0,1]" — [0, 1] is an T 7-monotone
function of the same (resp. reversed) type as F.

Lemma 3.9. Assume that the function F: [0, 11" — [0, 1] satisfies F (X,) = F(X) forallx € [0, 1]" and o € S,,. Then

(1) DY(F) D§0D(F) and C(F) C Csop(F).
(2) ¥ € DY(F) ifand only if 7'x € DY (F) Yo € S,. Analogously for C(F).
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Proof. (1) Let 7 e R", x € [0,1]", 0 € S,,, c € RT with x, € [0, 1]’(7>), X, + cr € [0,1]". Assume that F is
F-increasing. Then -

F(X+cFy1) = F(Xs +¢F) (as (X + ¢Fy-1)g = Xg + CF)
> F(x,) (as F is F-increasing)
=F(x),

hence F is SOD F-increasing. Analogously one has C(F) € Csop(F).
(2) Let7 € DI (F).Ifx, x+c7y € [0, 11", thenx, 1, X, -1 +cF € [0, 11", hence F (x) = F(X,-1) < F(Xy—1 +c7) =
F(x+ cFy) and so 7, € DT (F). Analogously for C(F). O

Proposition 3.10. Ler F: [0,1]" — [0, 1] be ufunctionAund define the function F: [0, 11" — [0, 1] as follows: if
x € [0, 11", take o € S, such that X, € [0, 11, and put F(x) = F (Xo). If ¥ € R" is such that F is F-increasing, then

F is OD F-increasing.

Proof. Letx € [0, 11", o € S, and ¢ € R such that x,, X, +¢7 € [0, 1 ’(’>). Then, with y = X + ¢7-1, we have that
Yo =Xo +cF €[0, 117, So, by definition of F,

F(x+cFy1)=F(y) = F(yo) = F(Xy +¢F) > F(x,) = F(%),

as F is F-increasing. 0O
In Section 5 we show that in the hypothesis of Proposition 3.10, F is not necessarily SOD F-increasing.

Remark 3.11. Consider a function F: [0, 17" — [0, 1]. Then

a. (F)=F.
b. I/'T\:Fifandonly if F(x5) = F(x) forallxe€[0,1]" and o € S,,.
c. (F)=Fc.

For (F)‘(x)=1—F(X) =1 = F(X,) = F*(X,) = F(x) if x € [0, 1]" and € S, is such that x, € [0, 1]7..,.
4. Linearity and ordered linearity

In this section we study a relevant class of functions that are useful in order to introduce some examples and to
describe some well-known functions (like the Lukasiewicz implication and the discrete Choquet integral).

Given u € R and v € R”, let us consider the function F : R" — R given by F (x) = u + x - v for all x € R”,
where - denotes the usual scalar product, i.e., X- U= Y :_; x;v;. The restriction of F to [0, 1]" is a function when
F ([0, 1]") € [0, 1].

Definition 4.1. We say that a pair (i, 9) € R x R" generates a linear fusion function if u + x - v € [0, 1] for all
x € [0, 1]". In such a case, we denote by L[u, v] the function
L, 0](X)=p+x-0 for all x € [0, 1],

which we call the [, V]-linear fusion function (or the fusion function generated by the pair (i, v) € R x R").

Remark 4.2. We use the term fusion function to explicitly distinguish this class of functions from that of linear
functions.

Lemma 4.3. Let v € R" and consider the map F: [0, 1" — R given by F(x) =X - V. Set
M={(x1,...,x,) €[0,1]" | x; €{0,1}, i =1,...,n}.
Then, there exist a,b € M such that F(a) = max F and F(b) =min F.
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Proof. Set P={1; |1; >0,1<i<n}, N={X |1 <0, 1<i<n}, where v = (A1, ..., A,). The claim follows
from the obvious facts that max F =0 if P =%, max F =), pA if P# ¥ and min F =0 if "= and min F =
Z}Le/\[)‘if'/\/#@‘ O

Proposition 4.4. The pair [, U] € R x R" defines a linear fusion function if and only if 0 <+ >";cg Ai < 1 for all
SC{l,...,n}, where V= (A1, ..., Ay).

Proof. It follows immediately from Lemma 4.3. O

Corollary 4.5. If [, V] € R x R” satisfies the conditions in Proposition 4.4, then also [1 — n, —] satisfies them and
F =L[u, v] ifand only if F¢ =L[1 — j, —0].

Proof. Note that 0 < v+ > cgAi < 1if and only if 1 > (1 — p) + > ;cg(—2;) = 0, where ¥ = (A, ...,A,) and
SC{l,...,n}. O

Proposition 4.6. Assume that [, V] € R x R" defines the [, v]-linear fusion function F: [0, 1]" — [0, 1]. Then

(1) DYF)={F eR" |F-v >0},

(2) C(F)={FeR"|F-5=0),

(3) Dhp(F)=Dlpp(F)={F €R" |7y - 5= 0forall o €S,),
(4) Cop(F)=Csop(F)={F €R" |7y -1 =0forall o €S,).

Proof. (1) and (2) follow from the fact that F(x + cF) — F(x) = cF - v and (3) and (4) from F(X+ cF,-1) — F(X) =
cFy1-0,ifx€[0,1]",¢>0,0 €Sy and x, + ¢ €[0,1]". O

Example 4.7.

(1) The constant function F: [0, 1]" — [0, 1], given by F(x) = k for all x € [0, 1]", where k € [0, 1], is the
[k, 0]-linear fusion function.

2) If w=(wyq,...,w,) € [0, 1]" satisfies Z?:l w; = 1, the corresponding weighted average F: [0, 1]* — [0, 1]
given by F(x) =x-wif x € [0, 1]" is the [0, w]-linear fusion function.

Definition 4.8. We say that a pair (i, ) € R x R" generates a ordered (0) linear fusion function if i + X, - v € [0, 1]

for all x € [0, 1]" and o € S,, such that x,; € [0, I]E’Z). In such a case, we denote by O L[u, V] the function

OL[j1, 0] (X) =4 + Xy - U forall x € [0, 11",

which we call the ordered [, v]-linear fusion function.
Remark 4.9. Note that if F = OL[u, v], then F(x,) = F(x) for all o € S,. In particular, F([0, 1]") = F([0, I]Z‘Z)).

Lemma 4.10. Let v = (A, ..., Ay) € R" and consider the function F : [0,1]" — R given by F(X) =X, -V if X €
[0, 11", where o € S,, satisfies X, € [0, 1]?>). Set

u=0, u=(,...,1,0,...,0) €0, 11", forre{l,...,n}.
r
Then there exist j, k € {0, 1, ..., n} such that maxx F (x) = F(u;) and ming F (x) = F(ug).

Proof. Set M = maxp<;<, F(u;) and m = ming<;<, F(u;). Proceed by induction on n. Let n = 1. If 11 > 0, then
M = F(1) = max, F(x) and m = F(0) = min, F(x). If A1 <0, then M = F(0) = max, F(x) and m = F(1) =
min, F(x).

Let now n > 1 and consider the case of the maximum. Let us suppose that there exists x € [0, 1]* such that
M < F(x). Since F(up) =0, we have that F(x) > 0. We may assume, without loss of generality, that x| > ... > x,,
where =(x1,...,x,). As F(x) > 0, then x; > 0, and
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X-V=X{A1 + ...+ XA,
X2 Xn
=x1| A1+ —A+...+—Ay
X1 X1

X2 Xn
Skl +*)h2++*)“n
X1 X1

) B
=—X-,
X1
as A + ﬁ—f}\2+...+ %}‘” >0and x; € [0, 1]. Setnow y = (y1,..., yn) = ﬁx, and observe that 1 = y; > ... > y,.
If we consider z = (22, ...,2,) € [0,1]""!, then by the induction hypothesis, the scalar product (z2, ..., z,) -
(A2, ..., An) reaches an absolute maximum for some

t=(t.....t) €{(1,....1,0,....00 € [0, 1" " [0<r<n—1}.
r

Thus,

M<F&) =2+ 2,y (A2, An)
Skttt Qo) =, ) (R, ),

where (1,13,...,t,) € {ug, uy, ..., u,}, which contradicts the election of M.
Observe that (—F)(X) =Xy - (—v). Somin F = max(—F). O

Remark 4.11. In the conditions of Lemma 4.10, as F is a continuous function on a compact set of R”, we know of
the existence of a maximum and a minimum, but this fact is not used in the proof of Lemma 4.10. (A similar remark

can be made about Proposition 4.4.).

Proposition 4.12. The pair [, V] € R x R", where v = (A1, ..., Ay), defines an O linear fusion function if and only
fO<pu<land0<p+Yy;_ A <lforallre{l,... ,n}.

Proof. It is an immediate consequence of Lemma 4.10. O
Corollary 4.13. If F : [0, 11" — [0, 1] is the [j1, V]-linear fusion function, then Fisthe O [w, v]-linear fusion function.
Analogously as for Corollary 4.5 we have the following result.

Corollary 4.14. Let [, V] € R x R satisfying the conditions of Corollary 4.12. Then, the pair [1 — u, —] also
satisfies the conditions of Corollary 4.12 and F = OL[u, v] if and only if F¢ = OL[1 — u, —?].

Proposition 4.15. Let [, ¥] € R x R" satisfying the conditions of Corollary 4.12 and F = OL[u, V). Then

Proof. Letx €[0,1]", ¢ > 0and o € S, such that x,, X, + cF € [0, 1]’(12). Then F(X+ cFy-1) =+ (Xo +¢F) - U=
F(x) + cF - U and the thesis follows. O

In several occasions we focus on the particular case n = 2. Observe that if o € Sy, we have that o l=o0.
The following auxiliary result follows immediately from a simple geometric approach.

Lemma 4.16. Let 7 = (r1, ) € R2.

(1) There existy € [0, 1]%2) and ¢ > 0 such that y + cr € [0, 1]%2).
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(2) There existy € [0, 1]%5) and ¢ > 0 such that y + cr € [0, 1]%9.
(3) IfF € R%>) there exist y € [0, 1]%<) and ¢ > ¢’ > 0 such that y + cr € [0, 1]%>) andy + c'F € [0, 1]%:).
(4) IfF € ]R%<> there exist y € [0, l]%>) and ¢ > ¢’ > 0 such that y + cr € [0, 1]%<) andy + c'F € [0, l]fz).

Proposition 4.17. Let [i1, 7] € R x R? satisfying the conditions of Corollary 4.12 and F = OL[u, v]. Then

(2) Cop(F)={F eR?|
(3) Dipp(F) ={FeR, |
(4) Csop(F) = {F €RY, |
(5) DYF)={FeR?|F 1>
(6) C(F)={FeR?*|F-v=F

Proof. (1) and (2) are particular cases of Proposition 4.15.
Letx € [0, 11%,¢ > 0 and o € Sy such that x, € [0, 11, ) and x5 +c7 € [0, 11°. If actually X, + ¢7 € [0, 117, then
we have - B

F(X+cry)—F(X)=cF 0. (A)
Let us assume that x4 (1) 4 cr1 < Xg(2) + cr2 (then necessarily is r| < r2). Then F(x + CFg) =pu+ (X0 (2) +cra)hi +
(X5(1) +cr1)Az. Thus

F(x+cFy) — F(X) = (Xo(1) — Xo2)) 2 — A1) +cF - 59 (B)

Observe that

r-l_}'dz;‘lﬁ)—l—(rz—r])()q—)\g). (&)

(3) Let us assume that F is SOD 7-increasing. If r; > r7, then we are in (A). By Lemma 4.16, if r; < r, both
situations (A) and (B), in the last case also with x4 (1) = X4 (2), can occur. Therefore

DgOD(F)g{FeR%Z) |7 5>0}U{FeRy |7 -i>0and7 3¢ >0}.
Conversely, if r; > ry and 7 - ¥ > 0 then (see A) F(Xx + cFy) > F(X).
Letry <ry, 7-0>0,7-59>0.
If A1 < Ao, then (see (A) and (B)) F(x + cFy) > F(x).
Suppose that A; > Ay. If x5(1) = X5(2), then F(x + CFy) > F(x). Suppose further that Xo(1) > Xo(2)- With x5 (1) —

Xo@) =X, c(ra—r1)=r,wehave 0 <x <r.Soci 99 =ci-v+r(k — A2) (see (C)) and
F(X+crg) —F(X)=x(hy — A1) +cF-0+r(A) —A2)
=F—x)(k1 —22)+cF-1>0,

hence F is SOD F-increasing.
(4) Arguing as in (3) we deduce that

Cson(F) S{F R, |F-3=0lU{FeRy |F-1=F 1¢=0}.
If ry >rand 7 - =0, then F(Xx + cFy) = F(X) (see (A)). Assume now that ri <ry, 7 - =7 - 8¢ = 0. We have
50 (ry — r1) (A1 — A2) =0 (see (C)) and therefore it must be A; = A, and so F (X + c7y) = F(x) (see (B)) also in this
case.

Let now x € [0, 1]? and ¢ > 0 such that x + ¢7 € [0, 1]%. We have the following possibilities (set d = F(x + cF) —
F(x)):

e x€[0, 1], and
(a) x+cr |0, 1]%2), whend =c7 - v, or
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(b) x1 +cri <x3+4cra, whend = (x; — x2)(A2 — A1) + ¢F - 59 (and necessarily 1 <rp), or
e x€[0, 1], and

(¢) x1+cry = x3+crp, whend = (xa — x1) (A2 — A1) + ¢F - U (and necessarily ry > r;), or

(d) x+cr €0, 1]§<), whend =7 - 9.

(5) Therefore if F is F-increasing, necessarily 7 - 9 > 0 and 7 - ¢ > 0. Let us assume that this happens. If we are
in the case (a) or (d), then d > 0. If we are in the case (b) and A > A, then d > 0. If A, < A then (see (C))
d=[c(rs—r1) — (x1 —x2)](Aq1 —=A2) +cF-9>0

since ¢(ry — r1) > x1 — x2 because x2 + cra > x1 + cry. Proceed analogously in the case (¢).
(6) Proceed analogously as in (4). O

Remark 4.18. Let [u, (A1, 22)] € R x R2 satisfying the conditions of Corollary 4.12 and let F' the corresponding O
linear fusion function. We may simplify some expressions of Proposition 4.17 in some cases. From (C) in Proposi-
tion 4.17 we deduce that if A} > A then r| < r; implies 7 - 99 >7.9.S0if A; > Ay, then

Ddop(F) =Dip(F) ={F eR?*|7-7>0}.

Analogously, if 7 - U =0, then 7 - ¢ = (r, — r1)(A — A2). So, in this case, 7 - ¢ = 0 if and only if either r = r»
or A1 = Ay. Therefore

o If &1 # A2 then Csop(F) =C(F) = {F € RY, | 7- T =0}.

e If A1 = A5 then Csop(F) = Cop(F) =C(F) = {F e R? | F - 1 =0}.

Example 4.19. Let us present some examples of O linear fusion functions. We omit the mentions x € [0, 1]* and
o €S, is such that x,; € [0, 1]:’>).

1) Ifa=(ay,...,ay) €0, 1]?2), putd = (aj, —as, ..., (—1)""la,). Then we have the O [0, a]-linear fusion func-
tion Fy: [0, 1]* — [0, 1] given by
Fa(X) =xsya1 — xgpa2 + -+ + (_l)n_lxd(n)an .
(2) If » € [0, 11, the O [0, (1, —A)]-linear fusion function F: [0, 112 — [0, 1] given by
F(x) = max(xq, xp) — Amin(xg, x2) .
Observe that F¢: [0, 11> — [0, 1]is the O [1, (—1, A)]-linear fusion function given by
F¢(x) =1 — max(xq, xp) + Amin(xy, x2) .
(3) The O [0, (1, —1)]-linear fusion function F': [0, 112 = [0, 1] given by
F(x) = |x1 —x2].
Then F¢: [0,1]> = [0, 1] is the O [1, (—1, 1)]-linear fusion function given by
FCx)=1—|x1 — x|,
which is a restricted equivalence function (see [4]).
(4) The O [4, (4, —1)]-linear fusion function F: [0, 11> — [0, 1] given by
1
F(x)= 5(1 + max(x; — xp) — 2min(x; — x2)).
(5) The O [1, (-1, %)]—linear fusion function F: [0, 112 — [0, 1] given by

1
F(x) =1—max(x, x2) + E min(xy, x2) .
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(6) Let w e [0, 11" with Z;’:l w; = 1, the OWA operator A: [0, 1]" — [0, 1] with respect to the weighting vector w,
given by
AX) =X5 * W

is the O [0, w]—lklear fusion function. Observe that if F: [0, 1]" — [0, 1] is the weighted average corresponding
to w, then A = F (see Example 4.7 (2) and Corollary 4.13).

Example 4.20. Let p > 0and 7 = (¢, ..., t,5) € R", where s < t. The function F: [0, 1]* — [0, 1] given by

1 n
FOO=-—3) =",
j=2
if x=(xq,...,x,) € [0, 1]", is SOD F-increasing.

Indeed, given x € [0, 1]", 0 € S,, and ¢ € R™ such that x, € [0, 1]2’2), Xy + cr € [0, 1]". Observe that

X+ CFy1=(x1 +Cty..., X1 +Ct, Xi + ¢S, Xip1 +Clynnn, Xy +ct),
where i = o (n) and that x5,y =min{xy, ..., x,}, so that x; > x;. As t > s, we have

n

R 1
FX+cry-1)=—— lel — X7+ (g —x) + et —9)|”

n—1 P
J#
1 n
— x:|P =
zn_l_Z;m Xl =F®x),
i

as required. Note that, in the case where o (n) = 1, the result follows readily since x| < x; and s < ¢. Thus,
lx1 —xj +es —ct] > |xg —x;].

Corollary 4.21. Let 0 < p € R, 7 = (r1,r2) € R? and consider the function F : [0, 11* — [0, 1] given by
F(x1,x2) = |x; —x2|”

if (x1,x2) € [0, 11%. Then

(1) Diop(F) =D}, (F) = (F € R2 | 1y = r2).
(2) DY(F)=C(F) =Csop(F)=Cop(F)={F € R?| r; =rp}.

Proof. Consider ¢: [0, 1] — [0, 1] given by ¢(x) = x? if x € [0, 1]. Then F = ¢ o Fy, where F1(X) = |x] — x2|, so it
is consequence of Propositions 3.8 and 4.17. O

Proposition 4.22. Let 0 < p € R and consider the function F: [0, 11> — [0, 1] given by
Fx)=1—|x; —x|”

ifx=(x1,x2) €0, 112 Set ¥ = (r{, r2). Then
(1)
DY (F) = D}y (F) = C(F) = Csop(F) = Cop(F) =
={FeR|r =n}

(2) Dhp(F) = (FeR? [r <r2).
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Proof. Let M: [0,1]2 — [0, 1] given by M(x) = |x; — x2|? if x = (x1,x2) € [0, 1]%. Then F = M, hence, by
Proposition 3.5 and Corollary 4.21, it only rests to show the assertion on DSTOD(F ). By Lemma 3.9, {F € R? | r| =
rn}= DT(F) C DgOD(F). Assume that F is SOD F-increasing. Take 0 < x < 1 and x = (x, x), so x € [0, 1]%2);
take ¢ > 0 such that x + ¢7 € [0, 1]%. Then F(x + ¢F) = 1 — |c(r] — r2)|”. As F is SOD F-increasing, it must be
F(X+crf)>F(x)=1,hencer; =r,. O

5. An operation between functions

We introduce here an operation between functions from [0, 1] to [0, 1] which generalizes, when applied to O
linear fusion functions, for n = 2, the Choquet integral and the Lukasiewicz implication.

Definition 5.1. Let F;: [0, 11> — [0, 1], i = 1, 2, be two functions such that F; (x, x) = Fa(x, x) for all x € [0, 1].
Define F| % F»: [0, 1] — [0, 1] by

Fi(x)ifxe[0,11%,,
(Fix Fyyx) = | 110 X< 01

Fr(x) if x € [0, 1](5) .
Proposition 5.2. Let F;: [0, 112> (0,11, i=1,2, be two functions such that Fi(x, x) = F2(x, x) for all x € [0, 1].
Then, for T € {#}, SOD, OD}, the following hold.

(1) D}(F1) N DE(Fy) S DE(F) * Fa).
(2) Cr(Fi) N Cr(F>) € Cr(Fy % Fy).

Proof. Set in this proof F = F| x F;.

e (1) and (2) for T=0OD.

Letx € [0, 112, 0 € S», ¢ > 0 such that X, , X5 + 7 € [0, 1]%>). These assertions follow immediately taking the
following into account. B

(a) If o =id, F(x+ cF) = Fi (X + cF), F(x) = Fi(x).

(b) If o = (12), F(X+cry) = Fo(X + cFy), F(X) = F(x).

(1) and (2) for T =@.

Let x € [0, 1] and ¢ > 0 such that x + ¢7 € [0, 1]%.

Assume that 7 € DT(F)) N DN (F). If x, x + cF € [0, 1]§>), then F(x) = F;(X) < F{ (X + ¢) = F(x + ¢F) and
7 € DY (F). Analogously if x, x + ¢F € [0, 1]%<). Suppose x € [0, 1]%>), X + cr € [0, l]%<). Then r > r1. By
Lemma 4.16 there exists ¢/ > 0, ¢ > ¢, such that, with z = (z1, 220) =X+ (c — /)7, wehave z1 = zp;as 2+ ¢'F =

X + c#, one has, with ¢’ =c — ¢/,

FX)=F(x) < Fix+"F)=F(2) = F2(2) < F,z+ 7)) = F(x+cr).

Analogously for (2).
(1) and (2) for T =SOD.
Assume that 7 € D} (F1) N Dlop(F2). Let x € [0, 112, 6 € S; and ¢ > 0 such that X, € [0, 11, X, + cF €
[0, 11
(a) Suppose that o =id, so x € [0, 1]%2).

- Ifx+cr €0, 1]%>), then F(x + cF) = Fi(x+cF) > F1(x) = F(x).

- Ifx+crFel0, 1]%<), then r; < r, and we may proceed as in the case T={.
(b) Suppose that o = (12), so x € [0, 1]%<).

— Ifx+cry €0, 1]%9, F(X+ ciy) = Fa(x 4 ciy) = F(X) = F(X).

— Assume that x + ¢7 € [0, 1]%>). Apply Lemma 4.16 to § = ¥, and argue analogous to the case T= 0.
Analogously for (2). O
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Lemma 5.3. Let G = OL[u,a] and H = OL|v, l_;J, where [, al, [v, I;] belong to R x R? and satisfy the conditions
of Corollary 4.12, and set @ = (a1, az), b = (b1, b2). We have that G(x, x) = H (x, x) for all x € [0, 1] if and only if
w=vanday+a =by+ bs.

Proof. (=) With x =0 we have u = v. Take now for instance x = 1 and obtain a; + ap = b1 + b>.
(<) Follows immediately. 0O

Propositiorl 54.Let a = (al,az),l; = (b1,by) € R? be such that s = a; + ap = by + by anc_{ suppose that
[w,al, [, bl €Rx R2 satisfy the conditions of Proposition 3.7. Let G = OL[j,a] and H = OL[u, b] and consider
G x H (recall Lemma 4.3). Then the following statements hold.

(1) DTOD(G*H):{?GIRZW-azo,f-l;zO}
(2) Cop(G+xH)={FeR:|F-a=F-b=0)}
(3)
Dlpp(GxH)={FeR2|F-a,7 b>0}U )
U(F eRe,, |7 d, 7-a’, 7-b,7-b?>0}
(4) o
CSOD(G*H):{rER(Z)Ir-a:rvaO}U
U{F eRy |F-da=F-a'=F-b=7 b"=0}
(5) DNG*H)={F eR*|F-a>0,7-b%>0}.
(6) C(GxH)={FeR?|F-a=7r-b?=0)}

Proof. Set F=G x H,

(1) Let us assume that 7 € DgD(F). By Lemma 4.16 we can find x € [0, 1]%2) and ¢ > 0 such that x+c7 € [0, 1]%2),
where 4 + (X +cF)-ad = G(x+cF) = F(x+cF) > F(x) = G(X) = u+x-d,hence 7 -a > 0and 7 € DgD(G). Equally
we can find x € [0, 1]%<> and ¢ > 0 with x + c#, € [0, 1]%<), from where 7 € D(T)D(H). Therefore, by Proposition 5.2
we have DJ(F) = DL (G) N DY (H).

(2) Proceed analogously as in (1).

i T 2 1 2

(3) By Proposition 3.3, D (F) N R(z) = DOQ(F) n ]R(Z>. 3

Let us assume that 7 € R%q satisfies 7 -a, 7 - b, 7 -a%, 7 - b? > 0. Let us see that F is SOD F-increasing. Let
x€[0,11% ¢ > 0and o € S, such that x, € [0, 1](22>, Xy + 7 €0, 1]2.

Suppose first that o = id, then x € [0, 1]%>). We must show that F(x + ¢7) > F(x).

(@) Ifx+cr €0, 112, then F (x+¢7) — F (x) =cF -d = 0.
(b) If x + cF €0, 1]%<), then by Lemma 5.3 there exists ¢’ € (0, ¢) such that x + ¢7 € [0, 1]%=). Therefore, if we put
y=x+c'F, theny+ (c — ')F =x+crF €0, 1]%>). Thus, since y € [0, l]%:),
Fx+cF)—FX=FX+cF)—F{y)+F(y) —Fx
=F(y+(—c)F)=—F (@) + F(x+F)-F(x)

=(c—c)Fl b+ F-ax=0.
Suppose now that o = (12). We can assume that x € [0, 1]%<) and so F(X) = 1 + X, -b.

(©) If o +c7 €[0, 112, then F(X +cFy) — F(x) =cF - b > 0.
d) If x, +crF €0, 1]%<), then by Lemma 5.3 there exists ¢’ € (0, ¢) such that x + ¢'Fy € [0, 1]%:). Therefore, if we
puty =X+ 7o, theny + (c — ¢')re =X+ iy €0, 1]%2). Thus, since y € [0, 1](2:),
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F(x+crg) = F(X)=F (X+cio) = Fy) + F(y) - F(x)
=F(y+(—)y) = F(y) + F(x+c7) — F(x)
=(c—C)iy-d+ 7 b>0.
Therefore F is SOD r-increasing.
Let us assume now that F is SOD F-increasing, where 7 € R%s)' In particular, by Proposition 3.2, F is OD

F-increasing, hence 7 - d, 7 - b>0 by 1. It rests to show that if r; < r, then ?ﬁ- a?, 7-b? > 0. Indeed, from cases (b)
and (d), the definition of SOD F-increasingness for y ensures that 7 - a4, 7 - b4 > 0.

(4) Proceed as in the preceding item with equalities instead of inequalities.

(5) Let 7 € D! (F). By Lemma 5.3, there exist x € [0, 1]%>) and ¢ > 0 such that x + ¢7 € [0, 1]%>), Thus, 0 <

F(x+cF)— F(X)=cF-a,so r-a>0. Similarly, by Lemma 5.3, there exist x € [0, 1](25) and ¢ > 0 such that
X+ cF €[0, 112_,. Therefore, 0 < F (x + ¢F) — F (x) = c7 - b?, s07 - b4 > 0.

Conversely, let 7 € R? be a vector such that #-@ > 0 and 7 - b9 > 0.1n order to prove that 7 € D (F), letx € [0, 1]
and ¢ > 0 such that x, x + ¢7 € [0, 1]2. ‘We have four cases.

o Ifx,x+cF €[0, 1]%,), then F (x+cF) — F (x) =¢F-a > 0.
o If x,x+cr €0, 1]%5),then F(x+cF) — F(x):c?-Ed > 0.
o If x € [0, 1]§>) and x + cF € [0, 11, there is ¢’ € (0, ¢) such that x + ¢'F € [0, 113:). If y=x + ¢'F, then
y+(c—c)i=x+cF. Asx,y=x+ 7 €0, 1]%2) andy,y+(c—c’)7=x+c7e[0,1]%5),then
Fx+ciF)—FX)=FX+c)—F{y)+F@y —-FXx
=F(y+(—c)F)—F@y)+F (x+c7)—Fx
=(—C)i-a+cF-b?>0.
o If x € [0, 1]2<) and x + c7 € [0, 1]%>), there is ¢’ € (0, ¢) such that x + ¢'7 € [0, 1]%=). If y=x+ c'7, then
Y+ (c—)VF=x+cF Asx,y=x+cFe[0, 1] andy,y+ (c — ) =x+cF € [0, 112, then
F(xX+ci)—F®X) =F(X+cF)—F(y)+ F(y) — F (%)
=F(y+(—c)F)—F@y) +F(x+c7)—Fx
=(c—)F-b+F-ax0.
In any case, F (x4 cF) > F (x) sor € DT (F).
(6) Proceed as in the preceding item with equalities instead of inequalities. O

Example 5.5. Consider the Lukasiewicz implication Iy : [0, 11?2 = [0, 1] given by Iz (x) = min{l, 1 — x; + xo} if
x = (x1, x2) € [0, 11%. Then we have

I =OL[L, (=1, D] % OL[L, (0, 0)]
(by Corollary 4.12, [1, (-1, 1)] and [1, (0, 0)] define ordered linear fusion functions; as 1 =1 and -1+ 1=0+0,
we may consider its (x)-product by Lemma 5.3). As an application of Proposition 5.4 we have:
(1) DY) =D, () = {F € R | r| <1y}

op\iL 1 =725

2 D§OD(1L) =C(I.) =Csop(I1) = Cop(I) = {F € R? | r| = r2}.
Definition 5.6. Set A={1,...,n}and, ifa € S,, AY = (A‘f‘ e, Af,‘), where

A ={a@),al+1),...,am)}=A\{a(l),...,a( — 1)}

Let now m : 24 — [0, 1] be a fuzzy measure (that is, m satisfies m(¥J) = 0, m(A) = 1, and m(X) < m(Y) if
X,Ye24and X C V). If (X1,..., X,) € 2", we put m (X, ..., X,,) = m(Xy),...,m(X,))
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We set
1 -1 0 0
0o 1 -1 0
C =
0 0 1 -1
0 0 0 1

for the n x n matrix obtained from the identity matrix I, by putting —1 above the main diagonal and CT for its
transpose. Observe that, if X, y € R, then xC -y =x - yCT.
The discrete Choquet integral of x € [0, 1]" with respect to m is the function

Cn:[0,1]" = [0,1]
given by, if x € [0, 1]" and « € S, is such that x, € [0, 1]2‘<),
Ci (%) =%, C - W(AY) =x, - W(AY)CT.
Proposition 5.7. Let m: 24 — [0, 1] be a fuzzy measure and consider the associated Choquet integral Cy, : [0, 11" —
[0, 1]. Then
D)p(Cr) = (F R |F-R(AY)CT > 0Va € S,),
Cop(Cm) = {F eR" |7 - T(A)CT =0V € S,}.
Proof. Let x € [0,1]", « € S, and ¢ € Rt with x,, X + ¢7 € [0, 11{.,. Then, with y = x + CFy-1, we have y, =
Xy +cF €10, 1]{., and so
Cn(y) = Yo - W(AN)CT
=Xq - MAYCT + 7 - WA CT
=Cn(x) + c(F-MANHCT),

whence the thesis. 0O

Corollary 5.8. Let m: 24 — [0, 1] be a fuzzy measure. Then the associated Choquet integral Cyy : [0, 17" — [0, 1] is
SOD F-increasing for each ¥ € R" such thatr; >0, 1 <i <n.

Proof. The i-th term of f(A*)CT, with the convention m(Ay ) =0, is m(A]) — m(A7 ) > 0 as m is a fuzzy
measure, whereby the thesis. 0O

Let us consider the Choquet integral for n = 2 in some detail. A fuzzy measure m: {1,2}> — L corresponds to
g {1} {2} {12}
0 ¢ q@ 1 )°
where 0 < g1, g2 < 1, so that m is totally determined by the pair (g1, g2). We set m = (q1, g2). We have

1 0
(qu)( >=(1—qzyqz)ifa:id,
A" CT = _11 (1)
(Ltn)(_1 1>=(1—ql,ql)ifoz=(12)-

And the conditions of Proposition 5.7 7 - f(A%)C T > 0 Vo € S translate here to

{(rl,m-(l—ql,ql»o,

1
(ri,r2) - (1 —q2,92) > 0. M
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Fig. 6. Intersection of the semiplanes from the conditions in (1) for the case m = (1/2, 1/8).

This corresponds in the plane R? to the intersection of the semiplanes rightwards and/or upwards the borders
(1 —gi)x1 +gix2 =0,i =1, 2. For instance, the case m = (1/2, 1/8) is shown in Fig. 6.

Clearly, Cop(1/2, 1/2) corresponds to the line x| + x» = 0. If g1 # ¢2, then Cop(q1, ¢2) = {(0, 0)}.

Letussetq; = (1 —gi,gi),i=1,2.So7 -M(AY)CT>0is7-q; >0,i=1, 2.

Observe that

X-q ifx; <x,

C X=
(q1,92) X-q  ifx>x.

Example 5.9. Let © € [0, 1), n € [0, 1 — ], g1, g2 € [0, n] and set q; = (1 — g;, gi), i = 1, 2. For the corresponding
Choquet integral we have

1+ nCq, g = OL[, nqi]+ OL[1, 1qz]
(by Corollary 4.12, each [u, n(1 — g, g;)] defines an ordered linear fusion function, i =1, 2; and as u = p and n —
nq1+nq1 = n—nq2+nq2, we may consider its (x)-product by Lemma 5.3). As a direct application of Proposition 5.4:

@ DgD(#’«*"lc(qn,qz)) ={FeR?pi-(1—qi,qi))>0,i=1,2}
() Cop (4 +nCgq) =(FeR* | nF- (1 —gi,q))=0,i=1,2}.

3)
D§0D (n+1Ca0) ={7€R%2)|777-(1 -¢i,qi)>0,i=1,2,}U
U(F eRE) (7 - (1 = gingi) =0, 7 - (gi. 1 —gi) =0, i =1,2).
)

Csop (1t +1C.q0) ={F R 07 - (1 —gi.qi) =0, i=1,2}U
U(F eRE) [nF - (1 = gi,gi) =07 - (qi, 1 —qi) =0, i =1, 2}.

eR?|ni-(1—q1,q1) =0, 97 - (g2, 1 —q2) >0}

) ot ("’L + nc(qquz)) r
={FeR?|yF-(1—q1,q) =nF - (q2. 1 —q2) =0}.

={
(OR¢ (,u + nc(quqz)) {7

For u =0 and n = 1 we get the Choquet integral and let us observe that OL[0, q;] is an OWA operator, i = 1, 2.

upna
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Remark 5.10.

(1) Letx = (x1,x2) €[0,11% and 7 = (r1, rp) € R2.
Let M: [0, 11> — [0, 1] be given by M (x) = |x; — x2|. Then, M is OD 7-increasing if and only if ri>ry (see
Corollary 4.21). We have that I](\),, (x) = max{0, x| — x} defines an 7-increasing function such that I 0 — M.
Consider now M¢: [0, 11* — [0, 1], that is M°(x) = 1 — |x; — x2| = 1 — max(x1, x2) + min(x, x2), an OD
7-increasing function if and only if | < ry (see Proposition 4.22). Then I}, = I, (the Lukasiewicz implication)
is 7-increasing and I; = M¢.
As I/Z = M° we can deduce that in the hypothesis of Proposition 3.10 it is not true in general that F is SOD
F-increasing: take 7 = (r1, r2) with r; < ro; then I is F-increasing by Example 5.5 but I/Z is not SOD F-increasing
by Proposition 4.22.

(2) Let M: [0, 11> = [0, 1] as in (1). We have seen in Corollary 4.21 and Proposition 4.22 that DgOD(M) ={FeR?|
r1 >rp} and DgOD(M") = {F €R?| r; =}, hence Proposition 3.5(2) is not true for T = SOD. And taking into
account the proof of Proposition 3.5(2), neither is valid Proposition 3.4(3) for T = SOD.

6. General properties

In this section we present some results that characterize classical and weak monotonicity in terms of directional,
SOD and OD monotonicity. Thus, they are a link between the different notions of monotonicity. Additionally, we
extend a general property of OD monotone functions from [5] to the case of SOD monotone functions. We finish the
section with two results on how OD and SOD monotone functions can be constructed by means of an aggregation of
a series of functions with the same type of monotonicity.

Proposition 6.1. Let F: [0, 11" — [0, 1] be a function and set (€1, ...,é&,) for the natural basis of R". Then the
following are equivalent.

(1) F isincreasing.

(2) Fis é;-increasing Vi € {1, ...,n}.

(3) F is SOD é;-increasing Vi € {1, ...,n}.
(4) F is OD é;-increasing Vi € {1, ...,n}.

Proof. It is obvious that (1) <= (2),and (1) = (3) asx <x+¢(¢;),-1 forall¢ >0and o € S;).

(3) = (1) Letx,y € [0, 1]" such that x <'y. We must show that F(x) < F(y) and so we may assume that x <y.
Let o € S, be such that x, € [0, l]’é). Observe that X <y is equivalent to X, < y,. Let i = max{j € {1,...,n}|
Xo(j) <Yo(p -

So we have the following scheme (it could be i = n):

(X)) Xo() = ... ZXg(i=1) = Xo() = Xo(i+1) = - = Xo@m)
IA IA A Il Il
(¥Yo): Yoo Yo(i—-1) Yo() Yo(i+1) Yo (n)

Let ¢ = ys (i) — Xo(i)- We have

Xo +C& = Xo(1)s -+ Xa(i—1)s Xo(i) + €, Xo(i+1)s -+ » Xo (n))

= (Xg(1)s - > Xo(i=1)» Yo (i)» Yo(i+1)s - - -» Vo)) € [0, 11"

Hence, as F is SOD ¢;-increasing, F(x) < F(z), where z=X+c(¢;),-1. Wehavez=x+cé; = (x1,...,x; +c,...,
Xp) = (X1, ..., Yj, ..., Xn), Where j =0 (7).
Set now, if v=(vy,...,v,), W= (wy,...,wy) €[0,1]" and v <w,

d(v, w) = [{k [ vk < wi}].

We have that z <y and d(z,y) = d(x,y) — 1, hence, if we reiterate the process, we conclude F(x) < F(z) <--- <
F(y), as required.
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(3) <= (4) By the definitions it suffices to show (4) = (3). Letx€[0,1]",0 € S,,c>0andi €{l,...,n}
such that X, € [0, 11{..) and X, + cé; €10, 11". Let us see that F(x) < F(x + ¢(€;)y-1)-
; Proceed by induction. If i = 1, then x, € [0, 1]:’2) implies x, + ce; € [0, 1]:’2) and the thesis follows as F is OD
ej-increasing.

Assume that the result is true for i — 1, where 2 <i <n.

If X5(i—1) > Xo(i) + ¢, then X + c&; € [0, 1]{’2) and the thesis follows as F is OD ¢;-increasing. Assume that
Xg(i—1) < Xg(i) T C.

Set t = Xo(i—1) — Xo (). We have

i1 i
Xo + 16 = (Xo(1)s - -5 Xo(i—1)s Yo (i—1)s Xoi+1)s - --) € [0, 15y ,

hence F(x) < F(x+1(¢;),-1) as F is OD ¢;-increasing.
Sety =x+1(¢;),-1, 50 F(x) < F(y).
Consider the transposition T = (i — 1i). Observe that yr) = (Yo)r =Yo. Set s =c —t. AS Xoi—1) +c—t =
Xg (i) + ¢ we have
i:l i
Yor) +5€i-1 = (Xo(1)s -+ -+ Xo(i) + Cs Xo(i—1)s Xo(i+1)s - - -) € [0, 11",

By the induction hypothesis, F is OD é;_;-increasing, hence

F(y) <F(y +S(Eif1)(o‘r)*') .
As

Y+ 5@i-1)(or)-1 =Y F5E-1)(ro-1) =Y +5E)g-1 =
=X+t +5)E)y1 =X+ c(é)y-1,
we have F(x) < F(y) < F(x+ c(¢;),-1) and the proof is finished. O

Corollary 6.2. Let F: [0, 11" — [0, 1] be a function. Then the following assertions are equivalent:

(1) F isincreasing.
(2) F is SOD F-increasing for each ¥ € [0, c0)".
(3) F is OD F-increasing for each ¥ € [0, 00)".

Recall that a function F: [0, 1]" — [0, 1] is said to be weakly increasing if A € R and (x1,...,x,), (x1 +
Ayoooy Xy +2) €0, 11" implies F (x1,...,x,) S F(xp+ A, ..., x5 +A).

Proposition 6.3. Ler F: [0, 1]" — [0, 1] and 1= (1,...,1) € R™. The following assertions are equivalent.

(1) F is weakly increasing.
(2) Fis i—increasing.

(3) Fis SOD I—increasing.
(4) Fis OD T—increasing.

Proof. The fact that (1) <= (2) is simply the definition of weakly increasingness and, by Proposition 3.3, (3) <=
. )

(2) = (3)Letx € [0, 1],0 € S, and ¢ € RY such that x, € [0, 1]’(12) and x, +¢r € [0, 1]". Then F(x+cl -1) =
F(x+cl) > F(x) as F is l-increasing. .

3) = (2) Let x=(x1,...,x,) €[0,1]" and ¢ € RT such that x + c1 € [0, 1]*. Take 0 € S, such that X, €
[0, 1]:‘>). ‘We have that

Xo +cl =%, +cly = (x+cD)y €[0, 11"
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as x + cr € [0, 1]". So, by hypothesis,
F(X) < F(x+cly-1) = F(x+cl),

and F is i—increasing. m|
The following theorem (see [5]) deals with OD increasingness along the linear combination of two directions.

Theorem 6.4 ([5]). Let 7,5 € R" and a,b € RT. Let us assume that ifx € [0, 1], c e R", 0 € S,,, then
Xy, X5 + c(ar + bs) € [0, 1]’(’2)
= either X, + car € [0, sy orxs + cbs €0, 105,

Then if a function is both OD 7- and OD §s-increasing then it is also OD (ar + bs)-increasing.
We present its extension to the case of SOD monotone functions. The proof is straightforward.

Theorem 6.5. Let 7,5 € R" and a, b € RT. Let us assume that ifx € [0, 11", c e RT, 6 € S, then
X0 € [0, 1. X +c(aF +b5) € [0, 1"
= either X, + car € [0, 11" or X, + cbs € [0, 1]"
Then if a function is both SOD ¥- and SOD §-increasing then it is also SOD (ar + bs)-increasing.

Finally, the next theorem shows a construction method of OD and SOD monotone functions, based on aggregating
functions with the same type of monotonicity.

Theorem 6.6. Let 7 € R", let A: [0, 1]" — [0, 1] be an aggregation function and F;: [0,1]" — [0,1], 1 <i <m,
functions. Define

A(Fi,...,Fy) 1 [0,11" = [0,1]
by A(Fy, ..., Fp) (X) = A(F1(X), ..., Fin(X)). Then

(1) If F; is OD F-increasing Vi € {1,...,m}, then A (Fy, ..., Fy) is also OD F-increasing.
(2) If F; is SOD F-increasing Vi € {1,...,m}, then A (Fy, ..., Fy) is also SOD F-increasing.

Proof. Itis straightforward. O

As a consequence, the sets of all SOD 7-increasing functions and of all OD 7-increasing functions for a given
7 € R" are convex.

Corollary 6.7. Let Ay, ..., A, € [0, 1] be such that Ay + --- + A, = 1. Let T € {SOD, OD} and ¥ € R". Then, if
F;: [0,1]" — [0, 1], 1 <i <n, are T F-increasing functions, then their convex combination A\ F1 + - - - + A, Fy, is also
T F-increasing.

Proof. The result follows from Theorem 6.6, as A (x1,...,x,) = A1x1 + -+ + A,x, defines an aggregation func-
tion. 0O

7. Conclusions

We have defined the concept of strengthened ordered directional (SOD) monotonicity and studied some properties
of the functions that are SOD monotone. We have also studied the relation between three notions of weaker forms of
monotonicity, that of directional monotonicity, ordered directional monotonicity and strengthened ordered directional
monotonicity. Additionally, we have introduced the family of linear fusion functions, the family of ordered linear
fusion functions and an operation between functions that recover Choquet integrals and the Lukasiewicz implication.
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Abstract

In the recent literature we find several generalizations of monotonicity, such as
weak, directional, cone, ordered directional or strengthened directional mono-
tonicity. The goal of this work is to study the geometric interpretation of these
weaker forms of monotonicity, stressing their relations and singularities. In this
attempt, we introduce the concept of pointwise directional increasingness (or
directional increasingness at a point) to reveal the differences between these
relaxations of monotonicity. The final part of the paper highlights some results
and geometric aspects of these relaxations.

Keywords: 'Weak monotonicity, directional monotonicity, cone monotonicity,
ordered directional monotonicity, strengthened ordered directional
monotonicity

1. Introduction

Aggregation functions aim at finding a single number to represent a set of
n values. This is a recurrent problem in practically every setting related with
data processing. Consequently, the applicability of aggregation functions has
proven to be extensive [1, 2, 3]. A function A : [0,1]" — [0,1] is said to be
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an aggregation function if it satisfies A(0,...,0) =0, A(1,...,1) =1 and A is
increasing with respect to every argument.

Recent studies have shown that the monotonicity condition imposed to each
argument of aggregation functions may be too restrictive (see [4]), as it leaves out
of the aggregation framework non-monotone functions that otherwise are appro-
priate to fuse information [5, 6]. Hence, less restrictive monotonicity conditions
have been proposed and studied. Weak [4], cone [5], directional [7], ordered di-
rectional [8] and strengthened ordered directional monotonicity [9] are some of
the conditions which generate novel classes of functions, all of which are global
properties that are studied for all the points in the domain [0, 1]". These notions
have been succesfully applied in various domains. For instance, pre-aggregation
functions [10], which are not required to increase with respect to each argument
but only to satisfy a directional monotonicity condition, have been shown to
lead to improvements in the results of certain classification problems [11]. Ad-
ditionally, ordered directionally monotone functions have been applied in image
processing, particularly in the task of edge detection [8, 12].

In this work, we introduce the concept of pointwise directional monotonicity,
a local property that studies the directions along which a function increases (or
decreases) starting from an specific point x € [0,1]". The introduction of this
notion enables to make explicit the differences between different relaxations of
monotonicity presented in the literature [4, 7, 5, 8, 9], as we characterize each
of the types of monotonicity in terms of pointwise directional monotonicity. In
particular, this new definition permits to show relevant differences between the
concepts of ordered directional monotonicity and strengthened ordered direc-
tional monotonicity and, thus, it allows to go further in the theoretical under-
standings developed in [9]. Finally, we provide a series of results that contribute
to interpret the behavior of each notion of monotonicity geometrically. Addi-
tionally, we present some examples of the 2 and 3-dimensional cases as they
can be graphically depicted and they are valid to illustrate the particularities
of each relaxation of monotonicity.

The article is organized as follows. In Section 2 we recall the different notions
of monotonicity defined in the literature. In Section 3, we introduce the concept
of pointwise directional monotonicity to characterize each relaxation in terms
of this new concept. In Section 4 we describe each relaxation of monotonicity
geometrically and present examples of the 2 and 3-dimensional cases to illustrate
our results. Finally, we state some concluding remarks and prospects for future
investigations.

2. Different notions of monotonicity

We first introduce some theoretical notions in order to fix the notation for
the subsequent sections. For any n € N (n > 2), we consider elements x =
(21,...,2,) € [0,1]". These elements are ordered according to the inherited
partial order from R™, which is: for any x = (1,...,2,),¥y = (¥1,---,Yn) €
[0,1]", x <y ifand only if z; <y, foralli=1,...,n.
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Vectors in R™ are denoted as 7 € R™ and, specifically, I and 0 denote the
vectors (1,...,1) and (0,...,0), respectively.

Let S,, denote the set of all permutations of the integers from 1 ton, i.e., S, =
{o:{1,...n} — {1,...,n} | o is a bijective function}. If x € [0,1]", we set
Xg = (To(1), - -+ s To(ny) and, similarly, if 7€ R, we set 7y = (Fo(1); -+ Ta(n))-

Aggregation functions are usually thought of as being increasing with respect
to each argument. Let n € N with n > 2, the n-ary function A : [0,1]" — [0,1]

is an aggregation function if it satisfies that:

o A(0,...,0)=0, A(1,...,1) =1

o A(@1,...,xn) < A(y1,...,yn), for every (z1,...,25), (y1,...,¥n) such
that x; <y; foralli=1,...,n.

Note that aggregation functions are, in fact, non-decreasing rather than
increasing. However, following the terminology in [7, 8, 9], in this work we say
that a function is increasing when it is non-decreasing and strictly increasing
when it is proper increasing.

Some operators, such as Lehmer means, Bajraktarevic means or the mode
function are not monotone in this sense [13]. Hence, although valid for fusing
information, they are not included in the framework of aggregation functions.
This has been solved in the literature introducing some novel monotonicity
conditions, such as weak monotonicity, directional monotonicity, cone mono-
tonicity, ordered directional monotonicity and strengthened ordered directional
monotonicity.

Definition 2.1 ([4]). A function F': [0,1]" — [0,1] is said to be weakly in-
creasing if the inequality

F(x+cl) > F(x)
holds for every x € [0,1]" and ¢ € [0, 1] such that x + ¢T € [0,1]™.

Definition 2.2 ([7]). Let ¥ = (r1,...,r,) be a real n-dimensional vector, 7 #

0. A function F: [0,1]* — [0,1] is said to be 7-increasing if for all points
x € [0,1]" and for all ¢ > 0 such that x + ¢ € [0,1]", it holds that

F(x+cr) > F(x) .

Definition 2.3 ([5]). Let C' C R" be a nonempty cone. A function F': [0,1]" —
[0, 1] is said to be cone monotone with respect to C' if F is directionally monotone
in any direction ¥ € C.
Definition 2.4 ([8]). Let 0 # 7 € R™. A function F: [0,1]" — [0,1] is said
to be Ordered Directionally (OD) 7-increasing if for each x € [0, 1]", and any
permutation o € S, with z,(1) > -+ > () and any ¢ > 0 such that

12> z,0)+cr1 > 2 Tom) +crn >0, (1)
it holds that

F(x + cry-1) > F(x),

where Fg—l = (’I‘U—l(l)7 e ,’I‘g—l(n)).
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Definition 2.5 ([9]). Let 0 # 7€ R™. A function F: [0,1]" — [0,1] is said to
be Strengthened Ordered Directionally (SOD) 7-increasing if for each x € [0,1]",
and any permutation o € S, with X,(1) > -+ > () and any ¢ > 0 such that
X, + ¢ € [0,1]", it holds that

F(x+ cry-1) > F(x),
where 7,-1 = (To-1(1), -+ Ta-1(n))-

If a function F' is SOD 7-increasing, then F' is also OD r-increasing. However,
the converse does not hold in general. In the case that 7 satisfies r1 > ... > 7y,
then a function F is SOD 7-increasing if and only if F' is OD 7-increasing.

For the sake of simplicity, we only refer to increasingness conditions, but
decreasingness can be defined analogously.

In [9], one can find the following result on SOD monotonicity along the
positive linear combination of two directions.

Theorem 2.6. (Theorem 6.5 of [9]) Let 0 # 7,5 € R” and a,b € RT. Let
us assume that for x € [0,1]", ¢ > 0, 0 € Sy, if To1) = ... 2 To(m) and
X, + c(ar + b3) € [0,1]", then either x, + car € [0,1]" or x, + cbs € [0,1]".
Thus, if a function is both SOD 7-and §-increasing, then it is also SOD (a7+b3)-
INCreasing.

Similar results as the preceding theorem can be found in [8] for OD monotone
functions and in [7] for directionally monotone functions.

3. Pointwise directional monotonicity

The monotonicity relaxations in Section 2 are global properties which are
demanded to the whole domain, i.e., the hypercube [0,1]™. These concepts can
be equivalently formulated from a local point of view, focusing on each point of
the domain, in terms of pointwise directional increasingnes.

Definition 3.1. Let F: [0,1]" — [0,1] be a function and let § # 7 € R™. The
function F is said to be 7-increasing at x € [0,1]" if for any ¢ > 0 such that
x + ¢ € [0,1]", it holds that F(x + ¢F') > F(x).

Remark 3.2. Although counterintuitive, the fact that a function is /-increasing
at a point x does not mean that it is (—7)-decreasing at x. For instance, let
F :[0,1]" — [0,1] be given, for a fixed x € [0, 1]", by:

F(y):{o, fy=x

1, otherwise.

One easily verifies that F is #increasing at x for any direction 7 € [0, 1]\ {0}
but it is not decreasing at x in any direction.
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Remark 3.3. Weak and directional monotonicity, introduced in Section 2, can
be directly expressed in terms of pointwise directional monotonicity:
(i) A function F: [0,1]* — [0,1] is weakly increasing if and only if F is 1-
increasing at x, for all x € [0, 1]™.
(ii) Let 0 # 7€ R™. A function F: [0,1]" — [0,1] is f-increasing if and only if
F is 7-increasing at x, for all x € [0,1]™.

Consequently, a weakly increasing function can be seen as a function which
satisfies pointwise directional increasingness along the fixed n-dimensional vec-
tor T = (1,...,1), while a directional monotone function can be seen as a
function which satisfies pointwise directional increasingness along a fixed n-
dimensional real vector ¥ = (r1,...,7,). The case of cone monotonicity with
respect to a cone C' C R"™ is equivalent to that of directional monotonicity
considering all directions 7 € C.

For both weakly increasing and 7-directionally increasing functions, the di-
rection is fixed and equal for all the points of the domain. On the contrary, for
ordered and strengthened ordered directionally monotone ones, the direction
varies from some regions to others. Specifically, if x € [0,1]" and 0 € S,, is a
permutation such that z,(1) > ... > Zs(,), then the reordering 7,-1 in Defini-
tion 2.5 denotes that 71, the first component of the vector 7, affects the greatest
component of the element x, while ry affects the second greatest component,
etc. Thus, the direction in which an OD (or SOD) function increases at a point
x depends on the relative size of the components of x. Let us formalize this
idea.

Definition 3.4. For any o € S,,, we define the subset £, C [0,1]" as the set
that contains all the elements of the hypercube which are decreasingly ordered
through the permutation o, i.e., the subset

Qo ={x € [0, 1" [ 2501) > To(2) = -+ > To(n) }-

Note that there are as many subsets as different permutations in S,, (recall that
|Sn| = n!). Moreover, any element x € [0,1]™ belongs to some Q, (o € S,,),

i.e., the collection of the subsets €2,, where o € S,,, is a cover of the hypercube
[0,1]™. It also holds that for any o1,09 € [0,1]", Q, N Q,, # 0. In fact,
m Q, = A, where A denotes the diagonal subset given by

oES,

A={xe[0,1]" |z =22=...=x,}.

We denote the elements (z,...,z) € A by .

Proposition 3.5. Let 0 # 7€ R™. If F: [0,1]" = [0,1] is 7,1 -increasing at x
for allx € Q, and for all o € S,,, then the function F is OD 7-increasing.

Proof. Tet 0 # 7€ R and let F: [0,1]® — [0,1] be 7,-1-increasing at x for all
x € Q5. Let x € [0,1]", ¢ > 0 and 0 € S, such that z,1) > ... > T4, and
12> 2,0 +cr1 > .0 2 To(n) +crn > 0. In this case, x € 2, and therefore F' is
7,-1-increasing at x. Hence, F(x+cr,-1) > F(x) and F' is OD -increasing. [
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Note that in Proposition 3.5 we have only an if condition. Indeed, an example
of a function that is OD -increasing but not 7,1 -increasing at x for all x € Q,
can be found in later Example 3.11 for ¥ = (ry,72) such that 1 < r2. The
converse only holds if SOD monotonicity is considered.

Theorem 3.6. Let 0 # 7 € R™. A function F: [0,1]" — [0,1] is SOD -
increasing if and only if it is T,-1-increasing at x for all x € Q, and for all
oc€S,.

Proof. Let x € [0,1]” and o € S, such that z(1) > ... > Z,(n). Thus, x € Q,
and, by Definitions 2.5 and 3.1, the condition for F' to be SOD 7-increasing
is equivalent to being 7,-1-increasing at x. Since x is arbitrarily chosen, this
proves the statement. O

At this point, the difference between OD 7-increasingness and SOD 7-increasingness

becomes decisive. Analytically, OD #-increasingness imposes the restriction
12> z,0)+cr1 > 2 Tom) +crn >0, (2)

while SOD 7-increasingness does not. This condition of comonotonicity between
X, and X, + ¢F, in the case of OD monotonicity, means that the increasingness
condition is only imposed at the points x for which x and x + ¢r,-1 belong
to the same subset §,, for some o € S,,. In other words, for each x € [0,1]",
the increasingness condition is only imposed inside the region 2, to which x
belongs. In this case, we say that the function is 7increasing at x within the
region Q,.!

Remark 3.7. Let F be an OD f-increasing function for some 0 # 7 € R". We
can distinguish a different behavior of the function F' within A depending on
the vector 7. Specifically, for any = € A,

e if 7satisfies that ry > ry > ... > r,, then, 1 > x4cry > --- > x+cr, >0,
and, consequently, the elements of A satisfy F(T + ¢7,-1) > F(T), for all
o€ S,; and

o if r; > r; for some ¢ > j, then none of the permutations satisfy Eq. (2)
and the condition F(Z + ¢fy,-1) > F(T) is not imposed for any o € S,,.

Remark 3.8. In the case 7 = 1, for every o € S,, it holds that 7,-1 = 7. There-
fore, the direction of increasingness is the same for all the points in the domain.
Therefore, OD T—monotonicity, SOD T—monotonicity and weak monotonicity are
equivalent conditions.

A characterization of OD 7-increasing functions in terms of pointwise direc-
tional monotonicity can also be stated from Proposition 3.5 and Remark 3.7.

1Pointwise directional increasingness of a function F within a region Q coincides with
pointwise directional increasingness of the function F|q, where F|q denotes the restriction of
F to the subset Q.
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Theorem 3.9. Let @ # 0. A function F: [0,1]" — [0,1] is OD #-increasing if
and only if F is ¥,—1-increasing at x within the region Q, for all x € Q, and
forallo € S,.

Unlike the characterization of SOD 7-increasingness as in Theorem 3.6,
pointwise directional increasingness for the case of OD monotonicity (Theo-
rem 3.9) is only considered within each corresponding region.

Given a function F : [0,1]" — [0,1] and a point x € [0,1]", we can define
the set of all directions 7 € R™ for which F is pointwise m-increasing at x:

Drp(x) = {FG R™\ {0} | F is -increasing at x} .

We can extend the definition of the set Dp(x) to take into account all the
points in a subset H of the domain of F, i.e., we define Dp(H) as the set of all
directions  for which a function F' is 7-increasing at x, for all x € H. Clearly,
the next equality holds

Dp(H) = ) Dr(x).
x€H
Similarly, we can define the set Dp of directions 7 for which a function F is
r-increasing, and, in the same manner, we can define the sets ODp and SODp:

Dp = {FE R™\ {0} | F is Ffincreasing} ,
ODp = {Fe R"™\ {0} | F is OD F—increasing} ,
SODp = {Fe R™\ {0} | F is SOD F—illcreasing} .

As a consequence of Remark 3.3, we can characterize the sets Dp in terms
of the directions of pointwise directional monotonicity:

Dr= [\ Dr(x), (3)

x€[0,1]2

and if F is not #increasing for any 7€ R™\ {0}, then Dy = 0.
Likewise, we can characterize SODp as a consequence of Theorem 3.6,

SODp = {Fe R\ {0} | 7,1 € Dp(Qy) Vo € s"} ; @)
and ODy as a consequence of Theorem 3.9,
ODp = {Fe R™\ {0} | 7,1 € Dy, (Q) Vo € s} . (5)

With respect to cone monotonicity [5], the concept deals with sets Dp which
are cones, and clearly, for any cone C, a function F is cone monotone with
respect to C' if and only if C C Dp.

The following are two examples of functions that are not monotone with re-
spect to each argument but satisfy the conditions of the discussed relaxations of
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monotonicity. Both are well-known functions that have been applied in different
areas. The first example is the Lehmer mean [6, 14, 15] and the second one is
a restricted equivalence function [16, 17, 18].

Example 3.10. Let L : [0,1]2 — [0,1] be the binary Lehmer mean [13], given
by
22 +y?

L(z,y) = P

with the convention % = 0. Then, for instance, it holds that
1 = o
Dy <0’§) - {reRz\{O} [ s zn}.

Hence, L is not pointwise (1,0)-increasing at (0,3). Therefore, L is not an
aggregation function. On the other hand, for every x € [0,1]? it holds that
(1,1) € Dr(x). Therefore L is pointwise (1, 1)-increasing at x for all x € [0, 1]2,
i.e., L is weakly monotone.

Similarly, if we consider the weighted Lehmer mean [7] Ly : [0,1]> — [0, 1],
given by
Az? + (1= N)y?

Az + 1=y’

for some 0 < A < 1 and again with the convention % = 0. In this case, the

directions in which L) increases can be also characterized (see [7]):

Ly(z,y) =

Diy= [ Do) ={FeR\ (0} | 7=c(l-AN), forc>0}.
x€[0,1]2
Example 3.11. Let F : [0,1]2 — [0, 1] be given by
Fz,y)=1—|z -yl
On the one hand, if ¥ = (r1,72) € R? such that 7, = 7o # 0, it holds that
F(z,y) = F(z + cry,y + crg) for all ¢ > 0 such that (x + cry,y + crg) € [0,1]2.
Therefore, ¥ € Dp. On the other hand, let ¥ = (r1,72) # 0 such that r1 # rs.

Thus, F(0.5,0.5) = 1 and there exists ¢ > 0 such that F(0.5+ ¢ry,0.5 4 cry) =
1 —|ery — era| < 1. Hence, 7 ¢ Dp(0.5,0.5). Consequently, by Eq. (3),

Dpz{FeRQ\{ﬁ}\n:rz}.

In order to study SOD and OD monotonicity, it is clear that if 7= (r1,72) €
R? such that r; = 75 # 0, then 7 € SODp and 7 € ODp.
Now, note that |Sz| = 2 and, hence,
O = {(z1,22) € [0,1]%|z1 > o} (6)
and
Qs = {(21,72) € [0, 1|21 < @2}, (7)

Let 0 # 7 € R2 such that 7 # ro, then we distinguish two cases:
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e 1y > ry: Let (0.75,0.25) € Q. Note that in this case o = ol = Id.
Then, F(0.75,0.25) = 0.5 and

F(0.75 + ¢r1,0.25 + cry) = 1 — (0.5 + ¢(ry — r2)| < 0.5,
for some ¢ > 0 such that (0.75 + ¢ry,0.25 + cra) € [0,1]2. Hence, by Eq.

(4), ¥ ¢ SODp. Similarly, as (0.75 + ¢r1,0.25 + ¢r3) € 4, by Eq. (5),
7¢ ODp.

r1 < ro: Let (0.75,0.25) € Q. Then,
F(0.75 4+ ¢r1,0.25 4+ ¢rg) =1 —10.5 + ¢(r1 — 12)],

for some ¢ > 0 such that (0.75 + cr1,0.25 + cr2) € [0,1]%. If (0.75 +
cry,0.25 4 crg) € Qy, then 0.5+ ¢(ry — r2) > 0 and therefore

F(0.75 4+ ¢r1,0.25 4+ ¢rg) = 0.5 — ¢(ry —r2) > 0.5.

It is straight to check that this also holds for any (z,y) € Q5. Conse-
quently, ¥ € ODp. However, if (0.75 + ¢r1,0.25 + crg) € Qo, there exist 7
and ¢ > 0 such that F(0.75 4 cr1,0.25 4 ¢ra) < 0.5. Indeed, take 4 = —1,
ro = 1 and ¢ = 0.75. Thus,

F(0.75 + ¢ry,0.25 4+ cry) = F(0,1) = 0 < 0.5.

More generally, let (0.5,0.5) € ;. Then F(0.5,0.5) = 1 and if 1 < ro,
then there exists ¢ > 0 such that (0.5 + ¢r1,0.5 + crg) € Q2 and it holds
that (0.5 + ¢ry,0.5 4+ cry) = 1 — ¢(ro — r1) < 1. Therefore, by Eq. (4),
7 ¢ SODp.

Similarly, one can study the case of {25 taking into account that 7,-1 =
(rg,r1). Finally, it holds that

SODF={FER2\{5}\T1=TQ}7 and

ODF:{FERz\{ﬁ}\rl Srg}.

4. Geometric interpretation

In this section, we illustrate and develop a better understanding of the results
in Section 3 and provide a geometric interpretation of the discussed relaxations
of monotonicity. This section is organized so that we alternate general results
from the n-dimensional case with their interpretation on the 2-dimensional case,
as, on the one hand, it allows to make visualizations on the plane and, on the
other hand, directions can be characterized in terms of their angle with respect
to the non-negative horizontal axis.
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Recall that it is possible to characterize each notion of monotonicity in terms
of pointwise directional monotonicity (see Remark 3.3, Theorem 3.6 and The-
orem 3.9). Hence, the study of pointwise directional monotonicity is useful to
examine the effect of each relaxation of monotonicity geometrically, which is
different for each point of the domain.

We focus on directional, OD and SOD monotonicity of functions F : [0,1]" —
[0,1], since weak and cone monotonicity follow readily from the case of direc-
tional monotonicity.

4.1. Points in which the monotonicity conditions are trivially satisfied

A particularity of each notion of monotonicity is the set of points that triv-
ially satisfy the corresponding monotonicity conditions. For certain directions
7 € R™, there exist points x € [0, 1] for which the different monotonicity con-
ditions are trivially satisfied. Indeed, let F : [0,1]" — [0,1] and 7 € R™. In the
case of directional monotonicity, let x € [0,1]" such that x + ¢ ¢ [0, 1]" for any
¢ > 0. Then, F is trivially r-increasing at x. Similarly, let x € [0, 1]™ such that
for all o € S, for which z,(1) > ... > Z5(n), Eq. (2) does not hold for any ¢ > 0.
Then, F satisfies trivially the conditions of OD 7-increasingness at x. Finally,
in the case of SOD monotonicity, let x € [0,1]" such that for all o € S,, for
which 2,(1) > ... > Zy(n), it holds that x, 4 ¢ & [0, 1]" for any ¢ > 0. Then,
F satisfies trivially the conditions of SOD 7-increasingness at x. In Table 1 we
include the relation of points that trivially satisfy the monotonicity conditions
for directional, ordered directional and strengthened ordered directional mono-
tonicity in the 2-dimensional case. Note that they depend on the angle « of the
ray 7 = (r1,72) with respect to the non-negative horizontal axis.

4.2. Directional monotonicity

Aside the points that satisfy the conditions trivially, the impact of directional
monotonicity is similar on the rest of the points of the domain [0, 1]™ of a function
F'. For any x € [0,1]™, F increases along a vector 7 at x. In the particular case
of n =2, for any (z1,22) € [0,1]?, a directionally monotone function increases
along a fixed ray (r1, r2), whose angle with respect to the non-negative horizontal
axis is a = arctan(72), when r; > 0, and o = 7 + arctan(72 ), when 1 <0, (see
Figure 1). For a fixed a # 0, the convention arctan(g) = sign(a)7 is considered.

4.3. OD and SOD monotonicity

With respect to OD and SOD monotone functions, the directions of pointwise
increasingness vary depending on each of the n! regions Q,. For each point in
the domain, the directions of pointwise increasingness are stated in Theorems
3.6 and 3.9.

In the 2-dimensional case, there are only two possible permutations and,
therefore, two different regions in which the directions of OD monotonicity vary.
Let €, and Qs be as in Egs. (6) and (7), respectively. It holds that

A= NQ = {(x1,22) € 0,1 | 21 = 22}

Theorems 3.6 and 3.9 can be simplified for the case of two variables.

10
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Table 1: Directions (in terms of their angle a w.r.t. the non-negative horizontal axis) and
points that trivially satisfy the monotonicity conditions for directional, ordered directional
and strengthened ordered directional monotonicity.

Directions («) | D monotonicity OD monotonicity SOD monotonicity
a=0 Ty =1
zi=1lorazy=1
0<a<?
ry=1loray =1
rzy;=1loraxs =1
T<a<ig r1=1lorzy=1
or r; = Tg
a=73 ro =1 Ty =x9=1
T<a<mw 1 =00razy =1 T = T2 Ty =x3=1orxz; =x2=0
a=m Ty = zy =29=0
T<a< 2 z1=0o0rzy =0
ry=0o0rzy=0 or Ty = Ty
- : z;=0o0rzy=0
7r 3m
G sa<y L _
3 1 =0o0rze =0
a=3F T2 =0
3 rzy=0o0rzy =1 rzy=0o0rz; =1
S <a<2rt |mp=lorxy=0
orzg=0o0rzy=1 orxzg=0o0razy=1

11
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a) Directions of increasingness b) Directions of 7-increasingness

for weak monotonicity for directional monotonicity

Figure 1: Examples of directions for weak monotonicity and directional monotonicity, A9 and
b), respectively.

Corollary 4.1. Let 0 # 7 € R2. The function F: [0,1]> — [0,1] is SOD
r-increasing (respectively, OD 7-increasing) if and only if

o for any (v1,22) € Qi, F is (r1,re)-increasing at (x1,x2) (respectively,
within Q4 );

o for any (v1,22) € Qo, F is (re,r1)-increasing at (x1,x2) (respectively,
within Qs ).

Moreover, the angles (with respect to the non-negative horizontal axis) along
which a an OD and a SOD monotone function increases can be also stated.

Proposition 4.2. Let Q; and Qg be the subsets defined in Eqgs. (6) and (7)
and let 0 # 7 = (r1,7m2) € R%. Let F : [0,1)> — [0,1] be a SOD F-increasing
(respectively, OD T-increasing) function. Then, it holds that

o for any (z1,x2) € Qy, the angle of the ray (w.r.t. the non-negative hori-
zontal axis) in which the function increases at (x1,x2) (respectively, within
Qy ) is the following:

— ifry >0, then a = arctan(%);
— if r1 <0, then o = m + arctan(;2).
o for any (z1,z2) € Qq, the angle of the ray (w.r.t. the non-negative hori-

zontal axis) in which the function increases at (x1,x2) (respectively, within
Q) is the following:

12
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— ifro >0, then = arctan(%);
— ifry <0, then 8 = 7 + arctan(2L).

Moreover, in every case it holds that 8 + o = 5-

Proof. Let (z1,22) € Q1. The identity permutation o satisfies (1) > 24 (2)-
Then, the direction of pointwise directional increasingness is ¥ = (r1,72) and
hence, a = arctan(;2) for vectors " such that r; > 0 and @ = 7 + arctan(}2)
for vectors 7 such that 71 < 0. Similarly, let (z1,z2) € Q2. The permutation o,
given by o(1) = 2 and 0(2) = 1, satisfies £,(1) > #(2). Then, the direction of
pointwise directional increasingness is 7= (r,-1(1),7o-1(2)) = (r2,71) and hence
B = arctan(7L) for vectors i such that r» > 0 and 8 = m+arctan(}) for vectors
7 such that ro < 0.

The equality a + 8 = T follows from the fact that, for a # 0, it holds
that arctan(1) = sign(a)Z — arctan(a). Sometimes the actual sum is 27, which
expresses the same angle as 7. O

In Figure 2, four possible cases of different directions 7 = (ry,72) # 0 are
depicted.

Back to the n-dimensional case, for an OD monotone function F, the ge-
ometric study of increasingness in each region 2, reduces to study pointwise
7y—1-increasingness of the functions F'|q, . However, in the case of a SOD mono-
tone function F, there exist points in the domain for which some interesting
properties are satisfied.

This is the case of the points T € A C [0,1]". Indeed, F must increase at T
with respect to 7 and all its permutations.

Proposition 4.3. Let 0 # 7 € R™ and let F : [0,1]" — [0,1] be a SOD -
increasing function. For any element T € A and any permutation m € S,,, it
holds that F is Tr-increasing at T.

Proof. Since T € ), for all o € S,,, by Theorem 3.6, a SOD monotone function
F must increase at T with respect to each of the n! directions 7,-1. Clearly, the
result follows setting 7 = o~ 1. O

Example 4.4. For n = 3, there exist 6 different regions 2, that are limited by
the planes z = x, z = y and = = y (see Figure 3(a)). If a function F : [0,1]®> —
[0,1] is SOD (0.7, 0.5, —0.2)-increasing, then F is (0.7,0.5,—0.2), (0.7,—0.2,0.5),
(0.5,0.7,-0.2), (0.5,—0.2,0.7), (~0.2,0.7,0.5) and (—0.2,0.5,0.7)-increasing at
T, for all Z € A, as it is shown in Figure 3(b).

Note that, as a consequence of Remark 3.7, this is not the case for an OD
monotone function.

Additionally, if F' is a SOD -increasing function, then, due to Theorem 2.6,
F is increasing at T along any direction that is a positive linear combination of
all the directions 7 for all 7 € S,,. In other words, for any T € A, F is cone
increasing at T with respect to the cone defined by the convex hull of the set
{Ffr eR" |7 €S,}.

13
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¢) Vector 7 with 71 < 0 and o < 0. d) Vector 7 with 71 > 0 and 2 < 0.

Figure 2: Examples of directions (r1,r2) for ordered and strengthened ordered directional
monotonicity: case a) r1 > 0 and r2 > 0; b) r1 > 0 and r2 < 0; ¢) r1 < 0 and 72 < 0 and d)

r1 >0 and rg > 0.
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Figure 3: (a): Planes z = z (red), z = y (green) and & = y (blue) that limit the 6 regions
Qo for all o € S3. (b): Vector # = (0.7,0.5,—0.2) and its permutations from the point
7 = (0.3,0.3,0.3).

In the 2-dimensional case, if F is a SOD 7 = (ry,r2)-increasing function,
with r; # —rg. Then, F is increasing at T along any direction in between
(r1,72) and (r2,71) (see Figure 4(a)).

Depending on the vector 7 € R™, the number of distinct directions of point-
wise increasingness at a point of A that are determined by the number of per-
mutations is not necessarily as high as n!. Indeed, if 7 has repeated components,
then different permutations m € S, yield identical vectors. In fact, let ¥ € R™
such that there are k < n distinct components in 7. Then, the number of dis-
tinct directions of pointwise increasingness at a point T that are determined by
the number of permutations is k!.

On the other hand, as it can be derived from Figure 3, there exist points
outside the diagonal that satisfy similar properties as those in A. We refer to
the points in the intersection of two or more regions €, which are precisely the
points that have repeated components. In the 3-dimensional case, these points
belong to the planes z = x, z = y and x = y, and are the intersection of at most
two different regions €,. The intersection of 3 or more regions results in A. In
higher dimensions, the intersection of more regions can yield subsets different
to A. However, since for a point x to be in the intersection of two regions 2, it
implies that at least two of the components of x coincide, we reach the following
lemma.

k
Lemma 4.5. Let k < n! and consider Q,,,...,Q,, C [0,1]". If ﬂ Qq, # A,
j=1
then k < n.

With respect to the pointwise directional increasingness of the points in the

15
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intersection of various regions €2,, we have the following result.

Proposition 4.6. Let 0 # 7 € R, F : [0,1]* — [0,1] be a SOD F-increasing

function and let k < n and consider Q,,,...,Qy, C [0,1]". For any element
k
X € ﬂ Qg;, it holds that F is 7_—1-increasing at X for all 1 < j < k.
i
i=1

Remark 4.7. The case of &k = n in Proposition 4.6 recovers the situation of
Proposition 4.3.

Of course, in the conditions of Proposition 4.6, F is cone increasing with
respect to the convex hull of all the vectors 7/ 1.

J
Let us now study a particularity of SOD monotone function that derives
from Proposition 4.6.

Theorem 4.8. Let 0 # 7 € R, F : [0,1]* — [0,1] be a SOD #-increasing
k

function, let k < n and consider Qy,,...,Q0,, C [0,1]". Ifx € ﬂ Qy;, then
j=1
F(x) < F(y) for ally € [0,1]" such that y = x4+ ¢ -1 for some ¢ > 0 and for
J
all 1 < j < k. Moreover, if 7" is such that ¥ -+ = =7 -1 for some 1 <i# j <k
5 i
andy = x4+ ¢, 1 € Qq,, then F(x) = F(y).
J

k

Proof. Let F : [0,1]" — [0,1] be SOD 7-increasing. Let x € ﬂ Q,, and set
j=1

y =X-+cr, o1 € [0,1]™ for ¢ > 0. By Proposition 4.6, dedrly it holds that

F(y) > F(x).

Now, let 1 < i < k be such that 7, o= —7 -1 and y = x + cF, ;1€ Qq,.
Since F' is r-increasing and y € Q,,, by Theorem 3 6, Fis 7 o7t inc reamng aty.
Therefore,

F(x) = F(yf(:FU]fl) :F(y+CFU:1) > F(y).
Hence, F(x) = F(y). O

Theorem 4.8 can be readily visualized in the 2-dimensional case with the
vectors ¥ = (—r,r), whose angle is a = 2T, and ¥ = (r,—r), whose angle
is a = %" (or —=7%). The next two results are consequences of Theorem 4.8,

nevertheless we include their proofs as they help grasping the situation.

Proposition 4.9. Let r > 0 and F be a SOD (r,—r)-increasing function. For

any (v1,72) € [0,1]2, it holds that F(2m,¥m) < F(zy, ), where z,, = %

Proof. Let F be a SOD (r, —r)-increasing function, (z1,z2) € [0,1]? and z,,, =
k2 - As a consequence of Proposition 4.3, F is (r, —r) and (—r,r)-increasing
at Ty, = (T, Tm) € A. We distinguish two cases depending on (z1, z2).

16
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Figure 4: Graphical representation of the different behaviors of SOD 7-increasing functions.
(a): directions in which a SOD (r1,r2)-increasing function increases at a point T € A, with
r1 # —r2. (b): the parallel lines with direction (—r,r).

e Case 1: Let (z1,22) € Q. If weset ¢ = B2 > (, it holds that (2, )+

2r
c(r,—r) = (z1,22) and hence F(xp,, ) < F(z1,22).

o Case2: Let (z1,72) € Q. If weset ¢ = #2571 > 0, it holds that (2, Tm )+
¢(—=r,r) = (z1,22) and hence F (2, Tm) < F(z1,22).

O

From Proposition 4.9, we conclude that if F' is a SOD (r, —r)-increasing
function, with 7 > 0, it holds that F(z) < F(y) for any y = (y1,y2) satisfying
y1+y2 = 2z, i.e., the value at the point of the diagonal is minimum with respect
to the remaining points along the ray (—r,r) (see green lines in Figure 4(b)).

Proposition 4.10. Let r > 0 and F be a SOD (—r,r)-increasing function. For
any (v1,72) € [0,1]2, it holds that F(2m,Tm) = F(z1,T2), where z,, = o 212.

Proof. Let I be a SOD (—r,7)-increasing function, (z1,x2) € [0,1]? and z,,, =
%. By Proposition 4.3, F'is (—r,r) and (r, —r)-increasing at T, = (2, Tm) €
A. We distinguish two cases depending on (1, z2).

e Case 1: Let (z1,22) € . If we set ¢ = #5%2 > 0, it holds that
(21,22) + c(—r,r) = (Tm,xm). Since F is (—r,r) increasing at (z1,z3),
we find that F(x1,22) < F(Zm,,Tm). Similarly, it holds that (z.,,xm) +
c(r,—r) = (z1,x2). Since F is also (r, —r) increasing at (2,,, ., ), we find
that F(2m,, Tm) < F(z1,x2). Therefore, F(z1,22) = F (Xm, Tm)-

e Case 2: Let (x1,22) € Qo. If we set ¢ = #2571 > 0, it holds that
(1, 22) + ¢(r,—r) = (Tm,Tm). Since F is (r, —r) increasing at (z1,z2)
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(note that in Q, o(1) = 2 and o(2) = 1), we find that F(z1,z2) <
F(Zy, T). Similarly, it holds that (2, 2m)+c(—r,7) = (21, 22). Since F
is also (—r,r) increasing at (@, ), we find that F(z,, z,) < F(z1,z2).
Therefore, F(z1,22) = F (2, Tm)-

O

Proposition 4.10 yields that if F' is a SOD (—r,r)-increasing function, with
r > 0, then it holds that F' is (—r,r)-constant at Z, for all T € A, i.e., the
function takes a constant value within the line in the direction (—r,r) (see
green lines in Figure 4(b)).

5. Conclusions

We have introduced the concept of pointwise directional monotonicity, a
local property that has enabled to characterize various global relaxations of
monotonicity defined in the literature. Specifically, we have developed theoret-
ical knowledge about weak, directional, cone, ordered directional and strength-
ened ordered directional monotonicity. We have seen that SOD monotonicity is
more restrictive than OD monotonicity and that the functions that satisfy the
proposed relaxations have certain points in the domain that locally behave dif-
ferently for each condition of monotonicity. We have described these behaviors
from a geometric point of view.

As for future research, on the one hand, we intend to study the discussed
notions of monotonicity for functions defined over a general lattice and analyze
the effect of different order relations for each notion. On the other hand, as
OD monotone functions have yielded good results to detect edges in images, we
have the construction of an edge detector based on SOD monotone functions as
a goal for future research.
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Abstract

In the theory of aggregation, there is a trend towards the relaxation of the axiom of monotonicity and also towards the extension
of the definition to other domains besides real numbers. In this work, we join both approaches by defining the concept of directional
monotonicity for functions that take values in Riesz spaces. Additionally, we adapt this notion in order to work in certain convex
sublattices of a Riesz space, which makes it possible to define the concept of directional monotonicity for functions whose purpose
is to fuse uncertain data coming from type-2 fuzzy sets, fuzzy multisets, n-dimensional fuzzy sets, Atanassov intuitionistic fuzzy
sets and interval-valued fuzzy sets, among others. Focusing on the latter, we characterize directional monotonicity of interval-valued
representable functions in terms of standard directional monotonicity.
© 2019 Elsevier B.V. All rights reserved.

Keywords: Aggregation function; Directional monotonicity; Interval-valued function; Riesz space; Type-2 fuzzy set

1. Introduction

The theory of aggregation functions addresses the problem of obtaining a single number that is representative for
a collection of values. This issue is prevalent in any process that involves working with real data. Before turning
into an independent theory, there had been various works in the literature on the topic of aggregation [20,40,49]. The
first monograph on aggregation functions was published [17] in 2001. Classically, an aggregation function A is a
function defined on the unit hypercube with values in the unit interval that satisfies certain boundary conditions and is
increasing with respect to every argument. This family of functions has been extensively used in different theoretical
and applied fields [29,31,45].

* Corresponding author at: Departamento de Estadistica, Informdtica y Matematicas, Universidad Publica de Navarra, Campus Arrosadia s/n,
31006, Pamplona, Spain.

E-mail addresses: mikel.sesma@unavarra.es (M. Sesma-Sara), mesiar@math.sk (R. Mesiar), bustince @unavarra.es (H. Bustince).

https://doi.org/10.1016/j.£s5.2019.01.019
0165-0114/© 2019 Elsevier B.V. All rights reserved.

Please cite this article in press as: M. Sesma-Sara et al., Weak and directional monotonicity of functions on Riesz spaces to fuse uncertain data,
Fuzzy Sets Syst. (2019), https://doi.org/10.1016/j.f55.2019.01.019




140 Part II. Publications: Published, accepted and submitted works

FSS:7585

2 M. Sesma-Sara et al. / Fuzzy Sets and Systems eee (eeee) soe—eee

Various works about the state-of-the-art of the theory of aggregation functions [30,41] declare that the following
are two of the major trends in the aggregation theory:

1. To relax the monotonicity constraints in the definition of aggregation functions;
2. To extend the concept of aggregation functions to be capable of handling more scales apart from numbers.

The need of relaxing the monotonicity condition was originated due to the existence of functions that are valid to
fuse information but do not qualify as aggregation functions because they violate the monotonicity condition. This is
the case, for example of the Lehmer mean [11]. Consequently, and pursuing the creation of a framework of functions
for fusing data, the notion of weak monotonicity was introduced [52]. This concept was then generalized by directional
monotonicity [15], which studies the monotonicity of a function along a real vector, or a ray, in R”. Directional
monotonicity was established as the new axiom replacing standard monotonicity and this lead to the introduction of
a class of functions resembling aggregation functions but with relaxed monotonicity constrictions [39]. Subsequently,
new notions of monotonicity have arised [7,14,48] and have been applied with success to problems of edge detection
in computer vision [14,47] and fuzzy rule-based classification [37,38].

Regarding the second item, the theory of aggregation has been extended to work with posets [25,35], with graphs
[51], with infinite sequences [42,46] and with intervals [16,22], among others. Furthermore, it is not unusual that there
exists a degree of uncertainty around the data to aggregate (missing inputs, measurement errors, etc.) and therefore
aggregation functions have been extended to work with values coming from structures that model uncertainty. This
is the case of the different extensions of fuzzy sets, there are works in the literature describing how this type of
uncertainty modeling techniques have been successfully applied to real problems, e.g., type-2 fuzzy sets [33,36],
n-dimensional fuzzy sets [24], Atanassov intuitionistic fuzzy sets [21] and interval-valued fuzzy sets [10,12,16],
among others.

In this work we combine both trends in the theory of aggregation, and based on the structure of Riesz spaces, we
provide a framework to define directional monotonicity for functions that handle various types of uncertain data com-
ing from different extensions of fuzzy sets. In particular, we define directional monotonicity for fusing type-2 fuzzy
values, fuzzy multiset and n-dimensional fuzzy values, Atanassov intuitionistic fuzzy values and interval-valued fuzzy
values. We also study the properties of this class of functions and, focusing on the interval-valued setting, we show the
relation between directional monotonicity for interval-valued representable functions and standard directional mono-
tonicity presented in [15]. This relation permits to construct examples belonging to this class of functions on the basis
of two functions defined in [0, 1] and with values in [0, 1]. Additionally, we study the particular case when the di-
rections of increasingness are formed by interval values. We refer to this concept as interval directional monotonicity
(IDM).

This work is organized as follows. In Section 2 we present some preliminary concepts and results in order to make
the work self-contained. In Section 3 we recall the notion of a Riesz space and expound some of the specific instances
of Riesz spaces that we use later in this work. In Section 4 we introduce the concept of directional monotonicity for
functions that take values in a Riesz space, as well as some properties and how this notion can be modified in order to
work in certain sublattices of a Riesz space. In Section 5 we make use of the mentioned sublattices to show how we
can recover the concept of directional monotonicity in order to fuse data that comes from different extensions of fuzzy
sets. In Section 6 we explicitly present the notion of directional monotonicity for interval-valued functions and give
the relation between this notion for representable interval-valued functions and standard directional monotonicity. We
also propose the concept of interval directional monotonicity, IDM, which results from restricting the directions of
increasingness to vectors that are formed with intervals. We finalize this work with some conclusions in Section 7.

2. Preliminaries
2.1. Aggregation functions and directional monotonicity
We recall the definition of aggregation functions [5,18,32].

Definition 2.1. An aggregation function is a function A: [0, 1]" — [0, 1] such that

Please cite this article in press as: M. Sesma-Sara et al., Weak and directional monotonicity of functions on Riesz spaces to fuse uncertain data,
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(i) A(0,...,0)=0;
() A(l,...,1)=1;
(iii) A isincreasing,i.e.,if (x1,...,x,), (V1,..., yn) € [0, 117" such that x; < y; forall 1 <i <n,then A(xy,...,x,) <

A1,y Yn)-
Seeking the relaxation of the monotonicity condition, in [52] the notion of weak monotonicity was introduced.

Definition 2.2 ([52]). Let F : [0, 1] — [0, 1], we say that F is weakly increasing (weakly decreasing), if for all
c>0and x=(x1,...,x,) €[0,1]" such that 0 < x; + ¢ < 1 forall 1 <i <n, it holds that F(x; +c¢,...,x, +¢) >
F(xp,.ooo,xn) (Fxr+c,.oooxp +¢) S F(xp, ..., X))

Weak monotonicity can be seen as monotonicity along the ray 1= (1,...,1) and this concept is generalized by
directional monotonicity in [15].

Definition 2.3 (//5]). Let F : [0, 1]" — [0, 1] and 7 € R", we say that F is F-increasing (decreasing), if for all ¢ > 0
and x € [0, 11" such that x + ¢7 € [0, 11", it holds that F(x + ¢7) > F(x) (F(x+ ¢r) < F(x)).

The relaxation of monotonicity in the definition of aggregation functions by directional monotonicity has led to
good results in fuzzy rule-based classification systems [38,39].

Let us now present two results about directionally monotone functions. The first deals with increasingness along
the convex combination of two different directions.

Theorem 2.4 ([15]). Let 7,5 € R" and a, b > 0 such that a + b > 0 and let us set u = ar + bs. Let x € [0, 11" and
¢ > 0 such that x + cii € [0, 11" and either x + car or x+ cbs € [0, 11". Then, if a function F : [0, 11" — [0, 1] is both
7- and §-increasing, it is also u-increasing.

The second is a characterization of standard monotonicity in terms of directional monotonicity.

Theorem 2.5 ([15]). Letn € N, F : [0, 11" — [0, 1] and {é; _| be the canonical basis of R". Then, the following are
equivalent

(i) F isincreasing;
(ii) F is é;-increasing forall 1 <i <n.

2.2. Interval-valued aggregation functions

We call L(R) the set of closed intervals of the real numbers, i.e., L(R) = {[x, y] | x, y € R, x < y}. The restriction
to the intervals in the unit interval is denoted by L ([0, 1]).

The set of closed intervals L(R) = {[x, y] | x, y € R, x < y} and the half-space K (R) = {(x,y) € R? | x < y} of
R? are isomorphic lattices with respect to the standard partial order of intervals <; defined by

[a,b] <p [c,d]ifand only ifa <cand b <d.

The top and bottom elements of (L([0, 1]), <p) are 1;, =[1, 1] and 0y = [0, 0], respectively.
Thus, we can define the concept of an interval-valued (IV) aggregation function. We denote the product space as
L([0, 1" = L([0, 1]) x ... x L([0, 1]) and the component-wise order in L([0, 1])" by <p».

Definition 2.6. Let A : L([0, 1])* — L([0, 1]). We say that A is an IV aggregation function if it satisfies the following
conditions.

i AQOr,...,0L) =0z;
(i) A(lg, ..., 1) =1p;
(iii) A is increasing with respect to <j,.
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Interval-valued aggregation operators have been, and continue to be, extensively studied both from the theoretic
and applied points of view [6,26,44].

2.3. Fuzzy sets and generalizations

We end the preliminaries section with this subsection about different generalizations of fuzzy sets. We present the
definition of the concepts that are mentioned in this work and some remarks about their relation. The history and main
properties of the different generalizations of fuzzy sets can be found in [13].

Let us start by recalling the concept of a fuzzy set [55].

Definition 2.7. Given a non-empty universe X, a fuzzy set A on X is a function A : X — [0, 1]. Given x € X, the
membership degree of x to the fuzzy set is A(x).

We denote the set of all fuzzy sets over the universe X as FS(X). Fuzzy sets are also known as type-1 fuzzy sets,
due to the ideas presented in [56], where some extensions of fuzzy sets were presented, the so-called type-n fuzzy sets
(T, FS).

Definition 2.8. Given a non-empty universe X and n > 1, a type-n fuzzy set A on X is a function A : X —
T,—1FS([0, 1]).

In other words, a type-n fuzzy set is a fuzzy set in which the membership of the elements are described by a
type-(n — 1) fuzzy set.

Among these extensions, type-2 fuzzy sets have been shown to hold a prominent position as they have been success-
fully applied in diverse fields [19,23]. The membership of an element x € X to a type-2 fuzzy set A is given by a type
one fuzzy set on the universe [0, 1], therefore a type-2 fuzzy set can be identified with an operator A : X — [0, 17011,
where [0, 17101 is the set of functions whose domain and codomain is [0, 1].

An additional generalization of fuzzy sets that we discuss in this work is the so-called fuzzy multisets, which were
introduced by Yager in [53].

Definition 2.9. Let n > 1 and X # #. A fuzzy multiset A on X is a function A : X — [0, 1]".

If in the preceding definition (Definition 2.9), if we refer to the membership of an element x € X by A(x) =
(A1(x),...,Ay(x)) and it holds that Aj(x) <... < A,(x) for all x € X, then we say that A is a n-dimensional fuzzy
set [4]. In the literature one can find an extensive list of works on fuzzy multisets and n-dimensional fuzzy sets and
their application [43].

We address two more extensions of fuzzy sets in this work: Atanassov intuitionistic fuzzy sets (AIFS) [1] and
interval-valued fuzzy sets (IVES) [56]. To define the concept of an AIFS let us first set: D([0, 1]) = {(x, y) € [0, 112
x+y<1}.

Definition 2.10. Given a non-empty universe X, an Atanassov intuitionistic fuzzy set A on X is a function given by
A: X — D([0, 1]). For x € X, we have A(x) = (ua(x),va(x)), where 4 (x) denotes the membership of x to the
AIFS and v4(X) its non-membership.

Finally, the concept of an interval-valued fuzzy set is defined as follows.

Definition 2.11. Given a non-empty universe X, an interval-valued fuzzy set A on X is a function given by A : X —
L([0, 1]).

From a formal point of view, the last two concepts are equivalent, as there exists a one-to-one mapping between
the set of all AIFSs on X, Al FS(X), and the set of all IVFSs on X, IV FS(X) (see [2,28]):

v: IVFS(X) - AIFS(X)
[A,A] — (A 1-A).

Please cite this article in press as: M. Sesma-Sara et al., Weak and directional monotonicity of functions on Riesz spaces to fuse uncertain data,
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Moreover, IVFSs on X are n-dimensional fuzzy sets for n = 2. Hence, all the results for n-dimensional fuzzy
values are valid for intervals in L([0, 1]).

3. Riesz spaces

Although we ultimately aim at interval-valued functions, the theoretical results in this work are developed in a
more general framework of which the set of intervals is a relevant example. In particular, we deal with vector spaces
and we consider vector spaces over R instead of general fields F.

A vector space V endowed with a partial order relation <y is said to be a partially ordered vector space if the order
structure and the vector space structure are compatible, that is, if the following conditions hold for any u, v e V:

1) fu<ywv,thenu+w<yv+wforeveryweV;
(i) If u <y v, then ou <y av for every real o > 0.

Condition (ii) can be equivalently formulated as follows: if u >y Oy, then cu >y Oy for every real o > 0.

We denote the Cartesian product of such spaces as V" =V x ... x V, which is a partially ordered vector
space with respect to the product order <y, which results from considering <y component-wise. Namely, if
v=1,...,0),u= (Uy,...,uy) € V", wesay that v<yn uif v; <y u; for 1 <i <n.

Furthermore, if V with the order relation forms a lattice, then V is said to be a Riesz space (also known as
vector-lattice). Note that, in this case, V" forms a Riesz space as well.

All instances of ordered vector spaces that we mention in this work are in fact Riesz spaces. We provide a brief
description of each in the next example.

Example 3.1. The following are various instances of Riesz spaces.

(1) The real line R with the standard linear order structure and operations is a Riesz space.

(2) The space R" with n > 2 with the component-wise order is also a Riesz space.

(3) The space R? with either the first or the second lexicographical order is a Riesz space.

(4) Let V be the space formed from all real functions defined on a non-empty set X with point-wise addition, scalar
multiplication and order, respectively:

o (f+8)(x)=f(x)+gx),

o (af)(x) =af(x),

o f=vgif f(x) <g(),

for all x € X and « > 0. Thus, V is a Riesz space.

(5) The set C(X) of continuous real functions on a topological space X with the point-wise order and linear operations
is also a Riesz space.

(6) For every 0 < p < o0, the spaces L, spaces of functions whose absolute value to the p-th power is Lebesgue
integrable for 0 < p < oo and the set of all measurable bounded functions when p = oo, are Riesz spaces with
the almost everywhere (a.e.) point-wise order for functions. If p > 1, L, is also a Banach space.

(7) Forevery 0 < p < oo, the sequence spaces £, are Riesz spaces with component-wise order. If p > 1, £, is also a
Banach space.

For more insight about this example and about partially ordered vector spaces and Riesz spaces, see [54].
4. Weak and directional monotonicity in Riesz spaces

Let (V, <y) be a partially ordered vector space over R, and let us denote by 0eV the identity element for addition.
We can define monotonicity for functions whose inputs come from V" and have values in V as follows.

Definition 4.1. Let n € N, (V, <y) be a partially ordered vector space over R. We say that a function F : V" — V is
increasing (decreasing) if for all x, y € V" such that x <y» y it holds that F(x) <y F(y) (F(x) >y F(y)).
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Moreover, we can define directional monotonicity for this class of functions, understanding that the directions are
non-zero vectors from V",

Deﬁnjtion 4.2.1Letn e N, (V, <y) be a partially ordered vector space over R and let v= (vy, ..., v,) € V" such that
v; # 0 for some 1 <i < n. We say that a function F : V" — V is v-increasing (v-decreasing) if for all x € V" and
¢ > 0, it holds that F(x+ cv) >y F(x) (F(x+ cv) <y F(x)). If F is both v-increasing and v-decreasing, we say that
F is v-constant.

Analogously, driven by the concept of weak monotonicity for real valued functions, we propose the concept of
w-weak monotonicity, focusing on a fixed 0 A w e V.

Definition 4.3. Letn € N, (V, <y) be a partially ordered vector space over R and let 0 # w € V. We say that a function
F : V" — V is w-weakly increasing (decreasing) if for all x € V" and ¢ > 0, it holds that F(x + c(w, ..., w)) >y
FX) (Fx+c(w,...,w)) <y F(x)).

Remark 4.4. Note that, in the conditions of Definition 4.3, if u = cw for some real number ¢ > 0, then u-weak
increasingness (u-weak decreasingness) and w-weak increasingness (w-weak decreasingness) coincide. On the other
hand, if ¢ < 0, then u-weak increasingness (u-weak decreasingness) coincides with w-weak decreasingness (w-weak
increasingness). Observe the generalization of the concept of weak monotonicity of real functions introduced in [52]
(see also Definition 2.2). In fact, weak increasingness is just 1-weak increasingness.

4.1. Properties

In this section we discuss some properties of directionally monotone functions in this general setting. These prop-
erties serve as baseline and in the subsequent sections, where we focus on less general domains, we study which ones
still hold true and which do not.

We start with a remark about the directions of increasingness for a function F when the ordered vector space
(V, <y) we consider is in fact a normed space.

Remark 4.5. Given v € V", for a function F : V* — V it is equivalent to be v-increasing and to be kv-increasing for
any positive constant k. Consequently, in the cases when the space V" can be equipped with a norm || - ||, without loss
of generality we can characterize each direction v € V" with the one that satisfies ||v| = 1.

Similarly, the next result shows that it is equivalent for a function F to increase along one direction and to decrease
along the opposite one. Thus, without loss of generality, we can develop our results focusing on increasingness.

Proposition 4.6. Let n € N, (V, <y) be a partially ordered vector space over R and let v € V" such that v; # 6f0r
some 1 <i <n. A function F : V" — V is v-increasing if and only if F is (—v)-decreasing.

Proof. Let F be v-increasing. Let x € V" and ¢ > 0, then
F(x+c(=v)) <y F(x+c(=v) +cv) = F(x),

and therefore F' is (—v)-decreasing. The converse statement follows similarly. 0O

Now, as in the real case with Theorem 2.4, we study whether a function F : V" — V that is v-increasing and
u-increasing is also increasing along a linear combination of v and u.

Theorem 4.7. Let n € N, (V, <y) be a partially ordered vector space over R and let v,u € V" be such that v; # 0
forsome 1 <i <nanduj#0 for some 1 < j <n.Ifa function F : V" — V is v-increasing and u-increasing, then
F is (av 4 bu)-increasing for any a, b > 0.
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Proof. Let F be v- and u-increasing, a, b > 0 and x € V". Then, if ¢ > 0,
F(x+c(av+bu)) >y F(x+cbu) >y F(x),
where the inequalities hold due to the v- and u-increasingness of F, respectively. O

The next two results deal with the directional increasingness of functions that are v-increasing for some v e V".

Proposition 4.8. Let n € N, (V, <y) be a partially ordered vector space over R, v € V" such that v; # (ﬁ)for some
l<i<nand F:V" — V be a v-increasing function. Let ¢ : V — V be an increasing (decreasing) function. Then,
the function ¢ o F is v-increasing (decreasing).

Proof. Let F be v-increasing and ¢ be increasing. Let x € V" and ¢ > 0, then

(o F)(x+cv) =@(F(x+cv)) 2y ¢(F(x)) = (¢ o F)(X).

The case in which ¢ is decreasing is analogous. O

Proposition 4.9. Let n € N, (V, <y) be a partially ordered vector space over R, v € V" such that v; # 6f0r some 1 <

i<nand Fy,..., Fy: V" — V be v-increasing functions. Let A : V¥ — V be an increasing (decreasing) function.
Then, the function A(Fy, ..., Fy) is v-increasing (decreasing).
Proof. Let Fi, ..., F; be v-increasing functions and A be increasing. Let x € V" and ¢ > 0, then

A(Fy, ..., Fip)(x+cv) = A(F1(xX+c¢v),..., Fr(X+cv))
>y A(F] (X), ey Fk(X)) = A(F], . Fk)(X).

The case in which A is decreasing is analogous. O

Finally, as in the case of real functions (Theorem 2.5), we can characterize monotonicity in Riesz spaces in terms
of directional monotonicity. To that end, let us define the set V* = { veVi]iv>y O}.

Theorem 4.10. Let n € N, (V, <v) be a partially ordered vector space over R. A function F : V" — V is increasing
(decreasing) if and only if F is v-increasing (v-decreasing) for every v € (V)" such that v; # 0 for some 1 <i <n.

Proof. Let F be increasing and let x € V. Now, given ¢ > 0 and 0 # v € (V)" it holds that x <y= x + cv. Hence,
since F is increasing, it also is v-increasing.

Conversely, let F be v-increasing for every 0 # v € (V). Let x,y € V" such that x <yx y. Since the case x =y
is straight, we can assume x <yn y. Thus, we set v =y — x. Clearly, v € (V)" and v # 0. Therefore, since F is
v-increasing, it holds that F(x) <y F(y). O

Theorem 4.7 and Theorem 4.10 derive the following result.

Corollary 4.11. Let n € N, (V, <y) be a partially ordered vector space over R. Let B be the set of vectors v €
(V)" that span (V)". Then, a function F 2 V" = V is increasing (decreasing) if and only if F is v-increasing
(v-decreasing) for every v € B such that v; # 0 for some 1 <i <n.

4.2. Restriction of V to an interval sublattice

In this section we study directional monotononicity of functions as in Section 4 but whose domains and codomains
are restricted. Let (V, <y) be a partially ordered vector space over R and let r, s € V such that r <y s, then we set
the following subset of V:

Vi={veV]|r=syvv=ysh (6]
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V! is a sublattice with top and bottom elements s and r, respectively. However, V! is not a vector space and, hence,
the definitions of directional and weak monotonicity for functions F : (V)" — V;° need some adaptations.

Definition 4.12. Let n € N, (V, <y) be a partially ordered vector space over R and set V;’ as in eq. (1). Let v=
(v1,...,v,) € V" such that v; 766 for some 1 <i < n. We say that a function F : (V)" — V? is v-increasing
(v-decreasing) if for all x € (V)" and ¢ > 0 such that x+cv € (V#)", it holds that F (x+c¢v) >y F(x) (F(x+cv) <y
F(x)). If F is both v-increasing and v-decreasing, we say that F is v-constant.

Note that the direction v does not necessarily belong to the restricted set (V,*)", but to the original vector space
V. We allow the directions to exit the restricted space and we require the condition of monotonicity to the points
x € (V)" such that x + cv € (V;*)". This resembles the original case ([15]), where directional monotonicity is studied
for functions F : [0, 1]" — [0, 1] and the directions of increasingness belong to the more general R”.

Definition 4.13. Let n € N, (V, <y) be a partially ordered vector space over R, V as in eq. (1) and let 0 FwelV.
We say that a function F : (V)" — V is w-weakly increasing (decreasing) if for all x € (V;*)"" and ¢ > 0 such that
X+ c(w,...,w) e (V)" itholds that F(x+c(w,...,w)) >y FX) (Fx+c(w,...,w)) <y F(x)).

Real functions defined on a Cartesian product of a closed real interval with itself and taking values in the same
interval are an example of the functions described in this section. In particular, aggregation functions can be seen
as a particular case. Recall that an aggregation function is defined as f : [0, 1]* — [0, 1] such that f(0,...,0) =0,
f(,....,1)=1and f is increasing with respect to each component. Therefore, it suffices to set V: =[0, 1] as a
subset of V =R and we recover the notion of directional monotonicity introduced in [15].

In relation to the properties that this class of functions satisfy, all the properties studied in Section 4.1 hold similarly
for functions defined in V;® taking Definition 4.12 into account. The only result that needs an additional assumption is
Theorem 4.7 and the new formulation is as follows.

Theorem 4.14. Let n € N, (V, <v) be a partially ordered vector space over R, let V! be as in eq. (1), let a, b > 0 and
v,u € V" such that v; # (%)forsome I<i<nandu;# 6f0r some 1 < j < n. Assume that for allx € (V)" and ¢ > 0
such that X + c(av + bu) € (V5)", then X+ cav € (V)" or X+ cbu € (V?)". Thus, if a function F : (V)" — V7' is
v-increasing and u-increasing, then F is (av + bu)-increasing.

4.3. Restriction of V to a convex cone

In this section we introduce the concepts of weak and directional monotonicity for functions that take values on
a convex cone C of a Riesz space V. Note that the notions presented in this section are not a particular case of the
developments in Section 4 since a convex cone C is not a vector space due to the non existence of an inverse for the
addition in general.

Definition 4.15. Let V be a vector space over R. We say that a subset C C V is a cone if for every x € C and a > 0 it
holds that ax € C. A cone C is a convex cone if for all a, b > 0 and x, y € C, it holds that ax + by € C.

Let us point out that the set of closed real intervals L(R) can be seen as a convex cone of the vector space R? and
that, indeed, there does not exist an inverse for the addition in general: [2, 3] —[2,4] =[0, —1] ¢ L(R).

‘We now present the concepts of usual, directional and weak monotonicity for functions that take values on a convex
cone C. These notions are also valid for interval-valued functions setting C = L(R).

Definition 4.16. Let n € N, (V, <y) be a partially ordered vector space over R and let C C V be a convex cone.
We say that a function F : C" — C is increasing (decreasing) if for all x,y € C” such that x <y y it holds that
Fx) =y F(y) (F(x) 2y F(y)).

Definition 4.17. Letn e N, (V, <y) be a Partially ordered vector space over R and let C C V be a convex cone and
let v=(vy,...,v,) € V" such that v; # 0 for some 1 <i < n. We say that a function F : C" — C is v-increasing
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(v-decreasing) if for all x € C" and ¢ > 0 such that x+cv € C", it holds that F(x+cv) >y F(X) (F(x+cv) <y F(x)).
If F is both v-increasing and v-decreasing, we say that F' is v-constant.

Definition 4.18. Let n € N, (V, <y) be a partially ordered vector space over R and let C C V be a convex cone and
let 0 = v € V. We say that a function F : C" — C is v-weakly increasing (decreasing) if for all x € C" and ¢ > 0 such
that x4+ ¢(v, ..., v) € C", it holds that F(x 4+ c(v,...,v)) >y F(X) (FX+c(v,...,v)) <y F(X)).

The restriction of V to a cone C has not great impact in the properties studied in Section 4.1, all the properties
hold for functions F : C" — C with minor adjustments. Note that although a convex cone C loses the vector space
structure, it still is closed under convex combinations, and hence the adaptation of Theorem 4.7 for this framework
is straightforward. This is relevant because the mentioned property is meaningful in the setting of directional mono-
tonicity. In particular, for the interval-valued case with C = L(R) and V = RZ.

5. Directional monotonicity of functions to fuse data from different fuzzy settings

In this section we present some prominent particular cases of the theoretical developments of Section 4. We show
that functions to fuse data from different fuzzy settings can be seen as either an interval sublattice or a convex cone
of some of the Riesz spaces V presented in Example 3.1. Concretely, we study the cases of type-2 fuzzy sets, fuzzy
multisets, n-dimensional fuzzy sets, interval-valued fuzzy sets and Atanassov intuitionistic fuzzy sets.

5.1. Type-2 fuzzy values

Let us set V as in Example 3.1 (4), the set of all real functions defined in a set X, and let X = [0, 1]. Thus, V with
the point-wise order is a Riesz space.

Now, let fo, f1:[0, 1] — R be the functions given by fo(x) =0 and fj(x) =1 for all x € [0, 1], respectively. If
fi

0
V]; ', and due to the definition of the point-wise order, no other function belongs to that subset. Therefore, we can see

we consider the interval sublattice V', we obtain that all the functions defined in [0, 1] with values in [0, 1] belong to

V]; ! as [0, ]][0'” and, hence, from Section 4.2 we can retrieve a definition and properties of directional monotonicity
for type-2 fuzzy valued functions.

5.2. Fuzzy multiset values and n-dimensional fuzzy values

Since [0, 1]" can be seen as an interval sublattice of the Riesz space R”, the developments in Section 4.2 are
applicable to functions that are intended to fuse information coming from fuzzy multisets.
For the case of n-dimensional fuzzy sets, the set of n-dimensional fuzzy values is given by

Ly={(x1,....x) €eR"[0<x <...<x, <1}. (2)

Clearly, L, is the intersection of the interval sublattice [0, 1]" of the Riesz space R” and the convex cone {(x1, ..., x;) |
x1 <...<x,} of the same Riesz space R". Therefore, we can take into account the adaptations in the definitions and
properties of directional monotonicity in Sections 4.2 and 4.3, to define directional monotonicity for n-dimensional
fuzzy valued functions.

5.3. Interval-valued fuzzy values and Atanassov intuitionistic fuzzy values

Since interval-valued fuzzy sets are a particular instance of n-dimensional fuzzy sets for n =2, and since IVFSs
and AIFSs are formally equivalent, the points made in the preceding subsection are also valid for interval-valued and
Atanassov intuitionistic fuzzy sets.

However, in the following section of this work we study further the particular case of interval-valued functions,
for intervals in L([0, 1]) (as is the case of interval-valued fuzzy values), giving explicit definitions, examples and
properties.
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Note that although we focus on functions defined and with values in L([0, 1]), the developments in Section 4.3
generalize the concept of directional monotonicity for functions defined in L(R) as well, since L(R) can be seen
as a convex cone of the vector space R2. Indeed, it is isomorphic to the set K (R) C R2, which is a half-space as
K(R) ={(x,y) € R? | y — x > 0}, and therefore K (R) is a convex cone of R2.

6. Weak and directional monotonicity on the interval-valued setting
6.1. Restriction to intervals in L([0, 1])

In this subsection we present explicit definitions for interval-valued functions that are defined over L([0, 1]), as
they are recurrent in both theoretic and applied works in the literature [10,12,16]. This type of functions can be seen
as the result of restricting the former space V to be the intersection of an interval sublattice and a convex cone, as
in Sections 4.2 and 4.3, respectively. Note that these developments are equivalent for the case of any other closed
interval, i.e., they are equivalent for L([a, b]).

We now present the explicit definitions for standard, directional and weak monotonicity for functions that take
values on L([0, 1]).

Definition 6.1. Let n € N. We say that a function F : L([0, 1])" — L([0, 1]) is increasing (decreasing) if for all
X,y € L([0, 1])"* such that x <;» y it holds that F(x) <; F(y) (F(X) > F(y)).

Definition 6.2. Let n € N and let v = (a1, b1, ..., an, by) € (R?" such that (a;, b;) # 0 for some 1 <1i <n.We say
that a function F : L([0, 1])" — L([0, 1]) is v-increasing (v-decreasing) if for all x € L([0, 1])"* and ¢ > O such that
x+cv e L([0, 1])", itholds that F(x+cv) > F(x) (F(x+cv) <y, F(x)).If F is both v-increasing and v-decreasing,
we say that F is v-constant.

Definition 6.3. Let n € N and let 0 # (a, b) € RZ. We say that a function F : L([0, 1])" — L([0, 1]) is (a, b)-weakly
increasing (decreasing) if for all x € L([0, 1) and ¢ > 0 such that X + c(a, b, ..., a, b) € (R?)", it holds that F(x +
cla,b,....a,b)) > FX) (F(x+c(a,b,...,a,b)) < F(x)).

Example 6.4. The following are two examples of interval-valued functions and their directions of increasingness in
terms of some parameters.

(1) Let F: L([0, 1) — L([O0, 1]) be a function given by

_ _ X1+x2 | [/Xx1+X X[+x2
F([ﬂvxl]a[xl,x2])=|:7277m1n(72 , 2*>]-

Then, given a, b € R, F is (a, b)-weakly increasing if and only if a > O and a+b > 0, ora = 0 and b > 0. Indeed,
it follows the fact that, given ¢ > 0,

+b
F(([x1, X1, [x2, %2]) + c(a, b, a, b)) = F([x1, X1, [x2, ¥2]) + ¢ [a, = > ] .

(2) Let A €]0, 1[ and let Ly : [0, 1]*> — [0, 1] be the weighted Lehmer mean [15], which is given (with the convention
3 =0) by
Ax2 4+ (1= n)y?
Ly(x,y)= A
Ax+(1—=A)y
Let F : L([0, 11)2 — L([0, 1]) be a function given by

1
F([x1,x1], [x2, %2]) = |:§Lk(x_h x2), Ly (%7, E)] ,

(with the convention (9) =0). F is a well-defined because %Lk(x, y) < L;(z,t) forall x,y,z,t €0, 1] such that
x<zandy<t.
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We show in the following subsection that the function F is ((1 — A, 1 — 1), (A, A))-increasing. In fact, it only
increases along that particular direction (up to positive scalar multiplication).

The next result is an adaptation of Theorem 2.5 for the interval-valued case and succeeds to characterize regular
monotonicity for interval-valued functions with respect to the partial order <; . In it, we make use of the canonical
basis of (R?)", i.e., the set of vectors {ei}l.zil. In the case of n = 2, the vectors of the canonical basis of (R%)? are the

following:

er =((1,0),(0,0)); e2=((0,1),(0,0));
e3=((0,0), (1,0)); €4 =((0,0), (0, 1)).

Theorem 6.5. Let n € N, let <y be the partial order on L([0, 1]), let F : L([0, 1])" — L([0, 1]) and let {ei}%il be the
canonical basis of (R*)". Then, F is increasing if and only if F is e;-increasing for all 1 <i < 2n.

Proof. Let F be increasing with respect to <y and let x = ([x1, X1], ..., [xs, X;]) € L([0, 1])"*. Now, given ¢ > 0
such that x + ce; € L([0, 1])", it is straight to check that x <1 x + ce;. Hence, the increasingness of F ensures
e;-increasingness.

Conversely, let F' be e;-increasing for all 1 <i < 2n. Let x,y € L([0, 1])"* such that [x;,x;] <r, [y;, ;] for all
1 <i < n. From the definition of <, it follows that x; < y; and x; <7y; forall ] <i <n and, hence, for each i there
exist a;, b; > 0 with a; + b; > 0 such that [y;, yi] = [E, X1+ ai(1,0) 4+ b; (0, 1). Consequently,

n n
y=x+ Za,-ez,'q + ZbieZia
i=1 i=1

and by the straight adaptation of Theorem 4.14 for L([0, 1]), it holds that F is v-increasing for v = Z;’:l a;ex_1 +
Z;‘:] b;iey;. Hence, F(x) <y F(y). O

6.2. Representable interval-valued functions

In this subsection we focus on the special class of IV functions F : L([0, 1])" — L([0, 1]) that verifies

Fx) = F(lxi, X1l o [, 5D = LF (s -0 X)), 8GR - X)), (€)

for some functions f, g : [0, 1]" — [0, 1] such that f(xy,...,x,) <g(1,..., yu) Whenever x; <y; forall | <i <n.
This type of interval-valued functions are said to be representable [27].

Note that Example 6.4 brings an example of a non-representable function (see item (1)) and an example of a
representable function (see item (2)).

Theorem 6.6. Ler F : L([0, 1]1)* — L([0, 1]) be an interval-valued function satisfying eq. (3) for some functions
Z',g : [0, 17" — [0, 1] such that f(xl,...,xnﬁ) <Oty ) if xi <yifor 1 <i<n.Leta=ay,...,a,) and
b= (by,...,b,) €eR" be vectors suchthata, b # (0, ...,0). Then, F is ((ay, b1), ..., (an, by))-increasing if and only
if f is a-increasing and g is b-increasing.

Proof. Let F satisfy eq. (3) for f, g : [0, 1]" — [0, 1] such that they satisfy f(xq,...,x,) < g1, ..., ) if x; < yi
for 1 <i <n and assume that F is ((ay,b1), ..., (a,, by))-increasing. Let us now show that f is d-increasing. Let
(x1,...,Xxy) €[0,1]" and ¢ > O such that (xy, ..., x,) + ca € [0, 1]". We can find yy, ..., y, € [0, 1] such that x; < y;
forall 1 <i <n and such that

T, 1o Lo, D) + ¢ (a1, D), - (an, by)) € L0, 1D".

Now, since F is ((a1, b1), ..., (an, by))-increasing, it follows that f£((x1,...,%,) +cd) > f(x1,...,x,) and, hence,
f is a-increasing. Similarly, it can be shown that g is b-increasing.

For the converse, let f and g be a- and b-increasing, respectively. Let x € L([0, 1])" and ¢ > 0 such that x +
c((ar,by), ..., (an, by)) € L([0, 1])". Then,
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F(x+c((ai,b1), ..., (@an, by))) = F([x1,x1]1 + c(ai, b1), . .., [xn, Xn] + c(@n, bn))
=[f(x1+car, ..., xq +can), g&x1+cbi, ..., %, 4 cby)]
=[f((x1, -+ Xn) +€d), (T, - .., To) +cb)]
>r [ (XL - e x0))s (T, - X))
=F(x),

and, hence, F is ((a1, b1), ..., (an, by))-increasing. O

As a direct consequence, we have the following corollary. Let us fix the notation D1 (F) to denote the set of
vectors along which the function F is directionally increasing. Of course, D? is a subset of the Riesz space where
the directions of F are defined. In the case of an interval-valued function F : L([0, 1])" — L([0, 1]), it holds that
DN (F) c R)".

Corollary 6.7. Let F : L([0, 1])* — L([0, 1]) be an interval-valued function satisfying eq. (3) for some functions
f,g:10,11" — [0, 1] such that f(x1,...,%,) <gW1,.., ) if xi < y; for 1 <i <n. Then, it holds that

DNF) = {(@1.b), ... @ b)) € ®Y" |G €D (f) and b e D' (9)}

Consequently, one can define many instances of functions F that increase along some direction. Indeed, Theo-
rem 6.6 shows that in the case of representable functions, the study of directions in which a function F is increasing
(decreasing) is reduced to the study of directional monotonicity of component functions f and g. In particular,
the function based on the weighted Lehmer mean in Example 6.4 item (2) increases only along the direction
((1 = A, 1 —2x), (A, 1)) because the weighted Lehmer mean L, is only directionally increasing with respect to the
vector (1 — X, 1), up to positive scalar multiplication.

In a similar manner, we can construct other instances of functions F and characterize the set of vectors along which
it increases.

Example 6.8. Let F : L([0, 1])* — L([0, 1]) be a function given by

1 n
F(lxi, 1], -y [xn, Xul) = [min(ﬂ,...,x_n),;Zx_i}.
i=1

Clearly, F is a well-defined representable interval-valued function and following the notation in eq. (3), the function
f in this case is the minimum ( f = min) and the function g is the arithmetic mean (g = AM).
Now, these are the set of directions for which the minimum and the arithmetic mean are increasing:

DYmin)={F=(r1,...,rp) | ri >0forall 1 <i <n},
n
DhAM) = {7:(r1,...,rn) 1> ri zo}.
i=1
Therefore, by Corollary 6.7, the set of directions along which the function F is the following.
n
DI(F) = {((al, b1). ... (an, by)) € R?)" |@; > Oforall 1 <i <n, and Y b; > o} )

i=1

For example, one of the directions of increasingness for n =2 is ((1, 1), (0, —1)).

Interested readers can find numerous examples of directionally monotone functions in [7-9,15,52], which enable
to construct directionally monotone representable IV functions.

A remarkable example of such an IV function is the interval-valued Choquet integral, as it has been proved to be
useful in diverse applications [34].
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Example 6.9. Let X ={1,...,n} and m:2X — [0,1] be a fuzzy measure (see [50]). The discrete Choquet integral
Cp 2 [0, 17" — [0, 1] is defined as:

n
Cn(x1s s xn) =Y Xy (o (@), ...,om}) —m({oG +1),...,0m))),
i=1
where o : {1,...,n} — {l,...,n} is a permutation such that x;(;) < ... < x5(») and, by convention, {Xg@+1),
Xom)} = 9.
The set of vectors for which C,, directionally increases was characterized in [15]:

n
DNCp) = {(rl, ) €RMIY rim((o @), oD —m({o +1),... 0 (m}) > 0forall o € Sn} :
i=1
where S, denotes the set of all permutations of n elements.

The definition of the discrete IV Choquet integral follows Auman’s approach to define integrals for set-valued
functions [3]. The discrete IV Choquet integral C,, : L([0, 1])" — L([0, 1]) is given by

Cm([x_lvﬂ]’a [x_n,ﬁ]): [Cm(x_la,x_n)v Cm(ﬁvvﬁ)]

Therefore, by Corollary 6.7, it holds that

DYNC,) = {((al,bl),...,wn, bn)) € R?)" |

Za;(m({a(i), oM —m{o@+1),...,0(m}) =0and

i=1

Zb,—(m({a(i), o) —m{oc@+1),...,0n)})) >0, forallo €S,
i=1

6.3. Particular case: interval directions

In this section we study the particular case of directional monotonicity for functions F : L([0, 1])* — L([0, 1])
that increase along a direction formed by intervals, i.e., the cases in which such function F is v-increasing for v =
([a1, b1, .., [an, by]) € L(R)" (as opposed to v € (R%)™). We refer to this notion as interval directional monotonicity
(IDM).

Definition 6.10. Let n € Nandletv= ([ay, b1], ..., [a,, by]) € L(R)" such that [a;, b;] # Oy, forall 1 <i <n.Wesay
that a function F : L([0, 1])" — L([0, 1]) is IDM v-increasing (IDM v-decreasing) if for all x € L([0, 1])" and ¢ > 0
such that x + cv € L([0, 1])", it holds that F(x + ¢v) > F(x) (F(x+ ¢cv) <p F(x)). If F is both IDM v-increasing
and IDM v-decreasing, we say that F is IDM v-constant.

The restriction of the possible directions of increasingness from (R%)" to L(R)" has an impact in the properties
studied in Section 4.1. However, all properties hold for functions F : L([0, 1])* — L([0, 1]) for which the vectors of
increasingness belong in L([0, 1])", with the exception of Proposition 4.6, which deals with the inverse of addition.
Note that there is no inverse of addition defined on L ([0, 1])"*. The remaining properties of Section 4.1 hold similarly
taking into account this new restriction.

Theorem 6.6 in Section 6.2 on representable interval-valued functions is also valid for IDM with some minor
modifications. Theorem 6.6 is adapted as follows.

Theorem 6.11. Let F : L(R)" — L(R) be an interval-valued function satisfying eq. (3) for some functions f, g :
R" — R such that .f(xl,,..ixn) <gO, ...,y ifxi<yiforl <i<n.Leta=(ai,...,a,)andb=(by,...,b,) €
R" be vectors such that a,b # (0, ... ,ﬁO) and a; < b; for 1 <i <n. Then, F is ([a1,b1], ..., [an, by])-increasing if
and only if f is d-increasing and g is b-increasing.

Please cite this article in press as: M. Sesma-Sara et al., Weak and directional monotonicity of functions on Riesz spaces to fuse uncertain data,
Fuzzy Sets Syst. (2019), https://doi.org/10.1016/j.fs5.2019.01.019




152 Part II. Publications: Published, accepted and submitted works

FSS:7585

14 M. Sesma-Sara et al. / Fuzzy Sets and Systems eee (e0ee) cee—see

With respect to finding a characterization of regular monotonicity in terms of IDM increasing functions, as in
Theorem 6.5, note that in the conditions of Theorem 6.5 vectors ep;—; ¢ L(R)" and hence it is not possible to find a
characterization because the composition of vectors in L(R)" is not sufficient to reach every pointy € L([0, 1])" from
a given point x € L([0, 1])"*. Consequently, even if a function is IDM increasing for every possible direction, it need
not be increasing. This fact is stated in the following remark.

Remark 6.12. A function F : L([0, 1])* — L([0, 1]) is not necessarily increasing even though F is IDM v-increasing
for all ve L(R)".
Indeed, let

xo = ([0.2,0.51, 0,01, ...,[0,0]) € L([0, 1])",
yo = ([0.4,0.5], 0,01, ...,[0,0]) € L([0, 1])".

Clearly, [0.2, 0.5] <7, [0.4, 0.5]. However, it does not necessarily hold that F'(xg) <; F(yo) because there do not exist
a constant ¢ > 0 and a vector v € L(R)" such that yo = x¢ + cVv.
For example, let us define a function F : L([0, 1])" — L([0, 1]) in the following way

F(Let, 51, - [ X ]) = (37 — 20, %7 — x4 ].

It is straight to check that F is well-defined. Let us now consider an arbitrary direction v = ([ay, b1], ..., [a,, by]) €
L(R)". Now, for ¢ > 0 it holds that

F((x1, xtl, .., [xp, XD+ cv) = [X1 + b1 —x1 —a1, X1 + b1 — x1 —ail
=[x —x1+bi —a,x1 —x1+b1 —ail
> F(lx1, %], [, XD,

because the fact that v e L(R)" implies that b; — a; > 0. Therefore, F is IDM v-increasing for all v e L(R)".
However,

F(x0) =1[0.3,0.3] > [0.1,0.1] = F(yo),

and hence, F is not increasing.

Nevertheless, although it is not possible to find a characterization of regular monotonicity, we are able to find a
partial result.

Proposition 6.13. Let n € N, let <1 be the partial order. If F is increasing, then F is IDM v-increasing for all
ve L0, 1])".

Proof. Let x = ([x1,X1], ..., [Xs, ¥]) € L([0, 1])". Now, given ¢ > 0 such that x + cv € L([0, 1])", it is straight
to check that x <; x 4 cv because the fact that v € L([0, 1])"” implies that we are adding positive valued to every
component. Hence, the increasingness of F' ensures v-increasingness. 0O

7. Conclusions

Based on the concept of Riesz spaces, we have proposed a framework to handle uncertain data originating from
different extensions of fuzzy sets, such as type-2 fuzzy sets, fuzzy multisets, n-dimensional fuzzy sets, Atanassov
intuitionistic fuzzy sets and interval-valued fuzzy sets. We have introduced the concept of directional monotonicity
for functions that handle this sort of uncertainty, combining two of the tendencies in the research on aggregation
theory, the relaxation of the monotonicity condition and the extension of the domain. Moreover, we have studied in
depth this concept for the particular case of interval-valued functions and we have characterized it in terms of standard
directional monotonicity for functions that take values in the unit interval. Thus, we have provided a tool to construct
such functions.

As a goal for future research, we intend to study the class of interval-valued directionally monotone functions to
see whether they produce as good results as standard directionally monotone functions in classification problems.
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study the properties that matrix resemblance functions satisfy, which suggest that this
class of functions is an appropriate tool for comparing images. Hence, we present a com-
parison method for grayscale images whose result is a new image, which enables to locate
the areas where both images are equally similar or dissimilar. Additionally, we propose
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Matrix resemblance functions some applications in which this comparison method can be used, such as defect detection
Restricted equivalence functions in industrial manufacturing processes and video motion detection and object tracking.
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1. Introduction

Measuring how similar or dissimilar two images are is a problem that is far from being closed. There exist many instances
of similarity measures and indices [1-3], however there is no standard measure for comparing two images. Moreover, most
techniques perform a pixel-wise comparison, which does not take into account the impact that the surrounding of a pixel
has when deciding whether the images that are being compared are more or less similar. Another problem with the usual
comparison methods is that the result is usually given by a number, which need not be representative in many cases.

Many industrial processes make use of image comparison techniques to guarantee certain quality standards. For instance,
in the manufacturing process of printed circuit boards (PCB), all the products are compared with an image of an ideal
PCB in order to detect any potential defect (see [4]). Another example of the usage of image comparison techniques is
video motion detection. It is possible to detect objects that are moving in a video by adequately comparing its frames.
Similarly, image comparison is also used for tamper detection as in [5]. All these instances of possible applications for
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image comparison techniques perform better when the information from the neighbourhoods of pixels is taken into account
and they especially benefit from the result of the comparison being a new image.

In order to address these problems, in this work we present a method to compare images, but instead of carrying out
a comparison pixel by pixel, we compare neighbourhoods of pixels, i.e., sets consisting of a central pixel and the ones that
are adjacent to it. Thus, we include in the comparison the information that can be retrieved from the neighbourhood of
each pixel, rather than considering just the pixel itself. Moreover, to avoid representing the difference with a number, the
result of the method presented in this paper provides a new image for an outcome, which we call comparison image.

To develop a comparison method that preserves the aforementioned features we define a class of functions, the class
of matrix resemblance functions, that are adequate to carry out a comparison between the neighbourhoods of two pixels,
which ultimately are nothing other than matrices. Along with the definition, we present two different construction methods
for this kind of functions. The first one is based on restricted equivalence functions [6] and the second one on inclusion
grades [7,8]. Since our aim is to present a comparison method, we also study some properties that are usually demanded
to comparison methods in order to be proper similarity measures (see [2,3,6]).

The structure of the paper is as follows: first, we present some preliminary concepts that help making the paper
self-contained. In Section 3 the concept of matrix resemblance function is introduced, and in Section 4 two construction
methods and some examples are presented. Section 5 exhibits the relation between matrix resemblance function and the
erosion operator from fuzzy mathematical morphology. In Section 6, a summary of the properties that image comparison
measures ought to satisfy is presented and the conditions under which matrix resemblance functions fulfil them are shown.
In Section 7, we present a study of the particular cases where in the construction of matrix resemblance functions an
aggregation function and a n-dimensional overlap function are used. In Section 8 an algorithm to compare images based
on matrix resemblance functions is introduced and in Section 9 some illustrative examples of this image comparison
method are presented. In Section 10 we include three fields in which our algorithm could be applied: tamper detection,
defect detection in PCB manufacturing processes and a method to compare videos which can be applied to object motion
detection and tracking.

2. Preliminaries

A fuzzy set A on a universe X#¢ is a mapping A : X — [0, 1]. Given a point x € X, A(x) refers to the membership degree
of the point x in the fuzzy set A. In the case of grayscale images, X would be the set of pixels and .A(x) the intensity of the
pixel x.

We consider the neighbourhood of a pixel to be a square set of pixels that are surrounding the central one, so they can be
thought of as square matrices with values in the unit interval. We denote the set of this kind of n x n matrices by My([0, 1]).

A fuzzy negation is a generalization of the negation in classical logic.

Definition 2.1. A function c: [0, 1] — [0, 1] is called a fuzzy negation if c(0) =1, c(1) = 0 and c is decreasing. Additionally,
c is said to be strict if it is continuous and strictly decreasing. A negation c is called strong negation if it is involutive, i.e.,
c(c(x)) =x for all xe[0, 1].

Example 2.2. The function c;: [0, 1]— [0, 1] given by c¢,(x) = 1 —x is a strong negation. It was given by Zadeh in [9].

Denoting FS(X) the set of all fuzzy sets defined on the universe X# 9, if A € FS(X), we call c-complement of A to the
fuzzy set given by the membership function A¢(x) = c(A(x)), where c is a fuzzy negation.

A restricted equivalence function [6], or a REF, is a function that enables a comparison between two numbers in the
unit interval.

Definition 2.3. Let c be a strong negation. A function REF: [0, 1]2 — [0, 1] is called a restricted equivalence function with
respect to c if it satisfies the following conditions:

(REF1) REF(x,y) = REF(y,x) for all x, y[0, 1];

(REF2) REF(x,y) =1 if and only if x = y;

(REF3) REF(x,y) = 0 if and only if {x,y} = {0, 1};

(REF4) REF (x,y) = REF(c(x), c(y)) for all x, y€[0, 1];

(REF5) For all %, y, ze [0, 1], if x <y <z, then REF(x, y)> REF(x, z) and REF(y, z) > REF(x, z).

Example 2.4. REF(x,y) = 1 — |x —y| is a restricted equivalence function with respect to the strong negation c;.
An implication operator is a generalization of the implication in classical logic. It is defined as follows:
Definition 2.5. A function I: [0, 1]> — [0, 1] is called implication operator if it satisfies the following conditions:
(I1) If x<z, then I(x, y)>1(z, y) for all ye [0, 1];
(12) If y <t, then I(x, y) <I(x, t) for all xe[0, 1];
(13) 1(0,x) = 1 for all xe|0, 1];

(14) I(x,1) =1 for all xe [0, 1];
(15) I(1,0) = 0.
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The following are some additional conditions that are frequently demanded to implication operators:

) I(1,x) =x for all xe [0, 1];

VI 1y, 2)) =1y, (x,2));

)I(x,y) =1 if and only if x<y;

) I(x,0) = c(x) is a strong negation;

10) I(x, y) =y

) I(x,x) =1;

112) I(x,y) = I(c(y), c(x)) with c a strong negation;
113) I is a continuous function.

16
17
18
19
[

Example 2.6. The function I;(x,y) = min(1,1—x+y) is called the Lukasiewicz implication and it satisfies all conditions
(I11)-(113) when considering ¢, as strong negation. Conversely, a function that satisfies (I1)-(113) for a strong negation
¢, is an isomorphic transformation of I, such that the related isomorphism ¢ generates the strong negation ¢ as c(x) =
@11 - () (see [6]).

A fuzzy inclusion grade, inclusion degree, or subsethood measure [8,10,11], is a function that indicates how included
a fuzzy set is in another. There are three main axiomatizations for this concept; the one given by Kitainik [12] in 1987,
the one by Sinha and Dougherty [7] in 1993, and the one by Young [13] in 1996. In 1999, Fan et al. [14] made some
modifications to Young’s axioms. We have chosen the axiomatization given by Sinha and Dougherty due to the fact that the
second axiom allows to link this work to fuzzy mathematical morphology.

Given two fuzzy sets A, B e FS(X), we set the fuzzy sets Av B e FS(X) and AABeFS(X), given by (AvB)(x) =
max(A(x), B(x)) and (A A B)(x) = min(A(x), B(x)) for all x X, respectively.

Definition 2.7. A function o: FS(X) x FS(X)— [0, 1] is called an inclusion grade in the sense of Sinha and Dougherty if it
satisfies the following axioms:

(IG1) o (A, B) =1 if and only if A < B in Zadeh’s sense’;

(IG2) o (A, B) = 0 if and only if there exists x; such that A(x;) =1 and B(x;) = 0;

(IG3) If B<(, then 0 (A, B) <o (A,C) for all AeFS(X);

(IG4) If B<C, then 0 (C, A) <o (B, A) for all AeFS(X);

(IG5) 0 (A, B) = o ((A), m(B)), considering w a permutation of the elements of X and denoting 7 (A) and 7 (B) the
sets in which the membership degrees are permuted by 7, i.e., 7 (A)(x) = A(T (X));

1G6) 0 (A, B) = 0 (B¢, Ac), where c is a strong negation;

IG7) o (BVv(C, A) =min (0 (B, A),o(C, A)) for all A, B,C e FS(X);

IG8) 0 (A, BAC) =min (0 (A, B),0(A,0C)) for all A,B,C e FS(X);

1G9) 0 (A, BV C) > max (0 (A, B),o (A, C)) for all A, B,C e FS(X).

Subsequently, Burillo et al. [15] proved (IG3) and (IG9) to be equivalent.

Example 2.8. Let X+ be finite. The function o: FS(X) x FS(X)— [0, 1] given by o (A4, B) = ir}f{IL(A(x), B(x))} is an inclusion
grade in the sense of Sinha and Dougherty.

Let us recall the definition of a n-ary aggregation function, i.e., an aggregation function with n arguments.
Definition 2.9. A n-ary aggregation function is a mapping f: [0, 1]" — [0, 1] such that

(i) f(,..., 0) =0,
(ii) f(1,...,1)=1, and
(iii) f is increasing with respect to each component.

3. Matrix resemblance functions
3.1. Definition

Neighbourhoods of pixels can be represented as square matrices, so in order to compare them, matrix comparison
techniques are needed. Hence the following definition.

Definition 3.1. A function W : M, ([0, 1]) x M, ([0, 1]) — [0, 1] is called a matrix resemblance function if it satisfies the
following properties:

(MRF1) W(A,B) =1 if and only if A =B;

1 A fuzzy set A in a universe X is included in another fuzzy set B of the same universe in Zadeh'’s sense if and only if A(x) < B(x) for every xeX.
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(MRF2) W (A, B) = 0 if and only if there exist i and j such that {a;;, b;;} = {0, 1};
(MRE3) W (A, B) = W (B, A) for all A, B € My([0, 1]).

Example 3.2. The function W (A, B) = 1‘[',-’:1 (1 - (a;j — b,-j)z) is a matrix resemblance function.
j=1

The first and third conditions of the definition of matrix resemblance functions are readily justified as they are natural
for a matrix comparison operator. The second property is based on the erosion operator of mathematical morphology. In
Section 5 we present the relation between matrix resemblance functions and the erosion operator from fuzzy mathematical
morphology.

It sometimes is useful for matrix resemblance functions to have some sort of monotonicity and hence we could add a
fourth condition to Definition 3.1:

(MRF4) If A<B<C, then W(A, C)<W(A, B) and W(A, C)< (B, C),

where A <B<(C means a,-jgb,-jgc,-j foralli,je{1,..., n}.

In Section 6.2 we study the effect of this property to matrix resemblance functions. However, we have decided to
leave this property out of the axiomatization since our intention is to generalise this concept to be able to compare other
non-ordered structures.

Given an arbitrary matrix resemblance function, it is possible to construct another using two additional functions as in
the next proposition.

Proposition 3.3. Let ¢, n: [0, 1]— [0, 1] be two functions such that ¢(0) =n(0)=0, ¢(1)=n(1)=1, n(x)e(0, 1) for
all xe(0, 1), and ¢ is injective. If W : Mpn([0,1])2 — [0,1] is a matrix resemblance function, then the mapping L
My([0,1])2 — [0, 1] given by

Uy (A B) =n(V(P(A), ¢(B))),
where ¢(A);; = ¢(a;;), is a matrix resemblance function.
Proof.

(MRF1) Wy (A, B) = n(¥(¢(A), ¢(B))) =1 if and only if W(¢(A),$(B)) =1 since n(x) =1 only if x = 1. By the defini-
tion of W, W (¢(A), ¢(B)) =1 if and only if ¢(A) = ¢(B), which holds if and only if A= B, since ¢ is injective.

(MRF2) Since 5(x) =0 only if x=0, W, ,(A,B) =0 if and only if W(¢(A),¢(B)) =0. This happens if and only if
there exist i and j such that {¢(a;;), ¢(b;j)} = {0, 1}. Since ¢ is injective, {¢(a;;), ¢ (b;;)} = {0, 1} if and only if
{aij, b} = {0, 1}.

(MRF3) Wy (A, B) = n(V(9(A). ¢(B))) = n(¥(¢(B). $(A)) = ¥y ,(B.A). O

Corollary 34. Let ¢: [0, 1]— [0, 1] be an automorphism, i.e., a continuous strictly increasing function such that ¢(0) = 0 and
¢(1) =1, and let v be a matrix resemblance function, then the function Wy = W, 41 is a matrix resemblance function.

Example 3.5. Consider the matrix resemblance function W as in Example 3.2 and let ¢ be the automorphism given by
¢ (x) = x2. Thus, W(A,B) =

I, (1 - (al?j - bx?j)z) is a matrix resemblance function.
j=1

In the same vein, given a set of m matrix resemblance functions, it is possible to obtain another by aggregating them as
in the next proposition.

Proposition 3.6. Let m>2 and F: [0, 1]™ — [0, 1] be an aggregation function with neither zero divisors, nor one divisors. If
Wy, ..., W, are matrix resemblance functions, then the mapping ¥ = F(¥y, ..., ¥y) : My([0,1])2 — [0, 1] given by

W(A,B)=F(Wy,...,¥Yn) (A B) =F(¥{(A B),..., ¥y(A, B)),
is a matrix resemblance function.

Proof.

(MRF1) W(A,B) =F(¥{(A,B), ..., Wn(A,B)) =1 if and only if there exists i € {1,..., m} such that W;(A, B) =1, since F
has not one divisors. Without loss of generality, let us suppose that W; (A, B) = 1, which, by (MRF1), is equivalent to
A=B.

(MRF2) W(A,B) = F(¥1(A,B),..., Yn(A,B)) =0 if and only if there exists i € {1,...,m} such that W¥;(A, B) =0, due to
the lack of zero divisors of F. In either case, by (MRF2), the former holds if and only if there exist k, j € {1, ...,n} such
that {a;, by;} = {0, 1}.

(MRF3) W(A,B) =F(¥{(A,B),...,¥n(A,B)) = F(V{(B,A),..., W, (B,A)) = W (B, A).
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Remark 3.7. In particular, averaging aggregation functions [16] do not have either one divisors or zero divisors. Therefore
aggregating m matrix resemblance functions with an averaging aggregation function produces a matrix resemblance func-
tion. As a note, we recall that the monotonicity of aggregation functions implies that the averaging behaviour is equivalent
to idempotency.

Example 3.8. The arithmetic mean of the two matrix resemblance functions from Examples 3.2 and 3.5 is a matrix resem-
blance function.

The next result provides information about the structure of the set 7, of matrix resemblance functions for a fixed n. Let
us define an order < over the set 7, by Wy <W, if Wy(A, B)<W;(A, B) for all A, B e M, ([0, 1]). This is a partial order as
it is induced from the order of [0,1].

Proposition 3.9. Let n € N. (Fy, <) is a non-complete lattice with neither a maximal nor a minimal element.

Proof. The set of matrix resemblance functions for a fixed n is a partially ordered set with < and given Wy, V5 € 7 we
can define the operations L and r by:

(W1uW,) (A, B) = max(Wq, W,) (A, B) = max (W4 (A, B), W, (A, B)),
(W1n¥,) (A, B) = min(Wq, W;) (A, B) = min (¥ (A, B), ¥, (A, B)),

for all A, B € My([0, 1]). Now, W{uW,, W1nW; € Fp. Indeed,

(MRF1)
(W1u¥,)(A,B) = 1 < max (V;(A,B), V,(A,B)) =1
< V;(A,B)=1o0r ¥,(A,B)=1<=A=B.
(MRF2)
(W1uW¥y)(A,B) = 0 < max (¥ (A,B), ¥,(A,B)) =0
<= V;(A,B) =0and ¥,(A,B) =0
<= there exist i and j such that {a;;, b;;} = {0, 1}.
(MRF3)

(W1uW,) (A, B) = max (V1 (A, B), W12 (A,B))
= max (V1 (B, A), ¥,(B,A)) = (W1uW,) (B, A).

The case of W1V, is analogous.
Furthermore, the supremum and the infimum of all matrix resemblance functions are, respectively,

\ysup(A,B) _ {Fl) if 3 l,j s.t. {aij, bU} = {0, ]}

otherwise,
and
1 if A=B,
Wins (A, B) = {0 otherwise,

and since neither is a matrix resemblance function, (F,, <) is a non-complete lattice. O
4. Constructions

Once the definition of matrix resemblance functions is set, we need an algebraic expression to work with them and study
their properties. In this paper we provide two construction methods, the first one being based on restricted equivalence
functions and the second one on inclusion grades.

Both methods make use of a function F: [0, 1]N—[0, 1] that satisfies a set of specific properties. We enlist these
properties and refer to them as (F1), (F2) and (F3).

(F1) F(xq,...,Xy) =1 if and only if x; = 1 for every 1 <i <N,
(F2) F(xq,...,xy) = 0 if and only if there exists 1 < j < N such that x; =0,
(F3) F(x)Y,) = F((%z)Y,) for every permutation 7 of {1,..., N}.

The first two are the properties proposed in [17] for aggregation operators.

Example 4.1. The minimum, the product or the geometric mean are well-known examples of such a function F.
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Remark 4.2. Observe that although all functions in the previous example are in fact aggregation functions, we do not require
F to be monotone and hence it need not be an aggregation function. The case in which F is an aggregation function and
other particular instances of F are further studied in Section 7.

Example 4.3. Let F: [0, 1]2— [0, 1] be such that
1, ifx=y=1,
_Jo, if xy =0;
F&YI=1002, ifx=y—o09;
0.5 otherwise.

Thus, F verifies the conditions (F1)-(F3), but is not an aggregation function since it is not increasing.

4.1. First construction method

The next theorem constitutes the first construction method for matrix resemblance functions that we present in this
work.
Theorem 4.4. Let 8 be a function satisfying (REF1)-(REF3) and H : [0, l]”2 — [0, 1] a function satisfying (F1) and (F2), then the
mapping W : Mn([0,1])2 — [0, 1] given by

WA B) = H (Bl by)). (1)
j=1

where Ir-ll1 (B(ajj, bjj)) = H(B(ay1, by1), ..., B(ann, bnn)), is a matrix resemblance function.
1=

.
-

Proof.
(MRF1)
n
W(A,B)=H ij, bij)) =1 ij» bij) =1 for all i, j ij = by; for all i, j.
(A.B) }ill(ﬁ(axj,bl])) <(F——1)>ﬁ(au blj) orallt,j (ﬁ) ajj bl] oralli,j
(MRF2)
n
‘-I/(A,B) = II:‘I]l(IB(ClU, bU)) =0 <(F——2)> Ell,] s.t. /s(ﬂ,‘j, b,]) =0 (jﬂ:':F;) 31,] s.t. {aij, bU} = {0, ]}
j=
(MRF3)
n n
W(A,B) = }i}(ﬂ(am bij)) &) & (B(byj. a;j)) = W (B, A).

O

Remark 4.5. If ¥ is a matrix resemblance function constructed by the pair (8, H) with the previous method, then the
matrix resemblance function Wy, obtained from the application of Proposition 3.3 is generated by (B, n o H), where

Box.y) = B(PXx). d¥)).

Example 4.6. An example of a matrix resemblance function as in (1) can be found in Example 3.2 considering H the product
and B(x,y) =1— (x—y)?, ie,
n
\I—’(AA, B) = l_[ (1 - (a,~]~ - bij)z). (2)

ij=1
If we applied this matrix resemblance function to the matrices
0.1 09 07 06 07 03
A=(01 07 01), B=|03 06 07]),
08 02 0.2 06 07 09

we would obtain W (A, B) = 0.1351; and understanding each value as the gray level of a pixel, we can represent the result
as in Fig. 1.
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- | =N
. 0.1351
A B

Fig. 1. Representation of the application of W (as in (2)).

od | bad

o(A,B) o(B,A) 0 3

B

Fig. 2. Representation of the application of W (as in (4)).

4.2. Second construction method

The following result provides the second construction method for matrix resemblance functions:

Theorem 4.7. Let o : My ([0,1])2 — [0, 1] be a function that satisfies (IG1) and (IG2) and let M: [0, 1]2 — [0, 1] be a function
satisfying (F1)-(F3), then the mapping W : My (|0, 1])? — [0, 1] given by

W (A,B) =M(o (A, B),o(B,A)), (3)

is a matrix resemblance function.

Proof.
(MRF1)
W(A,B) = M(c(A,B), o (B,A)) =1 = 0(A,B)=0(B,A) =1
<>A<Band B<A«<= A=B.
(IG1)
(MRF2)
W(A,B) = M(c(A,B), o (B,A)) =0 = o(A,B)=0o0ro(B,A) =0
<= 3i, j such that g;; =1 and b;; =0 or g;; =0 and b;; = 1
— 31,] s.t. {a,»j, b,‘j} = {0, 1}
(MRF3)

W(A.B) = M(0(A.B), 0 (B.A) = M(0(B.A),0 (A B)=¥(BA).

Example 4.8. Considering o (A, B) = inf; ;{I; (a;;, b;;)} and M the minimum, the function
\I/(A, B) = mln(llnjf{IL(a,j, b,’j)}, l'l'ljf{IL(bU, a,vj)}> (4)

is a matrix resemblance function as in Theorem 4.7. Moreover, applying this W to the matrices from Example 4.6, we obtain
0.3 (see Fig. 2).

Remark 4.9. The matrix resemblance function in Example 4.8 can be built using either construction methods. Indeed,

W (A, B) = min (i.n,f{IL(aijs bij)}. inf{I (by;, aij)})
ij ij
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= min(i{ljf{min(l, 1—a;+bj)}. i{ljf{min(l, 1—by; +aij)})
= iinjf{min(l, 1—a;j + b;j), min(1, 1 — b;j + a;j)}

= i?ljf{min(l, 1—ajj + bj, 1 — bjj + a;))}

= inf{l — |ajj — bjl}

= n}in(l — |y - bij\),

which is a function constructed by the first method using H the minimum and B(x,y) =1 — |x —y|, the restricted equiva-
lence function from Example 2.4.

4.3. Relation between both constructions

In this section we study the cases where both constructions are equivalent, i.e.,, whether it is possible to reach the
expression given by one of the constructions from the other.

Let us start recalling two theorems that characterize the restricted equivalence functions and the inclusion grades in the
sense of Sinha and Dougherty. The first can be found in [6] (Theorem 7).

Theorem 4.10. A function REF: [0, 1]2—[0, 1] is a restricted equivalence function if and only if there exists a function I:
[0, 1] — [0, 1] satisfying (1), (I8), (112) and for all x, y €[0, 1]:

I(x,y) =0 if and only if x =1 and y =0, (5)
such that
REF(x,y) = min(I(x,y),I(y,Xx)). (6)

The second theorem, the characterization of inclusion grades, corresponds to Theorem 5.4 of [18].

Theorem 4.11. Let X be a finite universe. A mapping o : FS(X) x FS(X) — [0, 1] satisfies all Sinha-Dougherty axioms if and only if
there exists a fuzzy implicator I satisfying (18), (112) and (5) for all x, y €[0, 1], such that for all A and B in FS(X):

0 (A B) = infI(A(X). B()). )

Note that one of the conditions in Theorem 4.11 is that X is finite, and since we are working with finite dimensional
matrices, we are assuming that to be the case. Hence, in the preceding theorem the infimum is actually the minimum.

Proposition 4.12. Let I: [0, 1]2— [0, 1] be a function. The requested conditions to the function I in Theorems 4.10 and 4.11 are
equivalent.

Proof. Let I: [0, 1]2— [0, 1] be a function that satisfies all the requirements in Theorem 4.10, i.e., (I1), (I8), (I12), and (5).
Now, since (I1) is clear, it suffices to show that I satisfies conditions (12)-(15).

(12) Straightforward from (I1) and (112).
(14) Straightforward from (I8).
(I3) Straightforward from (14) and (112).
(I5) Straightforward from (5).

Some of the preceding dependencies can be found in [19].
The converse is immediate since every implication [ satisfies (I1), and the remaining conditions coincide. O

As a consequence of the aforementioned result, one can see that both constructions are similar in the case of S being
a restricted equivalence function and o an inclusion grade. However, a study on the functions H and M is still required to
show when they are actually equivalent. Recall that H is a function with n? inputs that satisfies (F1) and (F2), and M is a
function with 2 inputs that satisfies the three conditions (F1)-(F3).
By Theorem 4.10, we know that given W constructed by means of a restricted equivalence function, there exists a
function I such that:
n

V(A,B) = l_’j] (min(I(aj;, byj), I(byj. a;;))) (8)
=1

Jj=

Similarly, a matrix resemblance function can also be constructed using inclusion grades, in which case by
Theorem 4.11 there exists a function I such that:

V(A B) = M(mi_n(l(aq, bi;)), min(I(by;, aij)))~ (9)
1] 1]
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Now, the result in Proposition 4.12 indicates that in the case functions H and M verify that for two sequences
)Y, )Y, < [0, 1]V the following equation holds

M(min((x),;), min(ypY,;)) = H((min(x;, y)E,), (10)
then both constructions will be equivalent. In the next theorem we show an instance of such functions H and M.

Theorem 4.13. Let H be the function minimum for n? arguments and M the function minimum for two arguments. Then the first
construction with a restricted equivalence function, as in (8), and the second with an inclusion grade , as in (9), are equivalent.

Proof. Since such functions H and M satisfy (10), given a matrix resemblance function as in (8) we can obtain the same as
in (9). The converse is analogous. O

But there are other examples of H and M that do not satisfy (10) and hence they produce different matrix resemblance
functions for each construction:

Example 4.14. Let H be the geometric mean for N arguments, M the geometric mean for 2 arguments, (x,-)l',": 1= (044)1',": ; and
)N, = (0.7 . Thus,

H((min(x;, y))Y ) =H((0.4)Y ) =04
M(min((x,)",), min((y)",)) = M(0.4,0.7) = ~/0.28 # 0.4

Theorem 4.13 ensures that if H and M are the minimum (with the corresponding arity) and a matrix resemblance
function is constructed in terms of a restricted equivalence function, then it can also be constructed in terms of an inclusion
grade, and viceversa.

The following two results expose that the minimum is the only idempotent function that satisfies (F1)-(F3) and (10).
Recall that a function F: [0, 1]N — [0, 1] is said to be idempotent if F(x, ..., x) = x for all xe[0, 1].

Theorem 4.15. Let H: [0, 1]N— [0, 1] be a function satisfying (F1) and (F2), and let M: [0, 1]> — [0, 1] be a function that
satisfies (F1)-(F3). Let d: [0, 1]— [0, 1] be the diagonal section of H, i.e., d(x) =H(x,...,x). If H and M satisfy (10), then
M(x.y) = d(min(x. y)).

Proof. Let H be a function that satisfies (F1), (F2) and M a function that satisfies (F1)-(F3), such that (10) is satisfied. Let x,
Yo €0, 1] such that xy <yp. Then,

H((min(xo, y0));) = H((x0)},) = d(Xo),

M(min((xo)Y ;). min((yo)¥,)) = M(Xo. ¥o).
and, since H and M satisfy (10), M(xg, o) = d(xo)-

Thus, since xo and yo are arbitrarily taken, for every x, y [0, 1] such that x <y, it holds that M(x,y) = d(x). Hence
M(x,y) = d(min(x,y)). O

Theorem 4.16. Let H: [0, 1]N — [0, 1] be an idempotent function satisfying (F1) and (F2), and let M: [0, 1]?> — [0, 1] be a function
that satisfies (F1)-(F3). Then H and M satisfy (10) if and only if H and M are the N-ary and 2-ary minimum, respectively.

Proof. Let H be an idempotent function that satisfies (F1), (F2) and M a function that satisfies (F1)-(F3), such that (10) is
satisfied.

By Theorem 4.15, it holds that M(x,y) = d(min(x,y)), where d is the diagonal section of H. Since H is idempotent, it
holds that d(x) = H(x, ..., x) = x. Hence M coincides with the 2-ary minimum.

Now, by (10), for any two sequences (Xi),N:p (y,-)INZ1 c [0, 1]V, the value of H((min(x,—,y,-))?:l) must coincide with the
minimum of all the inputs {xq,..., XN, Y1, -5 YN}, de,

H((min(x;, ;)X ) = min (xq, ..., XN V1o es YN)- (11)

Assume that H is not the N-ary minimum, then there exists a sequence ()\i)f\’zl c [0,1]N such that H(Aq, ..., AN) #

min(As. ..., Ay). Thus, if we take ()N, c [0, 1]V such that min(A;, ;) = A; for 1 <i<N we reach that

H((min(A;, y))N;) # min(Aq, ..., Ay) = min (Aq, ..., AN, V1o -0 VN),
which contradicts (11).
The converse implication is immediate. O

5. Matrix resemblance functions and fuzzy mathematical morphology

Mathematical morphology is a theory for processing images based on their form and structure. It was originally de-
veloped for binary images [20,21], but later on it was generalized as fuzzy mathematical morphology for grayscale images
[22-25].
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In this section we study the relation between the class of matrix resemblance functions and the theory of fuzzy
mathematical morphology. This theory has four main operations to transform an image via an structuring element: dilation,
erosion, opening and closing. The mentioned relation comes from the second construction method for matrix resemblance
functions, as, under certain assumptions, inclusion grades in the sense of Sinha and Dougherty are related to the erosion
operator from fuzzy mathematical morphology.

Generally, the erosion operator ¢ is defined as an operator that commutes with the infimum, i.e.,

e(inf Y) = infe (y).
yeY

In particular, given X a finite universe and A, B € FS(X), an expression of erosion operator with respect to an structuring
element B, £(A, B) € FS(X), is given by &(A, B)(z) :)i(g)g{lL(B(x—z),A(x))}, as in [23,24]. In this case, the fuzzy erosion
operator coincides with an inclusion grade in the sense of Sinha and Dougherty, applied to a set translated by z, ie.,
(A, B)(2) =0 (B;, A).

This can be translated to the framework of matrix resemblance functions. Let k € N and let A, B € My;,,1([0, 1]), if we
consider the following indexation for the elements of a matrix:

(—k,—k) ... (=k0) ... (k)
©.-k) ... ©0) .. O [
*k k) ... ®O0) .. (kK

(0,0) refers to the central element of the matrix (or central pixel of the neighbourhood) and, thus, we get
W(A,B) =M(o (A, B),0(B,A)) =M(e(B,A)((0,0)), (A, B)((0,0))),

which relates the fuzzy erosion operator with matrix resemblance functions.

6. Some properties of matrix resemblance functions

There exist some properties that are expected for comparison measures to satisfy (see [2,3,6]). Bustince et al. [3] pro-
posed a set of properties that should be met by any global comparison measure for images. Some of these properties are
straightforward from Definition 3.1. Namely, comparison measures are normally asked for symmetry, i.e. the difference
between two images ought not to depend on the order in which they are compared. Matrix resemblance functions satisfy
this condition due to (MRF3). Another property is that a comparison measure should yield that the images are equal if
and only if they are exactly equal pixel-wise, which happens for matrix resemblance functions because of (MRF1). This
last condition is stronger than the property reflexivity in [3]. Additionally, it is often required that the comparison measure
between a binary image (in black and white) and its complement is 0, and (MRF2) ensures that.

This subsection goes over some of these usually demanded features and studies in which cases matrix resemblance
functions fulfil them.

6.1. Invariance under permutation

As it is mentioned in [7], a permutation of the inputs can be used for modelling certain domain transformations; such
as shifts, rotations and reflections. Thus, since a function that measures the similarity between two images ought to provide
the same results when comparing images which have been transformed by any of the aforementioned operators, we study
the conditions under which a matrix resemblance function W is invariant under permutation.

We say that a matrix resemblance function W is invariant under permutation if W(A,B) = W (w (A), 7 (B)), for all
A, B e My([0,1]) and all permutations 7 of the set of indices.

Invariance under such permutation would mean that, as far as it concerns to the result of the comparison, it is the same
to compare two images or their transformations; either their shifts, their rotations, or their reflections.

In the case of matrix resemblance functions constructed as in the first method, we reach the following result:

Lemma 6.1. Let ne N and Aq,..., Ay € [0, 1]. There exists a function B: [0, 112 — [0, 1] satisfying (REF1)-(REF3) such that for
all 1<i<n, there exist x, y € [0, 1] such that B(x.y) = A;.

Proof. The cases of A; =0 and A; = 1 for some i are trivial, since 8(0,1) =0 and S(xo,Xg) = 1 for any xq €[0, 1].
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Let us suppose that for all 1 <i<n, 0#A;# 1. Thus, we can define a function 8 as follows:

0, it {xy}={01},
1, if x=y,
A, if {xy}=1{3.1}

Bx.y)=1 A2 if {xy}={(21},

A, i {xy) = {211},
Ans otherwise.

O
Theorem 6.2. Let
n
W(A,B) = i’_"] (B(aij, bij))
j=1
be a matrix resemblance function as in (1). Then \V is invariant under permutation if and only if H satisfies (F3).

Proof. Let B be a function as in (1) and let us assume W is invariant under permutation, i.e., ¥ (A, B) = W (it (A),  (B)), for
all A, B e My([0,1]) and all permutations 7.
Now, let us suppose there exists a permutation 7 of {1,..., n?} such that

H(X],...,an) #H(Xf(l) ,,,,, Xr(nz))~

By Lemma 6.1 every x; is an image of some function 8. Thus, we can choose matrices A and B to be such that

Blai, bun) = x1,
B(ai2, bi2) = xa,

,B(ann, bnn) = Xp2.

Thus, we reach the following:

E

W(A.B) = H (B(a. b))

.
I

n
= Hl(xls..-A,XnZ)

nZ
# i’jl(xm),---,xr(nZ))
V(z(A), T(B)),

which contradicts the fact that W is invariant under permutation. Hence H satisfies (F3).
The converse implication is straightforward.
O

In the case of constructing ¥ with the second construction method, we obtain the next result.
Proposition 6.3. Let WV be a matrix resemblance function
W (A,B) = M(o (A,B),0(B,A)),
as in (3). If o satisfies (IG5), then WV is invariant under permutation.
Proof. Let W be as in (3) and o satisfying (IG5). Then
V(A B) =M(o (A, B),o (B, A)) %) M(o (7 (A), 7t (B)), o (7 (B), w (A))) = ¥ (7 (A),  (B)),
for all A, B € My([0,1]) and all permutations 7. O
Nevertheless, the converse does not hold. For instance, let us consider the function M defined as:

1, ifx=y=1;
M(x,y) =10, if xy =0;
0.5 otherwise,
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and let o be:
0, if31 <i,j<nst a;=0and b;; =1;
o(A,B) =11, if A < B in Zadeh'’s sense;

bi1 —ay  otherwise.

Then, o does not satisfy (IG5) and yet W is invariant under permutation. Indeed, let A, B € M, ([0, 1]), we have three
different cases:

e The case where W(A,B) =1, which implies that A=B and therefore 7w (A) =m(B) for all w. Hence W(A,B) =
W (m (A), m(B)).

o The case where W (A, B) = 0. We can assume o (A, B) = 0, then for all permutations 7 it holds that o (r (A), 7 (B)) =0
and hence

V(A,B) =M(o (A,B),0(B,A)) =0=M(o((A), 7(B)), o (7 (B), w(A))) = V(7 (A), 7 (B)).
o The case where 0 <W(A, B)<1. In this situation, it holds that 0 <o (A, B)o(B, A) <1, which means that 0 <o(m(A),
7(B))o(m(B), m(A)) <1 and hence
W(A,B) =M(c(A,B),0(B,A))=0.5=M(o((A), 7 (B)),o(w(B),7(A))) =V (m(A),m(B)).

Clearly, W is invariant under any permutation but o does not satisfy (IG5).
6.2. Monotonicity

It is natural to ask that a comparison measure’s result decreases when comparing an image with another that is darker
and darker (or clearer). Similarly, the result should be higher when we compare an image with another that is more akin
to itself. In the case of matrix resemblance functions, that monotonicity property is represented by (MRF4). The property
Reaction to lightening and darkening from [3] is a consequence of this property. We present here some conditions to ensure
monotonicity for each construction.

Proposition 6.4. Consider

WA B) = 1 (Bay. b))
j=1

as in (1) with H increasing. If B satisfies (REF5), then W satisfies (MRF4). Moreover, if H is strictly increasing in (0, 1]”2, then the
converse holds.

Proof. Let H be increasing and suppose that S satisfies (REF5), i.e,, for all x, y, ze [0, 1], if x<y <z, then B(x, y)> B(x, z) and
B, 2)= B(x, 2).
Consider A, B,C € Mn([0,1]) such that A<B<C. Since a; <b; <c; for all i, j, then B(ay, ¢;)<B(ay, by) and since H is
increasing,
n n
W(A,C) = il_'ll (B(aij, cij)) < H (B(ajj, bij)) = W(A,B).
J=1

Similarly, it holds that B(ay;, c;) < B(by;, ¢;) and thus,

e

V(A,C) = ilzfl (B(aij, ¢ij)) < 11‘11 (B(bij. cij)) = ¥ (B,0).
=1

e

Now, for H strictly increasing and W satisfying (MRF4), suppose that there exist x <y <z such that B(x, y) <B(x, z) or
BW, 2) < B(x, 2).

Thus, consider the constant matrix A with x in all its entries, B with y in all its entries and C with z in all its entries.
Clearly A<B<C, but

VA0 = [ (B(x2) > H(Bx.) = VAB),
-1 j=1

.

or
n

n

v@Aa.0=H (B(x.2)) > H (B(,2)) =¥ (B,0),
] iz

which contradicts (MRF4). Hence B satisfies (REF5). O

In particular, W satisfies the monotonicity condition when we consider H to be an aggregation function that fulfills (F1),
(F2) and we take f§ a restricted equivalence function.
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The following result regards to the second construction method.
Theorem 6.5. Let ¥ be such that
V(A B) = M(o (A, B), 0 (B, A)),

as in (3), with M increasing. If o satisfies, for all A, B,C € Mn([0, 1]) such that A<B <C, the following conditions:

(a) o(C A)<o(G B), and
(b) o(C, A)<o (B, A);

then W satisfies (MRF4). Besides, if M(1,x) = x, the converse also holds.

Proof. Consider A, B,C € My([0, 1]) such that A<B <C. Thus, since M is increasing,

V(A0 =M@ (4.0, 0(CA) = M(10(CA) = M(1,0(B.A) = M(o(4.B).0 (B A)=¥AB).

and

W(A.0) = M@ (A.0).0(CA) = M(1,0(CA) = M(1.0(CB) = M(o(B,C).0(CB)=¥(®0).

Now, suppose that W satisfies (MRF4) and M(1, x) = x. Let A, B,C € M, ([0, 1]) such that A<B<C. Then
o(C,A) = M(1,0(C,A)) s M(o (A, C),0(CA)=V(A,C)

< W(B,C)=M(o(B,C),0(C,B)) = M(1,0(C,B)) =0(C,B),
(MRF4) (IG1)

and
o(C,A) = M(1,0(C,A)) o M(o (A, C),0(CA)=V(AC)

< W(A,B)=M(o(A B),0(B,A)) = M(1,0(B,A)) =0 (B,A).
(MRF4) (IG1)

O

Remark 6.6. If in the construction of W as in Theorem 4.7 we consider M to be a t-norm, we can assure that W satisfies
(MRF4) if and only if o satisfies (a) and (b).

Corollary 6.7. Let W be as in (3) with M increasing. If o satisfies (IG3) and (IG4), then ¥V satisfies (MRF4).

Proof. If o satisfies (IG3) and (IG4), then it satisfies (a) and (b) and we are under the conditions of Theorem 6.5. O

6.3. Comparing the complements: W (A, B) = WV (Ac, B¢)

Some comparison measures between two images are required to produce the same result when applied to their
c-complements (see Property 4 in [3]). In the case of matrix resemblance functions, this translates into studying under
what conditions we get the following equality:

W(A,B) = W(Ac, Bo),

where c is a strong negation and A and B, denote the matrices (c(aij)) - and (c(bij))l?j:] respectively.

n
ij=
Proposition 6.8. Let W be a matrix resemblance function as in (1) and B satisfy the additional property (REF4). Then it holds
that W (A, B) = W (A, B).

Proof.

n

H (B(a;j, bij)) = W (A, B).

W (A, B) = ,-I;Il (B(c(ajj), c(bij))) KEE4) &

=1

The converse of the preceding result does not hold in general. Consider, for instance,
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1, ifx=y;
_Jo.  if{x.y}={0,1}
B&Y)Y=104 if {x y} = {0.2.0.3); (12)

0.6 otherwise,
which satisfies (REF1)-(REF3), and

1, ifx;=1forall1<i<N;
H(xi,...,xy) =10, ifJistx=0; (13)
0.5 otherwise,

n
which satisfies (F1) and (F2). Therefore, by Theorem 4.4, W(A, B) = 'H1 (B(ajj, bjj)) is a matrix resemblance function.
1=
j=1
Moreover, let us show that W satisfies W (A, B) = W (A, Bc) for all A, B e My([0,1]). Indeed, let A, B € M, ([0, 1]). Firstly,
it holds that
W(A,B) =0 < there exist i, j such that {a;;, b;;} = {0, 1}
< there exist i, j such that {c(a;;), c(b;;)} = {0, 1}

< V(A B:) =0. (14)
Secondly, it holds that
V(A,B)=1<—A=B< A =B, < V(A;,B:) =1. (15)

Now, due to the definition of function H, there are only three different cases:

e W(A,B) =0: By (14), it holds that W (A, B) = W(Ac, B¢) =0 for all A, B e M;([0, 1]).

e W(A,B) = 1: By (15), it holds that W (A, B) = W(A¢, B¢) =1 for all A, B € M([0, 1]).

e W(A,B) =0.5: Since (14) and (15) cover all the situations in which W (A, B;) = 0 and ¥ (A, B¢) = 1, the only possibility
is W(Ac, Bc) =0.5.

Consider now the usual negation c;(x) =1—x and the constant matrices A= (O.Z)I?j:] and B= (0.3)giz1. Thus,
A, = (0.8);?_],:1 and B, = (0.7)
In this manner,
B(aij. bij) = B(0.2,0.3) =0.4 # 0.6 = $(0.8,0.7) = B(c:(a;j). c:(b;)).

In the case of constructing W as in Theorem 4.7, we obtain the following result.

n
ij=1"

Proposition 6.9. Let V be a matrix resemblance function as in (3) and o satisfy (IG6). Then it holds that W (A, B) = W (A, B¢).
Proof.

W (Ac, Be) = M(0 (Ac, Be), 0 (Be, Ac)) i M(o (B.A), 0 (A, B)) = W(B.A) = W (A, B).

The converse of Proposition 6.9 does not hold. Indeed, we can consider M to be the function in (13) for N =2 and
o (A,B) = inf{min(1,1 - a? + b?)}, (16)
ij
which satisfies (IG1) and (IG2). By Theorem 4.7, W(A, B) = M(o (A, B), 0 (B,A)) is a matrix resemblance function.
Note that, as in the preceding counterexample, W satisfies W(A,B) = W(Ac, B) for all A, Be Mn([0,1]) since the

aforementioned three possible cases coincide.
Now, if we consider the matrices

03 1 1 02 1 1
A= 1 1 1 and B=| 1 1 1),
1 1 1 1 1 1

then
o (A,B) =0.95#0.85 = 0 (B, Ac).
6.4. Shift invariance

This property, that we have called shift invariance, is related to constant enlightening and darkening of an image. It is
sometimes required that a comparison measure gives the same result whenever we compare two images and the same two
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images constantly enlightened or darkened in the same amount, i.e., adding the same positive or negative amount to each
pixel without exceeding the allowed range. This is equivalent to examining when

W(A+ Mn, B+AJn) = (A, B)

holds, where J, is the n x n constant matrix with 1 in every entry and provided a;; + A, b;j + A € [0, 1] for 1<i, j<n, i.e, for
all X e [0, 1- max(aij, bU)]
In the case of the first construction we attain the next result after a simple computation.

Proposition 6.10. Let \V be a matrix resemblance function as in (1) and B satisfy B(x+ X,y +X) = B(x,y) for all A €[0,1—
max(agj, by;)]. Then, W (A + AJn, B+ AJn) = W(A. B) for all A,B e My ([0, 1]) and for all A € [0, 1 — max(aj;, b;;)].

Nevertheless, the converse does not hold. For example, consider § as in (12) and H as in (13). Thus, ¥ is a
matrix resemblance function and let us show that W(A+ AJn, B+ AJn) = W(A,B) for all A,Be Mu([0,1]) and for all
A €10,1 —max(a;, bjj)]. Let A, B € Mn([0, 1]). Firstly, it holds that

W(A.B) =0 WA+ MnB+Ap) =0 forall X e[0,1—max(ay. by)] (17)

Indeed, if W (A, B) = 0, then there exist i, j such that {a;;, b;;} = {0, 1}. Therefore max(a;;, b;;) = 1 and hence A = 0, which
implies W (A + AJn, B+ AJn) = 0.

On the other hand, if W(A+ AJn, B+ AJn) =0, then there exist i, j such that {a;; + A, bjj + A} = {0, 1}. Therefore A = 0.
This means that W (A, B) = 0 if and only if W (A + Ay, B+ AJn) = 0.

Secondly, for all A € [0, 1 — max(a;;, bj;)], it holds that

VAB) =1 A=B<=A+An=B+An<= VA+ My B+ =1. (18)
Now, due to the definition of function H, there are only three different cases:

e W(A,B) =0: By (17), W(A+ AJn, B+ AJn) = W(A,B) =0 for all A € [0, 1 — max(aj;, bj;)].

e W(A,B) =1: By (18), W(A+ A, B+ AJn) = W(A,B) =1 for all A € [0, 1 —max(aj;, bjj)].

e W(A,B) =0.5: Since (17) and (18) cover all the situations in which W (A+ AJn, B+ AJn) =0 and W(A+ AJn, B+ AJn) =1,
it holds that W(Ac, B) = 0.5 for all A € [0, 1 — max(ayj, bjj)].

Now, if we consider the matrices A = (0.2) and B = (0.3) and A = 0.1, we get

n n
i j=1 ij=1

Similarly, if we construct W in the manner of Theorem 4.7, we obtain the following.

Proposition 6.11. Let WV be a matrix resemblance function as in (3). If 0 (A+ Mn, B+ Mn) =0 (A,B) for all Ae[0,1—
max(a;j, byj)], then W(A,B) = W(A + AJn, B+ AJn) for all & € [0,1 — max(ay, bjj)]-

Once again, the converse implication does not hold. If we consider M as the function in (13) for N = 2, which also satisfies
(F3), o as in (16), it holds that W is a matrix resemblance function that is shift invariant, as in the preceding counterexample.
Now, consider A = 0.2, and the constant matrices A = (0.6)?]:1 and B = (0.3);‘].:1. Thus,

o (A, B) = inf{min(1,1 - 0.62 +0.3%)} =1 - 0.6> +0.32 = 0.73
L]

0 (A+ A, B+ M) = inf{min(1,1 - (0.6 + 0.2)? + (0.3 +0.2)%)} = 1 - 0.82 + 0.5 = 0.61.
LJ

6.5. Homogeneity and migrativity

Homogeneity and migrativity are two properties related to how a perturbation in both or one of the images, respectively,
affects on the result. A function is said to be homogeneous of order k>0 if when each argument is multiplied by a factor
A >0, then the result is multiplied by A¥. In the context of image comparison, multiplying an image by a factor equates
to enlightening or darkening the image proportionally and the fact that matrix resemblance functions were homogeneous
would mean that

W (LA, MA) = AW (A, A) = AK,

but by (MRF1), W (AA, AA) = 1, hence matrix resemblance functions are not homogeneous operators.

As for migrativity, the property of o-migrativity for a class of binary functions was introduced in [26] and it was studied
for aggregation operators in [27]. Given « € (0, 1), a function F: [0, 1]> — [0, 1] is said to be «-migrative if F(ax,y) = F(x., ay)
for all @ >0 such that (ax, ay)€[0, 1]2. In the case of matrix resemblance functions, a MRF W is said to be «-migrative
if W(xA,B) =W (A, aB) for some o >0 such that aA, aB e My([0,1]). However, matrix resemblance functions do not
satisfy this property due to (MRF2). Indeed, consider A and B such that there exist i, j such that a;; = 0 and b;; = 1. Thus,
W (A, B) =0 and W(A, aB) need not be equal to 0. Therefore matrix resemblance functions are not migrative operators.
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6.6. Additivity

Some similarity measures fulfill a property known as additivity (see [28]). In general, a comparison measure between
two fuzzy sets m : FS(X)2 — R is said to be additive if there exists a function h : [0, 1]> — R so that m can be decomposed
in the following way:

m(A,B) = Y h(A(x). B(x)).
xeX
In that case h is said to be the additive generator of m.
However, matrix resemblance functions are not additive. Indeed, if they were, there would exist a function h such that

n
W(A.B) = h(ay. by). (19)
ij=1
Now, consider A to be the 3 x 3 constant matrix with the value 0.8 in all its entries and set B = A.
Thus, 1= W(A,B) = Z?J:] h(0.8,0.8) and hence h(0.8,0.8) = %. But if we modify the values ay; and by; to be 1 and 0,
respectively, then 0 = W(A, B) = 3_{';_ h(aj;, b;;) and therefore h(0.8,0.8) = 0, a contradiction.
7. Special cases of functions H and M

In this section we study some special cases of the functions H in the first construction and M in the second. Recall that
H is a function with n? inputs and M is a function with 2 inputs. Additionally, for the first construction H is not required
to satisfy condition (F3), although, as seen in Section 6.1, it is convenient for a proper comparison measure as it ensures
invariance under permutation.

7.1. H and M aggregation functions

The first two conditions of n-ary aggregation functions (see Definition 2.9) are trivially satisfied by any function that
verifies (F1) and (F2), since the latter are more restrictive.

The third condition of aggregation functions is the one about monotonicity. Aggregation functions are increasing with
respect to each component and functions H and M do not need to be. Nevertheless, in Section 6.2 we show that if H
and M satisfy an additional monotonicity condition, i.e., H and M are increasing, we are under the conditions to apply
Proposition 6.4 and Theorem 6.5, respectively. Therefore, in the cases H and M are aggregation functions, by the mentioned
results, we know in which cases we have monotone matrix resemblance functions, which is an important property for an
image comparison measure.

Moreover, in both constructions these functions are intended to aggregate the values resulting of applying the function
B, in the first case, and the function o, in the second. Hence, it seems natural to use an aggregation function for that
purpose. However, increasingness is not strictly required, as in some situations it might be better to use some functions H
and M that are not monotone.

7.2. H and M n-dimensional overlap functions

Overlap functions are a particular instance of aggregation functions that are symmetric and continuous. They were first
introduced as bivariate functions in [29], and were later generalized to the n-dimensional setting in [30].

Since overlap functions verify (F1)-(F3) conditions, as well as a monotonicity and a continuity condition, they belong to
an adequate family of functions that can be used as H and M in both constructions of matrix resemblance functions; as a
n2-ary function in the first case and a bivariate one in the second. Let us start with the definition of n-dimensional overlap
functions.

Definition 7.1. A function G: [0, 1]" — [0, 1] is said to be a n-dimensional overlap function if it satisfies (F1)-(F3) and:

(i) G is increasing with respect to each component,
(ii) G is a continuous function.

Example 7.2. The minimum, the product and the geometric mean are examples of n-dimensional overlap functions.

Overlap functions satisfy an increasingness condition, which is important for the image comparison property studied
in Section 6.2. Moreover, overlap functions are continuous and hence, their use in the construction of matrix resemblance
functions can lead to obtaining continuous matrix resemblance functions. Continuity can be considered a desirable property
for comparison measures as it ensures a certain degree of robustness, i.e.,, comparing two images and the same images
having been slightly altered produce similar results due to the continuity of the comparison operator.

Let us further study the cases in which a matrix resemblance function W is continuous. In the case of the first construc-
tion with H an overlap function, if 8 is continuous then so is W, as it can be seen of a composition of continuous functions.
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Fig. 3. Graphical representation of the function H in (20) for N = 2.

However, the converse does not hold. Indeed, let the function H: [0, 1]¥ — [0, 1] be defined as:

H(x1,...,xy) = max| min(xq, ..., Xy, 0.2), 0.56 min(xi,...., xv) —0.07 , (20)
0.49
which is an overlap function, and let 8: [0, 1] — [0, 1] be:
o2, if {x,y}={0.15,0.9},
B.y) = {1 —|x—y|, otherwise. (21

Thus, one easily verifies that S is not continuous and yet the matrix resemblance function constructed as
n
V(A,B) = I-I1 (B(ajj, bjj)) is continuous. This is due to the fact that B has the discontinuity in the area where H is
i=
j=1
constant (see Fig. 3 for a graphical representation of H in the two dimensional case).
However, if H is an idempotent overlap function, we can characterize the continuity of W in terms of the continuity of 8:

Theorem 7.3. Let WV be a matrix resemblance function as in (1) with H an idempotent overlap function. Then WV is continuous if
and only if B is continuous.

n
Proof. Let H be an idempotent n?-dimensional overlap function and W (A, B) = H (8 (ajj, bjj)) a continuous matrix resem-

—
[N

blance function and let us assume that 8 is not continuous.

Recall that a real function f of N arguments is continuous if for any sequence (x,»j)f’: 1
limj_, o f(X1j, ... xnj) = fF15 - YND-

Thus, since B is not continuous there exists a sequence (xy, yj) such that lim,_, . (x, ) = (x,y) for some x, y€[0, 1],
but limy_, o B(Xk, Y1) # B(X, ).

Now, consider A, and B, the constant matrices with x;, and y in all their entries, respectively. Thus, lim,_, . (Ay, By) =
(A, B), where A is the constant matrix with x in all its entries and B is the constant y matrix.

Since W is continuous, it holds that limy_,,, W (A, By) = W (A, B). But since H is idempotent, it holds that

(BXk. y1)) = Bk, yi), and

such that lim;_, ., x;; = y;, then

o=

W (A, Be) =

e
ESN
_—

W(A,B) =

Bxy) =Bx.y).

.
Il
_—

Which contradicts the fact that lim,_, . B(xy, ¥i)# B(x, ¥). Therefore B is continuous.
The converse implication is immediate, since W is the composition of continuous functions. 0O
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8. Image comparison algorithm

In this section we present a method to measure the difference, or similarity, between two grayscale images. The follow-
ing algorithm is underpinned by the concept of matrix resemblance functions as a method to compare neighbourhoods of
pixels. The reason for a neighbourhood-based comparison as an alternative of proceeding pixel-wise is that we wish to take
into account the visual impact that an alteration has in its proximity (see [2]).

One of the main contributions of this paper is that instead of obtaining a number for a result, we get another image,
that we will call comparison image and will allow us to set similarity regions, which means that not only will we get a
global idea of how similar the images are, but also we will be able to extract areas in the images where they are equally
similar or equally different.

The final step of the algorithm is to cluster the comparison image in a variable number of similarity regions, depending
on our purpose. For that we use a variation of the k-means algorithm [31,32]. The k-means algorithm is a well-known
clustering algorithm that divides a set of data into k groups, being k fixed beforehand. The first step is to set k centroids, one
for each group, and then classify each datum in the class of the closest centroid. The next step is to recalculate the centroids
as the arithmetic mean of the data that belong to each group, then it proceeds to redistribute all the data according to the
closeness to the new centroids. The process continues until the groups remain unchanged for two consecutive iterations.
When using this algorithm for image segmentation, it is usual that the closeness of the pixels to each centroid is computed
based on the intensity of each pixel, but the variation of the algorithm that we use also takes into account their spatial
distribution.

Our comparison algorithm takes two images of the same size and returns two other images, the comparison image
and the clustered image by the k-means algorithm. Then, for each pixel of the first input image and the corresponding
one in the second, it considers their neighbourhood and compares them using a matrix resemblance function, then sets
the number resulting from that local comparison to the pixel from the comparison image in the position that is being
considered. Once the loop is finished, the user must decide the number of clusters for the algorithm to apply the clustering
technique to the comparison image and get the one divided in similarity regions.

Once we have the comparison image C and the clustered image SC, we are able to visually inspect which areas are more
similar and which more different. Since matrix resemblance functions give results closer to 1 when matrices are similar,
the regions that are more akin will appear clearer in the comparison image and the more different regions will be darker.

Furthermore, in the clustered image SC, for each cluster we can compute the arithmetic mean of the values from C that
are in that cluster and get a number that expresses a similarity measure in each region. In this way the image is divided in
zones and we provide a local similarity measure.

9. Illustrative examples

In this section we present some examples that illustrate the algorithm proposed in Section 8.

These examples show the advantages of considering a new image rather than a number as the result of a comparison
measure. In this way it is possible to extract location information, such as where both images are more different and how
different they are in that area. Besides, a number can lead us to confusion when using it as a measure to compare two
images; if we obtain a number that is close to 1 we might think that both images are nearly identical, nevertheless, as
we will see in the following examples, this is not always the case. The choice of the parameter k in the final part of the
algorithm is made according to the nature of each example to better illustrate the different regions of similarity.

For the examples we have considered the matrix resemblance function of Example 4.8, which can be ob-
tained using either construction method given in this paper, and the images that we use can be found in
http://decsai.ugr.es/cvg/index2.php.

9.1. Example 1

In the first example, Fig. 4, we compare an image with another which is the result of enlightening and darkening the
division in three areas of the first (see Fig. 4.a and 4.b). The result of applying Algorithm 1 are the images in Fig. 4.c (the
comparison image) and in Fig. 4.d (the result of applying the k-means clustering algorithm to the comparison image).

In the comparison image we can see the regions where the images are more similar (the lighter regions) and the ones
where the images are more different (the darker ones). In this case, the fact that the bottom part of Fig. 4.c is the brightest
denotes that it is the region where Fig. 4.a and 4.b are the most similar. Similarly, the fact that the top left part of Fig. 4.c
is the darkest denotes that Fig. 4.a and 4.b are the least similar on the top left part. Furthermore, if we computed the
arithmetic mean of the pixels of the comparison image we would get a global image comparison measure, i.e., the result of
the comparison would be a number. However, that number in the case of Fig. 4 would be 0.7737 and this number does not
provide too much information. Using the whole comparison image as a result, we are able to distinguish the zones where
both pictures are more similar and computing the arithmetic mean to each of the three regions obtained by the k-means
algorithm we obtain a local measure for each region of similarity (see Fig. 5).
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c d

a b
W

Fig. 4. a: Original picture, b: Locally enlightened and darkened picture, c: Comparison image and d: Result of the k-means clustering algorithm with k = 3.

Algorithm 1 Image comparison measure algorithm.

Require: Two images (of the same size) to compare: A and B

Ensure: C the comparison image and SC the image clustered in similarity regions
1: for each pixel in A do

2 Consider its neighbourhood in A and the corresponding neighbourhood in B
3 Compare both neighbourhoods using a matrix resemblance function

4 Define in C a pixel in that position and whose value is the result of the comparison
5: end for
6
7
8

: Show the comparison image C
: Ask for the number k of clusters needed
: Perform the spatial k-means clustering algorithm with k clusters and save it in SC

0.8

Fig. 5. Comparison measure of each similarity region.

9.2. Example 2

Another possibility is to compare an image with another in which noise has been added. For the next example we use
the image in Fig. 6.a and we compare it to Fig. 6.b, a new image in which we have added different intensities of Gaussian
noise to different areas.

In this case, it is difficult to accurately tell, in plain sight, the regions where each intensity of Gaussian noise has been
applied. However, the comparison image that results from the Algorithm shows that images Fig. 6.a and 6.b are more
similar in the centre.

The mean pixel intensity of the comparison image is 0.604 and if we compute as before the arithmetic mean of each
similarity region given by the k-means segmentation, we reach the results that appear in Fig. 7.

The difference between the average of the values in each region indicates that the k-means algorithm segments the
comparison image to obtain well defined similarity regions, areas where the images we compare are equally similar or
dissimilar.

Universidad Publica de Navarra
Nafarroako Unibertsitate Publikoa



176 Part II. Publications: Published, accepted and submitted works

M. Sesma-Sara et al./Applied Mathematical Modelling 61 (2018) 498-520 517

, b c d

Fig. 6. a: Original picture, b: Picture with 2 different Gaussian noises (o = 0.1 and o = 0.01), ¢c: Comparison image and d: Result of the k-means clustering
algorithm with k = 2.

Fig. 7. Comparison measure of each similarity region.

10. Three possible applications

In this section we expose some possible applications for the previously presented MRF-based algorithm. Besides the
application as an image comparison measure as such, this method has also potential applications in such fields as pattern
matching, vision information retrieval, tamper and damaged areas detection for image reconstruction algorithms, defect
detection in industrial processes, video motion detection and object tracking, etc. In this section we present some examples
for the last three.

10.1. Tamper and damaged areas detection

One possible application of the proposed comparison method is tamper detection [5,33]. In Fig. 8 we show an example,
similar to the ones given in [33], of a tampered image with image synthesis attacks. As it appears in Fig. 8.d, the algorithm
successfully locates the tampered areas.

Additionally, this algorithm could be used for image reconstruction techniques as it successfully locates the damaged
areas. The next example (Fig. 9) is similar to the one that can be found in [34], it consists of an image and a damaged
version of it.

10.2. Defect detection in industrial processes

The aim of this section is to present some examples of the performance of our method for defect detection in PCBs,
showing the applicability of our algorithm in this field.

Visual inspection systems play a crucial role in manufacturing processes, as they benefit in the goal of having a 100%
rate of defect-free products. In this section we focus on the case of defect detection in the assembly of printed circuit
boards (PCB). PCBs are a basic component in any electronic device and therefore it is important that they do not have any
defects to ensure the proper performance of the device in question. Defects in PCBs are sorted in two types, functionals
and cosmetic [35]. There are several proposals of automatic optical inspection systems to detect either kind of defects in
the manufacturing production of PCBs [36,37].
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Fig. 9. a: Original image. b: Damaged image. c: Comparison images. d: Results of the k-means clustering algorithm with k = 3.
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Fig. 10. a: Image of good PCB patterns, b: Image of defected PCB patterns, c: Comparison image and d: Results of the k-means clustering algorithm with
k=2.

The use of our algorithm based on matrix resemblance functions as a PCB inspection algorithm would be categorised as
a referential approach [4], as it would be a model-based technique.

In Fig. 10 one can see an example, as the one in [37], of defect detection and location using Algorithm 1 to compare a
well assembled PCB image with a defective one.

The defects that appear in Fig. 10.b are detected and located by our algorithm (Fig. 10.d).

10.3. Video motion detection and object tracking

The image comparison method presented in this work could also be used for videos, specifically for motion detection or
object tracking, i.e., locating an object that is moving in a video.
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Fig. 11. 3 x 3 x 3 neighbourhood of a pixel in a video. The blue square represents the pixel. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

Frame 52

Fig. 12. First row: Grayscale conversion of the original frames from the clip. Second row: Results of comparing the clips. Third row: Results of the k-means
algorithm for k = 2.

In this subsection, we show how the comparison algorithm with matrix resemblance functions could be applied to
object tracking in a video. The idea is to use the algorithm to compare two videos instead of two images; a video in which
an object moves and another in which either the object does not appear or it is still.

The first step to carry a comparison between two videos, that have exactly the same duration, is to extract their frames.
Thus, we have a series of images and the amount of pixels to manage is the result of adding all the pixels from each frame.
In this case, we consider that the neighbourhood of a pixel (i, j, k), i.e., the pixel in the row i, column j of the frame k,
is formed by the adjacent pixels in the same frame k, the corresponding ones in the previous frame k — 1 and those from
the following frame k + 1. So, a neighbourhood of a pixel in a video can be seen as a 3-D matrix and two neighbourhoods
can be compared using matrix resemblance functions as before. In Fig. 11 we show a representation of an instance of a
neighbourhood of a pixel in a video. Note that, since the definition of matrix resemblance function can be straightforwardly
generalized to the case of 3 dimensional matrices, the same algorithm can be used.

Let us now present an example of the usage of matrix resemblance functions to detect a person who is crossing a street.
We use a video from a human motion database? that is described in [38]. In order to reproduce a video in which the street
is empty, we build a new one consisting in a copy of a frame in which the street is empty from the original video.

The video of the following example is a conversion to grayscale of a movie-clip from the 2002 film About a boy directed
by Paul and Chris Weitz. In Fig. 12 a glimpse of the results are shown. It is apparent that a extraction of the object in
motion, the pedestrian in this case, is achieved and that it is reasonably determined by the k-means algorithm.

2 http://serre-lab.clps.brown.edu/resource/hmdb-a-large-human-motion-database/
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11. Conclusions

In this paper a method for comparing images is presented which not only considers the information provided by each
pixel, but also the impact that the surrounding of each pixel has in the comparison. For that purpose, the concept of matrix
resemblance function is introduced and two construction methods are presented. Furthermore, since the result of the
comparison is a new image, we are able to identify areas in which both images are equally similar and equally dissimilar.
Due to this fact, the comparison method presented in this paper is versatile when it comes to possible applications. We
have seen that the method could yield good results when applied to tamper detection, location of defect detection in
manufacturing processes and video motion detection and object tracking.
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