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Abstract 

The aim of this thesis is to contribute to the sustainability of public health services by means 
of data analysis and through the development and application of Operational Research methods 
and techniques for modeling and analyzing real planning and management problems generally 
affecting the public health sector and Emergency Departments (EDs) in particular. The focus 
of the research is on the development of methods of analysis that will yield practicable solutions 
to improve the efficiency and quality of patient care and working conditions of the health staff.  

A hospital ED provides medical and/or surgical care to patients arriving in need of immediate 
attention. The highly stochastic environment of these departments is especially difficult to 
manage due to the variability of the patient arrival rate, patient severity, and (material and 
human) health resource requirements. They also have to provide a 24/7 service, where 
physicians are required to work night, day and weekend shifts, and take on different 
assignments. 

The research for this thesis covers two types of problem: the improvement of patient flow 
management and physician shift scheduling. Simulation techniques were selected to model the 
variable and stochastic environment of the ED. The resulting model includes seasonality in 
patient arrival patterns by level of severity, and mimics patient pathways through the ED, 
reflecting the resource consumption (including the medical staff) required for treatment. A 
guideline is provided for the construction of a mathematical model of the ED designed to 
overcome some of the shortcomings of oversimplified queuing theory models and capture some 
important issues that previous simulation models have overlooked. 

The first part of the thesis addresses the problem of patient-to-physician allocation following 
triage. It offers a proposal for new allocation rules which prove to outperform the common 
cyclic allocation approach by taking into account a factor usually neglected by patient-flow 
management policies: i.e., the workload stress experienced by physicians, which is measured 
in real time using a method proposed and analyzed in this thesis. The stress score is used as the 
KPI to assess the performance of current patient-flow management policies and as a criterion 
for designing new ones. This thesis also illustrates the successful implementation of one of the 
proposed rules, from initial concept to practical application in the hospital. The tested allocation 
rule outperforms the current cyclic one, as demonstrated by using the simulation model and 
analysis of the real data gathered during the pilot test. 

The second part of the thesis addresses the physician scheduling problem, which is a 
combinatorial optimization problem posing particular difficulty when all the constraints and 



objectives observed in practice are considered. The problem is modeled by means of 
mathematical programming, and thus cannot be solved in practice by commercial software. 
This leads to the development of a new solution heuristic. A key feature of this algorithm is the 
greedy constructive phase, which is guided by solving a linear problem in combination with a 
memory structure. Initial good solutions are very quickly obtained, but they can be unfeasible 
in heavily constrained cases. The subsequent improvement phase combines a repair strategy 
based on variable neighborhood search with network optimization. This is the first proposal for 
such a strategy. A computational analysis and a real-case solution demonstrate the quality of 
the solutions and the good behavior of the methodology. 

The research presented in this thesis fulfills the following objectives: 

• To propose a quantitative framework (based on simulation models and their 
combination with optimization procedures) for the analysis of problems involved in the 
dimensioning and assessment of management policies in hospital emergency services. 

• To develop a methodology for the real-time assessment of pending workload stress in 
physicians. 

• To provide new patient-to-physician allocation methods with criteria including the 
workload and stress balancing across physicians, and patient service quality. 

• To analyze alternatives to pure priority rules for managing the queue of patients 
awaiting initial emergency assessment by a physician or reevaluation following tests 
and/or diagnosis. 

• To design efficient algorithms for solving the physician work-shift assignment problem 
taking into account all real ergonomic constraints while balancing the workload. 
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Chapter 1 Introduction 

1.1 Importance and complexity of Emergency Departments 
(EDs) 

Public health expenditure represents a very important part of national budgets in the developed 
world. In Spain, it amounted to 75,435.4 million Euros (€ 1,617 per capita and 6.24% of GDP) 
in 2018, having increased considerably since the end of the last century (in 2000, for example, 
it accounted for 4.85% of GDP with a total of 31,432.3 million Euros and 775 € per capita). 
The last decade, however, has seen a degree of stagnation and even some slight decline (for 
example, from 6.77% of GDP in 2009). In addition, public health services are facing a growing 
demand due to the aging and longer life expectancy of the population, as well as an increase in 
patient expectations and demands. 

The Spanish National Health Survey of 2017 reveals the public’s intensive use of health 
services: 85.8% of the population (91.4% of women and 82.4% of men) report having consulted 
a doctor in the last 12 months. Almost a third of the population (31.3%) was attended by an 
Emergency Service (ES) in the last year, the frequency being higher among children and the 
elderly overall (see Table 1.1) and higher for women than for men (see Figure 1.1). Emergency 
departments (EDs) are where most of the emergency health care (93.42%) is provided. The 
usage rate is significantly lower among the elderly, who have more need of home care and 
mobile units than the rest of the population (see Table 1.1). Some patients attend the ED several 
times a year, taking the average number of usages per patient to 1.82, in 2017. 



2 Chapter 1. Introduction 

 

 
Figure 1.1 Percentage of the population that used ES in 2017, distributed by age. Data from the National Health 
Survey, 2017, prepared by the Spanish Ministry of Health, Consumption and Social Welfare. 

The Spanish Society of Emergency Medicine estimated the total number of visits to hospital 
ES in 2018 at 28 million, the enormous economic impact of which can be estimated in terms 
of the average cost per visit for the Health Departments of some of Spain’s Autonomous 
Communities. The cost estimates vary widely: while the order 731/2013 of September 6 of the 
Madrid Govt. Health Ministry estimates the cost of emergency hospital treatment without 
admission at 180 Euros (190 if it involves trauma), that of Galicia is estimated at 362 Euros. In 
any event, the total estimated cost of emergency visits exceeds 5,000 million Euros (more than 
100 Euros per capita). 

Table 1.1 Emergency Service usage rates, number of usages and location of service provision. Data from the 
National Health Survey, 2017, prepared by the Spanish Ministry of Health, Consumption and Social Welfare. 

Age 
group 

% of use of 
ES 

Average 
number of 

usages 

Standard 
deviation of 

the number of 
visits 

% of Emerg. 
at home, 

workplace… 

% of Emerg. 
Requiring a 

mobile 
medical unit 

% of Emerg. 
at Emergency 

Unit 

0-4 50.67 2.24 2.08 3.88 0.26 96.40 

5-14 31.94 1.65 1.52 3.36 0.76 96.56 

15-24 35.66 1.98 2.89 3.73 0.44 95.90 

25-34 32.84 1.97 4.48 3.97 1.24 95.47 

35-44 29.82 1.78 1.92 4.63 1.38 94.93 

45-54 27.67 1.70 1.71 4.55 2.96 94.46 

55-64 25.27 1.73 1.61 7.63 2.76 91.68 

65-74 26.92 1.74 1.78 7.77 4.77 89.44 

75-84 33.37 1.73 1.45 13.15 4.80 86.99 

85+ 41.37 1.66 1.24 19.94 9.26 78.29 

TOTAL 31.27 1.82 2.39 5.92 2.26 93.42 
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The last 30 years have seen a growing trend ES usage, which has risen from 11% to 31% of 
the population (see Figure 1.2). This increase can be attributed to multiple causes (see [1]): 

- The progressive aging of the population (particularly significant in Spain which has the
second longest life expectancy and one of the lowest birth rates in the world), which
leads to higher chronicity and dependency rates.

- The improvement in ES, both quantitative, due to the increase in the number of units,
and qualitative, due to human and material resource improvements.

- Public demand for immediate solutions to health problems leads patients to use the ES
to bypass waiting lists and gain direct access to a specialist consultant.

- ES provide the only available public health care assistance for almost two thirds of the
calendar year (nights, weekends, holidays), which, in combination with the need for
immediacy cited in the previous point, contributes to increase demand.

Figure 1.2 Use of health services 1987-2017 in the last 12 months by the Spanish population aged 15 years or 
over. Data from the National Health Survey, 2017, prepared by the Spanish Ministry of Health, Consumption and 
Social Welfare. 

The control of ES demand is very difficult due to the unique nature of the sanitary emergency, 
which is defined by the World Health Organization as “the accidental occurrence (unexpected 
or unpredicted), in any place or activity, of a health problem due to different causes and of 
varying severity, which generates the awareness of an imminent need for attention to the 
individual suffering the problem or his/her family”. This definition does not allow for an 
objective assessment of when to consider an unexpected health problem urgent and eligible for 
treatment in an ED, since it depends on the subjective assessment of the patient or someone in 
his/her presence, and it is their decision to request the services of emergency professionals. The 
American Medical Association also includes subjectivity in its definition of an emergency, 
defining it as “the condition that, in the opinion of a prudent layperson (the patient, his/her 



4 Chapter 1. Introduction 

 
family, or whoever assumes responsibility for the patient, requires immediate medical attention 
". Both definitions are widely accepted by national health agencies. Therefore, the ES must 
admit every patient who considers that her/his health problem needs immediate attention. 

ES in Spain and other countries with a free public health care system can therefore be 
considered as a public service that fits the premises of the tragedy of the commons [2]: free 
access, absence of restrictions on individual conduct, demand that exceeds supply and the 
inability of users to modify the rules. 

The tragedy of the commons is a social dilemma, described, as we know it today, by Garrett 
Hardin [3] in 1968. As C. Navarro [2] points out in his thesis, “the dilemma indicates that when 
common goods or resources are considered, with freedom of access and free of charge, each 
person, as a rational being, seeks to maximize her/his utility, so people are persuaded to use 
the aforementioned good unlimited, since the utility obtained from its use is always a positive 
figure, although the sum of similar behaviors by a large number of people will cause a 
deterioration in the aforementioned good, due to its excessive use, and therefore a long-term 
damage to society as a whole (and consequently to each of its members)”. Navarro investigates 
the introduction of co-payment as a way to induce more rational use of the ED and reduce its 
costs, thereby contributing to its sustainability. 

The ES form a complex organizational structure, incorporating a wide range of professionals 
with multidisciplinary training, providing their services 24 hours a day, 7 days a week, and 365 
days a year, holidays included. These professionals must be able to work under time pressure, 
since response time is crucial in the case of seriously ill patients whose prognosis depends on 
the nature of the clinical decisions and the time taken to reach them. The Spanish Society of 
Emergency and Emergency Medicine also highlights the essential role they play in time-
dependent pathologies such as stroke, heart failure, heart attack or traffic accidents; and their 
decisive participation in catastrophes and multiple-victim incidents such as terrorist attacks. 
This activity, carried out in an unpredictable environment, cannot be planned or programmed, 
thus making the ES very difficult to manage. 

The necessary coordination of the ES with other health care units further increases their 
complexity and hinders their effective management. The activity of these other units affects 
and is affected by the activity of the ES. The interaction of the ES with primary care services, 
intensive medicine services and other hospital departments is not always clear in organizational 
terms. The activity of the ES conditions hospital and ICU bed management and also surgical 
programming. Similarly, the activity of these other units determines activity in the ED, since it 
can lead to emergency patient blockage, and delay in hospitalization, ICU admission or 
performance of surgery, thus increasing the risk of congestion. Meanwhile, the referral of 
certain primary care patients to the ES further contributes to overcrowding. 
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1.2 Management problems in EDs and quantitative approaches 
of analysis 

The demand increase described in Section 1.1 above has led (and will further lead, if nothing 
is done about it) to problems affecting the health both of ED patients, through longer waiting 
times and waiting lists, and of ED workers, who typically experience a higher rate of burn out 
than other healthcare professionals. This issue has great social impact and has attracted the 
attention both of the media and politicians. Problems of congestion and overcrowding in 
Spain’s ES have also been raised by its national and regional ombudspersons and exposed in 
the book “Hospital emergencies in the National Health System: patient’s rights and 
guarantees” published in 2015 [4]. Among its conclusions, the following stand out: 
“Emergency management is the time management, so the dashboards should be able to 
establish the times and phases of patient care (traceability) while staying in the ED, as a 
measure to seek more effective care. The computer applications implemented in most hospitals 
do not take into account the specific requirements of urgent care”. The book calls for the use 
of modern information technologies and artificial intelligence to improve the management of 
the ES. 

Informed and efficient resource management is therefore necessary to ensure the quality and 
sustainability of public health services. However, the usual planning and management methods 
are based on the experience of those in charge, most of whom have medical or related training, 
acquired in contexts that are no longer valid. As already stated, the health services have become 
extremely complex systems evolving in highly variable and unpredictable environments, and 
requiring management policy improvements which can only be achieved with the help of 
modern information technologies and decision-making science. 

There are two categories of ED management problems; those arising from the relationship of 
the ES with the other health units with which it interacts to improve patient flow through the 
whole system (ICU, hospital, primary care); and those relating to resource and patient 
management in ES facilities. 

The first category of problems affect the performance of the entire health system and must be 
addressed by means of interconnected information systems and coordinated decision-making, 
which, in the current context of Spanish public health, are far from being a reality. Internal ED 
management problems, on the other hand, can be tackled using ED patient records, and ED 
resource files. Such problems may be strategic, such as the layout of the facilities; tactical, such 
as human resource deployment and shift allocation; or operational, such as patient flow control.  

This thesis proposes the development, application and implementation of quantitative methods 
to provide scientific support to the tactical and operational management of ES, using data 
analysis and decision-making based mainly on optimization and simulation techniques. This is 
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an Operations Research (OR) approach for solving real, complex problems, generally involving 
the allocation of scarce resources. 

The use of OR methods to solve health problems is not new, as can be observed in the activity 
of the European working group ORAHS (Operational Research Applied to Health Services), 
specialized academic journals such as Health Care Management Science (created in 1998) and 
Operations Research for Health Care (created in 2012), and the health sections of the main OR 
journals (EJOR, Operations Management, Omega, etc.). Countries such as the United States, 
Canada and others in Western Europe (Holland, United Kingdom, France, Germany, Italy, 
Portugal...) have a long tradition both of academic research and collaboration between the 
university and health services for the analysis of real problems. In Spain, however, there are 
few such experiences and no stable collaboration of that nature. 

The main OR tools that have been used to improve the management of ES in general and ED 
in particular, are Queuing Theory, Simulation, Mathematical Programming and Markov 
models.  

Mathematical programming has been used mainly to address staffing and nurse- and physician- 
scheduling problems. When the mathematical models become too difficult to be solved to 
optimality using commercial solvers, then heuristics methods are developed. Among the most 
successful is the Tabu Search, which has been used successfully in several studies (e.g.[5]–
[7]). Mathematical programming is also used in combination with forecasting models to study 
staffing and scheduling problems taking into account intraday variability in patient arrivals. A 
literature review of these problems is provided in Chapter 6 of this thesis. 

Queuing theory has been extensively used to analyze ED patient flow. A rationale for its use is 
explained in Wang et al. [8]: “Although analytical methods contain fewer details than 
simulation, and are based on simplified models, it could provide quick results and an 
opportunity to investigate system properties more efficiently under appropriate assumptions”. 
Many papers use Markovian models to study specific queuing problems in healthcare systems 
(a review of Queuing theory applications in healthcare is provided in Lakshmi and Iyer [9]). 
However, their appropriateness depends on the research assumptions and goals. When used to 
address complex ED management problems, queuing models generally show some 
deficiencies, mainly by usually assuming stationary arrival processes, simplifying the service 
process (when provided in several steps and, possibly, in different locations) and ignoring 
patient exits from and re-entries into the system. The discrepancy between queuing model 
dynamics and the real process dynamics has been analyzed recently in Azcarate et al. [10] for 
the Intensive Care Unit (which is arguably a simpler system for modeling purposes). Papers 
using queuing models to analyze the patient flow in EDs are reviewed in Chapter 5 of this 
thesis. 

The simulation approach to the study of ED patient flow and staffing and scheduling problems 
overcomes the difficulties pointed out in relation to the queuing theory approach. In the words 
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of Kolker [11]: “Process model simulation approach seems to be much more flexible and 
versatile. It is free from assumptions of the particular type of the arrival process (Poisson or 
not), as well as the service time (exponential or not). The system structure (flow map) could be 
of any complexity, and custom action logic can be built in to mimic practically any features of 
the real system behavior”. The ability to model processes in great detail motivated the 
development of a simulation model that captures all important influences on patient flow and 
ED management decisions. The resulting model is presented in the next Chapter of this thesis 
(Chapter 2). It is thanks to its capacity for “what if” analysis that simulation has become the 
choice of analytical tool in many contexts where the best of several alternatives must be 
selected. This approach is used in Chapter 4 of this thesis to improve patient-to-physician 
allocation after triage. However, it is its capacity for combination with other analytical tools, 
such as optimization, that makes simulation so powerful for the analysis of complex problems. 
Such a combination is used in Chapter 5 of this thesis to obtain optimal patient flow 
management policies. Reviews surveying the use of simulation in EDs include Brailsford[12], 
Günal and Pidd [13] and, most recently, Vanbrabant et al. [14]. 

Markov Decision Processes enable the modelling of ED patient flows and patient reneging. 
They are used in several papers for length-of-stay prediction and patient flow design. The 
review of problems and methods by Saghafian et al. [15] surveys these applications. 

1.3 Introduction 

Simulation techniques, as mentioned in the Introduction Chapter 1, are the best option for 
modeling and analysing EDs [14], since they can accommodate the desired level of detail and 
deal with the stochastic nature of ED queuing patterns. Thanks to these characteristics, 
simulation models are able to approximate real-life behavior, and yield reliable “what-if” 
analyses (e.g. [11], [16]). Simulation models also serve as a basis for system optimization using 
simulation-optimization techniques. 

Computer simulation is therefore a widely-used tool in health-care studies, as shown in several 
comprehensive literature reviews, and, within the health-care domain, much attention has been 
given to the simulation modeling of EDs ([12]–[14], [17]). However, the generated output is 
valuable for the investigation of ED operations only if the model closely resembles the real 
system. Model design and construction is therefore of prime importance. The aim in this 
chapter is to describe all the steps required to build a credible and valid simulation model that 
can be used to analyze patient flow and resources. It will relate how a simulation model is 
developed for the Hospital Complex of Navarra (HCN) ED, and used, once validated, for the 
investigations proposed in the subsequent chapters. 

Conceptual model design is a blueprint of the model that is to be built. While ideally 
independent of simulation software [18], it is nevertheless dependent on the selected simulation 
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method [19] which determines the modelers’ particular perspective of the world . A conceptual 
model is a necessary prerequisite of model construction, as it aids understanding of the problem 
scenario, the definition of research objectives, and the identification of boundaries, inputs, 
outputs, construct components and their interactions. This is especially important when 
modeling a healthcare setting, particularly EDs, whose organizational complexity must be 
reduced to enable the fulfillment of the modeling objectives. One of the commonest approaches 
to this key task is through process flow diagrams. 

The objectives, level of detail, and the generality of a model are interrelated. The greater the 
level of detail, the closer it reflects reality, but the less likely it is that the model will be generic. 
Generally speaking, ED modelling objectives focus on activities that affect hospital 
performance and therefore have a major impact on the level of detail and generality of the 
model. However, if the model is properly parameterized and sufficiently flexible, it can, with 
little modification, be reused to evaluate the impact of changes in the system (e.g., priority rules 
and demand changes) on ED performance as well as being transferable across different 
hospitals (‘full model reuse’). 

Credible models require reasonable data. These provide the input; the more detailed the model, 
the more inputs it requires. ED modeling requires information (and data) from various sources, 
such as the hospital’s information system (which collects data routinely in hospitals), 
interviews with staff, personal observations on site, etc. Considered and careful analysis of 
these data is an important phase in the development of most simulation models. 

Various simulation methods can be used for building hospital ED models. The most commonly 
used are Discrete Event Simulation (DES), System Dynamics (SD), and Agent Based 
Simulation (ABS). This chapter describes the construction of a DES model. These have a long 
history and are commonly used to model systems that change states dynamically, 
stochastically, and at discrete intervals. This methodology is particularly powerful in systems 
with a strong queuing structure, such as the ED, where patients (entities) compete for resources, 
since it consists of tracking entities that change their state within a system. DES software also 
offers great flexibility, since it supports different detail requirements, enables easy modeling 
of stochasticity (random emergency arrivals, length of consultation, etc.), easy programming 
of complex queuing mechanisms, and a visual representation of patient flow. All discrete event 
hospital simulation models include entities and attributes (generally patients), resources 
(physicians, ancillaries, nurses, X-ray machines, etc.) which can change their state, a network 
of processes representing the interaction between entities and resources, and input and output 
variables. 

This chapter starts with a description of the conceptual modeling of an ED including its main 
elements; the relationships among them are described in Section 2.1. Section 2.2 details the 
necessary model input data, and the data collection and estimation process. Sections 2.3 and 
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2.4 explain the implementation phase and the model verification and validation, respectively. 
Finally, Section 2.5 details the construction of the simulation model for the HCN. 

1.4 Objectives 

The overall aim of this thesis is to develop methods and algorithms for operational and tactical 
decision making aimed at improving the running of hospital ES, from both a patient and 
personnel perspective. 

This overall aim is broken down into the following specific objectives: 

A. To propose a quantitative framework (based on simulation models and their
combination with optimization procedures) for the analysis of problems involved in the
dimensioning and assessment of management policies in hospital ES.

B. To develop a methodology for the real-time assessment of pending-workload stress in
physicians.

C. To provide new patient-to-physician allocation methods with criteria including the
workload and stress balancing across physicians, and patient service quality.

D. To analyze alternatives to pure priority rules for managing the queue of patients
awaiting initial emergency assessment by a physician or reevaluation following tests
and/or diagnosis.

E. To design efficient algorithms for solving the physician workshift assignment problem,
taking into account all real ergonomic constraints while balancing the workload.

The research carried out in this thesis aims to provide solutions to classic problems involved in 
the allocation, planning and management of ED resources in order to mitigate some of the 
adverse effects of congestion and overcrowding on both patients and personnel. The 
implementation of the results obtained in this thesis should be beneficial for: 

• Decreasing waiting times and the proportion of patients not seen within the target time
to first contact.

• Decreasing the risk of poor clinical outcomes due to delays in diagnosis and initiation
of treatment.

• Reducing the number of patients leaving the service without being seen.
• Balancing the physician workload, thereby reducing burn-out and absenteeism.
• The prevention of attacks on health personnel, some (unreasonably) due to long waiting

times or non-application of the FIFO discipline.
• Continuity of care
• Reducing the service costs incurred by inefficiency of care.
• Improving overall productivity by reducing the time spent in the ED by patients and

those accompanying them.
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In summary, the thesis, based on a multidisciplinary research framework (quphs group, 
www.unavarra.es/quphs) for the analysis of real problems, aims to contribute to academic 
advances in solution of these problems, while making a real impact in the improvement of ES. 

1.5 Structure of the thesis and main results 

The thesis is structured as two initial chapters and another six divided into two parts, each 
dealing with a different problem. It ends with a chapter on conclusions and possibilities for 
future research (Chapter 9) and a list of references. Eleven annexes are also included. 

Chapter 1 presents the research setting: hospital ES, with a focus on their economic importance 
and benefit to the public and particular emphasis on their complexity and management 
difficulty. This chapter also describes the general and specific aims of the thesis showing how 
they relate to real problems. 

Chapter 2 describes all the steps required for the construction of an ED simulation model. The 
model incorporates all the structural (conceptual) and stochastic elements required to represent 
a valid ED, for use in the analysis of different patient flow management policies and changes 
in resource availability. The model, validated by physicians of the Hospital Complex of 
Navarra (HCN) ED, is used to perform various investigations in subsequent chapters. 

Part I of the thesis occupies chapters 3, 4 and 5, which deal with the research carried out to 
improve the flow of patients through the ED. The approach encompasses two perspectives: that 
of the patient, by trying to minimize waiting times and access time to first contact, and that of 
the physician, by trying to achieve an equitable distribution of the workload in order to reduce 
stress and burnout. 

A review of the mathematical and medical literature revealed no method for the real-time 
measurement of pending-workload stress in physicians. A specific method therefore had to be 
developed. This involved the definition of workload stress factors, the selection of workload 
scenarios for stress assessment, the design of surveys to elicit the opinion of ED physicians and 
the proposal of a mathematical stress-assessment model with parameters estimated by the 
statistical analysis of the physicians' answers to the surveys. The presentation and scientific 
rationale for the method, and its real-case application are presented in Chapter 3. 

The control of patient flow through the ED has two stages, the allocation of patients to 
physicians following priority-labeling during triage and the management of patients awaiting 
initial assessment or possible reevaluation following tests and/or diagnosis.  

Patient-to-physician allocation is analyzed in Chapter 4, where proposals are made for different 
allocation rules aimed at different objectives, including the minimization of physicians' stress, 
equitable distribution of the workload and the minimization of access time to first contact. The 

http://www.unavarra.es/quphs
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chapter also describes the practical implementation of one of the rules, from its design and 
evaluation using the simulation model, through to its validation by the analysis of real data 
gathered during the hospital trial. The process also requires convincing managers, computer 
implementation and staff training. 

Chapter 5 investigates the management of patients awaiting first or subsequent treatment by a 
physician. Accumulative Priority Queuing (APQ) models have been analyzed for the 
management of such queues which include priorities, time constraints and reentry into the 
service, but only from the queue theory perspective for M / G / k models. The results of the 
research carried out help to identify the circumstances in which APQ models outperform pure 
priority rules based on patient severity and type of consultation, and reach the optimal APQ 
policy by means of simulation-based optimization. It should also be noted that the proposal and 
analysis of a variant of APQ shows it to be very similar to that used in ED management in 
practice. 

The second part of the thesis, presented in Chapters 6, 7 and 8, is dedicated to solving the 
problem of ED physician shift assignment. This is a combinatorial optimization problem 
entailing particular difficulty due to its size and the large number of constraints and objectives 
to be considered. Particularly relevant is the modeling of preferences and equitable workload 
distribution. The planning horizon considered in most studies found in the literature is usually 
short, typically varying between two and four weeks. However, the Spanish workers' statute 
(BOE-A-2015-11430) stipulates that workers must be informed of their entire shift calendar 
for the following year before the end of the current one. Thus, given that the motivation of this 
research is to solve the shift-planning problem in a practical Spanish context, the problem we 
face is much larger than those discussed in the literature. Chapter 6 presents the mathematical 
model of all the constraints and objectives that arise in practice and formulates an integer linear 
programming problem. This includes four types of restrictions 1) demand and capacity 
restrictions 2) workload restrictions 3) equitable distribution restrictions and 4) ergonomic 
restrictions. Chapter 7 presents a new heuristic algorithm developed to provide very good 
solutions to this problem within a reasonable timescale. The algorithm consists of two phases, 
a randomized greedy construct and a subsequent improvement which combines a Variable 
Neighborhood Search and Network Flow Optimization. Chapter 8 presents an extensive 
computational analysis of the algorithm in real-based scenarios. It is shown that commercial 
software fails to provide an optimal solution to problems of similar size to the real one in 
reasonable times (not even in a week). It also includes the results of a real-case application. 

Since each part deals with a different problem relating to the management of ED resources and 
patients, a separate literature review is included for each. In the case of part I, which deals with 
the analysis of patient flow, separate reviews are made of the problems treated in each of the 
three chapters. As a result, this thesis does not include a specific global literature review section 
or chapter. 
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The thesis includes 11 Appendices. The first five relate to Chapter 3 of the thesis, which 
proposes a method for the real-time assessment of physicians’ stress. They contain the 
instruction sheets for completing the questionnaires to elicit expert opinions in the real-case 
description (Appendix A and Appendix D), example questionnaires (Appendix B and 
Appendix E), and mathematical details for calculating the expert consistency index (Appendix 
C). 

Appendices F, G, H relate to patient flow management problems (Part I): Appendix F presents 
the notation and acronyms used in this part of the thesis, Appendix G presents the survey used 
to assess the outcome of the pilot testing of the new allocation rule in the HCN previously 
evaluated by means of simulation (Chapter 4); and Appendix H provides additional numerical 
results from Chapter 5, which studies patient management under the APQ discipline.  

The three last appendices relate to Part II of the thesis: the notation and acronyms for the 
scheduling problem are presented in Appendix I, the mathematical modeling of all constraints 
and objectives of the problem is summarized in Appendix J, while a Linear Programming 
model for solving a general covering problem as a basis for the proposed heuristic is 
summarized in Appendix K.
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Chapter 2 ED Simulation model 

2.1 Conceptual modeling 

The development of the simulation model should be oriented towards the research objectives 
for which it is intended. Thus, most studies of health systems, including EDs, examine the 
performance of the system in terms of waiting times, level of occupation, usability of resources, 
patient satisfaction, etc. 

2.1.1 Main elements 

The first step is to identify the main elements of the system under analysis. The principal 
elements influencing global ED performance are: 

• The patients. These are the system entities entering and leaving the ED. Analysis of 
patient arrival patterns is very important when using the simulation. 

• Patient flow through the ED service. The routing of patients within the ED considers 
all the processes they undergo during their sojourn and depicts the relationships 
between the different elements considered. It includes possible decision-making points 
throughout the entire care process. 

• Resources. 
- Personal resources: physicians, nurses, administrative staff, specialist physicians, 

orderlies, etc. Nurses may be employed in the triage process or as general nurses in 
the patient care circuit. Physicians fall into different categories based on their ability 
to work without supervision, and this ranking may influence resource allocation and 
process time. Some injuries in ED patients require treatment by a specialist 
physician who may be permanently employed within the system or across several 
different hospital departments. 

- Movable resources (not including personnel such as orderlies): wheelchairs and 
stretchers – if these are limited-, elevators, etc. These resources, as well as orderlies, 
are very important components of the healthcare system; particularly in EDs where 
urgent cases, unable to move independently, may arrive unaccompanied and 
therefore require stretchers or wheelchairs. 
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- Layout and principal facilities. These include rooms where physicians receive 

patients, resources such as X-ray machines, scanners, examination boxes, 
resuscitation rooms, etc. 

2.1.2 Patient arrival patterns 

The analysis of arrival patterns is fundamental for the simulation model to reliably reflect 
reality. It is also very important to establish distinct categories of ED patients, since they are 
treated in different areas of the ED, have different care needs, and are evaluated differently 
(e.g. different target times to contact with a doctor).Many studies have documented the 
heterogeneity of arrival rates across different patient categories (see for example [20]–[22]). 
The categorization of patients can include not only their priority but also their mobility, age, or 
any other characteristics influencing the processes and resources required for their treatment. 

The medical literature shows that ED patients arrive randomly, and are, by their own definition, 
not eligible for scheduled care. Their arrival patterns are modeled by Poisson processes, which 
are characterized by lapses of time between consecutive, exponentially distributed random 
events. These processes are not homogeneous, however, since the rate of arrivals is not constant 
over the course of the day, as demonstrated in several studies ([20]–[23]). These time-
dependent arrival rates, which can be regarded as non-homogeneous Poisson processes 
(NHPP), have been well-studied (see e.g., [24]–[26]). Thus, arrival patterns vary throughout 
the day according to a Poisson probability distribution, as expressed by the following equation: 

𝑃𝑃(𝑋𝑋 = 𝑘𝑘) = �
𝑚𝑚−(𝜆𝜆𝜆𝜆)(𝜆𝜆𝐷𝐷)𝑘𝑘

𝑘𝑘!
      0 𝑜𝑜𝐷𝐷ℎ𝑚𝑚𝑚𝑚 𝑦𝑦𝑦𝑦𝑦𝑦𝑚𝑚

, 𝑦𝑦𝑖𝑖 𝑘𝑘 = 0, 1, … ,𝑦𝑦, … 

where 𝑘𝑘 is the number of arrivals (event occurrences), 𝑚𝑚 is the basis of the Neperian logarithm, 
and 𝜆𝜆 is the average number of events per unit of time. In this distribution, the mean and 
variance coincide with this last parameter. 

The quantitative analysis in this step consists, first, in the application of statistical methods to 
determine the influence of different factors in the arrival rate, then, in the calculation of the 
mean arrival rates per hour across the study period, generally the whole year, based on 
historical data and accounting for previously-detected time effects. As well as intraday 
seasonality (rates fluctuating throughout the day with peak periods are widely accepted), there 
can be intraweek or yearly seasonality [27]–[29]; that is, differences in arrival rates according 
to the type of day (e.g. holidays, working days, etc.).Furthermore, seasonal effects in arrival 
rates are inversely proportional to patient severity[29], and can even be statistically non-
significant for the most severe patients. Therefore, less severe patients – whose injuries are not 
strictly urgent- are likely to access the service when their family, social and work circumstances 
permit[30]. Thus, it is necessary for the simulation model to calculate the arrival rate,  λ, of a 
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patient of category i at a time of day, t, based on the affecting parameters. For example λi,j,k(t) 
where j is the type of day (day after a holiday, holiday, etc.) and k is the period of the year (by 
season or injury seasonality). 

2.1.3 Flow diagram 

The exact classification of all ED patient flow processes is impossible, since access to the 
system involves a complex series of decisions, tasks, and interactions with ED and hospital 
staff. They also vary from patient to patient based on severity and diagnosis. However, a 
general flow process for the “typical” ED patient can be determined as shown in Figure 2.1 and 
the following processes are typical for an ED patient: 

• Critical patients arriving by ambulance or helicopter are rushed to the resuscitation 
rooms and treated immediately. 

• A walk-in patient stands in line for mini registration at the “admission desk”, where 
basic details, such as name, birth date, and social security number are collected. 
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Figure 2.1 General flow process for a “typical” ED patient. 

• Non-critical patients arriving by ambulance or helicopter and walk-in patients (after 
registration) undergo a triage process. Triage nurses call the patients in order of arrival, 
assess them and classify them by category (level of urgency) based on their symptoms, 
in order to ascertain their treatment priority. There are several triage protocols, which 
may include performance goals, such as the percentage of patients who must be seen 
by a doctor within a target interval. This will be explained in more detail in Part I of 
this thesis. Sometimes an ECG scan is performed during triage (as reported in several 
papers, e.g. [31]) 

• After triage, some patients need immediate treatment and are assigned to a room under 
the care of a nurse until the doctor arrives. Patients not needing immediate treatment 
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remain in the waiting room, which can be common or specific for each type of patient, 
until a physician or room is available for treatment to start. 

• During treatment, the patient is evaluated by a physician, who may order clinical tests, 
such as blood tests, X-rays, scans, or a specialist consultation and reevaluate the patient 
and test results before allowing discharge. 

• Patients with reduced mobility must be transported by logistics personnel. 

EDs must operate at a very high level of efficiency to handle their typically large daily patient 
loads. Thus, at some points of the flow, decisions must be made to determine the order in which 
patients are treated; which physician should be assigned to each patient, etc. All these issues 
will be addressed in detail in Part I of the thesis. 

2.1.4 Staffing and resource level 

The principal resources considered in ED systems are: examination and procedure (e.g. X-Ray) 
rooms and staff such as nurses, logistic personnel, administrative assistants, and physicians, 
each of which may have associated costs as well as different number scheduled for each period 
of the day (defined shifts). It is important to specify how many staff are scheduled for each 
zone and its respective procedures. That is, the number of triage nurses scheduled, the number 
of nurses in each care circuit, etc. 

Physicians may be senior physicians, medical residents in their first year of training or other 
medical residents in training. They differ in terms of whether they can work without 
supervision, or need to be coupled with a senior physician, etc. and with respect to the time 
they need to complete the consultation with the patient. 

External staff, such as external doctors, referred to above as “specialist physicians”, are not 
usually considered in ED studies. ED physicians may call upon a doctor from an in-patient unit 
for clinical examinations or consultation, or on a trauma specialist for specific X-Ray imaging 
tasks. 

2.1.5 Layout 

It is important to consider the layout of the ED, which can affect processes, resource capacity 
(number of examination rooms, etc.), movements within the system, and patient flow, and can 
be organized in different ways. For example, there are usually physically separate triage rooms 
for different arrival modes (ambulance or walk-in) which affect the process time and 
transportation of each patient. Another possibility is that patient care may be organized into 
different care circuits; a process known as “streaming”. These streams don’t often share 
resources (physicians, nurses, ancillaries, rooms, etc.), as will be explained in more detail in 
Part I of this thesis. Finally, there are also two popular ways to organize the patient’s care 
process depending on the layout and the ED: 
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• A room is assigned to a patient who stays in that room until treatment is complete and 

the doctor orders discharge. The doctor sees the patient for an initial assessment and 
again once tests and a complementary diagnosis have been carried out and once the 
results are ready (if tests have been ordered) for reevaluation prior to discharge 
(processes shaded in red in Figure 2.1). Under this layout and treatment structure, the 
number of examination rooms limits the number of patients that can be treated 
simultaneously. 

• The patient does not stay in the room during the whole treatment but only when called 
by the physician for initial assessment and possible reevaluation following tests and/or 
diagnosis. The patient spends the rest of the time in the waiting room or undergoing 
clinical tests. 

2.1.6 Service time distribution 

Some patients may require a number of different resources (e.g. physician, nurse, and 
examination room) which need to be coordinated and simultaneously available before the 
process can begin. This information is required as well as the estimated service times. 

In the event of some operational process data being unrecorded, incomplete or unreliable for 
time distribution purposes, several estimation procedures are possible. Simulation-optimization 
approaches are sometimes proposed to obtain a good set of input parameter estimates for the 
simulation model (e.g. probability distributions of service times). Kuo et al. [22], for example, 
used the available data for the time lapses between the start of two different services for each 
patient, and, assuming a Weibull distribution, which can fit many continuous functions on the 
positive real line, they estimated process times using a simulation-optimization approach. 
Service times are frequently modeled based on the judgment of a team of ED experts, who 
often use a triangular distribution model to estimate the maximum and minimum values ([32]–
[34]). The most likely value was set at (𝑚𝑚𝑖𝑖𝑦𝑦𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚 + 1/3(𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚 −𝑚𝑚𝑖𝑖𝑦𝑦𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚)) to reflect 
the positive skewness that is generally present in processing times [34]. Otherwise, if possible, 
patient processing time in specific areas of the ED is gathered by sampling techniques [21] and 
an appropriate random distribution can be estimated for each set of data obtained. 

2.1.7 Patient pathways 

The probability of requiring a given step of treatment varies across patient types and degrees 
of urgency. It is therefore fundamental to model the defined sequence of each patient type 
within the ED system based on emergency care phases. By analyzing their historical records, 
patients can be grouped, and assigned to a route once their routing probabilities have been 
calculated.  

Typical ED routes – not including the resuscitation room – are: for patient is sent directly to a 
specialist physician within the hospital, patient is discharged after initial consultation with the 
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physician, or patient is sent initial consultation with a physician for treatment/medical tests 
before being reevaluated. The medical tests can include: X-Ray, blood test, urine analysis, CT 
scan, assessment by a specialist, etc.  

2.2 Data collection 

Data acquisition is a crucial part of simulation modeling and involves various sources. The 
representativity of the input data as well as the statistical accuracy of the model influence the 
value and usefulness of a simulation model as a tool for system research and analysis of 
possible ED management alternatives. It is important to use reasonable data to build credible 
models. 

The necessary input parameters/data previously described are arrival rates, probability 
distributions of service times, available resources, doctors’ and nurses’ schedules, etc. The 
input data for any model depends on the required level of detail. Modern information 
technology helps in this respect by routinely collecting an extensive amount of data. An ED’s 
computerized patient tracking system usually records the time each patient spends in the 
various emergency care phases: arrival time, beginning of triage, beginning of initial 
assessment by the physician, medical test requests, etc. Although most of the data is already 
being collected and stored in the ED’s computerized databases, some, such as processing times, 
may be missing or unavailable, and thus compromise the required level of detail. As already 
stated, when sufficient empirical data is not available, information sometimes has to be 
obtained by on-site sampling or from estimates by so-called subject matter experts (SMEs) 
[35], who can typically provide estimates of the times required for the different processes 
included in the model. 

Therefore, this data collection phase also combines data from observations and interviews with 
experts and practitioners, who can provide holistic insights for various system issues. 
Healthcare systems contain a high level of complex social interaction particularly at decision 
points. Interviews and observation contribute greatly to a better understanding and an accurate 
modeling of work flow in the healthcare facility. They can also fill information gaps that cannot 
be addressed solely with numerical data or the hospital’s information system. Interviews with 
healthcare facility senior managers, moreover, are essential for ensuring correct justifiable 
decisions and examining potentially effective solutions for the future. 

Finally, it should be stressed that, for the sake of reliability, data cleansing procedures are 
required prior to the extraction and analysis of any data set from patient records to estimate 
patient arrival patterns, patient groups, etc. This is all the more essential given that ED data are 
often taken in critical situations, under the pressure and stress caused by the patient's condition 
upon arrival. Systematic errors, duplicate records, incompatibilities (negative processing time 
values, etc.) have a great impact on data quality. 
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2.3 Implementation 

The implementation of the simulation model is often referred to as model translation, as it 
combines the conceptual model validated by system facility experts and the results of analysing 
patients’ historical records and data sampling to obtain a more detailed, complex and 
executable simulation model, which can be used to investigate the impact of possible decisions 
and alternatives (i.e., “what if” scenarios) to foresee the consequences of the decisions adopted 
by the decision makers. 

The simulation model can either use code programming, or a simulation software package, 
which provides the tools that are typical and essential for certain modeling, as well as graphical 
visualization tools, which can be used as a communication platform in order to validate the 
model with the experts working within the real system and increase its credibility . 

Modular implementation is useful for verifying the computerized model ([36], [37]) by 
executing each part separately to check output consistency against actual behavior in each case. 
This, together with a proper parametrization of the model processes, facilitates model design 
adjustments to test their impact on the system and adequacy to different hospitals. 

2.4 Verification and validation 

Verification ensures the correct transformation of the conceptual model by accurate computer 
programming and implementation, i.e. debugging the computerized model, while the validation 
process ensures that the simulation model is an accurate representation of the system under 
investigation [38] and suits its purpose [39]. 

The verification process begins with the generation of simulated arrivals to the system for 
comparison with historical arrival records. This is followed by statistical tests for equal arrival 
rates and equality of variance. Then, to verify the model logic, ensure that patients follow the 
correct care pathway as expected, and generate the desired spread of patient types and priority 
levels across the workload, the historical and simulated data relating to the percentage of 
patients following the different routes within the system must be compared. 

 The various simulation model validation techniques used throughout the design and 
development of the simulation model include those described below [35], [40]–[42]: 

• Face validity (mentioned in [37]) is obtained through collaboration with the system’s 
experts (ED workers, managers, specialists, etc.) who evaluate the model concept and 
compare its output with real-world system behavior. This involves their evaluating and 
interpreting the results to determine whether the usage rate, average number of due 
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patients, occupational level, etc., reflect their own experience in the field. This ensures 
that the simulation model adequately depicts reality ([43], [44]) 

• Animation (suggested in [45]) enables graphical visualization of the movement of 
patients, physicians and other medical staff through the ED in order to check whether 
patient dispatching rules and individual routings are as expected, as well as enhancing 
the credibility of the model. It helps experts such as ED managers and senior physicians 
to validate the accuracy of the model’s logic and to check intermediate output values 
such as queue lengths and waiting times between processes. 

• Historical data validation uses the system’s empirical data to build the simulation model 
and derive several metrics, such as length of stay across patient types, access time to 
first contact, etc., for comparison with the simulation-derived measures. The 
comparison can be performed by graphical ([46], [47]) or statistical means such as the 
Chi-Square test to check the compatibility of time distributions [48]. 

Finally, this step also involves determining the simulation run length required for accurate 
estimation of the desired measure. 

2.5 Construction of the Hospital Complex of Navarre (HCN) 
simulation model 

The ED of the HCN, which is located in Pamplona, is staffed 24 hours per day, assists a 
population of half a million and has more than 140.000 annual users. This section describes the 
construction of the simulation model for this ED, beginning with the information sources, 
continuing with the conceptual model design and statistical analysis, and ending with the 
implementation and validation of the model. 

2.5.1 Information sources 

The hospital data base 

The hospital administration database holds the electronic records of all patients who used the 
ED over the period 2014-2016. They total over 420.000 patients, each associated with more 
than 39.000 possible data fields and more than 550.000 complementary diagnostic test requests, 
each associated with over 700 data fields. Also included are the arrival times, number of 
physician consultations, medical test requests, and illness and acuity descriptions, among 
others (see Figure 2.2).  
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Figure 2.2 Hypothetical care process automatically recorded in the HCN database. 

These data facilitate patient clustering (by sex, age, reason, diagnostic, priority, etc.), the 
estimation of arrival patterns across patient types, and patient pathways through the ED 
(including probabilities of branching at different points of the flow including the probability of 
discharge after the first consultation, specialist consultation requests, and medical test 
requests). 

Interviews with staff and personal observation 

ED staff interviews and observation during the workshift enable a better understanding and 
more accurate modeling of patient flow in the healthcare facility. They also enable modelers to 
see how physicians manage their workloads and allocated patient portfolios, since there are 
sometimes gaps in their self-reporting due to their having interiorized tasks to the point of 
performing them automatically. 

Recording of processing time “in situ” 

The duration of the patient’s different consultations with physicians, triage processes, medical 
tests processes, etc. are not recorded in the hospital database and therefore had to be recorded 
in situ and complemented by directly asking physicians and other staff members. Times for the 
different processes were recorded throughout each day for a whole month. 

2.5.2 Conceptual model design and data analysis 

Main elements 

The main elements considered in the simulation model and used throughout this thesis are 
patients, patient flow through the system, human resources such as physicians, administrative 
staff, and triage nurses and exploration rooms. 
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Flow diagram 

Patient flow in the HCN is similar to that shown in Subsection 2.1.3. The triage system is used 
to stratify patients into five different levels from most critical (1) to least critical (5). As in 
many other EDs, patient care is organized into two different circuits: one for the most critical, 
i.e., circuit B (CB), and another for the less critical, i.e., circuit A (CA) (see Figure 2.3). Thus, 
once classified by degree of urgency in triage, patients are assigned to one of the two care 
circuits for treatment: priority 1 (P1) and priority 2 patients (P2) are assigned to CB, priority 4 
(P4), and 5 (P5) are assigned to CA, and priority 3 patients (P3) may be treated in both circuits. 
Then, each patient is assigned within the respective circuit to a specific physician, under whose 
authority he/she will remain throughout his/her stay in the ED system. The patient then waits 
in the waiting room of his/her respective care circuit until called by the physician for the initial 
consultation. After this, the physician may order medical tests or discharge the patient to one 
of several destinations such as an in-patient ward; his/her own home, or another hospital. 
Unless discharged to one of these destinations, the patient undergoes the requested medical 
tests and waits in the waiting room until the results are ready, and reassessment by the physician 
can take place prior to discharge. Patient flow management will be explained in more detail 
and addressed in Part I of this thesis. 

Each circuit has dedicated resources such as physicians, nurses, waiting rooms, exploration 
rooms, etc. and both operate under the same management policies. Thus, after triage, they 
operate as two independent EDs. Figure 2.3 represents the general flow process for a patient in 
the HCN ED; delays, labeled “waiting rooms”, may be due to medical test results not being 
ready (laboratory blood tests), no physician being available, etc. 

 
Figure 2.3 General flow process for a “typical” ED patient in the HCN 
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Patient arrival patterns 

This part of the study began with a statistical analysis of arrival homogeneity over time and the 
influence of different factors, such as day of the year, day of the month, day of the week and 
type of day, patient priorities, and patient mobility. Using the electronic records of all patients 
presenting to the ED over the period 2014-2016 and the perceptions of ED workers in the HCN, 
the types of day were classified into holidays, days after a holiday, days before a holiday and 
working days not included in previous categories, and days in the week of San Fermin. Finally, 
the statistically significant factors for arrival rates were found to be patient priority, hour of the 
day, type of day (holiday, day after a holiday, and working days not after a holiday), and month 
of the year. Patient arrivals were modeled as a non-homogeneous Poisson process (NHPP) for 
each type of patient [49], with the intensity of arrivals 𝜆𝜆𝑖𝑖,𝑗𝑗,𝑘𝑘(𝐷𝐷) depending on patient priority 𝑖𝑖, 
month of the year 𝑆𝑆, type of day 𝑘𝑘, and hour of the day 𝐷𝐷. This seasonality, also observed in 
other studies (e.g. [50]), depends inversely on the patient acuity level, such that lower acuity is 
related to higher intraday and intraweek seasonality [29], as stated in previous Subsection 2.1.2. 
In this case, there is no seasonality even for high priority patients across years or types of day. 
As an example, Figure 2.4 represents the hourly arrival rate of less critical patients (priority 4 
and priority 5) throughout the day (0:00-23:00). 

 

Figure 2.4 Average hourly arrival rate for less severe patients (priorities 4 and 5) across types of day: normal work 
day, holiday, and day after a holiday.  

Staffing and resource level 

This stage of the study is to determine the number of scheduled resources of each type 
mentioned in the previous Subsection “Main elements”. The main resources involved in all the 
issues addressed in this thesis are physicians, whose working conditions are very important for 
good quality of care, and examination rooms. Therefore, this study not only indicates the 
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number of physicians (each with an associated examination room) scheduled for each workshift 
and type of day, it is also flexible enough to enable the insertion of any number of physicians 
with a view to determining how many need to be scheduled for each workshift, (see Figure 
2.5). The numbers of physicians scheduled are summarized in Table 2.1. 

Table 2.1. Current number of physicians per shift, per day in the HCN. 

 Working day Day after a holiday Holiday 
8:00 – 15:00 14 16 10 
15:00 – 22:00 11 13 10 
22:00 – 8:00 5 5 5 

 

The type of physician (first-year resident, general resident, or board-certified physician) is 
taken into consideration. The first type cannot discharge a patient without the supervision and 
approval of a board-certified physician; general residents can assist patients without 
supervision but may, in some cases, require a board-certified physician, depending on the 
priority of the patient, and the last type can assist any type of patient without supervision. 

 

 
Figure 2.5 Work shift schedule and staffing template for each type of day in the simulation model. 

Layout 

ED layout is considered in order to check for resource limitations in terms of examination 
rooms (5 or 6 depending on the day for CA and 9 for CB), or triage boxes, and for the design 
of movement studies, etc. It was also used to design a 3D animation imitating the real system. 
Figure 2.6 shows a representation of the ground floor of the ED. 
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Figure 2.6 HCN ground floor and facilities. 
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stated, experience was a relevant factor in the time taken for physicians’ consultations, such 
that first year residents had lower service rates than senior physicians. 

2.5.3 Implementation 

The construction of the conceptual model and statistical data analysis led to the implementation 
phase of the study using Arena Simulation ([51], Version 15), a modular simulation software 
package from Rockwell Automation (see Figure 2.7). Some of the modules include the creation 
of schedules for different patient arrival rates, calculated in the subsection headed “Patient 
pattern”, different queue management approaches, detailed incident reporting and time spent 
in each phase of the care process. 

The above procedure was coupled with a 3D animation model constructed from the AutoCAD 
layout of the ED using Sweet Home 3D, sketchup, 3D Max and Arena visual designer. A video 
of the simulation model can be seen at http://www.unavarra.es/quphs/proyectos, or 
downloaded specifically at [52]. 

2.5.4 Verification and validation 

Model verification starts with the generated arrivals to the system. This requires comparing the 
simulated arrival rates for each patient priority group with those calculated from the real 
historical data. Tests for equality of mean hourly rates and equal variances yielded p-values of 
>0.05.

Verification of the percentage of patients following the different pathways is carried out by 
patient priority levels in order to reproduce the same resource requirements as in the real 
system. Likewise, process time distribution must be verified to ensure accurate computer 
programming. 

Historical data analysis, as well as expert judgments, was used to validate the simulation model 
and determine its accuracy as a representation of the real ED system and its capacity to generate 
decisions similar to those that would be made if it were feasible to experiment with the system 
itself: 

• Face validity: the system’s experts (ED personnel, managers, specialists, etc.)
collaborated by evaluating the model output behavior with respect to that of the real-
world system. They interpreted average patient waiting time by priority levels, taking
into account care circuit and global system occupational levels, and declared the
simulation model a true depiction of reality

http://www.unavarra.es/quphs/proyectos
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Figure 2.7 Screenshot of the HCN simulation model developed in Arena. 
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• Animation: medical staff and physicians watched several runs of an animated 3D 

simulation to check whether its behavior matched that of the real ED. Patients queuing 
for different ED processes were shown in different colors according to their priority 
level, to enable viewers to track their movements within the system and the priority 
rules governing them. Viewers could also check intermediate output values, such as 
queue lengths and waiting times between processes, and assess their similarity to those 
experienced in the real-world system. 

• Historical data validation: comparison of metrics such as length of stay. Values derived 
from the system’s empirical data were compared with the simulation-derived values 
using equivalence tests to check the accuracy of the obtained Key Performance 
Indicators (KPIs) 
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I. PATIENT FLOW MANAGEMENT 

Growth in the utilization of emergency care is observed in high income countries. For instance, 
emergency admissions grew over 50% from 1992 to 2006 in the US [53] and 9.3% from 2014 
to 2017 in England [54], mainly due to the ageing population, which encompasses the main 
consumers of healthcare services. Some studies quantify that this factor itself can explain 40-
50% of the total growth [55], [56]. This trend is expected to continue in the near future. As a 
result of this growth, the National Center for Health Statistics [57] estimated 43.3 visits to 
emergency departments (ED) in the US per 100 persons in 2015, which equals a total of 136.9 
million visits. Nevertheless, the capacity of healthcare services does not follow the demand 
growth pace, and it even decreases in some cases [57]. For example, regarding the number of 
hospital beds per 1000 habitants in the US, which was 4.5 per 1000 in 1980 and 2.5 per 1000 
in 2014. Thus, the mixture of a growing demand and a fairly stable capacity of service leads to 
overcrowded EDs; approximately half of all EDs report operating near or above maximum 
capacity [58]. This restrictive environment makes operational health care management even 
more critical, and it is important to guaranty the quality and universality of public healthcare 
services.  

However, EDs are especially difficult to manage; they evolve in a highly stochastic 
environment due to the variability in the patient arrival rate, illness severity, and, in general, 
the health resources needed for treatment (material and human) [27]–[29]. In this situation of 
resource scarcity, the grouping of patients according to their urgency to receive healthcare 
treatment is a strategy commonly used. Thus, upon arrival, patients undergo an initial 
assessment, i.e., triage, whose aim is to stratify them by illness acuity and prioritize them 
accordingly ([59]). Examples of triage systems are the Emergency Severity Index (ESI); the 
Australasian Triage Scale (ATS), the Manchester Triage Scale (MTS), and the Canadian Triage 
Acuity Scale (CTAS). 

Triage systems may include performance goals in terms of the percentage of patients who 
should have access to the physician consultation before certain time limits and should have a 
different time limit and a different percentage for each type of triage-level (see Table 2.2).  
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Table 2.2. CTAS key performance indicators. 

Category Classification Access Time Performance Level 
1 Resuscitation Immediate 98% 
2 Emergency 15 min 95% 
3 Urgent 30 min 90% 
4 Less urgent 60 min 85% 
5 Not urgent 120 min 80% 

The improvement of the performance of the ED has been addressed by many operations 
research studies in recent years, such as in Saghafian et al. [15], in which 350 papers dealing 
with the ED patient flow are reviewed. They distinguish the following three components of the 
ED patient flow: flow into, within, and out of the ED. The problem addressed in this part of 
the thesis deals with the patient flow optimization within the ED. In this specific context, Wiler 
et al. [59] reviews applications concerning patient flow and crowding in the ED. Next 
subsection explains the patient flow within the ED and its phases. 

Patient flow within the ED 

Figure 2.8 shows a flowchart of a patient being processed through an ED. Patients arrive either 
by their own means (normal arrivals) or in an ambulance, and in the first case, the 
administrative registration process must be carried out. In a very short time, patients access to 
the examination room, where a triage process classifies the patients according to their severity. 
Traditionally a nurse evaluates patients at triage, even if there are some papers that have found 
the investment of a physician at triage to have benefits in the combination of common 
performance metrics such as LOS, LWBS, and diversion levels ([61]–[65]). In this case the 
main trade-off from an OR/OM perspective is between 1) using the physician (an expensive 
resource) at triage instead of in the rooms treating patients, 2) gaining more accurate 
information upfront, and 3) issuing discharge or appropriate tests early on. 

Depending on the hospital and country, the triage process usually uses one of the four ordinal 
ED triage scales [50] previously mentioned. Without a loss of generality, we consider that the 
triage classifies ED patients on 5 acuity levels, as is the case of CTAS (Table 2.2: Access time 
is the upper limit for the arrival to provider time, and performance level is the minimum 
percentage of patients that should satisfy the access time requirement). Some research 
considers a complexity-augmented triage proposed by Saghafian et al.[66] would only take a 
matter of seconds, but it benefits ED performance, both for patient safety and operational 
efficiency (see for example [67]). Saghafian et al. [66] also investigates several patient flow 
designs that can be utilized after the complexity-augmented triage is implemented. 

After triage, EDs usually organize the patient care into different care circuits; a process known 
as “streaming”. Usually, a small percentage of total patient volume are subject to a high 
mortality risk if not treated immediately and they are generally tracked separately from the rest 
of the patients through a “resuscitation” track. Pioneers in the innovation and implementation 
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of patients streaming based the streams for the rest of patients on a prediction of their 
disposition (admit or discharge) made by triage nurses (e.g. [68], [69]). A “fast track” is a 
stream of dedicated resources used to process lower acuity patients more quickly. Welch [70] 
notes that a fast track dedicated for minor injuries has been a mainstay in EDs since the 1980s. 
One of the advantages of this separation is protecting patients with short processing times from 
waiting behind customers with long processing times. 

In the study of this thesis, we will consider the most common structure for EDs. The patient 
care organized into two different streams or care circuits, apart from the “resuscitation” track 
dedicated to patients subjected to a high mortality risk if not treated immediately, which 
constitutes a small percentage of total patient volume. One circuit will be for the treatment of 
more critical patients and the other for the treatment of less critical patients (“fast track”). 

Regardless of the care circuit (stream) where the patients will be treated, once they have been 
triaged, they wait in a waiting room and are eventually called by a physician. They initially 
wait in a queue for the first consultation (red arrow in Figure 2.8), in which a physician is 
needed to evaluate them. This first consultation can result in discharging the patient from the 
ED (to a hospital ward or to the patient’s home) or in ordering some clinical tests, such as blood 
tests, X-ray, scan, specialist’s consultation, etc. Once the tests and complementary diagnosis 
are carried out and their results are ready, the patient re-enters the queue (blue broken line 
arrow in Figure 2.8) and waits for a second consultation with the ED physician to be reviewed 
before being discharged from the ED. Note that a patient is usually assigned to a single 
physician and so must wait for his/her physician to be idle for each consultation. 

 

 

Figure 2.8. Patient flowchart in the ED. 
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After concluding a consultation, a physician has to choose a pending patient from the queue to 
provide a medical consultation. This queue is formed by patients of different priorities awaiting 
initial emergency assessment by the physician or possible reevaluation following tests and/or 
diagnosis. The queue discipline implemented by the physician greatly influences the quality of 
the service measures, which is discussed in Chapter 5. 

As explained and considered in Saghafian et al. [71], and according to the just explained EDs 
operation described in Figure 2.8, the flow of patients in the ED is impacted by two phases of 
sequencing decisions that will be studied in Chapter 4 and Chapter 5 respectively: 1) 
determination of the order/priority in which patients are initially taken from the waiting area to 
start treatment with a physician (patient entering the queue represented by a red arrow in Figure 
2.8); and 2) determination of the order in which patients are seen once they are under the 
responsibility of a physician (patient in the queues represented by a red and a blue broken line 
arrow in Figure 2.8). The phase 1 sequencing decisions are generally made by a nurse 
considering priority and waiting time in some cases and by physicians in others. The phase 2 
sequencing decisions are usually made by individual physicians by choosing among patients 
assigned to them, who are of different priorities and in different treatment stages. It has been 
observed wide variance in this latter sequencing logic of individual physicians working within 
the same ED [71]. 

With the aim of incorporating a criterion from the physician’s point of view to manage the 
allocation of patients to physicians (first stage of patient flow management), an indicator in 
real time of the pending instantaneous workload is needed. Both medical and mathematical 
literature focus on patient’s quality of care. Welch et al. [72] and Welch et al. [73] list various 
metrics by which ED performance can be measured, but there is no metric related to medical 
staff quality of work or satisfaction to assess performance. Therefore, we address the 
development of this necessary indicator to manage patient flow optimizing not only traditional 
performance measures but also physician’s quality of work in Chapter 4. We propose an 
instantaneous workload measure in terms of stress experienced by physicians. 
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Chapter 3 Workload and stress indicators 

3.1 Introduction and related literature 

The National Institute for Occupational Safety and Health (NIOSH) defines job stress as the 
harmful physical and emotional responses that occur when the requirements of the job do not 
match the capabilities, resources, or needs of the worker [74] . This organization also apprises 
that the concept of job stress is often confused with challenge, which energizes us 
psychologically and physically. When a challenge is met, we feel relaxed and satisfied. 
However, when the challenge turns into job demands that cannot be met the sense of 
satisfaction turns into feelings of stress. 

Job stress level at health services is higher than in other comparable professions [75]. In fact, 
health care workers have higher rates of substance abuse and suicide than other professions 
and elevated rates of depression and anxiety linked to job stress [76]. Particularly, EDs are 
widely known for being a chaotic, stressful, and unpredictable environment within the hospital 
owing to its stochastic nature. Because of this volatile atmosphere for ED providers, they may 
be exposed to severe stress most of the time - more than that faced by the physicians of other 
departments [77]. Specifically, ED physicians of the Hospital Complex of Navarre (HCN) 
reported experiencing high levels of stress and large inequities regarding the stress from the 
workload assigned to each of them despite the apparently fair workload assignment rules (e.g. 
assignment of patients to physicians upon arrival by a simple rotational rule). This statement 
motivated the research we present in this chapter whose main purpose is, firstly, to provide a 
method allowing the real-time monitoring of the physician’s stress, which is dynamic [78], and 
secondly, to use it to assess the current HCN-ED physicians stress during the workshift to 
possibly support their reported feelings of stress and workload inequities among them. This 
tool will be used in next Chapter 4 to define new patient-physician assignment rules that both 
reduce and balance the stress among all physicians without worsening other important ED 
performance measures. 

Our cooperation with the ED physicians led us to consider the following stress factors: the 
workload, the time pressure, and the uncertainty. Workload refers to the number and type 
(severity) of patients that are simultaneously managed by the physician. As patients arrive to 
the ED, they are triaged (a priority is determined) and immediately assigned to a specific 
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physician who will be aware of them during their whole health care process. Depending on the 
hospital and country, this triage process usually uses one out of four ordinal ED triage scales 
[50]. For example, the Canadian Triage and Acuity Scale (CTAS) classifies patients into five 
distinct priority levels. Therefore, this workload varies through the work shift because the 
patient arrivals vary over time and their health status could also evolve over time. Time 
pressure refers to the upper limit for the arrival to provider (ATP) time (“door to doc”), which 
is defined as the interval between the time a patient arrives at the ED and the time an attending 
physician sees the patient [73] and depends on the type of patient. Delay in the first diagnostic 
could put patient health at risk the, especially in those with high severity. Table 2.2 shows the 
CTAS access time limit as well as the required performance level, which is the minimum 
percentage of patients that should satisfy the access time limit. The uncertainty refers to the 
lack of knowledge about the patient illness, the tasks needed to provide medical assistance to 
patients not seen yet or waiting for test results. Generally, the ED healthcare process can be 
represented by a queue system with several stations, associated to the first and second 
consultation and some medical tests between them if needed. As the patient is passing through 
the different stages of their treatment more data about their illness is known reducing the 
uncertainty.  

The considered stress factors are consistent with several studies that also identify the same 
sources of stress for hospital workers. See for example [79]–[84]. 

There are several studies that deal with stress measurement methods [85], [86] which can be 
grouped into two different categories: the first is named systemic stress, and it is based on 
physiology and psychobiology among others (see [87]), and the second is named psychological 
stress, which was developed within the field of cognitive psychology [85], [88]–[90]. In this 
study, we use “subjective techniques” to quantify immediate physician stress in an ED, 
particularly the self-report, which belongs to the psychological stress category of measurement. 
Thereby, physicians provided us with stress assessment data associated to different workload 
scenarios that are processed by using data analysis. As result, a function able of measuring in 
real-time the physician’s stress is estimated which represents the consensus of the ED 
physicians about the stress feeling.  

Specifically, the stress score associated to a physician workload scenario accounts for the 
previous mentioned factors: workload assigned to a physician disaggregated by the type of 
patients (severity), their stage in the medical care process, waiting time targets, and other 
responsibilities as teaching duties. The proposed methodology involves factor stress analysis, 
design of questionnaires, and a statistical data analysis of opinions elicited from experts. 

Other methods for measuring workload and stress have been proposed in the literature, but 
none of them can be used to measure and monitor the stress in real time as the one proposed in 
this chapter does. Well known examples are the Modified Cooper-Harper scale (MCH), the 
National Aeronautics and Space Administration Task Load Index (TLX), the Overall Workload 
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(OW) scale, and the Subjective Workload Assessment Technique (SWAT) [91]. These indices 
provide a global assessment of the total workload for a period of time (e.g. a work-shift). Levin 
et al. [92] considers “the objective workload” in an ED to be directly proportional to the number 
of patients being managed simultaneously and inversely proportional to the average severity of 
them. Specific examples of job stress measures are the Cornell Medical Index [93], the Maslach 
Burnout Inventory [94], and the Dundee Stress State Questionnaire [95] but they are not 
suitable to be applied in a dynamic system evolving in a stochastic environment. See more 
information about job stress measures in [96] review. 

The developed stress index can be incorporated into the usual performance criteria measures 
used in the evaluation of patient flow management policies in an ED. Measures related to 
patient care are usually used, such as the time until the first consultation, the length of stay or 
the number of patients in the ED, disregarding indicators related to healthcare staff. 

From a production management point of view, patient flow management would be similar to a 
job shop problem, where the jobs that must be processed are the patients and the different work 
stations are the different medical consultations and clinical tests. This problem is very 
important in the production management context and has been the subject of a huge research 
effort [97]–[99]. However, the problem of managing the flow of patients has its own 
characteristics, for example that the care pathway of the patients is not known upon their 
arrival, their health status (and priority) evolves while waiting and the machines of the work 
stations are mostly people. This specificity of the problem requires the development of 
management policies specific too. 

The methodology of this stress score, which accounts for patients represented as pending 
workload in Figure 3.1, is also applied to develop a completed workload score, which accounts 
for discharged patients represented in a red cycle in Figure 3.1. This latter case is not as 
complicated since workload associated to completely assisted patients is known. 

 

Figure 3.1 Workload considered in the different measures proposed. 
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This stress score and completed workload, validated and accepted by physicians and that are 
easily calculated in real-time, serves to monitor the physician's stress and developed workload 
which can be used to feed a computer application that assigns patients to physicians, as it will 
be studied in next Chapter 4. 

This chapter is organized as follows. Section 3.2 presents all phases necessary to estimate the 
stress function. In particular, Section 3.2.1 describes step-by-step the preparation for data 
acquisition, and Section 3.2.2 explains the statistical data analysis. Section 3.3 shows the results 
of the application of this procedure to a real case in an ED. Analogously, Sections 3.4 and 3.5 
presents all phases necessary to estimate the completed workload function and its application 
to a real case in an ED. Finally, Section 3.6 summarizes and discusses the benefits of our 
approach. 

3.2 Methodology for stress assessment 

In this section, we present all steps necessary to estimate a stress function denoted by 𝑓𝑓(𝑤𝑤), 
whose purpose is to provide a score on a global scale of the stress induced in a physician by a 
workload scenario 𝑤𝑤. A workload scenario at a given time 𝐷𝐷 is defined by the set of patients 
that are currently assigned to a physician. This pending workload includes: patient waiting for 
the first visit, patients in progress, and patients waiting to be transferred after finishing the 
medical process in the ED. They change over time: whenever a new patient is assigned to a 
physician, a new consultation begins or ends, new patient’s test arrives, etc.  

Let W be the set of all possible different workloads:  

𝑓𝑓 ∶ 𝑊𝑊 ⟶𝑅𝑅 ⊆ ℝ+ 

𝑤𝑤 ∈ 𝑊𝑊 ⟶𝑦𝑦𝑤𝑤 = 𝑓𝑓(𝑤𝑤) 

where 𝑦𝑦𝑤𝑤 is the stress induced in a physician when the workload is 𝑤𝑤, and 𝑅𝑅 ⊆ ℝ+ is the set 
of values in which the stress varies. 

The aim is to estimate the function 𝑓𝑓(𝑤𝑤) from the statistical analysis of the stress assessment 
made by experts (physicians working in the ED) from a sample of scenarios representative of 
𝑊𝑊. The methodology is divided in two phases: the first one concerns the preparation for 
collecting data, in which the job stress factors and their levels are first determined, and then an 
appropriate survey is designed for eliciting physicians’ stress assessments; the second phase 
covers the data analysis, for which the data is depurated and homogenized, and finally the stress 
function is estimated. The methodology, structured in seven steps, is summarized in Table 3.1. 
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Table 3.1. Methodology summary 

Phase 1. Preparation for data acquisition. 
Step 1. Identifying the set of factors affecting stress and their categories or 
levels. 
Step 2. Definition of workload scenarios and selection of a representative 
sample. 
Step 3. Drawing up the questionnaire to be answered by the experts 
Step 4. Selection of experts, dry run exercise, expert training, and elicitation 
session. 
 

Phase 2. Data analysis  
Step 5. Homogenization of experts’ answers in a common scale 
Step 6. Table of data. Coherence and consistency analysis for each expert’s 
answers 
Step 7. Estimation of the stress function based on scenario assessments. 
 

3.2.1 Phase 1. Preparation for data acquisition 

Step 1. Identifying the set of factors affecting stress and their categories or 
levels 

The stress analysis begins by identifying the set of factors, related to the workload, that affect 
the physician’s stress. Patients, as they arrive to the ED, are triaged and then immediately 
assigned to a specific physician. Each physician is aware of the pending workload at any 
moment of the work-shift. The severity level and the waiting time for each patient is known. 
In addition to the patient consultation work, the physician has to supervise a resident labor 
during some shifts. All these elements were enumerated by physicians as stressor factors. Table 
3.2 represents the factors we consider in our research. 

Most EDs have similar structures and ways of operating and consequently similar stressors. 
However, if the layout of facilities or the ED organization influencing stress are different, the 
job stress factors summarized in Table 3.2 can be modified and adapted to the particular ED 
where the methodology is being applied by adding more or substituting them with those job 
stress factors identified by its physicians. 

The stress factors for physicians are grouped into two categories: training responsibility and 
pending patients. The training responsibility factor refers to the supervision of residents, which 
are medical school graduates undergoing on-the-job training and cannot assist in all areas of 
patient demands nor every patient’s care needs. Physician can be charged with the supervision 
of a resident during a whole shift and consequently should have more tasks such as teaching. 
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All factors, except of the number of patients, are categorical. The factor “resident supervision” 
has two categories: no resident is supervised and physician supervises a resident. 

Table 3.2. Description of different categories for each stress factor. 

 TRAINING FACTOR CATEGORIES 
  

RESIDENT SUPERVISION (𝑁𝑁1) 
0: No resident supervised 

  1: Resident supervised 
 PENDING PATIENT FACTORS CATEGORIES 
  

PATIENT PRIORITY(𝑁𝑁2) 
1: High priority 

  2: Medium priority 
  3: low priority 
  

PATIENT MEDICAL ATTENTION 
PHASE (𝑁𝑁3) 

1: Waiting for the C1 
  2: In process 
  3: Waiting for transfer 
  PATIENT WAITING TIME TARGETS 

(𝑁𝑁4) 
0: Time limit not exceeded 

  1: Time limit exceeded 
  NUMBER OF PATIENTS (𝑁𝑁5) Any integer value 

Patients in an ED can be of different priorities, which are determined when they are triaged 
taking into account some medical factors such as the health status, illness, etc. As mentioned 
in the introduction, these possible priorities depends on the triage scale used by the hospital. In 
this methodology section we consider an ED where patients can be of priority 1 (high), 2 
(medium), or 3 (low). Patients can be waiting for the first consultation (C1), in progress -
carrying out medical tests after physician’s C1 and waiting for a second consultation (C2)-, or 
waiting for transfer to their destination (home, hospital) after the medical process in the ED has 
finished. Thus, “patient medical attention phase” factor has three categories. 

Moreover, there are “patient waiting time targets” for the C1, which depends on the patient 
priority, 𝐷𝐷(𝑁𝑁2). Two states are considered for this waiting time factor: waiting time below limit 
and waiting time exceeding the limit. Finally, the factor “number of patients” can take values 
in the set of all non-negative integers. Table 3.2 summarizes the factors and their categories. 

The amount of patients of each type, obtained by combining the levels of the stress factors 
(𝑁𝑁2,𝑁𝑁3,𝑁𝑁4), are represented by integer variables 𝑋𝑋1, … ,𝑋𝑋10, while the supervision of residents 
is coded by a binary variable 𝑋𝑋11 (see Table 3.3). 
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Table 3.3. Variables originated by the combination of the stress factors. 

Variables Description (combination of factors) Variable 
Name 

Number of 
pending patients 
(𝑁𝑁5 = ∑ 𝑋𝑋𝑖𝑖𝑖𝑖=10

𝑖𝑖=1 ) 

Medical attention phase(𝑁𝑁3)/Waiting time 
targets(𝑁𝑁4) 

Priority 
(𝑁𝑁2) 

1: waiting for the 
first consultation 

1: Time limit exceeded 
3 𝑋𝑋1 

4 𝑋𝑋2 

5 𝑋𝑋3 

0: Time limit not exceeded 
3 𝑋𝑋4 

4 𝑋𝑋5 

5 𝑋𝑋6 

2: In process 
3 𝑋𝑋7 

4 𝑋𝑋8 

5 𝑋𝑋9 

3: Waiting for transfer  𝑋𝑋10 
Training 
Responsibility  Resident supervision (𝑁𝑁1)  𝑋𝑋11 

Step 2. Definition of workload scenarios and selection of a representative 
sample 

We denote by 𝑆𝑆 the workload scenario defined by the variable vector (𝑋𝑋1, … ,𝑋𝑋11). For 
example, 𝑆𝑆 = (𝑋𝑋1 = 0,𝑋𝑋2 = 0,𝑋𝑋3 = 1,𝑋𝑋4 = 2,𝑋𝑋5 = 0,𝑋𝑋6 = 2,𝑋𝑋7 = 1,𝑋𝑋8 = 3, 𝑋𝑋9 =
1,𝑋𝑋10 = 0,𝑋𝑋11 = 0), means that 

• There is only a priority 3 patient exceeding the upper limit waiting time (𝑋𝑋1 = 0,𝑋𝑋2 =
0,𝑋𝑋3 = 1) and other two priority 1 and two priority 3 patients waiting for the C1 (𝑋𝑋4 =
2,𝑋𝑋5 = 0,𝑋𝑋6 = 2). 

• There are 5 patients waiting for the C2: one of priority 1, three of priority 2 and one of 
priority 3 (𝑋𝑋7 = 1,𝑋𝑋8 = 3, 𝑋𝑋9 = 1). 

• No patients are waiting for transfer (𝑋𝑋10 = 0) 
• No resident supervision (𝑋𝑋11 = 0) 

A workload situation 𝑤𝑤 will be represented by a vector 𝑆𝑆. Because the number of patients 
assigned to a physician is, theoretically, not capped, the number of different scenarios is also 
infinite. Furthermore, although the maximum number of patients assigned to a physician was 
limited by an upper bound, for example fixed according to the maximum value observed in a 
real ED, the number of different scenarios would also be huge. Figure 3.2 shows the increase 
of the number of scenarios depending on the maximum number of pending patients. For one 
pending patient there are 24 different scenarios, but for 15 patients, which is a realistic figure 
in peak arrival hours, there are over 15 million different scenarios. 
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Figure 3.2.Number of possible scenarios depending on the number of pending patients. 
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experiments. 

𝑃𝑃 ≤ 𝑃𝑃∗ �𝑋𝑋𝑖𝑖 ≤ 𝐿𝐿1

10

𝑖𝑖=1

 �𝑋𝑋𝑖𝑖 ≤ 𝐿𝐿2

3

𝑖𝑖=1

 𝑋𝑋10 ≤ 𝐿𝐿3 

Where 𝑃𝑃 = ∑ 𝑋𝑋𝑖𝑖10
𝑖𝑖=1  is the number of pending patients, 𝑃𝑃∗ is the upper limit of patients assigned 

to a physician, and 𝐿𝐿𝑗𝑗 ∈ ℕ ∀ 𝑆𝑆 is the upper limit for different combinations of patients. This set 

1

10

100

1000

10000

100000

1000000

10000000

100000000

0 2 4 6 8 10 12 14 16

lo
g(

N
um

er
 o

f S
ce

na
rio

s)

Number of Patients



3.2. Methodology for stress assessment  45 

 
of combinations and their associated upper limit values should be suggested by experienced 
physicians working in the ED. They could vary from one ED to another ED because they 
depend on the mix of patients attending the ED and other characteristics. 

This D-optimal design can be obtained by using the software JMP® [100], which uses an 
iterative computational method called “coordinate exchange” [101]. 

The outcome of the design of experiments provided us the necessary scenarios to estimate the 
main contribution for each factor and first order interactions. Moreover, the constraints defined 
allowed us to make the factor combinations more realistic and probable to happen through 
direct contact with medical staff of the ED. This fact makes experts’ answers more reliable as 
they assess more familiar and usual scenarios.  

Including extra scenarios as anchors. In many situations, people make estimates by starting 
from an initial value that is adjusted to yield the final answer, which is biased toward the 
starting point. This phenomenon is what Tversky and Kahneman call anchoring [102]. In this 
questionnaire, we will anchor or benchmark experts’ answers by defining additional reference 
scenarios for likely situations in the ED at both ends of the stress scale. 

Subjective probability distribution is usually collected from experts by asking them the quantity 
that corresponds to specified percentiles (usually 𝑋𝑋90 and 𝑋𝑋10) of his/her subjective probability. 
In a similar way, as we wanted to rate the scenarios’ stress from a range of 0-100, we asked the 
physician included in our research team to define some realistic scenarios for which the 
majority of their colleagues would give a very high stress score, 𝑈𝑈𝑅𝑅, called red scenarios, and 
others for which the majority of their colleagues would give a very low stress score, 𝑈𝑈𝐺𝐺, called 
green scenarios. These green and red scenarios will serve as anchors. 

In each set of scenarios given to an expert for stress evaluation there will always be one red or 
green scenario, which are supposed to be rated at one end of the scale. 

The red scenarios include levels of stress factors provided by ED workers that increase the 
stress feeling (high severity patients, waiting time limits exceeded, large amount of patients to 
be assisted, etc.). Specifically, the set of red scenarios, Ω𝑅𝑅, are defined as follows: 

𝛺𝛺𝑅𝑅 = {𝑆𝑆𝑗𝑗 ∈ 𝛺𝛺𝑈𝑈  / ∄ 𝑆𝑆𝑟𝑟 ∈ 𝛺𝛺𝑈𝑈  𝑦𝑦𝑦𝑦𝐷𝐷𝑖𝑖𝑦𝑦𝑓𝑓𝑦𝑦𝑖𝑖𝑦𝑦𝑔𝑔 𝑆𝑆𝑟𝑟 < 𝑆𝑆𝑗𝑗} 

where 

𝛺𝛺𝑈𝑈 = �𝑆𝑆𝑗𝑗 ∈ 𝛺𝛺 / 𝑓𝑓�𝑆𝑆𝑗𝑗� ≥ 𝑈𝑈𝑅𝑅�, 

and UR is a high level of stress, for example, UR ≈ 90. 

Similarly, green scenarios were obtained by combining different factor levels provided by ED 
workers that do not contribute to high levels of stress (low priority patients, waiting time targets 
achieved, small amount of patients, etc.). The set of green scenarios, Ω𝐺𝐺 , are defined as follows: 
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Ω𝐺𝐺 = {𝑆𝑆𝑗𝑗 ∈ ΩL / ∄ 𝑆𝑆𝑔𝑔  ∈ Ω𝐿𝐿 𝑦𝑦𝑦𝑦𝐷𝐷𝑖𝑖𝑦𝑦𝑓𝑓𝑦𝑦𝑖𝑖𝑦𝑦𝑔𝑔 𝑆𝑆𝑔𝑔 > 𝑆𝑆𝑗𝑗} 

where  
𝛺𝛺𝐿𝐿 = �𝑆𝑆𝑗𝑗 ∈ 𝛺𝛺 / 𝑓𝑓�𝑆𝑆𝑗𝑗� ≤ 𝑈𝑈𝐺𝐺�, 

and UG is a low level of stress, for example, UG ≈ 10. 

These extra scenarios, called anchors, augment the number of total scenarios of the design of 
experiments, while they introduce a maximum for the variability in the range answers. Their 
utility will be showed in Data Analysis Section. 

Step 3. Drawing up the questionnaire for stress assessing 

The questionnaire for eliciting the physician opinion concerning the stress associated to a set 
of scenarios has to be constructed carefully. The design has to simultaneously take into account 
the difficulty of focus of all potential categories of all the workload factors and for various 
scenarios. It is known from the work of George A. Miller [103] that there is a limit to our 
information-processing capacity as the immediate memory span can approximately handle just 
seven items, and that there is also a span of attention that encompasses a finite number of 
objects. These considerations lead us to ease the simultaneous processing task required by 
setting four scenarios for each group that a respondent needs to assess (as shown in the 
questionnaire included in Appendix B).  

In addition, the visual presentation of the scenarios is also important. For example, they feature 
a native look, just like the physicians’ patient portfolio in reality (colour code, structure, etc.). 
In Figure 3.3, the right-hand side depiction is a capture from the computer screen where a 
physician consults the pending patients, and the left-hand side represents a scenario as it is 
included in the questionnaire. 

Each scenario shows the list of patients a physician has been assigned. Each patient has a 
priority (left part of each scenario panel) and is in a specific medical attention phase with 
possible waiting time targets (colour code). The length of each colour bar indicates the patient 
priority. Then, there is an indicator in the top right corner that shows if the physician is also 
supervising a resident (red) or not (white). 

Below each scenario, there is an empty box in which the experts have to enter a score based on 
the stress feeling due to the workload assigned in each patient panel situation represented. Each 
hypothetical run should be rated on a scale from 0 to 100, where 0 would represent “no stress” 
and 100 would mean “absolute stress”. 
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Figure 3.3. Example Scenario of the Questionnaire - Physicians' portfolio of patients in reality 

When using the entire scale, it is necessary to give representative numbers for different amounts 
of workload or stress feeling in examples. Ironson, Smith, Brannick, Gibson, and Paul38 listed 
comprehensive evaluative adjective phrases from a survey in the literature in order to orient 
the respondent’s job situation. Similar to Greller and Parsons’s [104] effort to develop a 
psychosomatic measure of work stress, but in terms of workload perceptions, we develop a 
scale of adjectival items to describe the stressfulness of the job situations (e.g., “no stress”, 
“slight stress”, etc.). 

To help experts get an idea of the meaning for the quantified stress score, there is a stress scale 
in the lower half of the questionnaire card with different stress ranges with a qualitative 
description, as shown in Figure 3.4. 

 
Figure 3.4. Stress qualitative scale. 

Each questionnaire consists of four cards, each one with a set of four scenarios such as the one 
represented in Figure 3.4. That is, each expert is asked to rate the stress in 16 different 
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scenarios. Each set of scenarios contains an anchor and three other scenarios provided by the 
D-optimal design of experiments. A number 𝑀𝑀 of different questionnaires are designed in such 
a way so that no scenario is repeated in a questionnaire, and all scenarios selected by the design 
of experiments are included throughout the various questionnaires. Furthermore, it is desirable 
that each scenario is included an equal number of times in the questionnaires. If we have 𝑁𝑁 
physicians when we distribute the M different questionnaires among them, some questionnaires 
will be answered by ⌊𝑁𝑁/𝑀𝑀⌋ physicians and the others by ⌊𝑁𝑁/𝑀𝑀⌋ + 1. 

Step 4. Selection of experts, dry run exercise, expert training, and 
elicitation session 

The selected experts should be physicians who work in the ED and are accustomed to handling 
their patients’ portfolio in the ED computer screen (whiteboard) - represented in the 
questionnaire as workload scenarios. They should be familiar in coping with situations similar 
to those proposed in the questionnaires and have some experience in their work in order to 
assess them in terms of stress. Furthermore, they should also be interested in the study of stress 
due to workload (a motivation is to clarify the different stresses produced among physicians 
because of the patient assignment rule). 

First, some experts should be shown the proposed questionnaire to express their remarks and 
queries. This should help to improve the presentation of the cards and instructions provided in 
order to make them more clear for a final improved version. 

Then, it is necessary to create a training session for the participants in which the objectives of 
the study and every part of the questionnaire can be clearly explained. It is helpful to provide 
the experts an instruction sheet - to refer to in case they had doubts while they are filling out 
the questionnaire - including some guidelines with advice on how to complete the questionnaire 
and examples to provide familiarity to the way in which the scenarios are represented (see 
Appendix A and Appendix B).  

3.2.2 Phase 2. Data analysis  

Step 5. Homogenization of experts’ answers in a common scale 

One of the problems of general scales is that different raters tend to use different portions and 
amounts for the scale, which is influenced by personality [105]. In this section, we address the 
issue of standardizing the opinions of several physicians whose subjective perceptions of stress 
could differ widely. In other words, different raters may use numbers of a scale in different 
ways: some experts with a higher threshold for stress may rate all the scenarios in his/her 
questionnaire, even the most adverse ones, with the maximum score bing 50 in a [0,100] scale, 
while others tend to crowd themselves into the highest segment of the scale. Meanwhile, there 
could also be experts who spread their score values across the whole scale. 
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This issue is addressed by a mathematical transformation of the physician’s scores in order to 
spread them all over the scale range. In this way, the transformed scores from different 
physicians are comparable. 

Let 𝑦𝑦𝑖𝑖∗�𝑆𝑆𝑗𝑗� = 𝑦𝑦𝑖𝑖𝑗𝑗∗  be the stress score for scenario 𝑆𝑆𝑗𝑗 provided by physician 𝑖𝑖. In case the range 
of values �𝑦𝑦𝑖𝑖𝑗𝑗∗  / 𝑆𝑆 = 1, … ,16� greatly differs from the total range [0, 100], a transformation 
𝑔𝑔�𝑦𝑦𝑖𝑖𝑗𝑗∗ � = 𝑦𝑦𝑖𝑖𝑗𝑗 is needed such that the range of values �𝑦𝑦𝑖𝑖𝑗𝑗  / 𝑆𝑆 = 1, … ,16� is similar to [0, 100]. 

This transformation should preserve the ordering of scenarios and the ratio of differences in 
stress among them. Any non-decreasing transformation preserves the ordering of the scenarios. 
In addition, the second condition lead us to a linear transformation. 

That is, for any given two scenarios 𝑆𝑆𝑢𝑢, 𝑆𝑆𝑣𝑣 and any scenario 𝑆𝑆𝑗𝑗, it is imposed that 

𝑦𝑦𝑖𝑖𝑗𝑗∗ − 𝑦𝑦𝑖𝑖𝑣𝑣∗

𝑦𝑦𝑖𝑖𝑢𝑢∗ − 𝑦𝑦𝑖𝑖𝑣𝑣∗
=
𝑦𝑦𝑖𝑖𝑗𝑗 − 𝑦𝑦𝑖𝑖𝑣𝑣
𝑦𝑦𝑖𝑖𝑢𝑢 − 𝑦𝑦𝑖𝑖𝑣𝑣

  

From which a linear relationship between 𝑦𝑦𝑖𝑖𝑗𝑗 and 𝑦𝑦𝑖𝑖𝑗𝑗∗  is readily obtained: 

𝒚𝒚𝒊𝒊𝒊𝒊 =
𝑦𝑦𝑖𝑖𝑢𝑢 − 𝑦𝑦𝑖𝑖𝑣𝑣
𝑦𝑦𝑖𝑖𝑢𝑢∗ − 𝑦𝑦𝑖𝑖𝑣𝑣∗

× 𝒚𝒚𝒊𝒊𝒊𝒊∗ + �𝑦𝑦𝑖𝑖𝑣𝑣 −
𝑦𝑦𝑖𝑖𝑢𝑢 − 𝑦𝑦𝑖𝑖𝑣𝑣
𝑦𝑦𝑖𝑖𝑢𝑢∗ − 𝑦𝑦𝑖𝑖𝑣𝑣∗

× 𝑦𝑦𝑖𝑖𝑣𝑣∗ � 

𝑦𝑦𝑖𝑖𝑗𝑗 = 𝑔𝑔�𝑦𝑦𝑖𝑖𝑗𝑗∗ � = 𝑦𝑦𝑖𝑖 + 𝑏𝑏𝑖𝑖 × 𝑦𝑦𝑖𝑖𝑗𝑗∗  

Where 

𝑦𝑦𝑖𝑖 = �𝑦𝑦𝑖𝑖𝑣𝑣 −
𝑦𝑦𝑖𝑖𝑢𝑢 − 𝑦𝑦𝑖𝑖𝑣𝑣
𝑦𝑦𝑖𝑖𝑢𝑢∗ − 𝑦𝑦𝑖𝑖𝑣𝑣∗

× 𝑦𝑦𝑖𝑖𝑣𝑣∗ � 

𝑏𝑏𝑖𝑖 = �
𝑦𝑦𝑖𝑖𝑢𝑢 − 𝑦𝑦𝑖𝑖𝑣𝑣
𝑦𝑦𝑖𝑖𝑢𝑢∗ − 𝑦𝑦𝑖𝑖𝑣𝑣∗

� 

The scenarios providing the pairs (𝑦𝑦𝑖𝑖𝑢𝑢∗ ,𝑦𝑦𝑖𝑖𝑢𝑢), (𝑦𝑦𝑖𝑖𝑣𝑣∗ ,𝑦𝑦𝑖𝑖𝑣𝑣), which determine the parameters of the 
linear transformation, are those introduced as anchors in the questionnaire. 𝑈𝑈𝑅𝑅 is the expected 
stress induced by a red scenario. This value is estimated by the trimmed mean of the scores 
provided by physicians for those red scenarios: 

𝑦𝑦𝑖𝑖𝑅𝑅 = max {𝑦𝑦𝑖𝑖𝑟𝑟/𝑆𝑆𝑟𝑟 ∈ Ω𝑅𝑅} 

�𝑦𝑦[𝑗𝑗]
𝑅𝑅 �

𝑗𝑗=1

𝑁𝑁
𝐷𝐷ℎ𝑚𝑚 𝑦𝑦𝑦𝑦𝑦𝑦𝑚𝑚𝑦𝑦𝑎𝑎𝑖𝑖𝑦𝑦𝑔𝑔 𝑜𝑜𝑚𝑚𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚𝑎𝑎 𝑦𝑦𝑚𝑚𝐷𝐷 {𝑦𝑦𝑖𝑖𝑅𝑅}𝑖𝑖=1𝑁𝑁   

1
𝑦𝑦 − 2𝑝𝑝

� 𝑦𝑦[𝑗𝑗]
𝑅𝑅

𝑛𝑛−𝑝𝑝

𝑗𝑗=𝑝𝑝+1

= 𝑈𝑈�𝑅𝑅 



50 Chapter 3. Workload and stress indicators 

 
Furthermore, the confidence interval (CI) for 𝑈𝑈𝑅𝑅 is calculated, and those physicians, whose 
scores for red scenarios are below the left limit and gave scores on the lower side of the scale 
– e.g. because they have a higher stress threshold than their colleges – need to be rescaled 
according to the linear transformation. 

𝑈𝑈𝐺𝐺 is the expected stress induced by a green scenario, and its value is estimated by the trimmed 
mean of the scores provided by physicians for those green scenarios 𝑈𝑈�𝐺𝐺, similar to 𝑈𝑈�𝑅𝑅. The CI 
for 𝑈𝑈𝐺𝐺 is also calculated and those physicians, whose scores for green scenarios are above the 
right limit, need to be rescaled. 

When a physician i with a high stress threshold uses only the low side of the stress scale and 
their scores for red scenarios, 𝑦𝑦𝑖𝑖𝑅𝑅, are below the CI calculated (case 1), then the pairs for the 
transformation are �𝑦𝑦𝑖𝑖𝑅𝑅 ,𝑈𝑈�𝑅𝑅� and �𝑦𝑦𝑖𝑖𝐺𝐺 ,𝑦𝑦𝑖𝑖𝐺𝐺�. In the opposite case, when a physician i has all their 
scenario scores in the upper side of the stress scale (case 2) and 𝑦𝑦𝑖𝑖𝐺𝐺 is above the CI calculated 
for 𝑈𝑈𝐺𝐺, the pairs for the transformation are (𝑦𝑦𝑖𝑖𝑅𝑅 ,𝑦𝑦𝑖𝑖𝑅𝑅) and (𝑦𝑦𝑖𝑖𝐺𝐺 ,𝑈𝑈�𝐺𝐺). Finally, if a physician i has 
all their values concentrated on the middle of the scale (case 3), then the pairs for the linear 
transformation are �𝑦𝑦𝑖𝑖𝑅𝑅 ,𝑈𝑈�𝑅𝑅� and (𝑦𝑦𝑖𝑖𝐺𝐺 ,𝑈𝑈�𝑅𝑅). 

As mentioned, if a physician 𝑖𝑖 has spread all their values over the stress scale (case 4), these 
do not need to be rescaled. These four homogenization cases are represented in Figure 3.5, 
where PS scores are the scores provided by physicians on their personal scale, and CS scores 
are the physicians’ scores on the common scale. 

 

 

Figure 3.5. Cases of homogenization for physicians’ scores. 
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Step 6. Table of data. Coherence and consistency analysis for each expert’s 
answers 

In this section, the internal coherence and consistency among raters are analysed. Stress scores 
coming from no-coherent or inconsistent physicians have to be discarded. 

Coherence. To analyse the coherence of a physician, it is necessary to introduce the concept 
of dominance between scenarios: 

A scenario 𝑆𝑆1 defined by the vector of stress variables �𝑋𝑋1,1, … ,𝑋𝑋1,11� dominates over a 
scenario 𝑆𝑆2 ≡ {𝑋𝑋2,1, … ,𝑋𝑋2,11}, represented by 𝑆𝑆1 > 𝑆𝑆2, if and only if 

 𝑋𝑋1𝑘𝑘 ≥ 𝑋𝑋2𝑘𝑘 ∀ 𝑘𝑘 = 1, … , 11 𝑦𝑦𝑦𝑦𝑎𝑎 ∃ 𝑆𝑆 𝑦𝑦. 𝐷𝐷.𝑋𝑋1𝑗𝑗 > 𝑋𝑋2𝑗𝑗 

A physician is coherent assessing scenario 𝑆𝑆1 and 𝑆𝑆2 if 𝑆𝑆1 > 𝑆𝑆2 ⇔ 𝑦𝑦𝑖𝑖(𝑆𝑆1) > 𝑦𝑦𝑗𝑗(𝑆𝑆2). 

A coherence index, CoI, similar to the Kendall’s tau-a is defined by taking into account the 
pairs of scenarios with a dominance relationship which is coherently and incoherently assessed, 
denoted by 𝐷𝐷𝑐𝑐 and 𝐷𝐷𝐷𝐷 , respectively: 

𝐶𝐶𝑜𝑜𝐶𝐶 =
𝐷𝐷𝑐𝑐 − 𝐷𝐷𝐷𝐷
𝐷𝐷𝑐𝑐 + 𝐷𝐷𝐷𝐷

 

Physician whose CoI are below a certain threshold are excluded.  

Consistency. Many researchers in medicine, biology, engineering, etc. need measures of 
agreement aimed to assess the reproducibility of judgements. The concept of inter-rater 
reliability expresses our need of quality for measurement, in terms of concordance of 
judgments - as this study looks for a consensus among physician. The assessment of this inter-
rater agreement has been extensively studied [106]–[112] are examples of these studies). 

Most of them propose the Kappa Statistic, a statistic that indicates the degree of agreement 
from nominal or ordinal assessments. However, when there are ordinal ratings, Kendall’s 
coefficients are more appropriate statistics to determine association as they take ordering into 
consideration. 

 

We check the consistency of a physician by comparing his/her answers with those physicians 
that answered the same questionnaire. Thus, “Kendall's correlation coefficient tau-b” could be 
more appropriate to use as it measures association between two ordinal variables, each 
appraiser (one physician) with the known “standard” (the consensus from rest of the group). 

Now, the question of how to define the “standard” arises. One possibility is to create the 
standard by averaging the scores provided by other physicians or by selecting the median 
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answer or other statistic. However, these values could not represent the majority’s opinion of 
the group. Suppose three raters provide (10, 10, 15) to 𝑆𝑆1 and (12, 12, 6) to 𝑆𝑆2, the majority 
agrees that 𝑆𝑆2is more stressful than 𝑆𝑆1, but 𝑦𝑦(𝑆𝑆1)������� < 𝑦𝑦(𝑆𝑆2)�������. To avoid these undesirable 
situations, we define the standard directly from a voting system. One scenario is considered 
more stressful than the other when the majority of the group considers it so. If there is a tie, 
then we have a “indecisiveness” situation. The Kendall’s tau-b is adapted to consider the three 
possible cases of concordance (C), discordance (D), and indecisiveness (I), and a new index is 
defined: 

𝐶𝐶𝐶𝐶𝐶𝐶 =
(𝐶𝐶 − 𝐷𝐷)

(𝐶𝐶 + 𝐷𝐷 + 𝐶𝐶)
 

More details about the calculation for this index are explained in Appendix C. 

Physicians whose CGI are below a certain threshold are excluded. 

Step 7. Estimation of the stress function based on scenarios assessments. 

Once physicians’ scores for scenarios have been rescaled when necessary, and coherence and 
consistency controls have been carried out, the stress function is estimated by regression 
techniques. 

The rescaled – when necessary - stress felt by a physician i, Υi�𝑆𝑆𝑗𝑗� = Υij, when the scenario 𝑆𝑆𝑗𝑗 
represents the instantaneous workload assigned, can be expressed as 

Υij = 𝑓𝑓�𝑆𝑆𝑗𝑗� + ℰ𝑖𝑖𝑗𝑗 

where 𝑓𝑓�𝑆𝑆𝑗𝑗� is the stress induced by the scenario 𝑆𝑆𝑗𝑗, which could be interpreted as the 
consensus score [113], true score [114], or universal score [115] for the workload of 𝑆𝑆𝑗𝑗 over 
the population. The residual ℰ𝑖𝑖𝑗𝑗 carries the unique effect for physician i. This personal 
component, ℰ𝑖𝑖𝑗𝑗, is due to the person’s reality perception, personality, years of experience, 
capability, etc. It is assumed that, 𝐸𝐸�Υij�= 𝑓𝑓�𝑆𝑆𝑗𝑗�, and then 𝐸𝐸�ℰ𝑖𝑖𝑗𝑗� = 0. 

In order to keep the stress scores in the range [0, 100], a multiple linear regression with a logit 
link for the stress score is proposed. The independent variables are the stress variables 𝑿𝑿 =
{𝑋𝑋1, … ,𝑋𝑋11}. 

𝑙𝑙𝑜𝑜𝑔𝑔𝑖𝑖𝐷𝐷�𝑌𝑌(𝑆𝑆)� = log�
𝑌𝑌(𝑆𝑆)

100 − 𝑌𝑌(𝑆𝑆)� = 𝑔𝑔(𝑿𝑿) = 𝛽𝛽0 + 𝛽𝛽1𝑋𝑋1 + ⋯+ 𝛽𝛽11𝑋𝑋11 + 𝜀𝜀 

𝑌𝑌(𝑆𝑆) = 100 ×
𝑚𝑚𝑓𝑓(𝑿𝑿)

1 + 𝑚𝑚𝑓𝑓(𝑿𝑿) 
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3.3 Stress assessment: a case study 

This proposed methodology was applied to analyse the stress of physicians in the ED of the 
HCN, which is staffed 24 hours per day with 43 board-certified emergency physicians and is 
described in detail in Chapter 2. 

3.3.1 Phase 1. Preparation for data acquisition 

Identifying the set of factors and their categories. Definition of workload scenarios and 
selection of a representative sample. In the first step, we widely discussed with the ED 
physician staff in order to define every factor affecting stress, as well as all their possible 
combinations to pinpoint the stress variables. Then, we created the design of experiments 
imposing some constraints provided by the physician in my research team, who has more than 
10 years of experience, and was essential in the application of all steps in Phase 1. These 
constraints allowed us to construct more realistic scenarios that had a high probability of 
happening in the ED based on expert raters, e.g., no more than 19 patients being managed 
simultaneously (𝑃𝑃 ≤ 16), no more than eight patients waiting for the first consultation 
simultaneously (∑ 𝑋𝑋𝑖𝑖 ≤ 89

𝑖𝑖=7 ), no more than two patients of priority 3 waiting for the first 
consultation with the time limit exceeded (𝑋𝑋1 ≤ 2), etc. 

The outcome of the “D-optimal” design carried out provided us 72 different scenarios to assess. 
These were the necessary scenarios to estimate the main contribution of each factor and first 
order interactions. Furthermore, we designed 12 extra scenarios as anchors – six for high stress 
levels and six for low stress levels. That is, from a panel of experts, we were able to obtain 
scores for a total of 84 scenarios. We designed six different questionnaires containing four 
cards with four different scenarios on each one (16 in total, see Appendix B). 

Drawing up the questionnaire for stress assessing. As mentioned in Section 3.2.1, the 
scenarios of the questionnaire were designed to feature a native look to be easily associated to 
real workload situations in the ED department. They imitate the ED physicians’ computer 
screen (see Figure 3.3 and Appendix B). 

To form the questionnaire, all scenarios were originally ordered with estimated guided values 
of the factors’ coefficients previously provided by the perception from a couple of the ED-
physicians and our research team’s physician. We grouped the 72 scenarios in 12 stress ranges 
–three main stress ranges subdivided into four sub-ranges – and assigned scenarios of all 12 
ranges in each questionnaire, and specified one scenario for each main stress range to each 
questionnaire card. 

Finally, we randomly assigned two green and two red scenarios to each questionnaire (one for 
each card) to augment variability with extreme scenarios on both sides of the scale and anchor 
the answers, as we have explained in Section 3.2. That is, each set of scenarios contained an 
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anchor, and three other scenarios were randomly selected from the different ranges of the stress 
scale. 

Selection of experts, dry run exercise, expert training, and elicitation session. The 
questionnaire was presented and provided to all physicians of the ED (43 physicians) in a 
training session (see Appendix B). In the training session, we discussed every part of the 
questionnaire, showed some example responses, and gave them an instruction sheet to refer to 
as a guide. After two weeks –with a reminder in the middle of that period- we got the 70% of 
the ED physicians staff to answer the questionnaire. The final panel was made up of a total of 
30 ED physicians: 13 with more than 15 years of experience, 11 with 5-10 years of experience, 
three with less than five years of experience, and three with unknown experience. They found 
the questionnaire reasonable and the scenarios very similar to their usual work situations. 

We finally collected a total of 472 stress scores for the 84 scenarios (there were two instances 
where last card of the questionnaire was overlooked - four scenarios on each one), and each 
scenario was rated by a minimum of four and a maximum of six different physicians. 

3.3.2 Phase 2. Data analysis  

Homogenization of stress scales. We calculated the stress score for green and red scenarios 
(both extreme sides of the stress scale), and we obtained three and 80 as the lower and the upper 
limit of the common scale range, respectively. Based on these values, we only rescaled the 
physicians’ opinions whose minimum score was over the minimum limit or the maximum 
below the upper limit. 

Coherence and consistency of raters. We first analysed each physician’s response in order to 
detect “incoherent” experts. They all scored with a higher stress value in the scenarios which 
dominate others, so we could not discard any physicians due to his/her incoherence (CoI=1). 

Then, we calculated the consistency with the group index, CGI and the Kendall’s tau-b 
consistency index. The answers of these experts were carefully checked, which revealed 
physicians inconsistent with his/her group who significantly ordered his/her questionnaire’s 
scenarios differently in terms of stress. As the purpose of the study was to assess the stress of 
ED physicians in the workplace due to workload, and the results should be validated by the 
experts and represent a consensus among them, we didn’t take into account his/her 
questionnaire in order to improve the stress assessment accuracy. 

Figure 3.5 shows the results of the group with the inconsistent physician (11), which has a low 
CGI value: 

 



3.3. Stress assessment: a case study  55 

 
Table 3.4. Consistence of physicians belonging to Group 3. 

 Physician Kendall's tau-B p-value GCI 

Group 3 

11 0.38 6.40E-02 0.07 

12 0.69 3.29E-04 0.74 

13 0.63 1.46E-03 0.58 

14 0.70 3.97E-04 0.50 

15 0.80 3.54E-05 0.61 

However, the rest of the groups did not present inconsistencies, and they generally agreed in 
their stress scores and scenarios’ order. As an example, Figure 3.6 shows the score that different 
physicians gave to the same scenarios (questionnaire 2 in this case). All physicians have a 
similar consistency with the group index. 

 

Figure 3.6. Group 2 scenarios' score. 

Estimation of the stress function based on scenarios assessments. The data from the rest of 
the physicians (29) was taken into consideration to run the multiple linear regression with the 
logit of the stress score as the dependent variable (see Appendix C). We obtained that all types 
of patients were statistically significant for the dependent variable. We discovered that those 
patients who have received the complete care process but are waiting to be transferred have 
less of an effect than the rest of patient scenarios (p-value=0.05). 

However, supervision training, which had been mentioned many times by physicians as one of 
the most important factors for stress, has a higher p-value (0.238) and are statistically not as 

0

10

20

30

40

50

60

70

80

90

100

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Jo
b 

st
re

ss
 sc

or
e

Scenario index S1, ...,S16

PHYS 5
CGI = 0.52

PHYS 6
CGI = 0.61

PHYS 7
CGI = 0.62

PHYS 30
CGI = 0.53

PHYS 27
CGI = 0.55



56 Chapter 3. Workload and stress indicators 

 
significant as the rest of factors, but we considered all 11 variables (included the training 
supervision) for the model. 

Table 3.5. Regression coefficients 

Model variables (combining stress factors) Coef. p-value 
       
 Number of patients in each care situation   

  Waiting for the first consultation (F3 = 1)   

   Time limit exceeded (F4 = 1)   
    Number of Priority 3 patients X1 0.726 0.000 

    Number of Priority 4 patients X2 0.458 0.000 

    Number of Priority 5 patients X3 0.410 0.000 

   Time limit not exceeded (F4 = 0)   
    Number of Priority 3 patients X4 0.313 0.000 

    Number of Priority 4 patients X5 0.279 0.000 

    Number of Priority 5 patients X6 0.207 0.000 

  In process (F3 = 2)   
    Number of Priority 3 patients X7 0.189 0.000 

    Number of Priority 4 patients X8 0.155 0.000 

    Number of Priority 5 patients X9 0.182 0.000 

  Waiting for transfer (F3 = 3)   
 

    
Number of patients X10 0.113 0.005 

 Training supervision    

    Resident supervision X11 0.078 0.238 

The chosen model yielded a determination coefficient of above 0.70, and the regression 
function was the following: 

𝑌𝑌�𝑆𝑆𝑗𝑗� = 𝑌𝑌𝑗𝑗 = 100 ×
𝑚𝑚𝑓𝑓(𝑿𝑿)

1 + 𝑚𝑚𝑓𝑓(𝑿𝑿) 

𝑓𝑓(𝑿𝑿) = −3.378 + 0.726X1 + 0.458X2 + 0.410X3 + 0.313X4 + 0.280X5 + 0.207X6
+ 0.189X7 + 0.155X8 + 0.182X9 + 0.113X10 + 0.0778X11 

X1, … ,𝑋𝑋10 ∈ ℕ 

𝑋𝑋11 ∈ {0,1} 

This model allows us to assess every possible situation in the ED through the workload 
information of the physicians’ whiteboard (patients assigned). Figure 3.7 shows the stress 
associated to different workload scenarios ordered from least stressful to most stressful. There 
are four scenarios, which belong to the 84 designed scenarios for the questionnaires, 
represented on the figure. 
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Figure 3.7. ED-situations stress assessment 

This model was validated both statistically and by physicians. All statistical assumptions for 
this regression were met. For example, Figure 3.8 shows that residuals are distributed normally 
and have a mean of zero. 

 

Figure 3.8. Probability Plot and Histogram of residuals 

Model validity was also checked by the ED physicians, who were asked to test the results and 
gave their approval. Table 3.5 clearly shows the factor’s influence on physician stress through 
the variable’s coefficients. For the factors of the type of patients, 𝑁𝑁3 and 𝑁𝑁4 are represented with 
the color code used in the ED, while 𝑁𝑁1 (priority) is in a descending order (inverse to severity 
index). 

Patients, who have not yet been seen by a physician for the first time – and consequently, the 
physician could not have known the health condition or care needs, nor could have provided 
medical treatment, request medical tests etc. – have the highest coefficient (X1 − X6). Within 
that group, patients whose waiting time has been exceeded (X1 − X3), represented in yellow 
(see Table 3.5), contribute to higher levels of stress than the others (X4 − X6), represented in 
orange. This result supports theories that state that uncertainty and time pressure are some of 
the most prevalent causes of anxiety, which is a symptom of stress [116]–[118]. 
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As patients have less process stages left ((X1 − X6) > (X7 − X9) > (X10)), their contribution 
to the physicians’ overall stress decreases. Moreover, within all these groups of patients that 
produce a high amount of uncertainty and time pressure, the most severe a patient is the more 
stress he/she logically produces for the physicians. 

3.4 Methodology for workload assessment in a shift 

In this section, we present all steps necessary to estimate a workload function denoted by 𝐶𝐶(𝑝𝑝), 
whose purpose is to provide a score of the effort made by a physician when 𝑝𝑝 is the workload 
completed. The workload completed from the beginning of their work shift until a given time 
𝐷𝐷 by a physician is defined as the result of the sum of work associated of each patient completely 
assisted and discharged from the system. This workload is the servers capacity actually 
required to perform the patients’ assistance, which includes the time needed, physician 
intensity of the work and mental effort required. It is considered to be a primary source of 
resource depletion. They change over time: whenever a new patient is discharged. A patient 
who has just been discharged ends up inducing stress on the physician that has been responsible 
for their complete care (previous measure developed in Section 3.2). Thus, the patient becomes 
part of the workload completed function. 

Let P be the set of all possible different workload completed:  

𝐶𝐶:𝑃𝑃 ⟶𝑅𝑅 ⊆ ℝ+ 

𝑝𝑝 ∈ 𝑃𝑃 ⟶𝑧𝑧𝑝𝑝 = 𝐶𝐶(𝑝𝑝) 

where 𝑦𝑦𝑝𝑝 is the effort made by a physician when 𝑝𝑝 is the workload completed, and 𝑅𝑅 ⊆ ℝ+ is 
the set of values in which the effort varies. It is a function of the number of patients completely 
assisted of each type. 

The aim is to estimate the function 𝐶𝐶(𝑝𝑝) from the statistical analysis of the assessment of the 
workload associated to the complete assistance of the different type of patients made by experts 
(physicians working in the ED) by using the Analytic Hierarchy Process (AHP). It is a theory 
of measurement first developed within the management science field by Saaty in 1980 [119] 
through pairwise comparisons and relies on the judgements of experts to derive priority scales. 
These comparisons are made using a scale of absolute judgements that represents, how much 
more, one element dominates another with respect to a given attribute (workload associated). 

As detailed explained in Section 3.2, the methodology, which is summarized in Table 3.6 is 
divided in two phases: the preparation for collecting data and the data analysis. 

 



3.4. Methodology for workload assessment in a shift  59 

 
Table 3.6. Methodology summary 

Phase 1. Preparation for data acquisition. 
Step 1. Identifying the set of factors affecting workload and their categories or 
levels. 
Step 2. Definition of completed workload scenarios. 
Step 3. Drawing up the questionnaire for workload assessing. 
Step 4. Selection of experts, dry run exercise, expert training, and elicitation 
session. 
 

Phase 2. Data analysis  
Step 5. Table of data. Consistency analysis for each expert’s answers. 
Step 6. Aggregation of expert’s answers. 
Step 7. Estimation of the workload function based on pairwise comparison. 
 

3.4.1 Phase 1. Preparation for data acquisition 

Step 1. Identifying the set of factors affecting workloads and their categories 
or levels 

The workload analysis begins by identifying the set of factors that influences the servers 
capacity actually required to perform the patients’ assistance, which includes the time needed, 
physician intensity of the work and mental effort required. As patients are triaged, they are 
assigned to a physician who is responsible for their treatment until they are discharged from 
the ED. Each physician has a pending workload at any moment of the work-shift that makes 
them experience some stress. Once a patient is discharged, they do not take part in the pending 
workload anymore and become part of the workload completed by their responsible physician. 
At this moment, the severity level as well as their care needs are known. Both elements were 
enumerated by physicians as workload factors and are represented in Table 3.7. 

Most EDs have similar structures and ways of operating and consequently similar patient 
workload factors. However, as in the previous methodology, if the patients’ care needs or the 
ED organization influencing workload are different, the workload factors summarized in Table 
3.7 can be modified and adapted to the particular ED. 

All factors influencing patients’ workload for physicians are categorical. The factor “patient 
care needs has two categories: “a single consultation” and “more than one consultation”. These 
refer to patients that needed a single consultation, and those who needed a first consultation, 
medical tests requests, and a second consultation to be reevaluated before being discharged. 
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Table 3.7. Description of different categories for each workload completed factor. 

 DISCHARGED PATIENT WORKLAOD 
FACTORS CATEGORIES 

  
PATIENT PRIORITY(𝑁𝑁1) 

1: High priority 
  2: Medium priority 
  3: low priority 
  

PATIENT CARE NEEDS (𝑁𝑁2) 
1: A single consultation 

  2: More than one consultation 

As in previous sections (Section 3.2 and 3.3), we also consider in the methodology an ED 
where patients can be of priority 1 (high), 2 (medium), or 3 (low), which is determined when 
they are triaged. All patients considered have already been discharged from the ED as their 
medical care in the system has finished. 

The amount of patients type workload are obtained by combining the levels of the workload 
factors (𝑁𝑁1,𝑁𝑁2) and are represented by variables 𝜃𝜃1, … , 𝜃𝜃6 (see Table 3.8). 

Table 3.8. Variables originated by the combination of the stress factors. 

Variables Description (combination of factors) Variable 
Name Care needs (𝑁𝑁2) Priority (𝑁𝑁1) 

1: A single consultation 
3 𝜃𝜃1 
4 𝜃𝜃2 
5 𝜃𝜃3 

2: More than one consultation 
3 𝜃𝜃4 
4 𝜃𝜃5 
5 𝜃𝜃6 

Step 2. Definition of completed workload scenarios 

We denote by 𝑆𝑆 the workload completed scenario defined by the integer variable vector 
(𝑦𝑦1, … ,𝑦𝑦6), which are the number of patients of each type discharged by a physician. For 
example, 𝑆𝑆 = (𝑦𝑦1 = 1,𝑦𝑦2 = 0,𝑦𝑦3 = 2,𝑦𝑦4 = 0,𝑦𝑦5 = 2,𝑦𝑦6 = 1), means that 

• There is a priority 3 and two priority 5 patients that have been discharged after the first 
consultation (𝑦𝑦1 = 1,𝑦𝑦2 = 0, 𝑦𝑦3 = 2). 

• There are 2 patients that have been discharged after needing a first consultation, have 
some medical tests done and a second consultation when their results were ready to be 
reevaluated before being discharged. 

A workload complete situation 𝑝𝑝 will be represented by a vector 𝑆𝑆. Because the number of 
patients assisted to a physician is, theoretically, not capped, the number of different scenarios 
is also infinite. Furthermore, although the maximum number of patients assigned to a physician 
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was limited by an upper bound, for example fixed according to the maximum value observed 
in a real ED, the number of different scenarios would also be huge. However, we consider that 
the depletion of physicians due to every task is accumulative and workload due to every patient 
completely assisted should be added in order to calculate the total workload completed from 
the beginning of the shift to any time 𝐷𝐷. 

Let Φ be the set of possible scenarios Φ = {Si}𝑖𝑖=1∞  and c the completed workload function:  

𝑦𝑦 ∶ Φ ⟶𝑅𝑅 ⊆ ℝ+ 

𝑆𝑆 ⟶𝑧𝑧𝑆𝑆 = 𝑦𝑦(𝑆𝑆) 

where 𝑧𝑧𝑆𝑆 is the labor completed by the physician when the completed workloads (patient’s 
completely assisted) p are described by scenario 𝑆𝑆, and 𝑅𝑅 ⊆ ℝ+ is the set of values in which 
the workload varies.  

The function c, 

𝑦𝑦(𝑆𝑆) = �𝑦𝑦𝑖𝑖
𝑖𝑖 𝜖𝜖

𝜃𝜃𝑖𝑖 

will be estimated from the statistical analysis (see phase 2, Section 3.4.2) of the workload 
(𝜃𝜃1, … ,𝜃𝜃6) assessment made by physicians working in the ED. 

Step 3. Drawing up the questionnaire for workload assessing 

In this section it will be described how to elicit experts’ opinion about the workload associated 
to each patient care to estimate 𝜃𝜃1, … ,𝜃𝜃6. 

The assignment of ordinals to different previously defined tasks preserves order but carry no 
information about differences or ratios of relative magnitudes so it is crucial to use scales of 
measurement. They consists of three elements: a set of objects, a set of numbers, and a mapping 
of the objects to the numbers. Particularly, a standard scale can be used to measure objects or 
events with respect to the property for which a scale is designed to measure. Since the unit is 
arbitrary, one can have different numbers to which the objects are mapped. However, we must 
be constantly and carefully attentive to how we interpret data from scales and note that standard 
scales force on us a to think in way that is not in complete harmony with the way we really feel 
about what they are measuring. 

As mention in the introduction of this section, we propose the use of the AHP in which a more 
general method of measurement is used: the method of relative measurements, which is useful 
for properties for which there is no standard scale of measurement (intangible properties). 
Moreover, measurements in a standard ratio scale are transformed to measurements in a relative 
ratio scale by normalizing them. The AHP method helps us to derive relative scales using 
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judgment or data from a standard scale, and how to perform the subsequent arithmetic operation 
on such scales avoiding useless number crunching. 

The judgments are given in the form of paired comparisons ([120], [121]) as the most effective 
way to concentrate judgement is to take a pair of elements and compare them on a single 
property without concern for other properties or other elements. We also note that sometimes 
comparisons are made on the basis of standards established in memory through experience or 
training. 

In this study we have only one criteria to evaluate the 6 activities, workload associated to them. 
Thus, we need to construct a 6x6 matrix whose entries reflect the relative workload of one 
element compared to the others. The values are usually in the interval of 1–9 or their 
reciprocals. As the matrix is a square reciprocal matrix, 𝐴𝐴 = �𝑦𝑦𝑖𝑖𝑗𝑗�𝑛𝑛×𝑛𝑛

, 𝑦𝑦𝑖𝑖𝑗𝑗 = 1
𝑎𝑎𝑗𝑗𝑗𝑗

and the 

questionnaire contains 15 subjective pairwise comparisons such as the following, in which 𝜃𝜃1 
is compared to 𝜃𝜃5: 

PATIENT TYPE 9 8 7 6 5 4 3 2 1 2 3 4 5 6 7 8 9 PATIENT TYPE 

8 

𝜃𝜃1 
(𝑁𝑁1 = 3;𝑁𝑁2 = 2) 
P3, consultation + 
+ medical tests + 
+ consultation. 

𝜃𝜃5 
(𝑁𝑁1 = 5;𝑁𝑁2 = 1) 

P5, single 
consultation. 

Figure 3.9. Example of pairwise comparison elicitation in the questionnaire. 

In previous comparison (Figure 3.9), expert should mark how greater the workload associated 
to the complete assistance of a type 𝜃𝜃1 patient (patient of high priority who had needed one 
consultation, some medical test, and a second consultation to be reevaluated before being 
discharged) is compared to that associated to the other patient’s 𝜃𝜃5 (priority 5 patient who had 
been discharged after a single first consultation), on a scale of 1 to 9. This recommended by 
Satty (1980) scale of relative importance from 1 to 9 for making subjective pairwise 
comparisons is adapted in Table 3.9 and will be provided with instructions and questionnaires 
to experts participating in the study to help them to get an idea of the meaning for the values. 
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Table 3.9. Verbal judgement: 9-Point intensity or relative importance scale. 

Scale Definition Explanation 

1 Equal importance The complete assistance of both types of patients require equal 
workload. 

3 Moderate importance of one 
over the other 

The complete assistance of the patient type closest to the box 
implies moderately greater workload than the other’s. 

5 Essential or strong importance The complete assistance of the patient type closest to the box 
implies essentially greater workload than the other’s. 

7 Very strong importance The complete assistance of the patient type closest to the box 
implies much greater workload than the other’s. 

9 Extreme importance The complete assistance of the patient type closest to the box 
implies extremely greater workload than the other’s. 

2,4,6,8 Intermediate values between 
the two adjacent judgments 

When compromise is needed 

 

Figure 3.10 is an example of response to the pairwise comparison described in Figure 3.9. The 
type of patient who is closer to the marked box is the dominant, that is, the patient with the 
most workload associated. The interpretation of the answer (9 value closest to the patient on 
the left) is the following: when comparing the workload associated to the complete assistance 
of a priority 5 patient who has been discharged after a first consultation with the physician to 
that associated to the complete assistance of a priority 3 patient who needs further treatment, 
the respondent considers that the latter is extremely greater than the former. 

 PATIENT TYPE 9 8 7 6 5 4 3 2 1 2 3 4 5 6 7 8 9 PATIENT TYPE 

8 

𝜃𝜃1 
(𝑁𝑁1 = 3;𝑁𝑁2 = 2) 
P3, consultation +  
+ medical tests + 
+ consultation. 

                 𝜃𝜃5 
(𝑁𝑁1 = 5;𝑁𝑁2 = 1) 

P5, single 
consultation. 

Figure 3.10. Example of pairwise comparison response in the questionnaire. 

The complete questionnaire with all comparisons and the instructions are shown in Appendix 
E. Each questionnaire consists of all (in this case 15) pairwise comparisons as the one 
represented in Figure 3.9. That is, each expert is asked to compare the workload associated to 
two different type of patients identified. 

Step 4. Selection of experts, dry run exercise, expert training, and 
elicitation session 

The process related to the selection of experts, dry run exercise, expert training and elicitation 
session is the same as followed by the development of the stress function. It is detailed 
explained in Step 4 of Section 3.2.1.  



64 Chapter 3. Workload and stress indicators 

 
The instruction sheet provided to experts and the complete questionnaire are shown in 
Appendix D and Appendix E respectively. 

3.4.2 Phase 2. Data analysis  

Step 5. Table of data. Consistency analysis for each expert’s answers 

In this section, the internal consistency of respondents are analysed according to Saaty’s 
consistency ratio (CR) [119]. Workload scores coming from inconsistent physicians have to be 
reconsidered or revised, or if previous options are not possible, discarded. 

First the pairwise comparison matrix, 𝐴𝐴 = �𝑦𝑦𝑖𝑖𝑗𝑗�𝑛𝑛×𝑛𝑛
, is normalized by equation (1) and then the 

vector of weights is computed on the basis of Satty’s eigenvector procedure by equation (2) 

 𝑦𝑦𝑖𝑖𝑗𝑗∗ =
𝑦𝑦𝑖𝑖𝑗𝑗

∑ 𝑦𝑦𝑖𝑖𝑗𝑗𝑛𝑛
𝑗𝑗=1

  ∀ 𝑆𝑆 = 1, …𝑦𝑦 (1) 

 𝑤𝑤𝑖𝑖 =
∑ 𝑦𝑦𝑖𝑖𝑗𝑗∗𝑛𝑛
𝑗𝑗=1

𝑦𝑦
 (2) 

Then, CR can be calculated using equation (3) 

 𝐶𝐶𝑅𝑅 =
𝐶𝐶𝐶𝐶
𝑅𝑅𝐶𝐶

 (3) 

where RI is the random consistency index obtained from a randomly generated pairwise 
comparison matrix and CI is the consistency index (CI) for each matrix of order n. Table 3.10 
shows the value of the RI from matrices of order 1 to 10 as suggested by Satty (1980) and CI 
can be obtained from equation (4) 

 𝐶𝐶𝐶𝐶 =
𝜆𝜆𝑚𝑚𝑎𝑎𝑚𝑚 − 𝑦𝑦
𝑦𝑦 − 1

 (4) 

where 𝜆𝜆𝑚𝑚𝑎𝑎𝑚𝑚 is an important validating parameter in AHP used as a reference index that 
represents the relationship showed by Satty (1980) between the vector weights, w, and the 
pairwise comparison matrix, A, as shown in equation (5) 

 𝐴𝐴𝑤𝑤 = 𝜆𝜆𝑚𝑚𝑎𝑎𝑚𝑚 𝑤𝑤 (5) 
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Table 3.10 Random Inconsistency Indices (RI) FOR N = 10 ([119]) 

N 1 2 3 4 5 6 7 8 9 10 
RI 0.00 0.00 0.58 0.9 1.12 1.24 1.32 1.41 1.46 1.49 

Physicians whose CR are below a certain threshold are excluded. In the AHP method, if CR < 
0.1, then the comparisons are considered to be acceptable. 

Step 6. Aggregation of expert’s answers 

Once we have the pairwise comparison of all consistent individuals involved in the decision 
problem after the previous step’s calculations, it is necessary to obtain an aggregate measure 
of them by the geometric mean of the individual assessments using equation (6). 

 𝑦𝑦𝑖𝑖𝑗𝑗
𝑔𝑔 = ��𝑦𝑦𝑖𝑖𝑗𝑗

𝑞𝑞
𝑄𝑄

𝑞𝑞=1

𝑄𝑄

 (6) 

Where 𝑦𝑦𝑖𝑖𝑗𝑗
𝑞𝑞  is an element of matrix 𝐴𝐴 of an individual 𝑞𝑞;  𝑞𝑞 = 1, … ,𝑄𝑄, and 𝑦𝑦𝑖𝑖𝑗𝑗

𝑔𝑔  is the geometric 
mean of all individuals 𝑦𝑦𝑖𝑖𝑗𝑗

𝑞𝑞 . These geometric means make up the aggregate pairwise comparison 

matrix, 𝐴𝐴𝑔𝑔 = �𝑦𝑦𝑖𝑖𝑗𝑗
𝑔𝑔 �

𝑛𝑛×𝑛𝑛
. The group CR can be calculated as in previous section’s equation (3). 

Step 7. Estimation of the workload function based on pairwise comparison 

The vector of weights is computed on the basis of Satty’s eigenvector procedure by equation 
(2) of step 4 after normalizing the aggregate pairwise comparison matrix, 𝐴𝐴𝑔𝑔 = �𝑦𝑦𝑖𝑖𝑗𝑗

𝑔𝑔 �
𝑛𝑛×𝑛𝑛

 by 

equation (1). 

This weights 𝑤𝑤1, … ,𝑤𝑤6 are the estimated values of the workload associated to the different type 
of patients 𝜃𝜃1, … ,𝜃𝜃6. Thus, the completed workload by a physician 𝑘𝑘 from the beginning of the 
workshift at a time 𝐷𝐷 is: 

𝐶𝐶𝑘𝑘(𝐷𝐷) = 𝐶𝐶𝑘𝑘(𝑝𝑝(𝐷𝐷)) = �𝑦𝑦𝑖𝑖𝑘𝑘(𝐷𝐷)𝜃𝜃𝑖𝑖

6

𝑖𝑖=1

                         𝐷𝐷 ∈ �0,  𝐷𝐷𝐸𝐸𝑁𝑁𝐷𝐷� 

where 𝑦𝑦𝑖𝑖𝑘𝑘(𝐷𝐷), 𝑖𝑖 = 1, … ,6 represents the number of patients of each type 𝑖𝑖 who have been treated 
and discharged by physician 𝑘𝑘 from the beginning of the workshift until time 𝐷𝐷. These integer 
variables describe the completed workload scenario 𝑆𝑆. 
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3.5 Workload assessment in a shift: a case study 

3.5.1 Phase 1. Preparation for data acquisition 

Identifying the set of factors and their categories. Definition of completed workload 
scenarios. In the first step, we widely discussed with the ED physician staff in order to define 
every factor affecting the different workload associated to patient assisted, as well as all their 
possible combinations to pinpoint the workload variables. All experts – one is a member of our 
research group and has more than 10 years of experience working in the ED – agreed that the 
workload completed by a physician should consider the sum of all treated and discharged 
patients of each type. 

We designed a common questionnaire containing the pairwise comparison of all types of 
patients which were essential to derive the normalized weights for the labour developed by a 
physician. From each expert of the panel, we were able to obtain the 15 comparison scores. 

Drawing up the questionnaire for stress assessing. As mentioned in Section 3.4.1, the 
questionnaire contains one row for each pairwise comparison (see Figure 3.9), in this case 15. 
The two types of patients whose workloads are being compared are in both ends of the row. 
Between them there are a symmetric scale of 1 to 9 with a common origin that represents an 
equal workload associated to the assistance of both type of patients. Any other value represents 
dominance of one of them. 

The complete questionnaire can be seen in Appendix E. 

Selection of experts, dry run exercise, expert training, and elicitation session. This phase 
for the completed workload assessment was carried out in conjunction with that of the job stress 
(see Section 3.3.1). However, we got 42% of the ED physicians staff to answer the 
questionnaire, which were less responses than for the job stress questionnaire. Moreover, one 
of the experts only responded half of the questionnaire. 

The final panel was made up of a total of 18 ED physicians: 6 with more than 15 years of 
experience, 5 with 5-10 years of experience, one with less than five years of experience, and 
the rest with unknown experience.  

3.5.2 Phase 2. Data analysis  

Consistency ratio of the raters. We first analysed each physician’s response in order to detect 
inconsistent experts and as every response was anonymous and cannot be associated to their 
specific rater, their opinions were discarded. Saaty ([119]) considers a value below 0.1 to be 
acceptable, thus we discarded participants 5, 6, 13, 17, and 18 from the study (see Table 3.11). 
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Table 3.11. Saaty’s consistency ratio (CR) of each workload questionnaire participant ([119]) 

 Participants 
 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 

CR 0.03 0.03 0.02 0.06 0.11 0.12 0.05 0.03 0.04 0.06 0.09 0.04 0.14 0.08 0.04 0.07 0.49 - 

 

Aggregation of expert’s answers. Once we had the pairwise comparison matrices, 𝐴𝐴𝑘𝑘∈𝐾𝐾 =
�𝑦𝑦𝑖𝑖𝑗𝑗�𝑛𝑛×𝑛𝑛

, of the most consistent individuals 1, … ,𝐾𝐾 involved in the decision, we made up the 

aggregate pairwise comparison matrix, 𝐴𝐴𝑔𝑔 = �𝑦𝑦𝑖𝑖𝑗𝑗
𝑔𝑔 �

𝑛𝑛×𝑛𝑛
 and calculated the group CR, which had 

a value below 0.02. 

Estimation of the workload function based on pairwise comparison. The vector of weights 
𝑤𝑤1, … ,𝑤𝑤6 was computed by equation (2) of step 4 after normalizing the aggregate pairwise 
comparison matrix, 𝐴𝐴𝑔𝑔 = �𝑦𝑦𝑖𝑖𝑗𝑗

𝑔𝑔 �
𝑛𝑛×𝑛𝑛

. These were the estimated values of the workload 

associated to the different type of patients 𝜃𝜃1, … ,𝜃𝜃6 (see Table 3.12) 

Table 3.12. Regression coefficients 

Model variables (combining workload factors) 
Normalized 

values 

Care needs (F2)  

Patients who only need a consultation (F2 = 1)  
  Priority 3 patients 𝜃𝜃1 0.104 
  Priority 4 patients 𝜃𝜃2 0.059 
  Priority 5 patients 𝜃𝜃3 0.050 
Patients who need more than one consultation (F2 = 2)  

  Priority 3 patients 𝜃𝜃4 0.407 

  Priority 4 patients 𝜃𝜃5 0.221 

  Priority 5 patients 𝜃𝜃6 0.159 

Thus, model representing the completed workload by a physician 𝑘𝑘 from the beginning of the 
workshift at a time 𝐷𝐷 is: 

𝐶𝐶𝑘𝑘(𝐷𝐷) = 𝐶𝐶𝑘𝑘�𝑝𝑝(𝐷𝐷)� = �𝑦𝑦𝑖𝑖𝑘𝑘(𝐷𝐷)𝜃𝜃𝑖𝑖 =
6

𝑖𝑖=1

 

= 0.104𝑦𝑦1𝑘𝑘(𝐷𝐷) + 0.059𝑦𝑦𝑖𝑖𝑘𝑘(𝐷𝐷) + 0.050𝑦𝑦𝑖𝑖𝑘𝑘(𝐷𝐷) + 0.407𝑦𝑦𝑖𝑖𝑘𝑘(𝐷𝐷) + 0.221𝑦𝑦𝑖𝑖𝑘𝑘(𝐷𝐷) + 0.159𝑦𝑦𝑖𝑖𝑘𝑘(𝐷𝐷) 

𝑦𝑦𝑖𝑖𝑘𝑘(𝐷𝐷) ∈ ℕ 

 𝐷𝐷 ∈ �0,  𝐷𝐷𝐸𝐸𝑁𝑁𝐷𝐷� 
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where 𝑦𝑦𝑖𝑖𝑘𝑘(𝐷𝐷), 𝑖𝑖 = 1, … ,6 represents the number of patients of each type 𝑖𝑖 who have been treated 
and discharged by physician 𝑘𝑘 from the beginning of the workshift until time 𝐷𝐷. These integer 
variables describe the completed workload scenario 𝑆𝑆. This model allows us to assess the 
workload developed by every physician at any moment of the workshift through the completed 
workload information of the physicians’ whiteboard (patients assigned and already 
discharged). It would also be useful to determine the differences in workload among physicians 
at the end of the shift. 

 

Model validity was also checked by the ED physicians, who were asked to test the results and 
gave their approval. 

Table 3.12 clearly shows the factor’s influence on physician stress through the variable’s 
coefficients. For the factor 𝑁𝑁2 (care needs), patients who had been discharged after a first 
consultation (𝑁𝑁2 = 1, variables 𝜃𝜃1,−𝜃𝜃3) are identified to be associated to less workload than 
those who needed a consultation that resulted in medical test requests, and needed a second 
consultation to be revaluated by the physician before being discharged (𝑁𝑁2 = 2, variables 
𝜃𝜃4,−𝜃𝜃6). Thus, ((𝜃𝜃1 − 𝜃𝜃3)>( 𝜃𝜃4 − 𝜃𝜃6)). 

Within these two groups of patients factor priority (𝑁𝑁1) is in a descending order (inverse to 
severity index). The results –similar to job stress study’s in Section 3.3– state that the most 
severe a patient is, the more workload he/she logically produces for the physicians: (𝜃𝜃1 > 𝜃𝜃2 >
𝜃𝜃3) and (𝜃𝜃4 > 𝜃𝜃5 > 𝜃𝜃6). 

3.6 Discussion and conclusions 

The medical literature recognizes that a better distribution of work among professionals 
reduces the level of stress and, therefore, mitigates the phenomenon of burn-out, which is so 
frequent in the health field and which results in a worsening of the health treatment received 
by patients. In fact there are several studies which support that high levels of workload and 
stress contribute to the high human and system error rates (e.g. [122]). For this reason, it is 
important to include indicators on the working conditions of physicians in the set of criteria 
that govern the management of patients. Therefore, the results presented in this chapter have 
an impact on the improvement of the physician's working conditions and the management of 
the patient flow. 

In this chapter, we propose a new methodology in order to assess a physician’s stress while 
working in the ED, taking into account workload, time pressure and uncertainty at any moment 
in a work-shift. That is, it objectively evaluates a situation through the workers’ consensus. 
Contrary to any other stress measurement method, such as Dundee Stress State Questionnaire 
DSSQ, this is not subjected to a person’s mood, age, sex, or other personal biases. For example, 



3.6. Discussion and conclusions  69 

 
Matthews [78], [123] has a general metric for evaluating the impact of environmental and 
personal factors on operator stress. 

In this chapter, we have introduced a methodology that allows us to monitor the physician 
stress in real-time due to the workload and its characteristics spanning the work-shift. It takes 
into account not only the patients’ priority and quantity but also the attendance phase, waiting 
time, etc. It also considers the importance the physicians have consensually given to the 
different stress factors for aggregating each patient’s contribution to the job stress. Contrary to 
any other stress measurement method, such as Dundee Stress State Questionnaire DSSQ, this 
is not subject to a person’s mood, age, sex, or other personal biases (see for example [78], 
[123]). 

We incorporated to our concept of stress not only the workload but also the time pressure and 
uncertainty associated. For example, a priority 1 patient - assigned to a physician - contributes 
differently to stress in the following situations: 

- Situation 1: waiting for C1 for 2 minutes. 
- Situation 2: waiting for C1 for longer time than the time limit for priority 1. 
- Situation 3: waiting for test results ordered by a physician in a previous C1 to be 

discharged. 

In situations 1 and 2 there is uncertainty: the physician has not seen the priority 1 patient yet 
and does not know the medical care they require, the severity, or circumstances, etc. Thus, the 
workload associated to the physician in these situations entails a greater uncertainty -and 
consequently, it is more stressful- than in situation 3, in which a physician has already seen the 
patient and could have requested some medical test. Furthermore, situation 2 is even worse in 
terms of stress than situation 1 as patient’s waiting time limit for the C1 has been exceeded, 
and their health status may have worsened or changed (time pressure). 

The perception of all these nuances is possible because this method is based on the elicitation 
of experts’ opinion and experience. A respondent of a self-report has conscious awareness of 
the experience of stress and can presumably report the feeling of this experience. This concept 
is called the perceived stress (Lindsay & Norman, 1980). Moreover, the subjective techniques 
are the least intrusive, the most flexible, the most convenient, the least time consuming, and 
the least expensive form to evaluate the stress.  

Previous considerations allow us to assess the physician’s job stress in every possible situation 
of the ED though the workload information of the physicians’ whiteboard. The job stress score 
changes dynamically as the workload assigned to a physician changes during the work shift 
(existing patients health status evolves, new patients arrive, etc.). As an example, Figure 3.11 
represents the dynamic instantaneous real job stress level experienced by the different 
physicians during their work shift (historical data from a Monday from 8:00 to 15:00 in the ED 
of the HCN).  
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Figure 3.11. Stress associated to each physician along a specific work shift 

It graphically confirms the feelings of stress and workload inequities among physicians 
reported by the HCN-ED physicians, which is neither healthy nor fair. There are situations in 
which a physician could have accumulated many patients as they were all very complex and 
required a lot of medical care, while other physicians are not stressed as they were only 
assigned very mild patients (see Figure 3.11). These results motivate the investigation to 
change the distribution of patients among physicians rule in order to reduce stress variability 
among physicians during the work shift and consequently, improve patients’ quality of medical 
care and avoid the physicians’ health problems. This problem is addressed in next Chapter 4. 
Moreover, the obtained job stress score – apart from the importance of being considered as a 
Key Performance Indicator (KPI) as in this case, it can also be used as a criteria to manage the 
ED patient flow. 

All these remarks can also be extensible to the second case study of the methodology, in which 
the completed workload function provides a score of the effort made by a physician from the 
beginning of their workshift until any time 𝐷𝐷 associated to the patients completely assisted and 
discharged by them. It allows us to assess the variability in the completed workload among 
physicians at the end of the shift due to the mix of workload assigned to them. 

Different EDs can have a different mix of patients, different layouts, different staff policies, 
etc. that can affect how physicians experience the job stress produced by a workload scenario. 
Nevertheless, the methodology proposed in this chapter is general enough to be adapted to 
monitor the physician’s job stress of any ED. It only needs physicians to assess different 
workload scenarios following steps 1-4 (these scenarios will be created by the design of 
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experiments taking into account the stress factors identified as relevant by the ED physicians) 
and then the stress function is estimated by analyzing the data following steps 5-7. Therefore 
the presented methodology, with the help of the case studies presented here and the 
supplementary material (questionnaires and guidelines included in Appendix A and Appendix 
B, and mathematical details included in Appendix C) can be applied to monitor physicians 
stress in any ED. Moreover, EDs with similar ways of operating, type of patients, etc. to those 
explained in this study can directly apply the obtained regression function to monitor their 
physician’s job stress. 

It is important to emphasize the importance of the qualitative validation of the obtained stress 
function by the ED physician as it will be used in the workload assignment. In the case study, 
the obtained results from the statistical analysis for the stressors importance were in general 
what physicians expected. Patients who have not yet been seen by a physician for the first time 
contribute to higher levels of stress than the others and within that group, those whose waiting 
time has been exceeded contribute the most. It is remarkable that during Phase 1, all ED 
physicians reported that resident supervision was an important stressor but the results did not 
show statistical significance. Nevertheless, in the validation phase, we all agreed that it must 
be included in the regression function as they consider the measure to be fairer to be used in 
the ED.
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Chapter 4 Patient flow management from triage to 

treatment.  

4.1 Introduction and related literature 

EDs are widely known for their stochastic nature, unpredictable arrivals and—in the last two 
decades— serious, growing overcrowding problems [124]–[126]. The net effects of ED 
crowding include poor patient outcomes [127]–[130] long waits to be seen [128], [129], patient 
dissatisfaction and patient complaints [124], [128], [131], ambulance diversion, [128], [130], 
[132] and increased number of patients who leave without being seen [130], [132]. Moreover, 
studies have identified the LOS in the ED as the most important determinate of patient 
satisfaction [133], [134], which often declines when waiting times increase too [135]–[139]. 
Changes to front-end operations are of particular interest to reduce ED crowding because they 
are usually beyond the direct control of the ED (physicians, nurses, and administration) without 
requiring the involvement of external stakeholders, which would be practically or politically 
more difficult. 

Moreover, the fluctuant nature of the ED is sometimes coupled with punctuations of high-risk 
time-critical activities, which could not only put patients’ safety at risk but also cause stress to 
physicians. ED Physicians are usually exposed to more severe stress than other departments’ 
physicians [77] whose principal sources are time pressure, critical decisions and amount of 
work [77]. Thus, it is important to highlight some of the forefront issues that the emergency 
medicine community should address which are the overcrowding, efficiency, and patient and 
provider safety to avoid serious consequences. 

As explained in the introduction of this part of the thesis, patients access to the examination 
room, where a triage process classifies the patients according to their severity. Triage may 
include performance goals in terms of the percentage of patients who should have access to the 
physician consultation before certain time limits. These time limits and percentages will vary 
according to each type of triage-level (see Table 2.2). After triage, all patients wait in a queue 
for consultation and evaluation by a physician. This physician will be responsible for servicing 
all the needs of the patient assisted (clinical tests, such as blood tests, X-ray, scan, specialist’s 
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consultation, etc.) until they are discharged from the ED (to a hospital ward or to the patient’s 
home). 

In this chapter the first phase of sequencing decisions is addressed, which is the determination 
of the order/priority in which patients are initially taken from the waiting area to start treatment 
with a specific physician. 

Many departments use the traditional physician self-assignment process, whereby physicians 
assign themselves to (or “pick up”) patients at their discretion. Physicians may base their 
decision to pick up a new patient on their perceived capacity to treat another patient, how ill 
the patient is, the perceived needs of the department (with respect to whether it is busy or not), 
among other factors. In other EDs (see for example [60]), triage nurses are the decision makers 
who establish who is the next new patient assisted by a physician, and physicians decide when 
they have enough capacity to assume the new patient’s treatment. Newly registered walk-in 
patients are placed in a queue of ready-to-be-seen cases by triage nurses, which allows 
physicians to “sign up” for patients when they feel ready to see their next patient. Both these 
systems are considered “pooling system” in which there are a shared queue that leads to 
multiple servers (physicians). 

There is also another possible configuration in which there are one dedicated queue that leads 
to each server. By using this configuration, incoming patients are immediately assigned to a 
physician after triage by a rotational rule (see for example [140]). Once this assignment occurs, 
the physician can see the assigned patient –even if he/she has not been seen yet - listed under 
his/her electronic tracking board when logged onto the patient management system. 

On the one hand, ED crowding may be improved by reducing waiting times for the placement 
of patients in ED beds. By doing this, patient care along with prompt discharge will initiate 
earlier [131]. These also would increase patient’s quality of care and satisfaction. On the other 
hand, the randomness of patient arrivals may result in inequality of stress experienced by 
physicians due to their associated workload. This relevant problem may influence the service 
quality and physician’s working conditions, and should also be considered. 

The main purpose of this chapter is to analyze different ways of managing patient flow, and to 
design and implement a new automatic and real-time tool to assist the triage nurses in the 
decision making process. Testing of new management policies in complex systems, where the 
results are unpredictable, especially in those systems where there is a strong ethical component 
such as the health system, is carried out by means of simulation techniques [42], [141]. The 
two objectives are: optimizing waiting time and quality of care (patient’s perspective) and 
optimizing physician’s workload balancing and working conditions (physician’s perspective). 
This is the first time that the latter objective is considered in ED “front-end” operations. 
Moreover, the study will also be applied to a real setting, the ED of the Hospital Complex of 
Navarre (HCN). 
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4.2 The patient-to-physician allocation problem 

4.2.1 One queue vs multiple queues 

The two common queue configurations mentioned above to manage patient flow determining 
the order as well as assigning physician that will treat them are: 1) multi-server single-queue 
(SQ) in which there is a shared queue with all patients that leads to multiple physicians, and 2) 
multi-server parallel-queue (PQ) in which there is one dedicated queue that leads to each 
physician. 

Traditional queueing theory demonstrated through analytical models that a pooled queue 
configuration (SQ) is more efficient than dedicated queues configuration (PQ) [142]–[144]. By 
allowing patients to be served by any available physician rather than having them wait for a 
specific server to become available, pooled queue configurations help mitigate the negative 
effects of variability in arrivals, which leads to shorter waiting times for service, less expected 
throughput times, and less expected work-in-process (WIP) [144]–[148]).  

However, recent empirical works of medical literature suggest that the previous statement may 
not always be true in practice. Longer average waiting times and lengths of stay are experienced 
by patients when physicians are assigned patients under a pooled queueing system as opposed 
to a dedicated queueing system of rotational patient assignment ([135], [136], [140], [149]–
[151]). There are four groups that have previously reported some version of a system in which 
patients were assigned to alternating teams (PQ) [135], [136], [149], [150]. Three of these 
groups reported a decrease in arrival to provider time (of 9.5 minutes [149], 13 minutes [136], 
and 4 minutes [150]), two reported an increase in patient satisfaction [135], [136], one reported 
changes in length of stay (of 39 minutes) and discharge rate (of 1.05, 1.07, and 1.05 greater 
during the second two hours, in the penultimate two hours, and in the final two hours of a 
physician’s main ED shift respectively) [150]. An older report describes a semicontrolled study 
in which rotational patient assignment was applied for residents on the “medical side” of a 
“medical side/surgical side” ED at a teaching facility [151]. LOS improved on the medical side 
by approximately 15%, whereas LOS increased on the surgical side [135]. And finally there is 
a study in which patient are assigned to physicians rotationally reporting an improvement in 
LOS, APT and LBBS and complaint ratio. 

According to recent studies, this happens because queue configuration may make an impact on 
the physicians’ behaviour ([150], [152]–[157]), which is not considered in most widely used 
queueing models in both academic literature and practice. These models assume that the service 
rate is exogenous, which, while credible for nonhuman servers, is problematic for human 
servers (see for example in other contexts [158], [159]). Do et al. [160] and Armony et al. [161] 
start to incorporate these behavioral aspects. 
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In a SQ system in which physicians assign themselves to patients at their discretion, they 
perceive their patient loads differently and “pick up” additional patients at varying rates [135]. 
These rates are related to varying factors such as each individual physician’s tolerance of 
workloads, departmental and management expectations, monetary remunerations, etc. Usually, 
when there are many patients waiting to be seen, quicker and more efficient physicians see 
more patients, which is perceived as unfair and may negatively impact on the speed at which 
servers work [162]. This occurs in many public hospitals, where physicians are salaried. 

Shunko et al. [152] rely on behavioral experiments to show that workers process items at a 
slower rate in SQ systems than in PQ systems. The slowdown in processing in the SQ system 
is directly attributed to the effect of social loafing in a shared workload environment. As it is 
also demonstrated by Wang and Zhou [153], the server may slow down. This happens when 
the workers have the opportunity to free ride on others’ by reducing their share of the work and 
the effort required to perform this work at the expense of their colleagues. Under this 
configuration (SQ), waiting patients remain no one’s direct responsibility until an available 
physician takes ownership of them ([135], [136]) resulting in delays in care since there is little 
or no reason for a physician to electronically claim a patient in the waiting room. 

On the contrary, in a PQ system, the responsibility for each patient care in the ED waiting room 
is assigned to a specific physician, who have more ownership of patients, thus, more actively 
manage the patient flow. This is an incentive for them to initiate evaluation more promptly and 
make every effort to get patients seen within their time limit ([155], [162]). Moreover, enabling 
performance comparisons across teams or physicians with the full visibility into each 
physician’s length of the queue, whose workload is tracked on the ED electronic board, also 
contributes to making the physicians more efficient (see for example [163]). In a series of 
behavioral experiments, Shunko et al. [152] also show that servers work faster when 
performance feedback is made more salient by increasing the visibility into the length of the 
queue.  

Armony et al. [161] attribute this phenomenon to the servers’ degree of discretion over their 
choice of service capacity and their type of work aversion (averse to high levels of workload, 
and/or preference for idleness over occupation), which is also the case of a SQ in the ED. 

Additionally to ED performance superiority, from a medical point of view, in a SQ 
configuration there is little clarity of the physician’s responsibility for ready-to-be-seen but 
unassigned waiting patients. On the contrary, in a PQ system, the physician’s ownership is 
nearly immediate and always unambiguous. This allows triage nurses to identify a responsible 
physician when one is needed to guarantee patient’s safety in case they get worse before the 
first consultation. Moreover, physicians know which waiting room patients they are 
responsible for enabling them to initiate earlier “preorders” on waiting patients before 
consultation. 
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4.2.2 Key Performance Indicators (KPIs) 

Patient’s perspective: safety and quality of service 

Welch et al. [72], Welch et al. [73], and most recently Vanbrabant et al. [14] list various metrics 
by which ED performance can be measured, such as the arrival to provider time (APT, or “door-
to-doc” time). This important time interval is widely used in emergency healthcare services, 
since many illnesses are time-dependent, and a delay in the diagnostic evaluation by a qualified 
medical provider could be a health risk for the patient. Most EDs define a maximum waiting 
time for each acuity level and set performance goals related to them, as explained in Table 2.2’s 
CTAS. The ratio of patients whose APT exceeds the time limit is also considered a KPI. 

There are also other important time related measures influenced by the patient flow 
management policies, such as the arrival to discharge time, called the “length of stay” (LoS), 
which has an impact on the patient’s quality perception of the received healthcare service. In 
this study, from the patient’s point of view, mean APT, mean ratio of patient exceeding the 
time limit, and mean LoS for patients of each priority will be considered KPIs. 

Physician’s perspective: working conditions 

According to recent research, the time it takes a resource to care for a patient is not independent 
of the state of the process including the current workload [153]. Thus, they make dynamic 
service capacity adjustments in response to varying levels of workload [164]. This can also be 
indirectly affected by queue configuration, which influences the queue length that the server 
faces. The servers’ responses to increased workload could vary [164] and affect quality of care 
as well as physicians stress.  

Across a variety of service settings, prior work has shown that varying levels of workload may 
lead to increasing ([165]), decreasing ([166], [167]), inverted U-shaped ([159], [168], [169]), 
or N-shaped ([170]) responses of service time. Other studies show that quality may suffer due 
to load ([168], [169], [171]), or that workers may burn out due to load ([172]). A key 
assumption in this line of work is that as individuals experience more load, they choose to work 
faster in the short-term, although this speeding up may negatively impact performance in the 
long-term. 

As explained in Chapter 3, the instantaneous workload is all patients a physician is managing 
simultaneously and as we also demonstrate, high patient loads increase physician stress [84], 
[173], and high priority patients too. 

In this study, from the physician’s point of view, the average of stress per physician during the 
work shift, 𝑌𝑌�, will be one of the KPIs as well as the variability of stress among physicians 
during the work shift by using the mean square error (MSE) along the shift 𝑀𝑀𝑆𝑆𝐸𝐸 (𝑌𝑌)�����������: 
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2
𝑄𝑄
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            𝐷𝐷 ∈ [0, 𝐷𝐷𝐸𝐸𝑁𝑁𝐷𝐷] 
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1
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0
 

where 𝑄𝑄 is the number of physicians working simultaneously in the ED , 𝑌𝑌𝑘𝑘(𝐷𝐷) is the stress 
experiencing by physician 𝑘𝑘 at time 𝐷𝐷, 𝑌𝑌�(𝐷𝐷) is the estimated average stress for physician at time 
𝐷𝐷, and 𝐷𝐷𝐸𝐸𝑁𝑁𝐷𝐷 is the duration of the shift. The stress is measured with the method developed in 
Chapter 3. 

The variability in the number of patients of each priority assigned to each physician along the 
workshift will be also used as a KPI by using again the MSE: 

𝑀𝑀𝑆𝑆𝐸𝐸�𝑁𝑁𝑖𝑖(𝐷𝐷)� =
1
𝑄𝑄
��𝑁𝑁𝚤𝚤� (𝐷𝐷) − 𝑁𝑁𝑖𝑖𝑘𝑘(𝐷𝐷)�

2
𝑄𝑄

𝑘𝑘=1

            𝐷𝐷 ∈ [0, 𝐷𝐷𝐸𝐸𝑁𝑁𝐷𝐷]; 𝑖𝑖 = 1, … 3 

𝑀𝑀𝑆𝑆𝐸𝐸 (𝑁𝑁𝚤𝚤)������������ =
1

𝐷𝐷𝐸𝐸𝑁𝑁𝐷𝐷
� 𝑀𝑀𝑆𝑆𝐸𝐸(𝑁𝑁(𝐷𝐷))𝑎𝑎𝐷𝐷
𝜆𝜆𝐸𝐸𝐸𝐸𝐸𝐸

0
      𝑖𝑖 = 1, … 3 

Where 𝑁𝑁𝑖𝑖𝑘𝑘(𝐷𝐷) is the number of patients of priority 𝑖𝑖 actually assigned to physician 𝑘𝑘 at time 𝐷𝐷, 
𝑁𝑁𝚤𝚤� (𝐷𝐷) is the estimated average number of patients of priority 𝑖𝑖 per physician at time 𝐷𝐷, and 𝐷𝐷𝐸𝐸𝑁𝑁𝐷𝐷 
is the duration of the shift. 

4.2.3 Definition of rules for patient-to-physician allocation 

As previously mentioned, the medical literature recognizes that a good distribution of work 
among professionals reduces the level of stress and, therefore, mitigates the phenomenon of 
burn-out, which is so frequent in the health field and which results in a worsening of the health 
treatment received by patients. In fact there are several studies which support that high levels 
of workload and stress contribute to the high human and system error rates (e.g. [122]). 

For this reason and for countering randomness in arrival and fluctuant nature of the ED, it is 
important to design patient flow management rules and to include indicators on the working 
conditions of physicians not only in the performance assessment but also in the set of criteria 
that govern the management of patients. 

In this section, we propose several patient-to-physician allocation rules (PPAR) based on 
different criteria to be analyses. Advanced algorithms are commonly used to solve similar 
problems in resource allocation in other industries, but not in healthcare. For example fair, 
efficient, and skilled-based routing incoming calls in call centers are well-studied mechanisms 
that determine the optimal assignment of incoming calls to agents [148], and data 
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communication networks and manufacturing systems use algorithmic scheduling techniques to 
ensure efficiency of flow [174]. 

Single Rotational Rule (SRR) 

Currently, there are some EDs - including the ED where the studies are carried out explained 
in Chapter 2– that has a single rotational patient assignment system, that is, patients are 
assigned to a specific physician rotationally as they are triaged after arriving to the hospital 
ED. Some studies have demonstrated that this SRR assignment results in ED performance 
superiority to the single queue system without previous assignment (see [135], [136], [140], 
[149]–[151]). Moreover, it facilitates the triage nurses' decision making and ensures an equal 
number of assigned patients to different physicians. 

However, the differences in the complexity of clinical cases lead to an unbalanced physicians’ 
workload since the average severity of patients assigned to one physician might be higher than 
that of patients assigned to another ([140], [151]). Thus, to overcome this handicap, we have 
defined other different patient-physician assignment rules. 

Multiple Rotational Rule (MRR) 

The MRR is an improved extension of the SRR that takes into account patient's ESI (1-5) 
attributed by the triage nurse. High and low severity patients are considered and the rotational 
assignment rule is applied to each of these patients’ categories.  

Figure 4.1 shows the different physicians’ queues (patients associated to them) obtained by 
applying the SRR and the MRR to the same 18 incoming patients sequence. These patients are 
on the top of Figure 4.1 and they have their priority assigned by the triage nurse. 

On the lower left-hand of Figure 4.1 a SRR from physician 1 to 5 has been applied to assign 
patients to physicians. Even if all physicians have almost the same total number of patients to 
assist (3 or 4), the randomness of incoming patients causes an unbalanced workload. For 
example Physician 2 has 4 low priority patients assigned while Physician 1 has 3 high priority 
patients assigned.  

On the lower right-hand of Figure 4.1 a MRR has been applied to assign patients to physicians. 
High priority patients have been assigned rotationally from physician 1 to 5 while low priority 
patients have been assigned rotationally from physician 5 to 1 (opposite sense). In this case, 
the workload assigned is better balanced as all the physicians have an equal number of patients 
of each priority assigned. 
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Figure 4.1. Resultant physicians’ queues by applying two different assignment rules to the same patients. 

However, the MRR assignment rule can also cause significant differences among physicians’ 
job stress as this assignment rule does not consider complexity of patients or physicians’ 
remaining work burden at the time of a new patient allocation. There are situations in which a 
physician accumulates many pending patients as all the assigned patients are very complex and 
require a lot of medical care, while other physicians are idle as they are only assigned very mild 
patients. To overcome this problem and reduce inequities among the physicians, we propose 
the next patient-to-physician allocation rule. 

Physician’s stress balancing rule (SBR) 

The physician stress balancing rule (SBR) takes into account all the information of physicians’ 
pending patients at the moment of a new patient’s allocation in order to reduce job stress 
variability among the physicians during the work shift. 

This rule uses as criterion the physician’s work conditions’ indicator developed in Chapter 4 
and assign each patient upon arrival to the physician 𝑖𝑖 with the lowest job stress score verifying 

𝑖𝑖 = 𝑦𝑦𝑚𝑚𝑔𝑔 𝑚𝑚𝑖𝑖𝑦𝑦
𝑘𝑘

{𝑌𝑌𝑘𝑘(𝐷𝐷)}      ∀        𝐷𝐷 ∈ �0,  𝐷𝐷𝐸𝐸𝑁𝑁𝐷𝐷�,  𝑘𝑘 ∈ [1,𝑄𝑄] 

where 𝑌𝑌𝑘𝑘(𝐷𝐷) is the stress being experienced by physician 𝑘𝑘 at time 𝐷𝐷. The job stress experienced 
by a physician is measured with the method developed in Chapter 4 as a function of the number 
of pending patients of each priority assigned to the physician, their stage in the medical care 
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process (uncertainty associated), waiting time targets (time pressure associated), and teaching 
duties responsibilities. That is, the scenario represented by the vector 𝑋𝑋1, … ,𝑋𝑋11. 

Physicians’ stress and completed work balancing 

Previous PPAR, the SBR, assigns patients to physicians as they arrive to the ED by taking into 
consideration pending patients at the moment of the allocation. This rule has been criticized by 
physicians because it can cause inequities of the total workload assigned to each physician at 
the end of the workshift due to the fact that not all physicians work at the same rate. Moreover, 
as mentioned in Section 4.2.1, servers’ behaviors can be influenced by the queue structure, that 
may slow their service rate when workers have the opportunity to work less at the expense of 
their colleagues’ effort. By using the SBR, the less patients a physician discharge, the more 
patients they accumulate, and the less probability of being assigned a new patient. 

To counter this possible behavior, we propose a new rule based not only on current pending 
patients but also on already discharged patients. Thereby, it also considers the labor developed 
by each physician from the beginning of the workshift until the moment a new patient arrives. 

The physicians’ pending workload stress and completed workload balancing rule (SWBR) is a 
parametric assignment rule obtained from the linear combination, 𝑆𝑆𝑊𝑊𝑘𝑘(𝐷𝐷), of the two 
standards: job stress, 𝑌𝑌𝑘𝑘(𝐭𝐭), and completed workload, 𝐶𝐶𝑘𝑘(𝐷𝐷) described in Section 3.4. An 
incoming patient is assigned to the physician 𝑖𝑖 verifying 

 𝑖𝑖 = 𝑦𝑦𝑚𝑚𝑔𝑔 𝑚𝑚𝑖𝑖𝑦𝑦
𝑘𝑘

{𝑆𝑆𝑊𝑊𝑘𝑘(𝐷𝐷)}       ∀        𝐷𝐷 ∈ �0,  𝐷𝐷𝐸𝐸𝑁𝑁𝐷𝐷�,  𝑘𝑘 ∈ [1,𝑄𝑄] 

where 

𝑆𝑆𝑊𝑊𝑘𝑘(𝐷𝐷) = 𝜆𝜆
𝑌𝑌𝑘𝑘(t) − 𝑌𝑌𝑙𝑙(t)
𝑌𝑌𝑗𝑗(t) − 𝑌𝑌𝑙𝑙(t) + (1 − 𝜆𝜆)

𝐶𝐶𝑘𝑘(𝐷𝐷) − 𝐶𝐶𝑔𝑔(𝐷𝐷)
𝐶𝐶ℎ(𝐷𝐷) − 𝐶𝐶𝑔𝑔(𝐷𝐷)

        ∀        𝐷𝐷 ∈ �0,  𝐷𝐷𝐸𝐸𝑁𝑁𝐷𝐷�,  𝑘𝑘 ∈ [1,𝑄𝑄] 

where 𝑙𝑙 = 𝑦𝑦𝑚𝑚𝑔𝑔 𝑚𝑚𝑖𝑖𝑦𝑦
𝑘𝑘

{𝑌𝑌𝑘𝑘(𝐷𝐷)}, 𝑆𝑆 = 𝑦𝑦𝑚𝑚𝑔𝑔 𝑚𝑚𝑦𝑦𝑚𝑚
𝑘𝑘

{𝑌𝑌𝑘𝑘(𝐷𝐷)}, 𝑔𝑔 = 𝑦𝑦𝑚𝑚𝑔𝑔 𝑚𝑚𝑖𝑖𝑦𝑦
𝑘𝑘

{𝐶𝐶𝑘𝑘(𝐷𝐷)}, and ℎ =

𝑦𝑦𝑚𝑚𝑔𝑔 𝑚𝑚𝑦𝑦𝑚𝑚
𝑘𝑘

{𝐶𝐶𝑘𝑘(𝐷𝐷)}. 

4.3 Analysis of a multiple rotational rule in a real setting 

In this section we analyze how one of the rules proposed in the previous section impacts on a 
real setting: the multiple rotational rule. The real setting is the ED of the HCN and it has been 
chosen because of the potential good behavior shown in the simulation model described in 
Chapter 2 that improves the current ED performance. This way, the real impact of the new 
management policy is demonstrated on the real ED, which proves the research carried out with 



82 Chapter 4. Patient flow management from triage to treatment. 

 
simulation models. It validates the mathematical models, the model completeness, and the 
methodology approach. 

Similarly, this procedure may be reproduced for the rest of the proposed rules in Section 4.2.3 
based directly on physicians’ stress. In our case, this was not possible because we were unable 
to access the patient’s data in real time. Next, each step of the methodology to implement the 
results is presented, followed by the description of the real implementation in the HCN. 

4.3.1 Patient-to-Physician allocation problem at the Hospital Complex of 
Navarre (HCN)    

During the day, as many other EDs, the HCN - which is described in more detail in Chapter 2 
- organizes the patient care into two different care circuits: one for the more critical patients, 
i.e., circuit B (CB), and another for less critical patients, i.e., circuit A, (CA). They both have 
dedicated physicians, nurses and ancillaries that are not shared with the other patient care 
circuit. All priority 1 (P1) and priority 2 (P2) patients are assigned to CB while all priority 4 
(P4) and priority 5 (P5) patients are assigned to CA. Priority 3 (P3) patients can be assigned to 
both depending on the illness. Triage nurses assigned patients to one of the two different care 
circuits and within the selected circuit they manually assign patients to a specific physician. 
The assignment is placed on the electronic tracking board, which is visually available to the 
entire department. Each physician has their own rack of patients and evaluates them at their 
own pace, with the understanding that they must see and evaluate all patients assigned to them 
until one hour before the end of the workshift. They try to avoid the physician that enters the 
ED the next workshift to take over their patients. The assignment of patients to a specific 
physician follows a rotational rule without considering their complexity, their priority, or the 
physician’s pending patients. For example, 1st patient assigned to CA of the day (a P3 patient) 
is assigned to physician 1, 2nd patient assigned to CA of the day (a P3 patient) is assigned to 
physician 2, 3rd patient assigned to CA of the day (a P4 patient) is assigned to physician 3, and 
so on until the last scheduled physician in CA during the shift, and then the round starts again 
with physician 1. For patients assigned to CB the procedure is the same. 

This rule facilitates triage nurses’ work and guarantees an equal number of patients across 
physicians as their compensation model is salaried, with no component for clinical 
productivity. This rule has been proved to be the best until now in medical literature’s 
interventions, contrary to theory that suggests a single queue configuration is better. 

However, physicians in the ED of the HCN reported feelings of stress and workload inequities 
among physicians. This was confirmed in Section 3.6 by dynamically tracking the stress 
experienced in the workplace by each physician considering their workload information 
(patients assigned) during their work shift. This was done after developing the job stress score 
in real time by consensus. The results motivated the investigation to change the patient 
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assignment rule in order to reduce job stress variability among physicians during the work shift 
and consequently improve patients’ quality of care. 

In this study, we consider the management of the healthcare CA, of lower priority patients 
(levels 3, 4, and 5) as it was described to be the most crowded. Moreover, patients treated in 
care circuit B are too critical to take part in an experiment, who will be used as a control. CA 
has five exploration rooms and a senior physician in each exploration room. Patients who are 
treated in this care circuit are rotationally assigned from physician 1 to 5 just after triage (see 
Figure 4.2), as mentioned above. In the next section we outline the research carried out to 
improve the distribution of patients among physicians, from idea generation to implementation. 
This aims to optimize not only patient waiting time but also working conditions. 

 

 

Figure 4.2. HCN CA assignment system. 

4.3.2 Phases 

The methodology followed in the improvement phase is structured in 9 phases and is 
summarized in Figure 4.3. 

Ph 2 Ph 1 
Ph 3 

Ph 4 Ph 5 
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Figure 4.3. Summary of the methodology structure of the improvement process in the HCN 

Discussion with ED managers and medical staff 

First, a meeting with the ED managers is needed to agree that a solution to the problem 
expressed in previous Section 4.3.1 is needed. Then, it is important to organize several 
workshops with medical staff who directly face its consequences. It helps to collect as much 
information as possible about the processes, way they work, feelings, insights etc. The workers 
stated that the most urgent care circuit was the less critical patients circuit as it was more 
crowded. From their medical staff point of view, there are two very different types of patients 
in the less critical patients circuit. These are called high severity patients (priority 3) and low 
severity patients (4 and 5) and have very different provider time limit, need different resources, 
etc., which means, a different workload. Generally, physicians sort their patients first by acuity 
and then by time of arrival in order to see them for their first time within the time limit defined 
by the triage level. 

Particularly in our case, they showed concern for the unfair distribution of patients among 
physicians displayed on the electronic tracking board during one of our workshops at the 
hospital. Figure 4.4 shows a screenshot of the real electronic tracking board. It was taken at 
12:04, the day 06/05/2016 and the patients who had come to the system from 11:20 to 12:04 
are listed. There is no personal data to be identified of the patients except age, visit motive, 
priority, care circuit associated and specific physician within the care circuit.  
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Figure 4.4. Screenshot of the real electronic tracking board of the ED, day 06/05/2016 at 12:04. 

Table 4.1 summarizes the distribution of patients during the 42 minutes period represented in 
the screenshot of Figure 4.4. They discussed the mentioned situation that their colleges were 
having during the workshop. Physician 5 had 3 high priority patients assigned while Physician 
1 had 0, who are considered to have much more workload associated to their care process by 
all of them. 

Table 4.1. Distribution of patients during the period represented in the screenshot of Figure 4.4. 

N. Of patients Physician 1 Physician 2 Physician 3 Physician 4 Physician 5 

Priority 3 0 1 1 1 2 
Priority 4 2 2 2 2 0 
Priority 5 1 0 0 0 0 

During our workshops, we proposed some new rules to them (described in Section 4.2), which 
were discussed. They expressed the impossibility of accessing to the ED information system 
in real time at that moment in time, which is necessary to assess the job stress and calculate all 
pending and discharged patients. These calculations are required for the criterion of some of 
the proposed rules, which had to be discarded. Finally, we all come up with an easy, feasible, 
and reasonable policy that could possibly be implemented, which was the multiple rotational. 
In this case in which there are only two different types of patients, it will be named parallel 
rotational. 

It is essential to keep medical staff motivated as participants during the whole project because 
they will be the actual receptors of the proposed improvement solution.  

Simulation model 

Once we have this new proposal for managing patients in the ED, the necessary methodologies 
and indicators have to be developed. In this study, it was essential to define and validate a job 
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stress score by the consensus of the physician of the ED to assess inequities in stress 
experienced by physicians associated to their workload in real time, which is describe in 
Chapter 3. 

Then, a simulation model of the ED of the HCN (explained in detail in Chapter 2) was 
developed and validated with medical staff to theoretically test some new rules proposed in 
Section 4.2. In our case, in the previous phase they stated that only the multiple rotational rule 
could be implemented. This policy was tested in the simulation model, which proved it is 
significantly superior to the rotational rule that was used up until that time. The main results 
were a reduction in high priority APT (10%) while worsening APT of mild patients (6%), see 
Figure 4.5. Moreover the differences in work completed at the end of the shift was reduced by 
6% (standard deviation). 

 

Figure 4.5. APT of high and low severity patients comparison single rotational rule, currently used, multiple 
rotational rule, proposal) 

Presentation of results to ED managers and pilot test approval 

The analysis of the new management policies must be presented to the ED managers as well 
as the medical staff who work daily in the department, who should agree with some of the new 
proposals and most importantly accept to perform a pilot test. 

In our case, the results which are described in the previous phase were presented to the ED 
managers and medical staff, who approved a pilot test performance. 

Software programming and triage nurses training 

Once the pilot test is approved in order to assess one of the new assignment rules proposed in 
the real system, an easy to use software is necessary to be programmed in order to implement 
the selected solution. The final users should collaborate in its development to add some 
necessary features and suggest improvements. Then, it is essential to provide training sessions 
to all people participating to get them familiar before the implementation (see Figure 4.6). 
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Figure 4.6. Training session and user’s manual and frequently asked question provided to medical staff. 

In our case, the selected programming language was Java in order to make it visually pleasant 
and for free. During the process, the final users - the triage nurses - collaborated in the 
development to suggest some needed features. For example, the manual assignment of a 
physician in case they would consider it appropriate is also included (see Figure 4.8). In these 
cases, the algorithm has a memory and that will be taken into account when assigning the next 
incoming patients. There are other features like priority modification (see Figure 4.7, part 3) of 
a patient if they get worse where the memory is optional, or physician modification. Patients 
that abandon or change care circuit can also be considered to autoadjust the incoming patients’ 
distribution.  

As the software cannot access to the ED system in real time, at the beginning of the workshift 
the number of physicians available must be defined. Every time a patient arrives, it is necessary 
to insert patient code and priority (part 2 of the window shown in Figure 4.7) and the window 
shown in Figure 4.8 pops up to suggest the physician to whom the patients should be assigned. 

 

Figure 4.7 Main screen of the software. The panel on the left shows every patient and their assignment in the ED 
and per physician. The blue part in the middle is for introducing a new patient as they arrive. 

 

1 2 3 
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Figure 4.8 Screenshot of the suggested assignment by the software. In this case, the triage nurse can accept 
physician 8 (it starts counting physician from 5 on) or insert manually that it is more appropriate to send the patient 
to physician 5. 

Pilot phase 

During the pilot phase, medical staff, and particularly triage nurses use the new management 
policy implemented in the new software. It is essential that all medical staff are informed about 
the situation to let them know that physicians will receive patients in a different order than that 
they are used to. 

It is also very important to provide support as well as keep in touch if any problem arises.  

The pilot test in the case study ED was performed between 4th June and 2nd July (for a month). 
During this period, the software had the parallel rotational assignment rule implemented for 
patients assigned to CA. That is, there are two queues with all the physicians who are ordered 
opposite ways in each of them. Severe patients are assigned to one physician of the first queue 
on a rotating basis (for example starting from physician 1 to physician 5 and repeating this 
wheel along the day) while mild patients are parallel assigned to one physician of the second 
queue on a rotating basis (in this case starting from physician 5 to physician 1 and repeating 
this wheel throughout the day). As exposed in the previous phase, medicine is not an exact 
science, and medical staff want to control exceptions in which one patient should be 
specifically treated by one of the physicians. In this event, it is possible to manually assign a 
patient to that specific physician independently of what the software suggests, and then the 
software redress physicians workload with subsequent patients. Finally, as mentioned, within 
CB, the assignment rule did not change from the previous period. 

Real data analysis and medical staff satisfaction survey 

After the pilot test takes place, it is necessary to request administrative records of patients (the 
period before and after the implementation of the software) to conduct a before-and-after study 
in order to compare the previous and the new management rule. All the details of our study 
data analysis are in next Section 4.3.3 and the results were very positive. 
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A survey on medical staff satisfaction is also very important in order to collect their 
perceptions, improvements suggestions, problems, acceptance, and their feelings to 
subjectively assess the software and the management rule. This survey should be approved by 
the chief of the department for quality and development.  

In this case study, the survey was approved by the nursing chief (as the final users were the 
triage nurses) and was administered to all staff that had worked at triage during the pilot test 
period. As an example, the survey developed is in Appendix G, in which several aspects are 
requested such as technical and visual aspects, consideration of permanent implementation of 
the new rule, and its extending to the other care circuit that did not participate in the pilot test. 

Presentation of real data results to ED managers 

Finally the results of the real ED system must be presented to the ED managers and the medical 
staff to objectively demonstrate the benefits of the new assignment rule to them. They have the 
option of accepting the permanent implementation of the software and its connection with their 
ED system. 

4.3.3 Analysis of results 

We report the results of transitioning from single rotational patient assignment to parallel 
rotational patient assignment taking into account patients priority at a single facility, the ED of 
the HCN, with the goal of reporting the operational metrics of LOS, APT, ratio of patients 
exceeding the APT limit, rate of early (within 72 hour) returns, and ratio of patients of each 
type assigned to the different physicians. We report these metrics while noting and accounting 
for several potential confounding variables. 

Methods 

Study design and setting 

This is a retrospective before-and-after observational study in which we analyzed routinely 
gathered ED operational data in order to compare the effects of a parallel rotational patient 
assignment system. 

As mentioned, in this study the new patient assignment rule is applied in the CA, while care 
CB performs as a control group. The board certified physician labor pool was constant 
throughout the study period, all of them worked during the entirety of both periods (simple 
rotational and parallel rotational patient assignment period) and had more than 3 years or more 
of postresidency emergency medicine experience. Each year at the end of June, new residents 
start the training program. 



90 Chapter 4. Patient flow management from triage to treatment. 

Throughout the study period, the ED used both the same electronic medical record and the 
electronic tracking board software. Moreover there were no changes in organization processes 
or triage system. 

Selection of Participants 

There are 28 days of parallel rotational patient assignment (June 4 to July 1) with 8892 patient 
visits. To minimize confounding of our current data the results are compared to the 
corresponding 28 days of previous years as seasonality is very important and residents gain 
knowledge through the course that starts in June.  

We identified a matched day in the last year of the single rotational patient assignment as the 
day that was on the same day of the week and within 2 calendar days of the first day in the first 
year of parallel rotational patient assignment. That is, June 5th, 2017 matched with June 4th, 
2018 and so on. 

For the study, we considered those patients assigned to CA and CB. Patients who are sent to a 
specific medical specialty or arrive during the night are excluded from the study.  

Interventions 

During both periods, patients arrive either by their own means (normal arrivals) or in an 
ambulance, and in the first case, a quick administrative registration process must be carried 
out. Then all patients underwent nursing triage in a dedicated examination room, at which time 
an encounter record and patient chart were generated. The triage process classified the patients 
according to their severity on 5 acuity levels, assigned them to one of the two different care 
circuits, and within the selected circuit they assigned patients to a specific physician. This time 
was recorded as the triage time. Then, physicians noted the time of the first evaluation by 
actively “claiming” the patient on the electronic tracking board. The time at which this 
happened was recorded as the provider time, and this workflow as well as the triage process 
did not change during the study period (June 5, 2017 to July 1, 2018).  

The difference between both periods is the patient assignment algorithm in CA. As previously 
mentioned, the assignment of patients algorithm in CB is maintained because CB is the less 
crowded circuit and its patients are too critical to take part in the experiment. These patients 
are also used as a control. 

During the single rotational patient assignment period (June 5, 2017 to July 2, 2017), the triage 
nurses manually assigned patients to physicians within both care circuit rotationally as they 
arrive to the ED. During the parallel rotational patient assignment period (June 4, 2018 to July 
1, 2018), within CA a software assigned patients to physicians rotationally taking into account 
the priority. P3 patients were considered by physicians as severe patients, and P4 and P5 
patients as mild patients. Within CB, the assignment did not change from the previous period. 
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Measurements  

Data for age; sex; ESI score; ED volume; ED volume that needs medical test; LOS; APT, APT 
limit exceeded; and early returns were extracted from the electronic medical record. Rates of 
left before being seen were not reliable because the information sheet of these patients 
sometimes the time of the first evaluation has been recorded without actually having been seen 
by the physician. This happens when physician “claims” the patient on the electronic tracking 
board before realizing they have already left. These indicate “false” dropouts after been seeing. 

A survey was developed and conducted to investigate the ED users’ (triage nurses) assessment, 
perception, and acceptance of the software and the new assignment rule implemented. This was 
approved by the nursery chief for quality and development and it was administered to all staff 
that had worked at triage during the pilot test period. 

We defined LOS as the interval between when the patient registered in the department and 
when he or she is discharged. Sometimes patients are sent home, other times they are admitted 
to hospital and have to wait after having been discharged, etc. We defined APT as the interval 
between when the patient is triaged in the department and the time at which the physician 
claimed the patient on the electronic tracking board. We report LOS and APT in minutes. We 
define APT limit exceeded as not being seen by the physician within the time limit fixed by 
the triage system according to the patient’s priority (see Table 2.2). We defined early return as 
returning to the ED within 72 hours of discharge. We report APT limit exceeded and early 
returns as a ratio. We also collected data for potential confounding variables (variables that 
may correlate with both the dependent and independent variables being studied). The 
confounding variables we identified were the patient demographics of age, sex, acuity, and 
need of medical, as well as the operational metrics of daily ED volume. The requirement of 
some medical tests for a patient involves the patient staying in the system until the results are 
obtained for a reevaluation by the physician, longer time in the ED. Physician staffing and 
nursing staffing are constant in both period studied. We measured age in integral years on the 
day of arrival. We assigned sex according to patient declaration. We measured acuity through 
the ESI score, which the nursing staff assigned in standard fashion (1 to 5). We defined daily 
ED volume of each circuit as the number of patients who registered in each care circuit between 
8:00 and 21:00 in the day in question and total daily ED volume as the number of patients who 
registered in the ED between 8:00 in the day in question and 8:00 in the next morning.  

Outcomes: 

The primary outcome measures were APT, ratio of patients exceeding the APT limit, and LOS 
for patients starting their evaluation between 12:00 to 20:00. We considered the most 
overcrowded period of the day not to have the results influenced by physicians’ behavior. Prior 
research suggests that servers work slower at low workloads because there is no need to work 
fast because of the slack capacity [159], and physicians, as strategic servers [154] can adjust 
they service rate by slowing down their work pace like in other sectors [175]. Other primary 
results are the equity of workload assigned to physicians in terms of the daily average ranges 
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of patients of each type assigned to physicians. Finally, secondary measures included the ratio 
of early return patients and the software ED users’ perception as well as physicians’ experience. 

Analysis 

Data for age; sex; ESI score; ED volume; LOS; APT, APT limit exceeded; and early returns 
were extracted from the electronic medical record. We report age, sex, daily ED volume as 
medians with interquartile range and note means and standard deviations (SDs) for comparison. 
We report sex as the percentage of female patients. We report ESI scores as counts and 
percentages for each level. 

We also report total ED daily volume (from 8:00 to 21:00) in each care circuit as medians with 
interquartile range and note means and standard deviations (SDs) for comparison. Volumes in 
both periods are compered by differences in mean and median using t-test and Mann Whitney 
U test respectively. 

Once the similarity in demand is demonstrated and knowing the staff is the same, in the primary 
analysis, we report ATP, and LoS as medians with interquartile ranges, and report them in 
minutes. We note means and SDs for comparison. We present ATP limit exceeded, and early 
returns as ratios. LoS and APT were compared by differences in mean and median minutes; all 
other metrics were compared by differences in proportions. 

In the secondary analysis, we used regression models to control for patient and ED 
characteristics. We applied a log transformation and used a linear regression on LOS and APT 
to measure improvement. All other outcomes were modelled with log-binomial regression to 
measure relative risk. We also stratified the results for LOS by patients needing medical tests 
and discharged after first consultation patients. ESI score was categorized as high (3) and low 
(4, or 5) for all regression models. 

Finally, to assess ED users’ opinions of the parallel rotational system’s effect on the work 
environment, a survey of nurses who had worked in triage under both systems was conducted 
one month after the change was implemented. The survey included questions about general 
satisfaction with the new system and perceptions of the change related with technical issues 
(ease of use, incident resolution, etc.). 

Results 

Characteristics of study subjects 

In the last month of June before the implementation of the parallel rotational patient 
assignment, there were 9063 during 28 days (June 5 to July 2, 2017, both included): 3753 
patients were assisted in CA, 2228 in care CB, and the rest of patients were assisted by specific 
specialist (psychiatry, ophthalmology) or during the night. In the period of this new patient 
assignment, there were 8892 visits during the same number of days (June 4th to July 1st, 2018): 
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3667 patients were assisted in CA, 2168 in CB, and the rest of patients were assisted by specific 
specialist (psychiatry, ophthalmology) or during the night. They all were considered for the 
study of workload distribution among physicians. 

For the care CA time study, we considered patients who arrived to the ED during the most 
overcrowded period of the day, from 12:00 to 20:00: 2320 patients in 2017 and 2203 patients 
in 2018. We had to exclude patients’ data from June 21, 2018, as the computer system did not 
work well and they were wrong (76 patients), majority of patients had been evaluated by the 
physician before the arriving to the ED. 

For 38 visits in the period of singular rotational patient assignment and 33 visits in the period 
of parallel rotational patient assignment, data for APT were missing, and we excluded these 
visits from all subsequent analyses related with APT. For 13 visits in the period of singular 
rotational patient assignment and 14 visits in the period of rotational patient assignment, we 
could not reasonably determine APT and thus excluded these visits from APT (and APT limit 
exceeded) analysis. In all of these cases, the documented APT less than zero or greater than 
LOS. 

For 6 visits in the period of singular rotational patient assignment and 6 visits in the period of 
parallel rotational patient assignment, data for LOS were missing, and we excluded these visits 
from all subsequent LOS analyses. For 44 visits in the period of singular rotational patient 
assignment and 27 visits in the period of parallel rotational patient assignment, we could not 
reasonably determine LOS and thus excluded these visits from LOS analysis. Reasons for 
exclusions included LOS less than zero, or greater than 24 hours when people leave the ED 
without warning. 

The survey was provided to all nurses who had use the new software (those who had worked 
during June 2018 at triage) and it was answered by 19 of them. 

Main results  

We report patient characteristics (age, sex, and ESI score) in Table 4.2 and ED daily volume 
in Table 4.3. Physician staffing and nursing staffing are equal in both periods. 

Table 4.2. Patient characteristics during both periods. 

Single Rotational Patient Assignment, N=9063 Parallel Rotational Patient Assignment, N=8892 
ESI Score 
Patients (%) 

SEX (%) 
Female Age Mean (SD) ESI Score 

Patients (%) 
SEX (%) 
Female  

Age, y 
Mean (SD) 

* 80 (0.88%)   * 106 (1.19%)   

1 85 (0.94%) 30 (35.29%) 68.4 (17.32) 1 48 (0.54%) 20 (41.67%) 66.71 (15) 

2 1209 (13.34%) 550 (45.49%) 62.943 (21.835) 2 1191 (13.39%) 534 (44.84%) 63.588 (21.183) 

3 4447 (49.07%) 2258 (50.776%) 57.975 (21.283) 3 4414 (49.64%) 2210 (50.068%) 57.819 (21.54) 

4 2969 (32.76%) 1451 (48.872%) 47.425 (18.125) 4 2860 (32.16%) 1418 (49.58%) 46.042 (17.952) 

5 273 (3.01%) 136 (49.82%) 50.79 (19.53) 5 273 (3.07%) 127 (46.52%) 48.67 (18.84) 
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Table 4.3.ED daily volume. 

ED daily volume   
P1   
Total   
Median (IQR) 3.00 (2.75) 1.50 (2.00) 
Mean (SD) 3.04 (1.99) 1.71 (1.18) 
Medical Test needed   
Median (IQR) 1.00 (0.19) 1.00 (0.50) 
Mean (SD) 0.90 (0.18) 0.71 (0.37) 
P2   
Total   
Median (IQR) 43.00 (11.50) 41.00 (5.00) 
Mean (SD) 43.18 (6.92) 42.54 (7.43) 
Medical Test needed   
Median (IQR) 0.81 (0.08) 0.83 (0.11) 
Mean (SD) 0.81 (0.06) 0.81 (0.07) 
P3   
Total   
Median (IQR) 161.50 (29.00) 158.50 (24.00) 
Mean (SD) 158.82 (23.49) 157.64 (18.94) 
Medical Test needed   
Median (IQR) 0.67 (0.06) 0.64 (0.06) 
Mean (SD) 0.67 (0.05) 0.66 (0.04) 
P4   
Total   
Median (IQR) 104.50 (16.50) 99.50 (21.50) 
Mean (SD) 106.04 (11.44) 102.14 (16.65) 
Medical Test needed   
Median (IQR) 0.46 (0.07) 0.45 (0.09) 
Mean (SD) 0.47 (0.05) 0.46 (0.07) 
P5   
Total   
Median (IQR) 9.00 (5.75) 8.50 (6.75) 
Mean (SD) 9.75 (4.06) 9.75 (5.18) 
Medical Test needed   
Median (IQR) 0.17 (0.14) 0.17 (0.24) 
Mean (SD) 0.16 (0.11) 0.20 (0.15) 
All patients   
Total   
Median (IQR) 280.50 (35.75) 270.00 (34.75) 
Mean (SD) 274.61 (28.84) 269.54 (21.47) 
Medical Test needed   
Median (IQR) 0.58 (0.03) 0.57 (0.05) 
Mean (SD) 0.58 (0.03) 0.57 (0.04) 

 

We also report ED daily volume according to patient’s priority and possible associated medical 
test in each care circuit, see Table 4.4 and Table 4.5. If a patient does not need medical test, he 
or she is discharged after a first consultation with the physician. 
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Table 4.4. CA daily volume (8:00-21:00). 

SIS 3 SRPA PRPA Difference 95% CI 
Total     
Median (IQR) 62,00 (18,25) 60,50 (14,00) -1 -7.00 to 4.00 
Mean (SD) 63,29 (11,75) 61,18 (13,25) 2.11 -4.61 to 8.82 
Medical Test needed     
Median (IQR) 0,6909 (0,1131) 0,7101 (0,0684) 0.00245 -0.02416 to 0.03171 
Mean (SD) 0,6944 (0,0729) 0,7034 (0,0542) -0.009 -0.0435 to 0.0255 
SIS 45     
Total     
Median (IQR) 70,50 (13,25) 68,50 (17,50) -1 -6.00 to 5.00 
Mean (SD) 70,96 (8,73) 70,00 (13,29) 0.96 -5.09 to 7.01 
Medical Test needed     
Median (IQR) 0,5542 (0,0833) 0,5341 (0,1069) -0.00513 -0.03883 to 0.02779 
Mean (SD) 0,5544 (0,0674) 0,5424 (0,0704) 0.012 -0.0250 to 0.0489 
Aggregated     
Total     
Median (IQR) 133,50 (18,00) 128,00 (19,75) -1 -9.00 to 5.00 
Mean (SD) 134,25 (11,95) 131,18 (14,29) 3.07 -3.99 to 10.14 
Medical Test needed     
Median (IQR) 0,6292 (0,1046) 0,6104 (0,0948) -0.00177 -0.03090 to 0.02442 
Mean (SD) 0,6206 (0,0611) 0,6173 (0,0567) 0.0033 -0.0283 to 0.0349 

Table 4.5. CB daily volume (8:00-21:00). 

SIS 1 SRPA PRPA Difference 95% CI 
Total     
Median (IQR) 2,000 (2,750) 1,000 (1,000) 0 -1.0003 to 0.0000 
Mean (SD) 1,964 (1,575) 0,964 (0,838) 1 0.319 to 1.681 
Medical Test needed     
Median (IQR) 0,5000 (1,0000) 1,0000 (1,0000) 0 -0.0002 to 0.0000 
Mean (SD) 0,5298 (0,3930) 0,6190 (0,4861) -0.089 -0.326 to 0.148 
SIS 2     
Total     
Median (IQR) 28,500 (7,750) 27,00 (6,75) -1 -3.000 to 2.002 
Mean (SD) 27,893 (5,252) 27,25 (6,23) 0.64 -2.45 to 3.73 
Medical Test needed     
Median (IQR) 0,7289 (0,1373) 0,6809 (0,1366) -0.0082 -0.05000 to 0.02765 
Mean (SD) 0,6993 (0,0963) 0,6789 (0,0863) 0.0205 -0.0285 to 0.0695 
SIS3     
Total     
Median (IQR) 51,50 (10,75) 53,00 (13,75) 0 -3.998 to 2.998 
Mean (SD) 50,50 (10,38) 49,86 (8,11) 0.64 -4.36 to 5.64 
Medical Test needed     
Median (IQR) 0,7196 (0,1218) 0,6988 (0,1020) -0.01016 -0.05233 to 0.02040 
Mean (SD) 0,7159 (0,0796) 0,6873 (0,0813) 0.0286 -0.0146 to 0.0717 
Aggregated     
Total     
Median (IQR) 80,00 (15,50) 79,00 (17,00) -1 -6.001 to 3.997 
Mean (SD) 80,36 (12,25) 78,07 (9,88) 2.29 -3.68 to 8.26 
Medical Test needed     
Median (IQR) 0,7203 (0,1018) 0,6759 (0,0700) -0.01199 -0.04152 to 0.01423 
Mean (SD) 0,7086 (0,0672) 0,6860 (0,0641) 0.0226 -0.0126 to 0.0578 

We report unadjusted outcomes related to patient quality of care in Table 4.6. During the period 
of parallel rotational patient assignment, LOS, APT, and rate of patients exceeding their APT 
limit were all lower. There were no significant changes with respect to early returns. 
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Table 4.6. Unadjusted patient outcomes. 

APT. min    
P3 SRPA PRPA Difference 95% IC T-test p-value 
Median (IQR) 58.00 (54.25) 47.000 (49.00) 8 5.002 to 11.998 <0.001 
Mean (SD) 65.77 (45.59) 56.80 (43.08) 8.96 5.16 to 12.76 <0.001 
P4 SRPA PRPA Difference 95% IC T-test p-value 
Median (IQR) 70.00 (83.50) 64.00 (75.00) 5 0.999 to 8.997 0.0124 
Mean (SD) 80.68 (55.78) 74.53 (52.58) 6.15 1.69 to 10.62 0.007 
APT exceeded. min    
P3 SRPA PRPA Difference 95% IC T-test p-value 
Median (IQR) 0.00 (1.00) 0.00 (1.00) 0 -0.0000 to 0.0000 <0.001 
Mean (SD) 0.4849 (0.5000) 0.3752 (0.4844) 0.117996 0.0759340 to 0.160058 <0.001 
P4 SRPA PRPA Difference 95% IC T-test p-value 
Median (IQR) 0.00 (0.00) 0.00 (0.00) 0 -0.0000 to 0.0000 0.0196 
Mean (SD) 0.2257 (0.4182) 0.1860 (0.3893) 0.0397106 0.00646501 to 0.0729562 0.019 
LOS, min    

P3 SRPA PRPA Difference 95% IC Mann-Whitney 
//T-test p-value 

Median (IQR) 191.00 (165.25) 169.00 (149.00) 23 14 to 33 <0.001 
Mean (SD) 209.28 (114.12) 184.27 (107.12) 25.02 15.49 to 34.55 <0.001 
P45      
Median (IQR) 158.50 (144.75) 143.00 (137.00) 13 5 to 21 0.0014 
Mean (SD) 176.72 (109.35) 162.18 (102.96) 14.54 5.85 to 23.23 0.001 
Early Return (72h)    

Total SRPA PRPA Difference 95% IC T-test/Z-test 
p-value 

P3      
Median (IQR) 0.00 (0.00) 0.00 (0.00) -0.0 0 to -0 0.446 
Mean (SD) 0.0183 (0.134) 0.014 (0.118) 0.004 -0.006 to 0.015 0.442 
P45      
Median (IQR) 0.00 (0.00) 0.00 (0.00) -0.0 0 to -0 0.184 
Mean (SD) 0.01704 (0.12946) 0.01056 (0.10228) 0.00647 -0.00302 to 0.01597 0.181 
Total      
Median (IQR) 0.00 (0.00) 0.00 (0.00) -0.0 0 to -0 0.136 
Mean (SD) 0.018 (0.132) 0.012 (0.110) 0.005 -0.002 to 0.013 0.133 

 

Figure 4.9 represents the interval plot for the APT and LOS for priority 3 and priority 4&5 
during the period of the single rotational patient assignment and during the parallel rotational 
patient assignment. After the implementation of the new assignment rule, the time limits for 
first consultation for both type of patients (60 minutes and 120 minutes respectively) are 
achieved. 
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Figure 4.9. LOS and APT for priority 3 and priority 4&5 patients during both periods. The horizontal broken line 
represent the APT limit for each priority. 

We report the variability of the workload assigned to each physicians in Table 4.7. It is 
represented the daily average range of patients of each priority assigned to physicians. All 
patients’ types’ ranges are significantly lower during the period of parallel rotational patient 
assignment as this new assignment rule tries to balance them among physicians. 

Table 4.7. Physician Outcomes: range of the number of patients of each type assigned to different physicians. 

Range among physicians    

Priority 3 SRPA PRPA Difference 95% IC T-test p-value 

Median (IQR) 3.85 (1.73) 1.97 (0.89) 1.695 1.158 to 2.242 <0.001 
Mean (SD) 3.80 (1.00) 2.12 (0.71) 1,680 1,214 to 2,146 <0.001 

Priority 4&5     

Median (IQR) 4.17 (1.30) 2.04 (1.67) 2.015 1.434 to 2.623 <0.001 
Mean (SD) 4.42 (1.56) 2.25 (0.97) 2,179 1,481 to 2,877 <0.001 
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We report our regression analysis results in Table 4.8. Regression analysis confirmed that 
parallel rotational patient assignment was associated with a decrease in APT, APT limit 
exceeded, and LOS for all type of patients. As it is expected, in case of the LOS, apart from 
patient priority assigned in triage, ED volume, and patient assignment rule, the patient 
characteristics (need of medical tests, age, etc.) are also significant. 

Table 4.8. Regression analysis for patients outcomes 

 KPIs 
 APT APT limit exceeded LOS 

Term Coef p-Value Coef p-Value Coef p-Value 
Constant 2,358 <0,001 -3,882 <0,001 4,169 <0,001 
Priority 

  
    

 4&5 0,2147 <0,001 -1,0751 <0,001 -0,139 <0,001 
Patient Assignment 

  
    

 PRPA -0,097 <0,001 -0,340 <0,001 -0,098 <0,001 
CA Daily Patient Arrival 0,011 <0,001 0,0278 <0,001 0,005 <0,001 
Patient Characteristics       
Age 0,001 0,429 0,001 0,590 0,002 <0,001 
Sex       
 Male 0,002 0,949 -0,038 0,578 -0,040 0,045 
Medical test needed 

  
    

 YES -0,009 0,727 -0,042 0,556 4,169 <0,001 

 

Regression analysis confirmed that parallel rotational patient assignment was associated with 
a decrease in daily average range of patients of each priority assigned to physicians. Other 
factors such as ED volume are not significant, see Table 4.9. 

Table 4.9. Regression analysis for the number of patients of each type distribution range (physicians’ outcomes). 

 
High priority 
Patients (P3) 

Low priority 
Patients (P4&5) 

Term Coef p-Value Coef p-Value 
Constant 4,60 0,000 4,23 0,013 
CA Daily Patient Arrival -0,00668 0,407 0,0095 0,423 
P3 CA Daily Patient Arrival -0,0043 0,755 -0,0151 0,461 
Patient Assignment 

  
  

 PRPA -1,691 <0,001 -2,241 <0,001 

All respondents of the survey agree that they recommend to definitively use the new 
assignment rule in CA where the pilot test took place and extent it to CB. Moreover, the ED 
physicians experienced positive effects of new parallel rotational patient assignment and 
considered it fairer than the previous one. 

Limitations 

We report findings of correlation and not causation given that we present before-and-after data. 
This was an observational study, and, although our regression analysis attempts to account for 
multiple confounding variables, such an attempt does not guarantee that all key factors were 
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incorporated into the model. Our core physician group underwent little change and no other 
systematic changes in the ED delivery of care were undertaken at this facility between these 2 
periods, however other unidentified factors such as physician turnover, the Hawthorne effect, 
etc. may have contributed to the improvement in patient waiting times, and LOS.  

Thus, the use of a comparison group, more critical patients care circuit (CB), was also designed 
to control for the extensive external factors such as laboratory turn-around time, other hospital 
support services, the admission process, and changes in the managed care environment, all of 
which may affect LOS and may have varied during the year of the study. The effect of these 
variables should have been similar for both groups. However, as it will be mentioned in the 
Discussion Section, there were no changes and the performance indicators for the control group 
(CB) remained constant. 

We measure patient quality of care considering waiting time and LOS, and physicians’ 
satisfaction or quality considering the reduction in the workload assigned variability among 
them and report anecdotal physician sentiment in our discussion. It is possible that a methodical 
assessment of physician attitudes – similar to the surveys developed to triage nurses – would 
reveal objective results that were not apparent in subjective interviews. 

We do not believe that staff altered their practice with a goal of showing improvement with 
parallel rotational patient assignment, however, we cannot rigorously exclude this possibility. 
Also, even if we relied on systems-generated data, we audited all collected recorded data and 
removed illogical values, which raises the possibility that other data, although logical, were 
imperfect. This is an inherent problem with any study that relies on large amounts of data and 
as there was no change in electronic data processing during the study period, we also believe 
that if imperfections happens, it is unlikely that there was an unequal distribution of them 
between the 2 groups. 

4.3.4 Conclusion 

Our study found that a patient assignment system taking into account patients priority (high or 
low in this study), what we call a parallel rotation, was associated with reduced patient waiting 
times, reduced ratio of patients exceeding the APT limit, reduced LOS from patients point of 
view, and reduced difference in the number of patients of each type assigned to each physicians 
from the medical staff points of view. This assignment system may serve as a useful model that 
many EDs can implement to improve patient care and ED throughput as well as medical staff 
satisfaction. 

A previous work related to this topic compared the rotational patient assignment with other 
front-end processes designed to improve patient flow, the physician in triage [65] obtaining no 
statistically significant differences. Other investigations of different groups studied the 
transition from physician self-assignment to rotational patients assignments –single rotational 
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assignments – , which was associated with significant improvements in some ED operational 
metrics (some of them were carried out before the new-universal adoption of electronic patient 
tracking [135], [136], [149], [151], and others more recently [140]). In three of the them 
patients were assigned to alternating teams reporting an increase in patient satisfaction [135] 
[136], a decrease in APT [135], [149], while in others patients were assigned to physicians 
rotationally reporting a decrease in APT and LOS [140]. An older paper described a 
semicontrolled study in which rotational patient assignment was instituted for residents on the 
“medical side” of a “medical side/surgical side” ED at a teaching facility. It reported that LOS 
improved on the medical side by 15%, whereas it increased on the surgical side [151]. Similar 
to this study, in our facility the change was introduced in the less critical patients care circuit 
(CA) while the most critical patients care circuit (CB) maintained the previous patient 
assignment rule. However, in our study several ED operational metrics in the change 
implemented circuit improved while the other circuit was not negatively affected and remained 
operating in the same way as before with no significant performance changes. 

All previous studies demonstrated that opposite to queuing theory, the change from self-
assigning patients to the inflexible system of rotational assigning patient to physicians leads to 
increases in efficiency although it seems counterintuitive. The gain in responsibility [135], 
[136], patients ownership [150], [155], [162], equitable distribution of the number of patients 
[135], [162], [176] had been reported as reasons for that results. And this system has been 
reported until now as the best to be used. 

This singular rotational assignment system ensure an equal distribution of the number of 
patients, however, day-to-day (or even patient-to-patient) randomness can lead to perceptions 
of workload inequality because the average acuity of patients assigned to one physician might 
be higher than that of patients assigned to another. The medical staff of the HCN as well as 
physicians in other studies, who has reported this system as “mercilessly fair” [140], has 
complain about this issue [151]. It also affects patients’ quality of care by assigning more high 
priority patients to the same physicians slowing the attention of their patients while other 
physicians are almost idle because they were assigned all low severity patients. 

Our intervention go further and prove superior to previous ones as it uses a more advanced 
assignment algorithm taking into account patient ESI score. This algorithms are commonly 
used to solve similar problems in other industries such as routing incoming calls in call centers 
[158], [177].  

This solution apart from improving the LOS, ratio of patients exceeding the APT limit, and 
APT for all types of patients from patients point of view, it also improves the physicians’ 
satisfaction as it was expressed by them in terms of equity in the number of patients of each 
type assigned to each physician. Objectively, the range of high priority patients and low priority 
patients among them was reduced and subjectively, they had a positive sense of workload 
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similarity among physicians. They stated that they could cope better with their patients as it 
was easier to manage patients from different urgencies at the same time. 

Our intervention does not rely on incremental resources for success; parallel rotational patient 
assignment can be instituted without additional nurses, physicians, or space. Moreover, 
subjective nursing response to this intervention has been positive, they all answered in the 
survey that they prefer this fairer system and they found it very user-friendly and easy. 

Finally, a parallel rotational patient assignment system is almost assuredly appropriate for those 
in which allocating patients to physicians also works. We believe that this intervention was 
successful at our institution as physicians in public EDs are salaried, and the financial incentive 
is lacking. In a fee-for-service model, seeing more patients may be incentivized by increasing 
billing reimbursements. Furthermore, the simulation results as well as the model validity were 
demonstrated in reality. 

4.4 Preliminary assessment and work in progress of stress based 
policies 

Preliminary results 

In this section, preliminary results of the stress based policy are shown. This rule cannot be 
implemented in the ED of the HCN due to the information system. It is not possible to access 
information of pending patients in real time so job stress score cannot be calculated. 

We compare the stress based policy with the one currently used in some EDs including the 
HCN, and considered to be the best in literature, the SRR. These results demonstrate superiority 
of stress based policy especially in the equal distribution of the instant workload and the 
reduction of the waiting time, APT. 

Figure 3.11 of Section 3.6 of Chapter 3 represents the instantaneous real job stress level 
experienced by the different physicians during their work shift by using the current assignment 
rule (SRR). It shows the workload inequities among physicians, which were expected as 
patients are assigned to a specific physician rotationally as they are triaged without considering 
their complexity, their priority, or the physician’s pending patients.  

Figure 4.10 represents the job stress of the six physicians the same Monday of Figure 3.11 by 
using the stress based policy assignment rule during the work shift. It reproduces the same 
demand and patients’ characteristics, and reorganizing events considering that patients were 
assigned to the physicians according to this new proposed criterion. 
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Figure 4.10. Stress associated to each physician along a specific work shift by using a DSS based on the minimum 
stress score assignment rule. 

A sample of 50 days has been considered (including that represented in Figure 3.11 and Figure 
4.10) and as a result, the variability in the instantaneous job stress experienced by physicians 
during the workshift has decreased in more than 60%. However, variability reduction is not the 
only benefit related to job stress, by balancing job stress during the workshift, the average of 
stress per physician has been reduced in 10% when using the new proposed assignment rule 
based on the stress score (see Figure 4.11). The job stress score experienced by a physicians 
developed in Chapter 3 is not a linear function of the number of patients assigned to them but 
it is a function of uncertainty associated to each of them as well as time pressure. In this case, 
a better distribution of patients may reduce the patients exceeding the limit and avoid the 
accumulation of patients in this situation in the same physician’s queue. This reduces the total 
job stress score of the ED. 
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Figure 4.11. Average stress per physicians during a work shift by using the current rule and the new job stress 
balance rule. 

Moreover, KPIs such as ATP of patients has been taken into account, which is significantly 
reduced for all patients. It has been improved in 3% for high severity patients (P3) and in 10% 
for low severity patients (P45). These improvements also have a significant impact on the 
percentage of patients who exceed the ATP time limit, which is reduced in 12.2% and 23.2% 
for high severity patients and low severity patient respectively compared to the SRR results 
(see Figure 4.12) 

 

Figure 4.12. Percentage of patients who exceed their ATP time limit. 
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Work in progress 

As described in Section 4.2.3, the stress balancing rule, SBR, has been criticized by physicians 
who stated that they do not work at the same rate, which may cause inequities in the total 
workload assigned to each physician throughout the entire workshift. This rule does not take 
into consideration the historical data, that is, the patients they have assisted from the beginning 
of the workshift until the moment of being allocated new patient. It only considers the 
instantaneous situation when assigning a patient to a physician, the job stress they are 
experiencing due to pending workload. 

In this sense, rotational rules, such as the SRR and the MRR, equitably distribute workload  
throughout the entire period (workshift) across physicians while the SBR tries to equitably 
distribute the job stress due to workload across physicians at every instance. 

To solve this problem, the physicians’ job stress and completed workload balancing rule 
(SWBR) was proposed, which considers not only pending patients at that moment but also 
already discharged patients. That is, the labor developed by each physician from the beginning 
of the workshift until the moment a new patient arrives. As with the SBR, the SWBR’s 
implementation is not currently possible in the ED for lack of an appropriate information 
system that provides real time information to be used to calculate the patients’ assignment 
criterion. 

Currently we are investigating the influence of λ parameter for linearly combine job stress, 
𝑌𝑌𝑘𝑘(𝐷𝐷), and completed workload, 𝐶𝐶𝑘𝑘(𝐷𝐷). The higher λ is, 𝜆𝜆 ∈ [0,1], the shorter APT, average job 
stress, and job stress variability across physicians are. SBR is a particularization of the SWBR 
when 𝜆𝜆 = 1, which gets the shortest value for the just mentioned KPIs (see Figure 4.13). 

Currently we are investigating the influence of λ parameter for linearly combine job stress, 
𝑌𝑌𝑘𝑘(𝐷𝐷), and completed workload, 𝐶𝐶𝑘𝑘(𝐷𝐷) in order to decide the “optimal” value. The higher λ is, 
𝜆𝜆 ∈ [0,1], the shorter APT, average job stress, and job stress variability across physicians are. 
SBR is a particularization of the SWBR when 𝜆𝜆 = 1, which gets the shortest value for the just 
mentioned KPIs (see Figure 4.13). Meanwhile, it provides the worst results for variability of 
the completed workload across physicians at the end of the workshift. 

We want to attain more than one goal in selecting the assignment rule criterion: optimizing not 
only patient’s quality of care but also physicians work conditions so the decision of the λ 
involves multiple and conflicting objectives and should be treated in a multiobjective 
framework. 

Traditionally, one approach consists in using weights to combine the objective functions 
together. However, in most cases there is not enough information to establish the relative 
importance among objectives that leads to an “optimal” solution. Our approach is the Pareto 
curve, which applies to bicriteria optimization problems and can be used to multi-criteria 
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problems considering two objectives at the same time. It graphically illustrates the trade-off 
decision between objectives facilitating the decision process. 

As an example, Figure 4.13 represents the optimal trade-off in the space spanned by two axes 
representing APT (patients care quality and satisfaction contribution) and variability of 
workload developed by the end of the work shift across physicians (working conditions 
contribution) respectively. It gives a rigorous yardstick for measuring the performance of the 
ED system by using the possible available alternatives (𝜆𝜆 ∈ [0,1]) by tracing the optimal trade-
off between these two competing aims. This is a useful tool to formulate a preference 
facilitating the election of the 𝜆𝜆 “optimal value” by deciding where on the Pareto curve the 
“optimal” solution lies. This approximated curve has been calculated by sampling various 
points in the Pareto curve but needs to be investigated and more exact calculated. 

 

Figure 4.13 APT and Completed Workload Variability by using different PPAR. There is a sample of 5 values of 
λ for the parametric rule SWBR.
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Chapter 5 Patient flow management during 

treatment 

5.1 Introduction 

There are two phases of sequencing decisions, as explained in the introduction of this part of 
the thesis,: 1) determination of the order/priority in which patients are initially taken from the 
waiting area to start treatment with a physician, which has been addressed in previous Chapter 
4, and 2) determination of the order in which patients are seen once they are under the 
responsibility of a physician This chapter studies the sequencing decisions of this latter phase, 
which are usually made by individual physicians by choosing among patients assigned to them, 
who are of different priorities and in different treatment stages. It has been observed wide 
variance in the sequencing logic of individual physicians working within the same ED [71]. 

Upon arrival, as mentioned in the introduction of Part I, patients undergo an initial assessment, 
i.e., triage, whose aim is to stratify them by illness acuity and prioritize them accordingly ([59]). 
Triage systems may include performance goals in terms of the percentage of patients who 
should have access to the physician consultation before certain time limits and should have a 
different time limit and a different percentage for each type of triage-level (see Table 2.2). 
However, most triage systems do not provide explicit guidelines on how to manage the patient 
flow within and among the, usually five, assigned triage levels. ED managers and physicians, 
motivated by the achievement of such goals, follow pre-determined rules, such as FCFS, within 
the same triage level and strictly follow priority across different triage levels. Nevertheless, 
very often, especially in cases of overcrowding, they have to use their own discretion in making 
patient-routing decisions, as mentioned in [60]. In this paper, by using patient-level ED visit 
data, the authors carried out an empirical study to understand how decision makers manage 
patients in the ED. They concluded that, generally, higher triage-level patients receive priority 
over low triage-level patients, but a lower triage-level patient who has waited longer can be 
prioritized over a higher triage-level patient who has waited less time. Then, they highlighted 
the need to consider not just the triage level but also the actual wait time in routing decisions. 
Therefore, the behaviour of these patient flow managers fits the so-called accumulative priority 
queue (APQ) policies, a term introduced by Stanford et al. [178]. Following this APQ strategy, 



108 Chapter 5. Patient flow management during treatment 

 
patients accumulate “priority points” as they wait for treatment, and the patient with the most 
priority points is selected when a physician finishes a service. The accumulation rate of priority 
points depends on the patient’s triage level. In addition, in [60], it is also concluded that patients 
who have waited past the target set by the triage system (for example, 30 minutes for patients 
level 3 in the CTAS triage system; see Table 2.2) may not receive extra priority. The ED 
decision makers’ behaviour is described by a two piecewise linear concave marginal waiting 
cost function for each triage level, in which the break point is located around the target wait 
times. This important empirical observation suggests a modification of the classical APQ 
policy to define the new APQ-h (accumulative priority queue with a finite horizon) policy, 
which linearly accumulates priority points while the patient is waiting until the target wait time 
is reached, and then, no more priority points are accumulated.  

The implementation of priority strategies in a real ED needs to consider not only the 
prioritization of patients to access to their first physician consultation but also the management 
of patients already in the process of being treated. After the first consultation with a physician, 
some patients are discharged from the ED, while others require some clinical tests and, once 
the results are obtained, have a second consultation with a physician. Thus, patient management 
should consider the following two components of the patient flow: first, the patients arriving 
from triage that must be served within time-deadlines and, second, the patients already being 
treated, both of which have a significant feedback constituent that produces operational 
congestion. Therefore, when a physician becomes idle, a decision has to be made regarding 
whether the next patient to be seen is having their first or for a second consultation; that is, 
managing the portfolio of pending patients must consider both the severity of the condition and 
the stage of their treatment.  

The consideration of conflicting objectives is typical in the analysis of healthcare systems, as 
in all public services in which cost objectives compete with service quality objectives. Even in 
a case with fixed resources, as in the case of determining operative rules for optimally 
managing the ED patient flow, there are several conflicting objectives that guide the 
measurement of management performance. One of the main ED performance measures is the 
arrival to provider time (APT) (“door to doc”), which is defined as the interval between the 
time a patient arrives at the ED and the time an attending physician sees the patient [73]. 
Another important objective is minimizing the length of stay (LoS) in the ED. As was stated 
before, the upper limit for the APT is set for each type of patient (see Table 2.2) but can also 
be imposed onto the other performance measures; for example, EDs in hospitals in the United 
Kingdom should complete and discharge 98% of patients within 4 hours, as it is mandated by 
the government (Mayhew and Smith [179]). The patient-flow management strategy should be 
selected to accomplish the goals and optimize the objectives set by the hospital direction board. 
One main characteristic of the APQ and APQ-h management policies is their capacity to 
represent very different dynamic priority rules by changing the value of the rates at which the 
different types of patients accumulate priority. 
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The main aim of this chapter is to explore the implementation of APQ-h managing policy in a 
real ED framework that considers the acuity level of patients, the stage of treatment, the 
stochasticity of the ED and the different objectives set by managers. Specifically, the main 
contributions of this chapter are as follows: 

• The analysis of the ED patient flow management problem in a setting not previously 
considered in the literature to include the different acuity levels of the patients, 
several stages for treatment, the stochastic environment in which EDs evolve and 
different Key Performance Indicators (KPIs). 

• The proposal of the APQ-h policy to represent the real patient-routing decision 
making observed in empirical studies. 

• The definition of a multi-objective and stochastic optimization problem to obtain the 
optimal APQ-h policy which is solved by a simulation-based optimization method. 

• Testing the performance of APQ-h policies by using a simulation model that 
reproduces the main features of a real ED, i.e., the stochasticity in arrivals, service 
times and paths thorough the ED. 

• A sensitivity analysis to determine the influence of the optimal APQ-h policy on the 
structure and on the ED’s KPI of factors, such as the variability in the patient arrival 
pattern, the mix of patients, and the congestion level. 

• Comparing the performance of the APQ-h with pure priority disciplines, to show its 
superiority. It also outperforms the priority rule used in the ED of the Hospital 
Compound of Navarre. 

The rest of the chapter is organized as follows. In Section 5.2, the related literature is reviewed. 
The characteristics of the ED patient flow and its KPIs are presented in Subsections 5.3.1 and 
5.3.2, respectively. Section 5.3.3 presents the management policies considered in this chapter, 
the pure priority disciplines and the APQ-h discipline, as well as simulation-based optimization 
methodology to determine the optimal management policy. Section 5.4 is focused on the case 
study, in which the main features of a real ED and the simulation model are described, and 
then, the optimal APQ-h policy is obtained and its performance is compared with the pure 
priority disciplines, including the currently followed by the majority of physicians in the ED 
studied. The last Subsection includes a sensitivity analysis on the weights of the objective 
function. Finally, Section 5.5 presents the results and conclusions from an extended 
computational analysis carried out to test the pure priority disciplines and optimal APQ-h 
disciplines in a variety of EDs defined by different occupancy ratios, patient arrival patterns 
and mixes of patients. We end the chapter with a conclusion Section. Finally, Appendix F 
includes a table with all acronyms used in this chapter and Appendix H additional numerical 
results. 
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5.2 Related literature 

In most healthcare settings with no appointment system, the queue discipline is either a first-
in–first-out (FIFO) or a priority discipline, depending on the acuity of the patient’s illness. This 
priority discipline applies in the ED, where, in general, patients with life-threatening injuries 
are treated before others. The use of a priority discipline with a FIFO rule inside each class of 
patients is almost generalized in the analysis of EDs by queuing models and/or discrete event 
simulations (see, for example, Taylor et al. [180], Haussman [181], Siddharthan and Jones 
[182], Laskowski et al. [183], Mokaddis et al. [184]). It is worth mentioning the paper by 
McQuarrie [185] that applies the shortest processing time rule, which is known to minimize 
waiting times. Although routinely applied in the manufacturing context, it is difficult to justify 
the use of this dispatching rule in EDs, given its unfairness to the more injured patients and the 
added difficulty of estimating the treatment times accurately. Nevertheless, this research raises 
the question of using other queue disciplines than the pure priority discipline to manage ED 
patient flow. The dispatching rules applied in manufacturing prioritize all jobs waiting for 
processing on a machine (the classic paper of Panwalkar and Iskander [186] presented a 
summary of 113 dispatching rules). The same idea can be applied in the ED patient flow 
management problem, i.e., whenever a physician has finished a patient’s service, the 
dispatching rule selects the patient with the highest priority. Dispatching rules and other 
prioritizing policies to manage the patient flow in an ED are usually analysed by using queuing 
theory models or simulation models (or both in combination). 

The paper by Armory et al. [187] provides a deep queueing-network view of patient flow in 
hospitals, with a special focus on EDs and the in wards patient flow, as the natural way for 
studying and improving its performance. They pointed out how the patient flow within the ED 
has been widely investigated, both academically (Hall et al., [188]; Saghafian, Austin and 
Traub, [15]; Zeltyn et al., [189]) and in practice (IHI, [190]; McHugh et al., [58]). Among all 
these studies, we highlight the paper of Huang et al. [191], which addresses many of the 
complexities of EDs that are often ignored in queueing models; this study considers the patient 
triage level and the feedback of patients after the first consultation. They obtained an 
asymptotically optimal patient flow policy that is based on the c dispatching rule, which 
minimizes congestion costs subject to deadline constraints for the first consultation. Their 
analysis extended the results of Smith [192] and set the optimality of the known as the c rule, 
which prioritizes among the queues of the different categories of patients and then uses the 
FCFS discipline inside each queue. The waiting cost was assumed to be a linear function of the 
sojourn time. Later, the paper of Van Mieghem [193] shows that the generalized c rule 
minimizes the average waiting costs under the heavy-traffic asymptotic regime and the 
cumulative holding cost is a non-decreasing convex function. Mandelbaum and Stolyar [194] 
and Gurvich and Whitt [195] studied the queue-length version of the Generalized c-rule, in 
which the holding cost is a function of the queue length instead of the sojourn time. The 
aforementioned paper of Huang et al. [191] is the first to consider feedback and deadlines 
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simultaneously; however, the need to assume a stationary heavy traffic and the use of diffusion 
approximations to obtain the results do not guarantee the optimality of the proposed control 
rules in a real setting (for example, it is necessary to assume that during the sojourn time of a 
patient within the ED, the various queue lengths do not change significantly, and the service 
duration is negligible relative to the queueing time). 

Other types of queuing models developed to study the ED patient flow optimization problem 
without the need of asymptotic assumptions are those that specifically analyse the APQ 
strategies (Stanford et al. [178]). The APQ model can be seen as a dynamic priority discipline 
in which patients of lower priority classes can overcome the priority of higher classes as their 
waiting time increases. In this way, they seek to overcome the drawback of pure disciplines 
that in periods of high demand, patients of the lowest priority can be “forgotten” in the system 
for long time periods. Kleinrock [196] obtained results about the mean waiting time before 
receiving service, which were extended by obtaining the waiting time distribution for each 
priority class in the single server and in the multi-server settings [178], [197]. All these models 
assume Markovian distributions (Poisson arrivals and exponentially distributed service times), 
and in addition, there is only one stage for the service without feedback. 

The ED healthcare process can be represented by a queueing system with feedback to model 
the patients who need clinical tests after the first assessment and need to return for a second 
consultation. [60] models the ED in which patients are waiting to see a physician as a multi-
class queueing system and investigates how decision makers choose which patient is the next 
to be seen by an available physician. They obtained strong evidence of the practical use of a 
sophisticated prioritization behaviour that is consistent with the APQ-h discipline and that, 
consequently, supports the research carried out in this chapter. Nevertheless, they only consider 
the prioritization to the first consultation without addressing the feedback of patients already 
in the process of being treated. 

A related research is exposed in the paper of Ferrand et al. [198], where the patient flow 
management problem is analysed by using a simulation model that reproduces a real life setting 
that includes different acuity levels, and the stochastic environment. They conclude that 
dynamic priority queues outperform other approaches based on different implementations of 
fast tracks for low priority patients. The main difference between the Ferrand et al.’s model 
[198] and ours is that we consider deadline constraints for the first consultation, whose 
fulfilment becomes an important goal in addition to the minimization of the LoS (the only one 
considered in Ferrand et al. [198]). As a consequence, we do not assume the policy of 
prioritizing treatment over the first consultation as they do, and the management problem is 
addressed from a bi-objective point of view. In Zayas-Caban et al. [199] the prioritization of 
treatment is also criticized in a patient management problem focused on maximizing the profit 
when a reward is obtained from patients that complete the treatment and there could be 
abandonment of patients before the treatment is complete. 
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5.3 Physician’s queue of pending patients management 

5.3.1 Patient routing 

The flowchart of a patient being processed through an ED is explained in detail in the 
introduction of this part of the thesis (see Figure 2.8). Patients arriving by ambulance or and 
walk-in patients (after registration) undergo a triage process, which classify them by category 
(level of urgency). As mentioned in the Introduction section of this part of the thesis, we 
consider that the triage classifies ED patients on 5 acuity levels, as is the case of CTAS (Table 
2.2: Access time is the upper limit for the arrival to provider time, and performance level is the 
minimum percentage of patients that should satisfy the access time requirement). 

Once patients are triage, they start treatment in a care circuit. Usually, EDs organize the patient 
care into two different care circuits, one for the more critical patients and another for less 
critical patients. In this chapter, we focus on the patient flow management in the less critical 
patient circuit, which represents the biggest volume of the patients and is the most 
overcrowded. However, as each circuit has dedicated resources such as physicians, nurses, 
waiting rooms, exploration rooms, etc. and both operate as two independent EDs under the 
same management policies, the following approach can be extended to other care circuits. 

During treatment, each patients is evaluated by a physician, who may order clinical tests, such 
as blood tests, X-rays, scans, or a specialist consultation and reevaluate the patient and test 
results before allowing discharge. Thus, all patients initially wait in a queue for the first 
consultation (red arrow in Figure 2.8) in which an initial assessment can result in discharging 
the patient from the ED or in ordering some clinical tests, such as blood tests, X-ray, scan, 
specialist’s consultation, etc. Once the tests and complementary diagnosis are carried out and 
their results are ready, the patient re-enters the queue (blue broken line arrow in Figure 2.8) 
and waits for a second consultation with the ED physician to be reviewed before being 
discharged from the ED. 

After concluding a consultation, a physician has to choose a pending patient from the queue to 
provide a medical consultation. This queue is formed by patients of different priorities, and 
within these priority categories, patients can be classified into one of the following two 
categories: new patients who have arrived just after triage or patients who have re-entered the 
queue for being re-evaluated. The queue discipline implemented by the physician greatly 
influences the quality of the service measures, which are discussed in the next sections. 

5.3.2 Key performance indicators 

Assuring quality care in the ED requires the development of indicators that are valid, relevant, 
and feasible [200]. Welch et al. [72] and Welch et al. [73] list various metrics by which ED 
performance can be measured, such as the arrival to provider time (APT, or “door-to-doc” 
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time). This important time interval is widely used in emergency healthcare services, since many 
illnesses are time-dependent, and a delay in the diagnostic evaluation by a qualified medical 
provider could be a health risk for the patient. Most EDs define a maximum waiting time for 
each acuity level and set performance goals related to them, as is explained in Table 2.2’s 
CTAS; for example, class 1 patients, the most urgent, should be immediately seen by the 
physician, while nonurgent patients can wait up to 120 minutes. The ratio of patients whose 
APT exceeds the time limit is considered a KPI. 

There are also other important measures influenced by the patient flow management policies, 
such as the arrival to discharge time, called the “length of stay” (LoS), which has an impact on 
the patient’s quality perception of the received healthcare service. The LoS depends directly 
on the treatment needed. It will be, in general, much greater for patients who need additional 
diagnostic tests and a second consultation than for patients who are discharged after the first 
consultation. The waiting times for the first and the second consultation of a patient with acuity 
level i are denoted by 𝜏𝜏𝑖𝑖 and 𝜈𝜈𝑖𝑖, respectively. Thus, the total waiting time (TWT) for a patient 
of acuity level i is 𝜏𝜏𝑖𝑖 when only one consultation is needed and 𝜏𝜏𝑖𝑖 + 𝜈𝜈𝑖𝑖 when two consultations 
are needed. Because the queue discipline implemented to manage the physician waiting room 
directly impacts those waiting times, the TWT is considered a KPI in this study. 

Other KPIs could be considered, such as measuring the “overcrowding” level, which affects 
the availability of resources and causes an increase in the infection probability, the physician’s 
stress level, waiting times, LoS [201], medical error probability [202], and the patient’s 
perception of quality. Overcrowding occurs when demand exceeds available capacity, i.e., 
when there is no space left to meet the timely needs of the next patient requiring emergency 
care; however, according to [203], “No measure is universally applicable as a marker of 
overcrowding and should be used with caution when comparing performance between 
institutions”. One scoring system that has become a national standard in the United States is 
the National ED Overcrowding Scale (“NEDOCS”, http://www.nedocs.org), whose elements 
include total patients in the ED, as well as the waiting time of the longest admitted patient, 
among others. Other studies, such as that of Weiss et al. [204], which found, using multivariate 
regression analysis, that the combination of patients in the waiting room and the total registered 
patients was a better model than the NEDOCS score for quantifying paediatric ED 
overcrowding. Little’s formula relates the average number of patients in the waiting room with 
the average waiting time. Thus, aiming at the minimization of the TWT implies reducing the 
number of patients in the ED’s waiting room, which is a main contributor to overcrowding. 

5.3.3 Patient flow management policies 

A patient flow management policy is a rule that determines which patient will be the attended 
next by a physician when he/she becomes available (after ending a consultation). The 
implemented policies should be designed to achieve good ED performance, which is assessed 
by a set of KPIs, such as those defined in the previous section. 

http://www.nedocs.org/
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As mentioned, the physician’s queue of pending patients is formed by several categories of 
patients, which are defined by both the illness acuity level and the healthcare service stage. The 
patients waiting in the physician consultation waiting room can be in one of two stages, i.e., 
waiting for the first consultation stage, denoted by 1C, or waiting for re-evaluation after having 
some medical test, denoted by 2C. Without loss of generality, we assume that the patients are 
classified into three different levels of priority according to their illness acuity as follows: high 
priority, denoted by HP; medium priority, denoted by MP; and low priority, denoted by LP. 
Subsequent analysis can be readily adapted to any number of acuity level categories. Therefore, 
the patients in the physician waiting room can be classified in one of the six categories 
represented in Figure 5.1, which are denoted by 1C-HP, 1C-MP, 1C-LP (high-, medium-, and 
low-priority patients waiting for the first consultation) and 2C-HP, 2C-MP, 2C-LP (high-, 
medium-, and low-priority patients waiting for the second consultation). 

In the next subsections, policies based on pure priority disciplines and on accumulating priority 
queues are described.  

 

Figure 5.1.Physician consultation queue structure: different priority categories of patients in two different stages. 

Pure priority rules 

The simplest queue disciplines are those based on pure priority rules. They are also the easiest 
to implement, which is very convenient in a dynamic and stressful environment such as the 
ED, especially when physicians have to apply them. A pure priority discipline defines the total 
order among the categories of patients and chooses the first patient in the non-empty highest 
priority category. This total order has to be compatible with the partial order induced by the 
different illness acuity levels in each process stage. That is, in the total order 1C-HP < 1C-MP 
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< 1C-LP and 2C-HP < 2C-MP < 2C-LP; however, this order can be reversed between different 
consultations, that is, 1C-MP < 2C-HP could be possible. There are 20 different pure priority 
disciplines satisfying this partial-ordering condition. 

In this study, we consider the four more meaningful pure priority disciplines, named PR-1C, 
PR-2C, PR-AI, and PR-HN. Table 5.1 contains a full description of the order in which each 
category of patients is chosen according to each one of these four pure priority disciplines. The 
1st consultation pure priority (PR-1C) rule always prioritizes a first consultation over a second 
one; thus, the order among categories is as follows: 1C-HP, 1C-MP, 1C-LP, 2C-HP, 2C-MP, 
2C-LP. The 2nd consultation pure priority (PR-2C) rule always prioritizes the second 
consultation over the first one; thus, the order among categories is as follows: 2C-HP, 2C-MP, 
2C-LP, 1C-HP, 1C-MP, 1C-LP. The acuity index pure priority (PR-AI) rule prioritizes the 
patients according to their illness acuity index, and within each priority, it prioritizes the 1st 
consultation over the 2nd consultation; thus, the order among categories is as follows: 1C-HP, 
2C-HP, 1C-MP, 2C-MP, 1C-LP, 2C-LP. Finally, PR-HN is the one that is generally followed 
by the majority of physicians in the HCN, which combines the PR-AI for HP patients with the 
PR-2C for the MP and LP patients. 

Table 5.1. Ordering induced according to the types of patients by several pure priority disciplines. 

Discipline Order induced in the patient categories 
1st 2nd 3rd 4th 5th 6th 

PR-1C 1C-HP 1C-MP 1C-LP 2C-HP 2C-MP 2C-LP 
PR-2C 2C-HP 2C-MP 2C-LP 1C-HP 1C-MP 1C-LP 
PR-AI 1C-HP 2C-HP 1C-MP 2C-MP 1C-LP 2C-LP 
PR-HN 1C-HP 2C-HP 2C-MP 2C-LP 1C-MP 1C-LP 

Each one of these priority disciplines is focused on achieving a different objective. Discipline 
PR-1C attempts to hierarchically minimize the APT by prioritizing all the first consultations. 
Discipline PR-2C hierarchically minimizes the number of patients in the ED by discharging 
patients as soon as possible, giving priority to all second consultations to minimize their waiting 
time in the system. Discipline PR-AI focuses on providing the best possible treatment to the 
higher priority patients according to the acuity index, assuring the APT limits first and then 
minimizing the TWT in the ED. 

Accumulation priority queues 

The APQ management policy generalizes the pure priority queue discipline by setting a 
discipline based on priority points (PP) that patients of class i accumulate at a rate 𝛽𝛽𝑖𝑖, where 
𝛽𝛽1 ≥ 𝛽𝛽2 ≥ ⋯ ≥ 𝛽𝛽𝑘𝑘, and k is the number of different classes of patients. A class-i customer 
arriving at time 𝐷𝐷0 has accumulated 𝛽𝛽𝑖𝑖(𝐷𝐷 − 𝐷𝐷0) PP by time 𝐷𝐷. When the physician finishes a 
consultation, the next patient to be seen is the one with the highest PP. Clearly, the APQ model 
includes the FCFS discipline, obtained by setting 𝛽𝛽1 = 𝛽𝛽2 = ⋯ = 𝛽𝛽𝑘𝑘, and the pure priority 
disciplines, obtained by setting 𝛽𝛽𝑖𝑖 = 𝑀𝑀 ∗ 𝛽𝛽𝑖𝑖+1, 𝑖𝑖 = 1, … ,𝑘𝑘 − 1 and M to a sufficiently large 
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value. Between both extremes of relationships among the set of beta parameters (equality and 
very large differences), it is possible to select appropriate values for them to weigh the waiting 
time, which allows them to overtake a higher priority patient.  

In this study, we also propose a modification of the APQ policy that takes into account the time 
limit targets for each priority. It is motivated by the empirical study of Ding et al. [60], already 
described in the Introduction section, that analyses the patient routing behaviours of ED 
decision makers in four EDs using CTAS in Canada. They found that the behaviour of the 
routing decision makers is best fit by a piece-wise linear concave marginal waiting cost 
function for each triage level, in which marginal waiting cost has a significantly positive slope 
below the point where the slope changes and is nearly constant above the CTAS triage-level 
target wait times. We name this APQ modified policy as the APQ with finite horizon policy 
and denote it with APQ-h. Therefore, the difference between this new policy and the original 
APQ is that the accumulation of PP at a constant rate finishes at the waiting time limits for the 
first consultation. From then on, no more priority is accumulated which remains at the 
maximum value that can be attained in for patients waiting for the first consultation. However, 
as there is no waiting time target for the second consultation, the limitation of PP does not 
apply for patients waiting for the second consultation. This truncated APQ model is represented 
in Figure 5.2. This model helps to stress the capacity of the APQ policy to allow a lower triage-
level patient who has waited longer to overtake a higher triage-level patient who has waited 
less time. 

 

Figure 5.2. Accumulation of priority points with the APQ-h policy for patients classified in three acuity levels. 

Therefore, an APQ-h discipline, as well as an APQ discipline, is determined by the vector 𝜷𝜷 of 
the slopes at which the different categories of patients accumulate PP. In our setting with 6 
categories of patients, 𝜷𝜷 = (𝛽𝛽1𝐻𝐻,𝛽𝛽1𝑀𝑀,𝛽𝛽1𝐿𝐿 ,𝛽𝛽2𝐻𝐻,𝛽𝛽2𝑀𝑀,𝛽𝛽2𝐿𝐿), and in the case of the APQ-h 
discipline, the parameters associated with the first consultation can be replaced by parameters 
A, B and C, denoting the maximum PP accumulated at the time limits for the first consultation 
(see Figure 5.2). 
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Determination of the optimal APQ-h discipline  

In this subsection, we address the problem of finding the optimal values for the vector of 
parameters 𝜷𝜷 that determines the APQ-h discipline with best performance according with the 
KPIs defined in Subsection 5.3.2. The problem is multi-objective and of a stochastic nature. 
The necessary notation to define the optimization problem is: 

𝑖𝑖 ≡ index denoting the class of the patient according to the illness acuity index, 𝑖𝑖 = 1,2,3 
refer to patients of high, medium and low priority, respectively.  

�̅�𝜆𝑖𝑖 ≡ average arrival rate of patients of class i.  
𝑇𝑇𝑖𝑖 ≡ APT limit (1st consultation time limit) for patients of priority 𝑖𝑖. 
𝜏𝜏𝑖𝑖 ≡ waiting time for the 1st consultation for a patient of priority 𝑖𝑖. 
𝛼𝛼𝑖𝑖 ≡ probability that a priority i patient is discharged after the first consultation. 
𝜈𝜈𝑖𝑖 ≡ waiting time for the 2nd consultation for a patient of priority 𝑖𝑖. 

𝑋𝑋𝑖𝑖 ≡ �0 𝑖𝑖𝑓𝑓 𝜏𝜏𝑖𝑖 ≤ 𝑇𝑇𝑖𝑖
1 𝑖𝑖𝑓𝑓 𝜏𝜏𝑖𝑖 > 𝑇𝑇𝑖𝑖

 

𝐸𝐸(𝑋𝑋𝑖𝑖) ≡ ratio of patients of priority i exceeding the APT limit, 𝑇𝑇𝑖𝑖.  
𝑃𝑃𝑖𝑖 ≡ target for the ratio of patients of priority 𝑖𝑖 exceeding their APT limit. 
𝐸𝐸(𝜏𝜏𝑖𝑖) ≡ expected TWT for priority i patients who only need one consultation. 
𝐸𝐸(𝜏𝜏𝑖𝑖 + 𝜈𝜈𝑖𝑖) ≡ expected TWT for priority i patients needing two consultations with a 
physician. 
𝐸𝐸(𝑇𝑇𝑊𝑊𝑇𝑇𝑖𝑖) = 𝛼𝛼𝑖𝑖E(𝜏𝜏𝑖𝑖) + (1 − 𝛼𝛼𝑖𝑖)E(𝜏𝜏𝑖𝑖 + 𝜈𝜈𝑖𝑖) ≡ expected TWT for a patient of class i. 
𝛽𝛽1𝑖𝑖 ≡ slope of the linear accumulating priority function for priority i waiting for the 1st 
consultation. 
𝛽𝛽2𝑖𝑖 ≡ slope of the linear accumulating priority function for priority i waiting for the 2nd 
consultation. 

The decision variables of the optimization problem are the slopes 𝛽𝛽1𝑖𝑖, 𝛽𝛽2𝑖𝑖. The time limits 𝑇𝑇𝑖𝑖 
and the ratios 𝑃𝑃𝑖𝑖 are the parameters of the problem reflecting the service quality goals, and the 
expectations (𝐸𝐸(𝑋𝑋𝑖𝑖) − 𝑃𝑃𝑖𝑖)+, 𝐸𝐸(𝜏𝜏𝑖𝑖), and 𝐸𝐸(𝜏𝜏𝑖𝑖 + 𝜈𝜈𝑖𝑖) are the functions to be minimized.  

Then, the problem of finding the optimal APQ-h (and APQ) management policy, particularized 
to the case with three types of patients and two consultations, can be formulated as follows in 
(1): 

min
𝜷𝜷
�
(𝐸𝐸(𝑋𝑋1) − 𝑃𝑃1)+, (𝐸𝐸(𝑋𝑋2) − 𝑃𝑃2)+, (𝐸𝐸(𝑋𝑋3) − 𝑃𝑃3)+, E(𝜏𝜏1), E(𝜏𝜏2), E(𝜏𝜏3),
E(𝜏𝜏1 + 𝜈𝜈1), E(𝜏𝜏2 + 𝜈𝜈2), E(𝜏𝜏3 + 𝜈𝜈3)                                                         �  

(1) 

  
We address this multi-objective problem by the weighted sum method, as follows: 
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Problem [P1] 

min
𝜷𝜷

 𝑊𝑊�𝑚𝑚1�̅�𝜆1∆1 + 𝑚𝑚2�̅�𝜆2∆2 +  𝑚𝑚3�̅�𝜆3∆3� + �𝑣𝑣1�̅�𝜆1𝐸𝐸(𝑇𝑇𝑊𝑊𝑇𝑇1) + 𝑣𝑣2�̅�𝜆2𝐸𝐸(𝑇𝑇𝑊𝑊𝑇𝑇2) +

𝑣𝑣3�̅�𝜆3𝐸𝐸(𝑇𝑇𝑊𝑊𝑇𝑇3)�  

(2) 

where ∆𝑖𝑖= (𝐸𝐸(𝑋𝑋𝑖𝑖) − 𝑃𝑃𝑖𝑖)+ = max{(𝐸𝐸(𝑋𝑋𝑖𝑖) − 𝑃𝑃𝑖𝑖), 0}. 

The weight 𝑊𝑊 expresses the importance of exceeding the goals 𝑃𝑃𝑖𝑖  compared to reducing a time 
unit of the total waiting time. The sets of weights {𝑚𝑚1,𝑚𝑚2,𝑚𝑚3} and {𝑣𝑣1, 𝑣𝑣2, 𝑣𝑣3} indicate the 
relative importance of achieving each objective in each type of patient. We will consider that 
the importance of the types of patients is objective-independent and then 𝑚𝑚𝑖𝑖 = 𝑣𝑣𝑖𝑖. Moreover, 
each patient category is weighted according to their average arrival rate 𝜆𝜆�𝑖𝑖. 

The objective function has no explicit expression in terms of the decision variables. It is a 
stochastic function that needs to be evaluated by simulation. Therefore, a simulation based 
optimization (SBO) methodology is used to solve the optimization problem [P1]. SBO is a tool 
typically used for analysis in the manufacturing context but has not been used often in 
healthcare system analysis, although it has already been used to find the optimal assignment of 
resources in EDs (e.g., [32]) and to find optimal management policies for hospital departments, 
(e.g., [205]–[207], in the case of intensive care units). 

Figure 5.3. Simulation Based Optimization approach. 

The rationale of the SBO methodology is as follows: the optimization procedure proposes 
values for the slopes 𝛽𝛽1𝑖𝑖, 𝛽𝛽2𝑖𝑖, that define an APQ-h (or APQ) policy, which is the input for the 
simulation model. The ED is simulated under this APQ or APQ-h policy and the outputs – 
KPIs – are recorded and used to evaluate the random objective. Then, the optimization 
procedure uses this information and the history of the solutions already evaluated to decide the 
next solution – APQ or APQ-h policy – to be assessed by the simulation model. This process 
continues until the stopping conditions of the optimization method are met (see Figure 5.3). 
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5.4 Case study 

5.4.1 Description of the ED 

The efficacy of the APQ-h management policies, as well as their comparison with the pure 
priority rules, are tested by using a simulation model that represents the ED of the HCN. The 
construction of this simulation model is described in Chapter 2. Moreover, the management 
policy currently followed by the majority of physicians in the HCN’s ED, especially in days of 
severe overcrowding, does not achieve the goals set by the ED managers, and therefore better 
management policies should be investigated. As mentioned in Chapter 2, the ED of the HCN - 
as in many other EDs - it organizes the patient care into two different care circuits: one for the 
more critical patients, i.e., circuit B, and another for less critical patients, i.e., circuit A. In this 
chapter’s study, we focus on care circuit A, which has its own staff that is not shared with the 
circuit B and treats patients of priorities 3, 4 and 5. 

In the studied care circuit A, there are five exploration rooms and a senior physician in each 
exploration room. The patient routing within the care circuit is the same as that described in 
Figure 2.8, with patients of priorities 3 (P3), 4 (P4), and 5 (P5) arriving to the ED system, which 
correspond to the high, medium, and low priorities in Sections 5.2 and 5.3. The next subsection 
shows the simulation model adaptation for adequately modelling the ED (patients, medical 
stuff, care paths, etc.) for the described aim. 

Data analysis 

As mentioned in Chapter 2, the patient arrivals are modelled as a nonhomogeneous Poisson 
process (NHPP) for each type of patient, with the intensity of arrivals 𝜆𝜆𝑖𝑖(𝐷𝐷) depending on the 
patient class i, and the hour of the day t (there is even a different pattern depending on the day 
of the week). This seasonality, also observed in other studies depends on the acuity level of the 
patients. Figure 5.4 shows the arrival rates per hour for the three types of patients of circuit A 
across the three types of days (holidays, day after a holiday and a normal work day). The 
average arrival rate of patients across the day (8:00-21:00) and week is 12.17 patients per hour. 

 

Figure 5.4. Arrival rates of patients, total and according to priority, and service rates for each type of day. 

The average service utilization across the day is 90.8%, but the arrival rate is above the service 
rate for 3 hours (10:00-13:00). The maximum arrival rate peak occurs at the hourly interval 
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from 11:00-12:00, with a value of 129.87% of the service rate (see Figure 5.4). Table 5.2 
contains the quantitative description of the patient flow through the ED, including the 
probability distributions for first and second consultations service time and the discharge 
probabilities (𝛼𝛼𝑖𝑖) after the first consultation of each priority i patient. Both consultations’ 
service times follow a lognormal distribution with different location parameter value (𝜇𝜇) and 
the same scale value (𝜎𝜎), which leads to a different expected duration. 

Table 5.2. Percentage type of patient (day after a holiday), parameters of the lognormal distribution for the 
consultation duration and discharge probability after C1. 

Priority 
𝑖𝑖 %𝑖𝑖 

Service time (min) for the 
first consultation (𝑆𝑆1𝑖𝑖): 

lognormal 

Service time (min) for 
the second consultation 

(𝑆𝑆2𝑖𝑖): lognormal 

Discharge 
probability after 

the 1st 
consultation 

(𝛼𝛼𝑖𝑖) 𝜇𝜇1𝑖𝑖 𝜎𝜎1𝑖𝑖 𝜇𝜇2𝑖𝑖 𝜎𝜎2𝑖𝑖 

3 38.76 2.89 0.45 2.29 0.45 0.361 
4 56.56 2.71 0.45 2.12 0.45 0.513 
5 4.67 2.49 0.45 1.89 0.45 0.177 

The circuit A service rate of each day - which is calculated from the estimated service time for 
each patient type and the mix of patients of each type of day - is slightly different from one to 
another. In this study, we will focus on the most adverse day, the days after a holiday (generally 
Mondays), in which a service rate of 2.66 patients per hour and physician (13.30 in total, since 
there are five physicians scheduled all day) is obtained. Moreover all studied KPIs are 
calculated from 8:00 to 21:00, as during night the ED is not very crowded. 

5.4.2 Simulation model 

The discrete event simulation (DES) model constructed in Chapter 2 is adapted to assess the 
performance of the ED under different queue disciplines and under different working and 
demand pressure conditions. The selection of the next patient to be seen by a physician is 
simulated by following the rules of the queue discipline that is implemented in the simulation 
model. Moreover, the flexibility of the simulation model built allows the modification of the 
mix of patients, seasonality of the arrivals, and the level of congestion. Thus, the robustness of 
a queue discipline can be investigated by assessing its performance in a wide range of ED 
scenarios (see Section 5.5). 

To avoid the impact of other factors, different from the management of patient rule tested, there 
are parts of the care process that are simplified and kept out of the limits of the simulation 
model for his study. For example, the variability of medical test performed outside the limits 
of the ED, which are not the responsibility of the ED physicians. Thus, in this chapter, the 
stochastic delay that this additional tests suppose is randomly simulated following a triangular 
distribution (30, 60, 90) minutes. The simulated priority queue system model is represented in 
Figure 5.5.  
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Figure 5.5. ED priority queue model. 

The events simulated for this study are as follows:  

• Arrival of a new patient to the ED with properties such as the priority level and the 
number of consultations needed. The registration and triage process times are very 
small, and patients never queue; then, in the simulation model, these times are 
neglected. Therefore, if any of the physicians are idle at the patient arrival time, the 
patient enters the first consultation; however, if all physicians are occupied, then the 
new patient joins the queue in the waiting room.  

• End of a physician consultation. The patient is then discharged or exits the ED to begin 
the complementary diagnostic tests. The physician begins a new consultation if there 
are any patients waiting.  

• Re-entry of a patient to the physicians’ waiting room after medical test are carried out, 
and the results are ready. At this moment, the patient joins the queue in the waiting 
room, or the second consultation begins, if there is an available physician.  

To determine the simulation run length necessary to accurately estimate the KPI, a preliminary 
analysis was carried out by running the simulation model for 15,000 days. The KPI estimations 
were collected and graphically represented as a function of the number of simulated days to 
identify the stabilization point. As result of this analysis, it was determined that 2,000 
simulation days are enough to obtain good KPI estimations (see Figure 5.6). 
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Figure 5.6. Estimation of the KPI values as a function of the number of simulated days. 

5.4.3 Optimal prioritization policies 

The problem [P1] is to find the optimal APQ-h policy to manage the patient flow of an ED 
such as the HCN’s described in 4.1. In particular, we consider the management of the healthcare 
circuit of lower priority patients (levels 3, 4, and 5). The values of the parameters included in 
the objective function are as follows: the average hourly arrival rates 𝜆𝜆3��� = 4.68, 𝜆𝜆4��� = 6.83, 
and 𝜆𝜆5��� = 0.56; probability of being discharged after the first consultation 𝛼𝛼3 = 0.36, 𝛼𝛼4 =
0.51, and 𝛼𝛼5 = 0.18; maximum APT limits 𝑇𝑇3 = 30 minutes, 𝑇𝑇4 = 60 minutes, and 𝑇𝑇5 = 120 
minutes; and the maximum ratio of patients exceeding the APT limits 𝑃𝑃3 = 0.10, 𝑃𝑃4 = 0.15, 
and 𝑃𝑃5 = 0.20. In addition, the values to weigh the importance between both terms in the 
objective function and the relative importance of achieving each objective in each type of 
patient were determined by the ED physician who is a member of the research group q-UPHS, 
following a discussion with her colleagues. Specifically, the objective independence of the 
weights for each patient priority was set, that is, 𝑚𝑚𝑖𝑖 = 𝑣𝑣𝑖𝑖. Additionally, the objectives for 
priority 3 patients were set to be twice as important as for priority 5 patients, and priority 4 
patients were 50% more important than priority 5 patients. Therefore, the priority weights were 
adjusted as follows: 𝑚𝑚3 = 2𝑚𝑚5, 𝑚𝑚4 = 1.5𝑚𝑚5, and 𝑚𝑚5 = 1. Finally, a weight of W=5 was 
assigned when the patients exceeded the time limit, which is expressed in percentage (𝑚𝑚𝑦𝑦𝐷𝐷𝑖𝑖𝑜𝑜 ×
100). The time unit is expressed in half-hours. Therefore, the increment of 1% in the patients 
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that exceed the first consultation time limit is equivalent in the objective function to an 
increment of 2.5 hours in the total waiting time. The instance of [P1] that is solved is as follows: 

min
𝜷𝜷

 5 (9.36 ∆3 + 10.245 ∆4 +  0.56 ∆5) + (9.36 𝐸𝐸(𝑇𝑇𝑊𝑊𝑇𝑇3) + 10.245 𝐸𝐸(𝑇𝑇𝑊𝑊𝑇𝑇4) +

0.56 𝐸𝐸(𝑇𝑇𝑊𝑊𝑇𝑇5))  
 

(3) 

  where    ∆3= 100 max{(𝐸𝐸(𝑋𝑋3)− 0.10), 0}; ∆4= 100 max{(𝐸𝐸(𝑋𝑋4) − 0.15), 0}; 

       ∆5= 100 max{(𝐸𝐸(𝑋𝑋5)− 0.20), 0} and, 
  

𝑋𝑋3 ≡ �0 𝑖𝑖𝑓𝑓 𝜏𝜏3 ≤ 1
1 𝑖𝑖𝑓𝑓 𝜏𝜏3 > 1 ;    𝑋𝑋4 ≡ �0 𝑖𝑖𝑓𝑓 𝜏𝜏4 ≤ 2

1 𝑖𝑖𝑓𝑓 𝜏𝜏4 > 2 ;    𝑋𝑋5 ≡ �0 𝑖𝑖𝑓𝑓 𝜏𝜏5 ≤ 4
1 𝑖𝑖𝑓𝑓 𝜏𝜏5 > 4 

 
The parameters 𝛽𝛽 are required to sum to 10 to facilitate the comparison of the results among 
the different scenarios and avoid multiple optimal solutions. The SBO technique described in 
3.4 was implemented in the ARENA simulation software ([51], Version 15), which is a suitable 
software to implement discrete event simulation models and OptQuest optimization software, 
which is based on the scatter search metaheuristic, as proposed by Laguna and Martí [208].  

The optimal values for the maximum priority accumulated by patients waiting for the first 
consultation are 51.801 (𝛽𝛽13=1.7), 33.288 (𝛽𝛽14 =0.5548) and 16.86 (𝛽𝛽15 =0.1405), for patients 
of priority 3, 4 and 5, respectively. Then, the priority accumulated by a priority 3 patient in 
almost 20 minutes equals the priority accumulated by a priority 4 patient in 60 minutes and by 
a priority 5 patient in almost three hours. The slopes for the second consultation are 7.5775, 
0.0005 and 0, which means that priority 5 patients are only seen by the physician for a re-
evaluation when the ED no longer has higher priority patients. Therefore, the relative 
importance that should be given to the different stages of the care process is not the same for 
all priorities, that is, the dominance relation between 𝛽𝛽1𝑖𝑖 and 𝛽𝛽2𝑖𝑖 is not always the same (𝛽𝛽13 <
𝛽𝛽23 while 𝛽𝛽14 > 𝛽𝛽24).  

The optimization process was also applied to determine the optimal value of the APQ 
parameters, but no significant difference was found in the ED performance (KPI values) when 
using the optimal APQ-h. Thus, there is no practical difference in applying any of both queue 
disciplines. 

The simulation results for the KPI for pure priority disciplines and the optimal APQ and APQ-
h disciplines are shown in Table 5.3. Disciplines APQ-h and PR-1C are able to achieve the 
goals for the probability of patients exceeding the time limit but they are not achieved by the 
other disciplines, including the currently used one. It should be noted that particularly, the 
currently used pure priority rule in the HCN’s ED, PR-HN, has their KPIs out of control and 
are considerably improved with the optimized new policy APQ-h (and also by the APQ). 
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Table 5.3. KPI for pure priority disciplines and APQ and APQ-h. 

Discipline  PR-AI PR-1C PR-2C PR-HN 
APQ & 

APQ-h 

Ratio of patients exceeding the time limit 𝑃𝑃𝑖𝑖. 

(𝑃𝑃3 = 0.1,𝑃𝑃4 = 0.15,𝑃𝑃5 = 0.2) 

𝐸𝐸(𝑋𝑋3)  <0.001 <0.001 0.004 <0.001 0.061 

𝐸𝐸(𝑋𝑋4)  0.111 0.016 0.300 0.306 0.148 

𝐸𝐸(𝑋𝑋5)  0.457 0.066 0.452 0.453 0.199 

Total waiting time 

patients who need a single 
consultation 

E(𝜏𝜏3)  2.838 2.885 5.458 2.747 9.552 

E(𝜏𝜏4)  21.474 9.683 44.564 45.420 26.494 

E(𝜏𝜏5)  171.137 28.978 166.449 168.034 54.699 

patients who need medical tests 
(2 consultations) 

E(𝜏𝜏3 + 𝜈𝜈3)  7.596 65.038 8.021 7.394 18.816 

E(𝜏𝜏4 + 𝜈𝜈4)  129.149 155.640 47.341 51.224 113.371 

E(𝜏𝜏5 + 𝜈𝜈5)  235.253 226.350 169.732 172.291 223.557 

Objective function value 103.723 44.511 858.719 879.589 31.990 

The APQ and APQ-h policies’ KPIs 𝐸𝐸(𝑋𝑋𝑖𝑖), 𝑖𝑖 ∈ {3, 4, 5} fall within the limits; however, as is 
expected, the PR-1C is the only pure priority policy whose KPIs 𝐸𝐸(𝑋𝑋𝑖𝑖) are also within the 
boundaries. This policy focuses on assisting patients waiting for the first consultation, which 
leads to better values for 𝐸𝐸(𝑋𝑋𝑖𝑖) –further from the limits – while the rest of the performance 
KPIs and, consequently, the objective function value are significantly worse. 

Display and interpretation of the simulation results using star graphs 

In this subsection, the ED performance when using pure disciplines to manage the patient flow 
of an ED such as the HCN is compared with the ED performance when using the optimal APQ-
h, combining the three factors taken into account. The simulation results for the KPIs and the 
value of the objective function are displayed by using a star graphs (see Figure 5.7). The upper 
vertical axis (OFV) represents the objective function value while the first three axes clockwise 
show the ratios of patients exceeding the APT limit for each priority (𝐸𝐸(𝑋𝑋3), 𝐸𝐸(𝑋𝑋4), 
and 𝐸𝐸(𝑋𝑋5)). The values below the upper limits for each priority objective are in black and those 
above them are in red. 

The next three axes clockwise (𝐸𝐸(𝜏𝜏3),𝐸𝐸(𝜏𝜏4), and 𝐸𝐸(𝜏𝜏5)) represent the expected TWT in the 
ED system of patients who only need a single consultation with the physicians, while the last 
three axis (𝐸𝐸(𝜏𝜏3 + 𝜈𝜈3),𝐸𝐸(𝜏𝜏4 + 𝜈𝜈4), and 𝐸𝐸(𝜏𝜏5 + 𝜈𝜈5)) display the expected TWT in the ED 
system of patients who are not discharged after the first consultation. Because the goal is to 
minimize all KPIs and the objective function, the nearer each value is to the centre of the chart, 
the better the performance is. 
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Figure 5.7. Star plot of the simulated results of the real ED scenario of the HCN. 

Figure 5.7 displays and compares the KPIs obtained by the analysed queue disciplines in the 
real HCN scenario. The star plot on the right displays the KPIs for the PR-HN (the rule which 
is used by the majority of the medical stuff in the HCN) and the optimal APQ-h and APQ, 
while the star plot on the left displays those for the pure priority rules PR-1C, PR-2C, and PR-
AI. The APQ-h policy provides results for 𝐸𝐸[𝑋𝑋𝑖𝑖] that are lower than but close to the 𝑃𝑃𝑖𝑖 
boundaries, which produces both no penalties and room to improve the results in the other 
KPIs. The discipline PR-1C respects the 𝑃𝑃𝑖𝑖 limits, while the PR-AI, PR-2C, and PR-HN 
policies do not (PR-AI: 𝐸𝐸(𝑋𝑋5) = 0.457 > 0.2; PR-2C: 𝐸𝐸(𝑋𝑋4) = 0.300 > 0.15,𝐸𝐸(𝑋𝑋5) =
0.452 > 0.2; PR-HN: 𝐸𝐸(𝑋𝑋4) = 0.306 > 0.15,𝐸𝐸(𝑋𝑋5) = 0.453 > 0.2). 

However, because PR-1C prioritizes the first consultation, the 𝐸𝐸[𝜏𝜏𝑖𝑖 + 𝜈𝜈𝑖𝑖] values are worse than 
those obtained by APQ-h and APQ (65.04 vs 18.82, 155.64 vs 113.37, and 226.35 vs 223.557 
for 𝐸𝐸[𝜏𝜏3 + 𝜈𝜈3],𝐸𝐸[𝜏𝜏4 + 𝜈𝜈4], and 𝐸𝐸[𝜏𝜏5 + 𝜈𝜈5]), respectively. As a consequence, the APQ-h policy 
obtains a better global performance, as measured by the value of the objective function. 

5.4.4 Sensitivity analysis for the criteria’s importance 

In this section, we analyse the robustness of the optimal solutions to the APQ-h parameters 
when the weight W in (2) is varied. The weight fixed by the physicians (W=5) – whose main 
objective is to achieve the performance level for the APT limits – is considered to be one of 
the extreme values for the range of studied values. From that point, the weight is being reduced 
until a minimum of 0.2 is reached (at this point the worsening of 1% in the number of patients 
that exceed the time limit for first consultation is equivalent to increase the total waiting time 
in 6 minutes). 
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W is varied in the range [0.2, 5] and the following two different optimal solutions are found: 
one is optimal for W varying from 0.2 to 0.3 and the other is optimal for W varying from 0.4 
to 5. The solution for W ≥ 0.4, provides ∆𝑖𝑖= 0, 𝑖𝑖 = 3, 4, 5, and then the first part of the 
objective is fully minimized with a value of zero. The solution is that mentioned in the previous 
section (the optimal solution for the case study). Figure 5.8 shows the KPI values for each 
solution trough the interval of values [0.2, 0.7] with steps of 0.1 (note that there is no change 
from 0.4 onwards). 

 

Figure 5.8. Outcomes of the optimal solution for different objective functions (W ranging from 0.2 to 0.7 as there 
is no change from 0.4 onwards): total waiting time in the system (left graph) and ratio of patients exceeding the 
time limit for the first consultation (right graph). The latter represents the values that does not achieve the target 
for the ratio (above the limit) in dashed line and those that does (equal or below the limit) in solid line. The crosses 
indicates the change-points. 

However, from W =0.2 to W =0.3, ∆5> 0 due to the domination of the objective function by 
the minimization of the TWT (objective 2). The TWT of priority 4 patients is significantly 
reduced (𝐸𝐸(𝜏𝜏4) is reduced from 26.494 to 23.776 and 𝐸𝐸(𝜏𝜏4 + 𝜈𝜈4) from 113.371 to 86.179), 
which represents 57% of the patients. The priority 3 patients’ waiting time is almost the same, 
while the waiting time of priority 5 patients worsens. The optimal solution in this case is 𝛽𝛽13 =
1.359, 𝛽𝛽14 = 0.6580, 𝛽𝛽15 = 0, 𝛽𝛽23 = 8.0051, 𝛽𝛽24 = 0.0010, and 𝛽𝛽15 = 0. Contrary to the 
previous solution, in this case, priority 4 patients who are waiting for their second consultation 
have a greater accumulating priority rate than all priority 5 patients, who are only assisted if 
there are no other patients in the ED. 

5.5 Extended simulation study to a general set of ED scenarios 

5.5.1 Selection of scenarios 

In this section, an extended analysis of the performance and a comparison between pure priority 
disciplines and optimal APQ-h disciplines are carried out in different ED scenarios. The set of 
scenarios is designed from the HCN ED, which is described in Section 5.4, by varying the 
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average occupancy rate, the pattern of the intraday seasonality, and the composition of the mix 
of patients. Specifically, we consider the following values for the abovementioned factors:  

• ED congestion level (named as factor 1 and denoted by F1): The average occupation 
rates ρ of 90% and 95% are considered. The number of physicians is maintained while 
the patient arrival rate is modified accordingly. 

• Arrival seasonality (F2): Three arrival seasonality patterns are considered, ranging 
from no seasonality (constant arrival rate of patients, denoted as T0) to a maximum 
hourly seasonality, which is described by two different triangular patterns for the arrival 
rate 𝜆𝜆(𝐷𝐷), both with a peak at 11:30 a.m. and a ratio of (𝜆𝜆𝑚𝑚𝑎𝑎𝑚𝑚 − 𝜆𝜆𝑚𝑚𝑖𝑖𝑛𝑛)/𝜆𝜆𝑚𝑚𝑖𝑖𝑛𝑛 = 0.5. The 
first triangular pattern, denoted as Tu, extends the triangular shape across the entire 
time range, while the second triangular patterns, denoted as Tp, only applies the 
triangular shape in the time range [10:00, 13:00], with the arrival rate out of this range 
being constant (see Figure 5.9). As a consequence, each one of the three seasonality 
patterns have different values for 𝜆𝜆𝑚𝑚𝑎𝑎𝑚𝑚. 

• Mix of patients (F3): Four different mixes of patients are considered as follows: 
balanced distribution among all types of patients (1/3 of P3, 1/3 of P4 and 1/3 of P5) 
and a biased mix towards each priority (50% of P3, 25% of P4 and 25% of P5; 25% of 
P3, 50% of P4 and 25% of P5; and 25% of P3, 25% of P4 and 50% of P5). These 
scenarios are denoted by B0, B3, B4 and B5, respectively.  

Each scenario is denoted by a vector (𝑓𝑓1,𝑓𝑓2,𝑓𝑓3), where 𝑓𝑓𝑖𝑖 is the level of factor 𝑁𝑁𝑖𝑖, 𝑖𝑖 = 1,2,3, 
and 𝑓𝑓1 ∈ {90%, 95%}, 𝑓𝑓2 ∈ {𝑇𝑇0,𝑇𝑇𝑚𝑚,𝑇𝑇𝑝𝑝}, and 𝑓𝑓3 ∈ {𝐵𝐵0,𝐵𝐵3,𝐵𝐵4,𝐵𝐵5}. Then, a total of 24 
scenarios will be analysed with the simulation model. 
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Figure 5.9. The three patterns for the seasonality of the arrivals: from top to down scenarios T0, Tu and Tp, 
respectively.  

5.5.2 Analysis of the results 

Influence of the demand factors on the ED performance. The results from the simulation of 
the different ED scenarios show the influence of the demand factors (quantity, seasonality and 
typology) on the ED performance. This influence is visualized in Figure 5.10, which displays, 
by using star graphs, the KPIs and the objective function of a selected set of ED scenarios. The 
scenarios in the first row are of type (90%, Tu, -); that is, they differ in the mix of patients. The 
scenarios in the second row are of type (95%, Tu, -); that is, they only differ from the scenarios 
in the first row in the congestion level, that is, of 95%. Finally, the three scenarios in the third 
row are of type (95%, -, B4); that is, they differ in the seasonality pattern for the arrivals. The 
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following observations can be extracted from this figure and, in general, from all scenarios 
results: 

• The results are very sensitive to the increase in the occupancy ratio from 90% to 95% 
(the KPIs worsen from the first row, 90%, to the second row, 95%). 

• The mix of patients also has a large influence; the higher the severity of patients who 
represent the maximum percentage in the mix of patients, the worse the performance is 
(as observed in the first and second rows). 

• The seasonality also influences the performance. The best results are observed in the 
case of homogeneous arrivals, and the worst results are observed in the case of a 
triangular pattern extended throughout the day. 

 

Figure 5.10. Representation of the KPIs in selected scenarios. 

APQ-h versus the pure priority disciplines: performance comparison 

The simulations of the different ED scenarios ruled with pure priorities and APQ-h disciplines 
produced results that highlight the very different behaviours of all of them; while each pure 
priority focused on the achievement of a specific subset of KPIs, disregarding the others, the 
APQ-h policy is able to balance all the KPIs according with their relative importance expressed 
through the weights in the objective function. This general statement is graphically visualized 
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in Figure 5.11, in which the simulated results of all the ED scenarios are represented in the 
same star plot for each queue discipline.  

The PR-2C policy prioritizes the minimization of the TWT for patients who need medical 
diagnostic tests. The shape created in Figure 5.11 by the KPIs associated with the PR-2C 
policies is graphically shifted to the right and down, as this pure discipline focuses on 
discharging patients waiting for the second consultation, that is, on 𝐸𝐸(𝜏𝜏𝑖𝑖 + 𝜈𝜈𝑖𝑖). In cases of a 
high congestion and a high percentage of high priority patients, disregarding the first 
consultation produces the non-fulfilment of the time limits for the APT and, therefore, the 
results in positive values for the ratio ∆𝑖𝑖. 

The PR-1C policy prioritizes the minimization of the TWT for patients who need a single 
consultation. Opposite to PR-2C, the shape created in Figure 5.11 by the KPIs associated with 
the PR-2C policies is graphically shifted to the top left, as this pure discipline only pays 
attention to the APT limit target, ignoring the waiting time for the second consultation, 𝜈𝜈𝑖𝑖 . 
Therefore, ∆𝑖𝑖= 0 and the 𝐸𝐸(𝜏𝜏𝑖𝑖) values are small but the 𝐸𝐸(𝜏𝜏𝑖𝑖 + 𝜈𝜈𝑖𝑖) values are large. 

The PR-AI policy prioritizes the minimization of the APT and TWT for the highest priority 
patients. The shape created in Figure 5.11 by the KPIs associated with the PR-AI policies is a 
mixture of the previous ones, i.e., the best results in all KPIs for the highest priority patients 
and the worst for the lowest priority patients. 

The PR-HN policy prioritizes the minimization of the APT and TWT for the highest priority 
patients and the minimization of the TWT for patients of other priorities who need medical 
diagnostic tests. The shape created in Figure 5.11 by the KPIs associated with the PR-HN 
policies is similar to the shape created by the PR-2C policies. The difference is that the values 
for the highest priority KPIs, 𝐸𝐸(𝜏𝜏3 + 𝜈𝜈3) and 𝐸𝐸(𝜏𝜏3), are nearer to the centre of the chart. 

The optimal APQ-h policies produce balanced results. The optimal APQ-h policies obtain 
worse results than PR-1C for 𝐸𝐸(𝜏𝜏𝑖𝑖), although they achieve ∆𝑖𝑖= 0 and better results for 
𝐸𝐸(𝜏𝜏𝑖𝑖 + 𝜈𝜈𝑖𝑖). The opposite is concluded when compared with PR-2C, i.e., the results are better 
for 𝐸𝐸(𝜏𝜏𝑖𝑖) and ∆𝑖𝑖 but worse for 𝐸𝐸(𝜏𝜏𝑖𝑖 + 𝜈𝜈𝑖𝑖). When compared with PR-AI, the results are worse 
for the highest priority patients but better for the lower priority patients. Therefore, the shapes 
of the star plots associated with the APQ-h policies are more centred and close to the central 
point than the shapes of the other policies, meaning more balanced results are obtained.  
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Figure 5.11. Representation of the scenarios KPIs ruled by the PR-2C, PR-AI, PR-1C, PR-HN and APQ-h and 
APQ policies.  

Table 5.4 compares the values of the objective function obtained for each discipline in each of 
the 24 ED scenarios analysed and quantifies the improvement obtained by the APQ-h policy 
with respect to the best pure priority policy. Table 9.1 of Appendix H displays the detailed 
results for each scenario by disclosing the value for every KPI considered. The last columns 
show the optimal APQ-h policy in terms of the values of 𝛽𝛽𝑖𝑖. Generally, the highest 
improvements are obtained in the toughest environments for the ED, that is, the 95% 
occupation level, seasonality in the patient arrivals and high percentages of high severity 
patients. For low occupation levels (90%), almost no improvement is achieved, as the optimal 
APQ-h policy is very similar to the best pure priority rule solution (PR-2C) – giving more 
importance to the second consultation than to the first one, as it is easy to obtain the time target 
limit. For example, in the first row scenario, the slopes are 0.0396, 0.0001, and 0 for first 
consultations (𝛽𝛽13,𝛽𝛽14, and 𝛽𝛽15 respectively), and 5.7720, 4.1227, and 0.0656 for second 
consultations (𝛽𝛽23,𝛽𝛽24, and 𝛽𝛽25 respectively), and the objective function value obtained for the 
APQ-h policy is almost the same as for the PR-2C policy.  
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Table 5.4. Summary of the objective value of each scenario with the different queue disciplines and the 
improvement of the optimal APQ-h with respect to the best pure priority rule. 

Scenario Management Policy APQ-h solution 
F1 F2 F3 PR-AI PR-1C PR-2C PR-HN APQ-h  Improvement 𝛽𝛽13 𝛽𝛽23 𝛽𝛽14 𝛽𝛽24 𝛽𝛽15 𝛽𝛽25 

0.9 

T0 

B0 106 145 75 81 75 0% 0.0396 5.7720 0.0001 4.1227 0.0000 0.0656 
B5 113 137 71 75 71 0% 0.0368 4.9629 0.0001 4.9437 0.0000 0.0565 
B4 103 145 76 81 76 0% 0.0443 4.9691 0.0001 4.9539 0.0000 0.0326 
B3 108 161 82 88 82 0% 0.0601 7.8318 0.0001 2.0637 0.0000 0.0443 

Tp 

B0 143 205 98 106 98 0% 0.0608 5.7806 0.0001 4.1199 0.0000 0.0386 
B5 158 196 94 99 94 <1% 0.0376 5.3776 0.0001 4.5459 0.0000 0.0388 
B4 139 208 101 108 101 0% 0.0608 4.9572 0.0001 4.9453 0.0000 0.0366 
B3 144 230 108 115 108 0% 0.0601 8.8210 0.0001 1.0723 0.0000 0.0465 

Tu 

B0 161 231 107 116 108 0% 0.0602 5.3336 0.0001 4.5612 0.0000 0.0449 
B5 179 220 103 109 103 <1% 0.0407 5.7440 0.0001 4.1624 0.0000 0.0528 
B4 155 236 110 125 111 0% 3.4125 3.9649 0.0013 2.1180 0.0000 0.5033 
B3 158 257 245 252 126 20% 0.1202 9.5409 0.0967 0.1213 0.0001 0.1208 

0.95 

T0 

B0 171 240 114 114 114 0% 0.0479 5.7642 0.0001 4.1353 0.0000 0.0525 
B5 188 227 108 107 108 0% 0.0456 5.9277 0.0001 3.9886 0.0000 0.0380 
B4 164 244 117 117 117 0% 0.0653 9.7665 0.0001 0.0999 0.0000 0.0682 
B3 163 254 119 122 120 0% 0.0603 9.8036 0.0001 0.0681 0.0000 0.0679 

Tp 

B0 225 330 895 879 159 29% 0.1211 9.4163 0.0825 0.2582 0.0001 0.1218 
B5 253 315 142 141 142 0% 0.0433 4.9817 0.0001 4.9343 0.0000 0.0406 
B4 217 336 1545 1552 172 21% 0.1217 5.0678 0.0726 4.6173 0.0001 0.1205 
B3 212 349 1522 1538 185 13% 1.3123 5.8177 0.4861 2.3816 0.0007 0.0016 

Tu 

B0 248 370 1693 1668 180 27% 0.2402 9.1343 0.1274 0.2565 0.0002 0.2414 
B5 282 352 155 154 155 0% 0.0378 5.3497 0.0001 4.5821 0.0000 0.0303 
B4 435 378 2220 2197 196 48% 0.2401 7.0783 0.126 2.3531 0.0002 0.2023 
B3 522 395 2144 2153 213 46% 1.7532 5.1798 0.1021 2.9624 0.0024 0.0001 

 

The similarity between the optimal APQ-h policy and one pure priority policy is observed in 
other ED scenarios. However, having no strict priority imposed by the APQ-h policy can 
enormously affect the KPI results. This fact is illustrated in Table 5.5, which contains the KPI 
results and APQ-h optimal solution for the (95%, Tu, B0) ED scenario. The optimal APQ-h 
policy favours the ED discharge of patients by assigning larger slopes to patients waiting for 
the second consultation, i.e., ((𝛽𝛽23=9.1343)>𝛽𝛽(24=0.2565)>(𝛽𝛽25=0.2414)>(𝛽𝛽13=0.2402)>
(𝛽𝛽14=0.1274)> 𝛽𝛽15=0.0002)). However, even if the order of attending patients seems to be 
similar to the PR-2C discipline, the flexibility of APQ-h allows P3 and P4 patients who have 
been waiting for their first consultation for a long time to overtake patients who have been 
waiting for less time for their second consultation. As a result, the PR-2C policy does not fulfil 
∆𝑖𝑖= 0, but the APQ-h policy does, and the objective function value is 1693.08 for PR-2C and 
180.28 for the APQ-h policy.  

 
Table 5.5. KPI results and APQ-h optimal solution for the (96%, Tu, B0) ED scenario. 

Scenario 
Queue 
Disci-
pline 

Obj 𝐸𝐸(𝑋𝑋3) 𝐸𝐸(𝑋𝑋4) 𝐸𝐸(𝑋𝑋5) 𝐸𝐸(𝜏𝜏3) 𝐸𝐸(𝜏𝜏4) 𝐸𝐸(𝜏𝜏5) 𝐸𝐸(τ3
+ 𝑣𝑣3) 

𝐸𝐸(τ4
+ 𝑣𝑣4) 

𝐸𝐸(𝜏𝜏5
+ 𝜈𝜈5) 

Slopes obtained by 
solving the 

optimization problem 

F1: 95%; 
F2:Tu; 
F3: B0 

PR-AI 247.60 0.00 <0.01 0.13 2.46 6.44 45.17 6.08 19.69 169.50 
𝛽𝛽13=0.2402 
𝜷𝜷𝟐𝟐𝟐𝟐=9.1343 
𝛽𝛽14=0.1274 
𝜷𝜷𝟐𝟐𝟐𝟐=0.2565 
𝛽𝛽15=0.0002 
𝜷𝜷𝟐𝟐𝟐𝟐=0.2414 

PR-1C 370.02 0.00 <0.01 <0.01 2.51 4.28 11.19 41.67 86.75 169.89 

PR-2C 1693.08 <0.01 0.02 0.27 4.94 12.10 78.88 7.24 14.77 82.25 

PR-HN 1668.13 0.00 0.02 0.28 2.40 12.59 79.66 6.04 17.01 85.12 

APQ-h 180.28 0.07 0.14 0.20 9.96 22.49 60.53 14.64 28.44 66.53 
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5.6 Conclusion 

In this chapter, the performance of the APQ-h policy in a real ED setting that considers the 
stochasticity in the arrivals of patients and the different stages of the health care process has 
been investigated. Therefore, this study extends the theoretical results obtained in studies 
([178], [209]) that assumed a homogeneous Poisson process for the arrivals and only one stage 
for the patient treatment. The results show that ED performance is better when it is managed 
with the APQ or APQ-h policy than with other priority policies. This observation supports the 
use of any of both policies in practice to manage the ED patient flow, in fact the APQ-h is 
already followed in some EDs, as reported in [60]. We identify that managers of the ED 
hospitals included in Ding et al.’s study [60] apply a structure for queue discipline that is equal 
to the APQ-h. This policy that might seem counterintuitive because the patients stop 
accumulating priority points, in fact, states that from that moment on the patients waiting for 
first consultation are selected by priority and a FIFO rule within each category, which is a rule 
widely used to manage EDs as mentioned in the introduction (see, for example, Taylor et al. 
[180], Haussman [181], Siddharthan and Jones [182], Laskowski et al. [183], Mokaddis et al. 
[184]). Any patient of high priority having reached the time limit for the first consultation will 
never be overtaken by other patient of lower priority waiting for the first consultation, 
independently of their respective waiting times. Only patients having waited for a very long 
time for their second consultation could overtake such high priority patient. We use a 
simulation-based optimization methodology to obtain the optimal APQ-h and APQ policies 
that are superior compared to other pure priorities disciplines, especially when high congestion 
and non-stationary ED environments are considered. Moreover, in the case study of the ED of 
the HCN, the use of APQ-h and APQ significantly outperforms the current priority rule, PR-
HN, whose obtained KPIs were out of control. 

However, the analysis also shows that in not very congested ED scenarios, with a time-regular 
affluence of patients, the application of APQ-h or APQ has no advantage over the best pure 
priority policy. In these cases, it is recommended to apply the pure priority discipline because 
it is easier to implement and is very convenient in a dynamic and stressful environment such 
as the ED, especially when physicians have to apply them. Furthermore, pure priority 
disciplines require less information, only requiring the type of patient and the stage of 
healthcare process but not the recording of the waiting time for each patient, as it is necessary 
with the APQ-h and APQ policies. 

The analysis of the ED performance was carried out by considering several KPIs related to the 
APT and the waiting time for consultations. Other specific KPIs could be considered to assess 
the performance of the ED under different patient flow management policies. Nevertheless, the 
application of pure priority rules is goal- and objective-independent, and therefore, ED 
performance will remain unchanged. The computational analysis carried out in this chapter 
shows that these rules can be optimal for certain objectives but provide very bad values for 
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others. For example, in non-congested EDs, the PR-2C policy works better than the rest of the 
pure priority rules, while in very congested EDs, the PR-1C policy works better, especially 
when great importance is given to avoiding exceeding the APT limit. However, by definition, 
optimal APQ-h and APQ policies are objective- and goal-dependent, which provides them with 
a flexibility that managers can use to adapt them to achieve specific objectives or to obtain 
solutions that balance all of them. 

The introduced APQ-h discipline is a modification of the APQ discipline, justified by the 
previous empirical study [60]. In our computational study, we optimized the parameters of both 
types of policies to compare them and to determine which one is better or in which ED 
scenarios one outperforms the other, but in all tested scenarios both policies produced the same 
results. Differences in KPI values were in decimals, which is attributable to the non-exact 
optimization procedure and the evaluation of the KPIs by simulation. Therefore, given that no 
practical differences between them have been found in any of the analysed scenarios with the 
considered objective functions and both of them have been found to be superior to the other 
pure priority policies, any of both modalities of the APQ policies could be recommended to be 
implemented for the management of the ED patient flow. However, although we have not 
found scenarios in which they differ, their structure is somewhat different, and it is possible 
that in some situations or under different objective functions, one of the two disciplines will 
surpass the other. This issue remains to be investigated. Moreover, it would also make sense to 
investigate a non-linear rate for accumulating priority by taking into account the slack of a 
patient until the APT is exceeded. Finally, the problem has been solved using commercial 
optimization software, which, in some scenarios, has shown a slow convergence to the optimal 
solution. Therefore, treating the problem from a multi-objective point of view and developing 
an efficient optimization algorithm to estimate the Pareto frontier remains an objective for 
future research.
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Chapter 6 Scheduling problem definition 

6.1 Introduction and related literature 

The Emergency Room (ER) of a hospital is where medical and/or surgical care is given to 
patients arriving in need of immediate attention. An ER is therefore a 24/7 service. Physicians 
are required to work night, day and weekend shifts, and take on different ER assignments. 
Complex constraints add to the difficulty of finding good and equitable schedules for the 
physicians. Examples of ergonomic constraints are described in [210], while [5] offer an 
overview of other typical constraints to classifying them into four categories: 1) supply and 
demand, 2) workload, 3) fairness and 4) ergonomics, based on five case studies performed in 
Canadian hospitals. This part of the thesis addresses a real physician scheduling problem in 
which constraints of all four categories are considered.  

Although the physician scheduling problem shares many characteristics with the nurse 
scheduling problem (and other workforce planning problems, see, for example, [211], [212]), 
it has received much less attention in the literature. A review of the nurse rostering problem 
can be found in [213], [214]. One can, of course, expect the type of techniques that work well 
in one problem to do just as well in another, but, despite their basic similarity, they also have 
differences that can condition the solution. A thorough analysis of such differences is provided 
in [215], which highlights the importance of modeling preferences and fairness, among other 
issues. Their conclusion is that, its combined characteristics make the physician scheduling 
problem highly unique, and thus distinct from general personnel scheduling problems.  

The planning horizon considered in most published studies tends to be small, ranging from two 
to four weeks. In [216], for example, the physicians in an anesthesia department are scheduled 
to cover a two-week planning horizon, later extended to six weeks in [217]. However, our study 
addresses a one-year planning horizon, that is, much longer than the usual scheduling periods 
reported in the literature. Twelve-month work calendars are a legal requirement in some 
countries, including Spain, where they are drawn up annually by the company (after 
consultation and a subsequent report to the workers' representatives) and available for all to see 
in the workplace (Article 36 of Workers’ Statute, BOE-A-2015-11430, [218]). This calendar 
must contain both the work schedule and annual distribution of working days and holidays. It 
will take into account the maximum number of legal working days, which is determined by 
collective agreement or work contract. This calendar may undergo modification throughout the 
year due to changes affecting the staff, family care leave, sickness, etc. In such cases, the 
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manager has to meet staffing demand with minimum change to the original calendar. However, 
the operational management of the work calendar is a different problem and beyond the scope 
of this thesis. 

The major solution approaches for solving the physician scheduling problem involve 
mathematical programming, metaheuristics, constraint programming, and column generation 
(reviewed in [5]). Similar results are presented by [7], who analyze the characteristics of the 
problem and scheduling techniques based on Linear Programming (LP) and metaheuristics 
(mainly Tabu Search). See [215] for a recent review of 68 relevant papers addressing different 
types of physician scheduling problem in hospitals. They are classified as either Staffing, 
Rostering, or Re-planning problems. The majority, 61 papers, use mathematical programming 
models. They can be exactly solved for small instances or for problems that are not heavily 
constrained. In [219], resident physicians in a hospital’s pulmonary unit are scheduled for a 6-
month period. The author considers 29 instances with the number of variables ranging from 
486 to 1,995 and the number of constraints ranging from 552 to 2,907. Most of the instances 
are exactly solved within seconds by commercial solvers, but not in all cases, even when the 
problems are small in size. Nevertheless, the solutions are of high quality and comparable with 
manually-created schedules, and therefore valid for practical purposes. In other cases, as in 
[220], where the Integer Linear Programming (ILP) model could not be solved by a modified 
version of the branch and bound method, due to the large dimension of the problem, a heuristic 
approach based on a partial branch and bound was used. In fact, when the problem at hand is 
large (a large number of physicians to be scheduled over a long planning horizon) and very 
detailed models are formulated, exact solution approaches are usually impractical. 

The physician scheduling problem falls into the category of NP-hard problems, which are 
intractable for large instances. In these cases, a solution can be obtained by heuristic algorithms, 
usually guided by metaheuristics, or a combination of heuristics and exact methods (see [221]). 
In a review of methods and models for solving staff scheduling and rostering problems, [222] 
identified 28 different methods, ranging from integer programming to all types of metaheuristic 
algorithms. For example, [223] solved the physician rostering problem by using a genetic 
algorithm for a one-month planning horizon and a small/medium size ER with 16 physicians. 
[224] models the staff scheduling problem at an Emergency Medical Service using ILP, which 
is solved by a Variable Neighborhood Decomposition Search heuristic. The results show how 
the heuristic approach outperforms a state-of-the-art commercial ILP solver. In [225], a simple 
heuristic is used to assign guard shifts over a one-year horizon. The problem is not heavily 
constrained and the number of shifts assigned per day is small: two or three depending on the 
day type.  

The physician scheduling problem addressed in this and the following chapters is complex 
because of the long planning horizon and complicated constraints. In addition to demand 
constraints, it considers all compulsory constraints imposed by legislation and personnel 
preferences. The objective is to achieve the fairest feasible schedule. The problem is initially 
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modeled as an ILP problem, but, after a real instance of this problem remains unsolved by a 
well-known ILP solver in one week, using a powerful computer, a hybrid algorithm is designed. 
The constructive phase of a Greedy Randomized Adaptive Search Procedure (GRASP) is 
designed to obtain full schedules, which are subsequently improved by means of a Variable 
Neighborhood Descent Search (VNDS) type algorithm in combination with Network Flow 
Optimization (NFO) models. One main feature of the proposed methodology is that the fitness 
function used in the GRASP algorithm depends on the result of a LP problem which solves a 
general covering problem.  

The GRASP metaheuristic, introduced by [226] and formally presented by [227], is a multi-
start method, with each iteration of the algorithm comprising a constructive phase and a local 
search phase. The first phase leads to a complete solution, and the second is the improvement 
phase, which continues until a locally optimal solution is reached. After several iterations of 
the constructive phase and the local search procedure, the best overall solution is kept as the 
result. The constructive phase is guided by a greedy function that measures the benefit of 
including each new element. The benefit of selecting each element changes at each step of the 
construction. The method is randomized by randomly choosing the next element from a list of 
candidates. The choice of candidate can be biased by using a family of probability distributions 
(see [228]). GRASP can be easily hybridized with other approaches and optimization 
strategies, such as Tabu Search, Simulated Annealing, Variable Neighborhood Search (VNS), 
and population-based heuristics [229].  

The VNS metaheuristic method, introduced by [230], is based on performing systematic 
changes of neighborhoods during the search space exploration. The application of VNS is quite 
simple, requiring only the choice of a metric to measure the distance among solutions in the 
solution space which induces the neighborhood structure. A guide to the application of VNS to 
various classic problems can be found in [231]. The basic principles of VNS have been 
extended to provide new versions of the algorithm, which have been successfully applied for 
solving hard optimization problems. One of the most relevant variants is VNDS which explores 
neighborhoods in a deterministic way [232]. 

The choice of neighborhood structure is critical to the performance of a local search algorithm. 
Basically, the larger the neighborhood, the better the local optimal solutions. However, the 
larger the neighborhood, the longer it takes to explore. Thus, efficient search procedures are 
required to get the most out of exploring large neighborhoods. One useful option for exploring 
very large-scale neighborhoods is to use network flow techniques, as discussed and applied in 
the context of the travelling salesman and routing problems by [233]. In this and other similar 
cases (see, for example, [234], [235]), the so-called related graph or improvement graph is a 
bipartite graph used to represent assignment and matching problems.  

The proposed methodology is tested on a real problem by solving the physician scheduling 
problem in a hospital ER with 42 physicians and a one-year planning horizon. The 
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mathematical model accounts for all constraints and goals considered in the manual scheduling 
approach. We show the clear superiority of our hybrid approach over mathematical 
programming. In fact, in 2018, the solution obtained through the application of the proposed 
methodology was used in practice for those 42 ER physicians, being deemed by the managers 
sufficiently superior to replace the manually-created schedule. 

The main practical contributions of this and the following chapters are, firstly, to present a 
mathematical model accounting for all types of constraints and objectives considered in 
practice by a manager when creating a hospital ER physicians’ schedule for a 12-month 
planning horizon, and secondly, to provide a hybrid algorithm with the capacity to obtain near 
optimal solutions to large instances of a real physician scheduling problem within minutes. The 
main methodological contributions of this second part of the thesis are the design of a greedy 
constructive method with a randomized component dependent upon the exact solution to a 
general covering problem which is solved by an LP. This latter part of the algorithm provides 
high quality solutions, in terms both of feasibility and of objective function value (OFV). The 
proposed VND search method, in combination with NFO, is applied to repair feasibility. Once 
feasibility is achieved only NFO is used to explore large neighborhoods to improve the OFV. 
The integration of all these methods provides an algorithm to solve the physician scheduling 
problem which is efficient and could be adapted to solve other scheduling problems. 

Next Section 6.2 summarizes the classification of scheduling problems in literature and the 
problem addressed in this part of the thesis is identified. Section 6.3 the physician scheduling 
problem is defined and modelled as an ILP problem. 

6.2 Scheduling problem classification 

According to Ernst et al. [222] “Personnel scheduling is the process of constructing work 
timetables for its staff so that an organization can satisfy the demand for its goods or services.”. 
This problem is so highly constrained and complex that is very difficult to determine optimal 
solutions that minimize costs, meet employee preferences, distribute shifts fairly among 
employees and satisfy all the workplace constraints. These constraints contain rules that 
regulate the working conditions of personnel and are usually imposed by legislation or 
company/hospital management: days-off after specific types of shifts, etc. 

The scheduling of hospital personnel is particularly challenging because of different staffing 
needs on different days and shifts due to uncertainty and high fluctuation in the daily 
requirements for care. Unlike many other organizations, healthcare institutions work around 
the clock and personnel schedules in practice may sometimes be designed to cope with the 
demand peaks. This situation leads to irregular shift work, which has an effect on the medical 
staff well being and job satisfaction impacting upon the working environment and the quality 
of the delivered service to the patient. 
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Moreover, the number of qualified personnel required to handle the consistently growing 
demand for hospital services is rising and workforce related resources represent a large 
proportion of hospital costs ([215]). Building more efficient personnel schedules for medical 
staff may reduce these expenses while maintaining quality of care. Meanwhile, modeling 
preferences and fairness issues may improve work conditions. 

The main objectives – some of them already mentioned (e.g., quality of care, workforce 
expenses, and employee satisfaction) – in physicians scheduling can either by financial or non-
financial in nature (or contain both financial and non-financial goals simultaneously). Financial 
goals are expressed in monetary units while non-financial objectives may focus on individual 
aspects of physicians and patients and require more sophisticated measures. An example of 
staff-related targets is fairness in the assignment of shifts, which can be modeled by evenly 
distributing workloads, including the assignment of unpopular shifts and working hours. 
Finally, patient-related measures can be direct as for example waiting times or indirect as for 
example job satisfaction of physicians which have an indirect effect on quality of care. 

According to literature [213], [215], [236] medical staff scheduling problems fall into three 
groups: Staffing, Rostering, and Re-planning problems. 

Staffing Problems. 

Staffing Problems include strategic decisions concerning the appropriate size and composition 
of a required workforce, with particular skills, for typically a long-term planning horizon, and 
the educational program needed by the medical residents. Then, the input data is the demand 
for services forecasts that the staffing levels need to satisfy by using historical data.  

Their main goals are ensuring the coverage of demand in every period in the planning horizon 
to avoid excessive workload for personnel and long waiting times for patients, to reduce the 
number of patients who leave the Emergency Department (ED) of a hospital without been 
treated by medical personnel, etc. 

Factors that affect staffing problems include organizational structure and characteristics, 
personnel recruitment, skill categories of the personnel, working preferences, work agreements 
for workers. In the current staffing literature there are considerably less percentage of papers 
that account for individual requests of staff and/or an equal distribution of workload to enhance 
job motivation than the related percentage of papers in other groups of scheduling problems 
(rostering and re-planning). Staffing decisions that do not consider fairness may negatively 
impact on the performance of subsequent rostering and re-planning schedules. 

Rostering problems 

Rostering problems focus on generating a final schedule that assigns shifts and days off to the 
individual physicians for a specific planning period. Rostering problems deal with tactical or 
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operational offline planning decisions. The planning horizon typically spans from weeks to a 
few months (mid-term problems) in literature. 

Tactical planning problems’ general goal is to create rosters that are repeated over an extended 
time horizon to provide predictable schedules for the workforce. Some of the papers such as 
De Kreuk, Winands, and Vissers’s [237] and Gunawan and Lau’s [238] study a relatively short 
cycle time of five weekdays with the intention to repeat these over several months. As these 
are scheduled during regular working hours, weekends can be neglected in the planning 
process. Some of the considered objectives are to minimize paid out working hours while 
meeting demand, deviations from ergonomic, and individual constraints, fairness. 

Offline planning problems mainly build detailed schedules for physicians that cover a given 
time horizon. Their purposes is generally to increase quality of care by reducing over-time 
hours, granting individual requests, and/or minimizing patient handoffs. Fairness is a key 
aspect in operational offline rostering problems. For example, Bard, Shu, and Leykum [239] 
considers fairness in terms of the number of assigned specific shifts. 

According to Erhard et al.’s review [215] more than half of rostering publications focus on 
scheduling staff in the ER, ED, or anesthesia department, as it is the case of the problem we 
face in this part of the thesis. However, we spans the time horizon to a complete year, which 
improve work conditions as well as make the problem more difficult to be solved. This 
difficulty is due to the large number of constraints considered when taking into account specific 
shift requests and fairness in terms of workload distribution. Furthermore, public holidays and 
weekends are included, which does not allow the repetition of a relatively short cycle time of 
several weekdays over the time period. 

Re-planning problems. 

Re-planning problems deal with short-term decision making as a reaction to unforeseen events, 
e.g., demand fluctuation and employee absences. According to [215]‘s review there is only one 
paper on this topic in literature ([240]). Operational online planning problems show most 
potential for future research since current research neglects short-term planning problems such 
as handling physician absences as well as demand fluctuations.  

In reality the three scheduling problems described above often take place on different levels 
and for completely different time horizons. Interaction between the levels is certainly necessary 
but in practice it would be unworkable to handle them simultaneously all the time. 

Some researchers have decomposed the personnel capacity planning process into four steps 
[148], [241]–[247]: 1) forecasting demand (based on empirical data), 2) determining staffing 
requirements over time in order to meet a specific performance target at minimal cost, 3) 
determining how many workers to assign to each shift type, in order to cover the staffing 
requirements, and 4) assigning employees to shifts. The three first steps represent the 
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scheduling problem previously identified as staffing while the forth step represents that 
identified as rostering. Re-planning problems are not usually considered in the capacity 
planning but in the online planning problems. 

Meanwhile other papers deliberately do not distinguish between the previously defined 
categories of staffing and rostering, such as the scheduling problems review of Ernst et al. [222] 
which treats rostering and personnel scheduling as synonymous. They suggest a number of 
modules associated with the processes of constructing a roster and within these modules 
different models may be needed for specific applications. These modules start with staff 
demand modelling and end with the specification of the work to be performed, over a time 
period, by each individual in the workforce. However, the development of a particular problem 
may require only some of the modules and, in many practical implementations, several of the 
modules may be combined into one procedure. Moreover, in an interesting section about 
decompositions of the problem, one of the described proposals is to present demand modelling 
as a separate module whose characteristics apply to previously defined staffing problem. 

Our scheduling problem, which has already considered to fall within the category of rostering 
problems, has as input the staff demand based on shifts, which is the possible module 1 
according to Ernst et al.’s classification [222]: specification of the number of staff that are 
required to be on duty during different shifts (redundant to module 3, shift scheduling). This 
staffing problem is beyond the scope of the problem solved in this part of the thesis, which has 
to handle the results of management decisions at a higher level. 

Meanwhile it does contain other modules such as days off scheduling, line of work 
construction, and staff assignment. The former involves a determination of how rest days are 
to be interspersed between work days for different lines of work. The line of work – also called 
roster lines or work schedules – construction involves the determination of a sequence of 
duties/shifts spanning the rostering horizon, commonly fortnightly or monthly. These 
sequences are allocated to individual staff members. The problem usually contains a number 
of conflicting objectives and constraints. It also considers the rules related to lines of work 
ensuring the feasibility of individual schedules as well as the pattern of demand satisfying the 
work requirements at all times in the rostering horizon. In our problem the roster are not cyclic 
as demand fluctuates with time and where shifts have different lengths and starting times. Our 
schedule model is what Ernst et al. [222] calls Line of work constraint as there are rules 
governing which work patterns are allowed for an individual such as restrictions on the number 
of sequential night shifts to be worked, specification of some minimum time off between 
specific successive shifts, etc. Moreover, an important aspect also faced in our problem is to 
allow for staff preferences. We generate equitable lines of work that attempt to distribute the 
workload fairly and evenly within each crew class whilst accommodating each crew class 
preferences while constructing the lines of work. The latter, staff assignment module, involves 
the allocation of lines of work to individual staff members belonging to each crew class, which 
has different preferences and requirements. This assignment in our case is done after generating 
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all lines of work, as with the bidding systems in which they are then allocated by the department 
chief. 

6.3 Definition and mathematical modelling of the scheduling 
problem 

The solution to the physician scheduling problem lies in determining which physician will work 
in each shift of each day throughout the planning horizon. Shifts vary in type: there are day and 
night shifts, workday and holidays shifts, short and long shifts, etc. Even within these 
categories, there are differences in terms of the task requirement: from the triage area, to the 
resuscitation room, to consultation for patients with milder symptoms, etc. There is also a 
variation in the availability and the amount of hours dedicated by the physicians, such as not 
being able to work all types of shifts. Age or work/life balance issues may prevent certain 
physicians from working night shifts, for example. Physicians can therefore be grouped by 
availability and the amount of hours dedicated which means that all members of each group 
are able to work the same number of hours and types of shift.  

The objective of the problem is to obtain the fairest feasible schedule. A fair schedule is one 
that is evenly distributed among physicians, with all members of a group working the same 
number of hours, public holidays, weekends, nights (unless exempt), and each type of shift, 
etc. A balance between groups is also required: the ratio of worked to workable shifts for each 
physician should be kept proportional across the groups. This workload balancing idea is 
further developed in Chapter 7.  

To offer some idea of the magnitude of this problem, a medium/large size public hospital might 
have approximately 40 physicians, and approximately 20 different shifts per day. Over a 
twelve-month planning horizon, this amounts to 365 × 20 = 7,300 assignments, each with 40 
possibilities. The theoretical number of different assignments (407,300) is considerably reduced 
when different types of constraints are included. However, the number of feasible solutions is 
still huge. 

The general formulation of this scheduling problem considers 𝑁𝑁 physicians groupable into 𝑀𝑀 
types with 𝑦𝑦𝑟𝑟 physicians of type 𝐶𝐶𝑟𝑟, 𝑚𝑚 = 1, … ,𝑀𝑀, and 𝐿𝐿 types of shifts 𝑆𝑆𝑗𝑗, 𝑆𝑆 = 1, … , 𝐿𝐿, each 
defined by its duration 𝑎𝑎𝑗𝑗 (in hours), and other characteristics such as night shift, workday shift, 
the physician’s location during the shift, and types of duties required, among others. There are 
𝑚𝑚𝑗𝑗 shifts of type 𝑆𝑆𝑗𝑗  in the planning period. Let 𝑇𝑇 be the number of days for the planning horizon. 

Each physician type 𝐶𝐶𝑟𝑟, 𝑚𝑚 = 1, … ,𝑀𝑀 can work a maximum of ℎ𝑟𝑟 = 𝜌𝜌𝑟𝑟𝐻𝐻 hours during the 
planning horizon (where 𝐻𝐻 is the number of working hours of a full time physician and 𝜌𝜌𝑟𝑟 ≤
1), in a subset of shifts determined by binary indicators 𝛾𝛾𝑟𝑟𝑗𝑗: 



6.3. Definition and mathematical modelling of the scheduling problem  147 

 

 
𝛾𝛾𝑟𝑟𝑗𝑗 = �

1 if a physician of type 𝐶𝐶𝑟𝑟can work in shift type 𝑆𝑆𝑗𝑗
0 otherwise                                         

 ∀ 𝑚𝑚 = 1, … ,𝑀𝑀;∀ 𝑆𝑆𝑗𝑗; 𝑆𝑆

= 1, … , 𝐿𝐿 
(1) 

Without loss of generality, it is assumed that a subset of shifts 𝑺𝑺(𝐷𝐷) ⊆ �𝑆𝑆𝑗𝑗 , 𝑆𝑆 = 1, … , 𝐿𝐿� needs 
to be assigned each day and that the demand for each type of shift is one. This assumption 
reflects the high diversity of shifts in the ER, and places the definition of the problem in a worst 
case scenario, but the algorithm developed in this research can be straightforwardly adapted 
for a demand level greater than one. This physician scheduling problem can be mathematically 
modeled as an ILP problem by using the following decision variables𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆: 

 
𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆 = �

1 if physician P𝑖𝑖 works S𝑗𝑗  on day 𝐷𝐷
0 otherwise                                            

        ∀    𝑖𝑖 = 1, … ,𝑁𝑁;    ∀    𝑆𝑆𝑗𝑗

∈ 𝑺𝑺(𝐷𝐷);   ∀    𝐷𝐷 = 1, … ,𝑇𝑇 
(2) 

Feasible schedules need to cover all shifts, observe the maximum working hours of each 
physician, and comply with ergonomic constraints (especially those relating to the length of 
rest period after some types of shifts). Therefore, constraints are classified by type into 1) 
coverage, 2) ergonomic, and 3) work balance. 

• Coverage constraints. The demand rules are the most basic compulsory requirements: each 
physician can be assigned a maximum of one shift per day, and each shift must be assigned to 
a single physician. 

 � 𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆
𝑆𝑆𝑗𝑗∈𝑺𝑺(𝜆𝜆)

≤ 1        ∀    𝑖𝑖 = 1, … ,𝑁𝑁;     ∀    𝐷𝐷 = 1, … ,𝑇𝑇 (3) 

 �𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆

𝑁𝑁

𝑖𝑖=1

= 1        ∀    𝑆𝑆𝑗𝑗 ∈ 𝑺𝑺(𝐷𝐷);    ∀    𝐷𝐷 = 1, … ,𝑇𝑇 (4) 

 
• Ergonomic constraints. ER Services are available at all hours of the day and night, every day 

of the year. Being required to work long shifts at any part of the day without a good distribution 
of breaks between the shifts turns a poor quality work schedule into a potential health threat 
for physicians. To mitigate the effects of a chaotic labor calendar, further constraints are added 
(both to meet legal requirements and accommodate suggestions from physicians) and thus 
enable physical and mental recovery as well as a normal social and family life. Specifically, 
these so-called ergonomic constraints, are designed, among other purposes, to avoid 
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consecutive night shifts, program day(s) off after a long or night shift, plan free weekends, 
avoid mini-vacation periods between working days, alternate shift lengths, etc.  

Ergonomic constraints are classified by purpose into three types: to separate shifts within a 
specific time, to limit the number of shifts within a time window, and to limit the number of 
consecutive working days. These constraints can be formulated for each type of shift, for all 
shifts jointly or for subsets of shifts 𝐷𝐷𝐶𝐶  that share the same characteristics 𝐶𝐶. For example, 
𝐷𝐷𝐶𝐶 ={night shifts worked on public holidays} contains all shifts with characteristics 
𝐶𝐶 ={night, public holiday}. 

(i) Minimum days’ gap between shifts. For example, it might be necessary to impose a two-
day gap between two worked night shifts (such that there can be only one night shift in 
a period of 3 days). In this case, 

 � � 𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆
𝑗𝑗∈𝐷𝐷𝑐𝑐≡{𝑛𝑛𝑖𝑖𝑔𝑔ℎ𝜆𝜆 𝑠𝑠ℎ𝑖𝑖𝑓𝑓𝜆𝜆𝑠𝑠}

𝑞𝑞

𝜆𝜆=𝑞𝑞−2

≤ 1        ∀    𝑞𝑞 = 3, … ,𝑇𝑇;     ∀    𝑖𝑖 = 1, …𝑁𝑁 

In general, 

 � � 𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆
𝑗𝑗∈𝐷𝐷𝑐𝑐

𝑞𝑞

𝜆𝜆=𝑞𝑞−𝛿𝛿𝑐𝑐

≤ 1        ∀    𝑞𝑞 = 𝛿𝛿𝑐𝑐 + 1, … ,𝑇𝑇;     ∀    𝑖𝑖 = 1, …𝑁𝑁 (5a) 

Where 𝐷𝐷𝐶𝐶 is the set of shifts to be interspersed and 𝛿𝛿𝑐𝑐 is the minimum gap required. 

This category of constraints includes a compulsory number of days off after certain types 
of shifts and is formulated as follows when 𝛿𝛿𝑐𝑐 days’ rest are required after a shift 𝑆𝑆𝑗𝑗𝐶𝐶 in 
a set 𝐷𝐷𝐶𝐶 . 

 𝛿𝛿𝑐𝑐𝑋𝑋𝑖𝑖𝑗𝑗𝑐𝑐𝑞𝑞 + � �𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆
𝑗𝑗

𝑞𝑞+𝛿𝛿𝑐𝑐

𝜆𝜆=𝑞𝑞+1

≤ 𝛿𝛿𝑐𝑐        ∀    𝑞𝑞 = 1, … ,𝑇𝑇 − 𝛿𝛿𝑐𝑐;     ∀    𝑖𝑖

= 1, …𝑁𝑁 

(5b) 

(ii) Maximum number of shifts worked within a time window. This type of constraint is used 
say, to limit the number of public holidays worked within a certain period. Suppose that 
a physician cannot be assigned more than 5 public holiday shifts over a time window 
of 30 days. Then 

 
� � 𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆

𝑗𝑗∈𝐷𝐷𝑐𝑐≡{𝑠𝑠ℎ𝑖𝑖𝑓𝑓𝜆𝜆𝑠𝑠 𝑖𝑖𝑛𝑛 ℎ𝑜𝑜𝑙𝑙𝑖𝑖𝑜𝑜𝑎𝑎𝑜𝑜𝑠𝑠}

𝑞𝑞

𝜆𝜆=𝑞𝑞−29

≤ 5        ∀   𝑖𝑖 = 1, … ,𝑁𝑁:   ∀   𝑞𝑞

= 30, … ,𝑇𝑇 

 

In general, 
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 � � 𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆
𝑗𝑗∈𝐷𝐷𝑐𝑐

𝑞𝑞

𝜆𝜆=𝑞𝑞−𝑤𝑤1𝑐𝑐+1

≤ 𝜈𝜈1𝑐𝑐        ∀   𝑖𝑖 = 1, … ,𝑁𝑁;     ∀   𝑞𝑞 = 𝑤𝑤1𝑐𝑐 , … ,𝑇𝑇 (6) 

where 𝜈𝜈1𝑐𝑐 is the maximum number of shifts in a set 𝐷𝐷𝑐𝑐  assigned to physicians over a 
time window of 𝑤𝑤1𝑐𝑐 days. 

(iii) Maximum number of consecutive working days. Physician cannot work more 
than 𝑤𝑤2𝑐𝑐 consecutive days on any type of shift belonging to a set 𝐷𝐷𝑐𝑐. 

 � � 𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆
𝑗𝑗∈𝐷𝐷𝑐𝑐

𝑞𝑞

𝜆𝜆=𝑞𝑞−𝑤𝑤2𝑐𝑐

≤ 𝑤𝑤2𝑐𝑐        ∀   𝑖𝑖 = 1, … ,𝑁𝑁;     ∀   𝑞𝑞 = 𝑤𝑤2𝑐𝑐 + 1, … ,𝑇𝑇 (7) 

Here also, there may be constraints imposing a maximum on the number of days’ gap between 
shifts, a minimum of number of a certain type of shift that can be assigned within a time 
window, and a minimum on the number of consecutive days on shifts belonging to a set 𝐷𝐷𝑐𝑐. 
The formulation of these constraints is similar to that given in (5a) (6) and (7). 
 

• Workload balancing constraints. These constraints are designed to guarantee a fair 
distribution of the different types of shifts among all physicians. 

(i) Fair distribution of working hours on shifts belonging to a set 𝐷𝐷𝑐𝑐 among all physicians.  

 
� � 𝑎𝑎𝑗𝑗𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆

𝑗𝑗∈𝐷𝐷𝑐𝑐𝜆𝜆=1,…,𝑇𝑇

≤ 𝜌𝜌𝑟𝑟𝐻𝐻𝑐𝑐𝑈𝑈        ∀   𝑖𝑖 = 1, … ,𝑁𝑁;     ∀   𝑖𝑖 𝑦𝑦𝑚𝑚𝑦𝑦ℎ 𝐷𝐷ℎ𝑦𝑦𝐷𝐷 𝑃𝑃𝑖𝑖

∈ 𝐶𝐶𝑟𝑟 
(8) 

 
� � 𝑎𝑎𝑗𝑗𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆

𝑗𝑗∈𝐷𝐷𝑐𝑐𝜆𝜆=1,…,𝑇𝑇

≥ 𝜌𝜌𝑟𝑟𝐻𝐻𝑐𝑐𝐿𝐿        ∀   𝑖𝑖 = 1, … ,𝑁𝑁;     ∀   𝑖𝑖 𝑦𝑦𝑚𝑚𝑦𝑦ℎ 𝐷𝐷ℎ𝑦𝑦𝐷𝐷 𝑃𝑃𝑖𝑖

∈ 𝐶𝐶𝑟𝑟 
(9) 

𝐻𝐻𝑐𝑐𝑈𝑈 and 𝐻𝐻𝑐𝑐𝐿𝐿 are variables representing the maximum and minimum number of hours 
worked on shifts with characteristics in 𝐶𝐶, respectively. These constraints could also be 
applied to a single type of shifts 𝑆𝑆𝑗𝑗 or to the entire set of shifts. 

(ii) Fair distribution among all physicians of shifts in a set 𝐷𝐷𝑐𝑐  

 � � 𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆
𝑗𝑗∈𝐷𝐷𝑐𝑐𝜆𝜆=1,…,𝑇𝑇

≤ 𝜌𝜌𝑟𝑟𝐽𝐽𝑐𝑐𝑈𝑈        ∀   𝑖𝑖 = 1, … ,𝑁𝑁;     ∀   𝑖𝑖 𝑦𝑦𝑚𝑚𝑦𝑦ℎ 𝐷𝐷ℎ𝑦𝑦𝐷𝐷 𝑃𝑃𝑖𝑖 ∈ 𝐶𝐶𝑟𝑟 (10) 

 � � 𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆
𝑗𝑗∈𝐷𝐷𝑐𝑐𝜆𝜆=1,…,𝑇𝑇

≥ 𝜌𝜌𝑟𝑟𝐽𝐽𝑐𝑐𝐿𝐿        ∀   𝑖𝑖 = 1, … ,𝑁𝑁;     ∀   𝑖𝑖 𝑦𝑦𝑚𝑚𝑦𝑦ℎ 𝐷𝐷ℎ𝑦𝑦𝐷𝐷 𝑃𝑃𝑖𝑖 ∈ 𝐶𝐶𝑟𝑟 (11) 

These constraints are similar to the previous ones, but are now aimed at balancing the 
number of shifts rather than the number of working hours. The variables 𝐽𝐽𝑐𝑐𝑈𝑈 and 𝐽𝐽𝑐𝑐𝐿𝐿 , 
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respectively, limit the maximum and minimum number of shifts worked by all 
physicians. 

(iii) Fair distribution of shifts from a set 𝐷𝐷𝑐𝑐 among physicians in the same group. Constraints 
for balancing the number of shifts can be assigned to particular types of physicians. 

 � � 𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆
𝑗𝑗∈𝐷𝐷𝑐𝑐𝜆𝜆=1,…,𝑇𝑇

≤ 𝐽𝐽𝑟𝑟𝑐𝑐𝑈𝑈         ∀   𝑚𝑚 = 1, … ,𝑀𝑀;     ∀   𝑖𝑖 𝑦𝑦𝑚𝑚𝑦𝑦ℎ 𝐷𝐷ℎ𝑦𝑦𝐷𝐷 𝑃𝑃𝑖𝑖 ∈ 𝐶𝐶𝑟𝑟 (12) 

 � � 𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆
𝑗𝑗∈𝐷𝐷𝑐𝑐𝜆𝜆=1,…,𝑇𝑇

≥ 𝐽𝐽𝑟𝑟𝑐𝑐𝐿𝐿         ∀   𝑚𝑚 = 1, … ,𝑀𝑀;     ∀   𝑖𝑖 𝑦𝑦𝑚𝑚𝑦𝑦ℎ 𝐷𝐷ℎ𝑦𝑦𝐷𝐷 𝑃𝑃𝑖𝑖 ∈ 𝐶𝐶𝑟𝑟 (13) 

The variables 𝐽𝐽𝑟𝑟𝑐𝑐𝑈𝑈  and 𝐽𝐽𝑟𝑟𝑐𝑐𝐿𝐿  limit the maximum and minimum number of shifts in set 𝐷𝐷𝑐𝑐 worked 
by physicians 𝑃𝑃𝑖𝑖 in group 𝐶𝐶𝑟𝑟, 𝑚𝑚 = 1, … ,𝑀𝑀, respectively. 

The objective function is defined to reach the fairest distribution of the workload among 
physicians by minimizing the range of the limiting variables 𝐻𝐻𝑐𝑐𝐿𝐿 and 𝐻𝐻𝑐𝑐𝑈𝑈, 𝐽𝐽𝑐𝑐𝑈𝑈 and 𝐽𝐽𝑐𝑐𝐿𝐿, 𝐽𝐽𝑟𝑟𝑐𝑐𝑈𝑈  and 𝐽𝐽𝑟𝑟𝑐𝑐𝐿𝐿 . 
Thus, the objective function is the minimization of the sum of all ranges: 

 min�(𝐻𝐻𝑐𝑐𝑗𝑗
𝑈𝑈 − 𝐻𝐻𝑐𝑐𝑗𝑗

𝐿𝐿 )
#𝐷𝐷

𝑖𝑖=1

+ �(𝐽𝐽𝑐𝑐𝑗𝑗
𝑈𝑈 − 𝐽𝐽𝑐𝑐𝑗𝑗

𝐿𝐿 )
#𝐷𝐷

𝑖𝑖=1

+ ��(𝐽𝐽𝑟𝑟𝑐𝑐𝑗𝑗
𝑈𝑈 −  𝐽𝐽𝑟𝑟𝑐𝑐𝑗𝑗

𝐿𝐿 )
𝑀𝑀

𝑟𝑟=1

#𝐷𝐷

𝑖𝑖=1

,  (14) 

where #𝐷𝐷 is the number of sets of shifts 𝐷𝐷𝑐𝑐𝑖𝑖 involved in the fairness constraints. Different 
weights may be used in the objective function to reflect the relative importance of the fairness 
of the shift distribution and working hours among physicians.  

Thus, the ILP model for the physician scheduling problem involves the minimization of the 
objective function (14) subject to a set of constraints (3)-(13), which is fully presented in 
Appendix J. 
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Chapter 7 The hybrid GRASP based algorithm 

This chapter explains the hybrid methodology. Section 7.1 provides a general overview of the 
algorithm. In Section 7.2 a general covering problem is solved by an LP model to obtain the 
average number of shifts of each type that should be worked by physicians of each type. These 
averages are used in Subsection 7.3 by a greedy random algorithm to construct a full solution. 
Finally, Section 7.4 presents two local search procedures to improve the solution obtained by 
the greedy algorithm. 

7.1 General description of the algorithm 

The proposed heuristic algorithm comprises three stages: the first solves a global covering and 
balancing problem formulated as an LP model; the second is a construction phase, in which a 
full solution is obtained by applying a greedy randomized algorithm (guided by the solution of 
the first phase); and the third is an improvement stage, in which the solution provided by the 
previous stage is used as the input to a cyclic optimization alternating between VNDS and NFO 
which continues until a feasible solution is obtained; this solution is then improved by means 
of NFO alone. The first stage is executed only once, while the other two stages are iterated 
several times to define a multi-start procedure, as illustrated in Figure 7.1. This hybrid GRASP-
type algorithm will be identified as “Algorithm G+NO”. 

The proposed methodology starts by determining the number of each type of shift that each 
physician should work over the entire planning horizon, in order to guarantee coverage of all 
shifts and a workload balance among physicians, based on a fair distribution of the different 
types of shifts (nights, weekends, holidays, etc.). This problem is formulated as a continuous 
LP problem, which, at a very low computational cost, provides the solution to be used in the 
next phase. 
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Figure 7.1. The three stages of the proposed heuristic algorithm as applied to physician scheduling. 

The construction phase is the implementation of a GRASP algorithm to build a solution by 
assigning shifts to physicians sequentially. The procedure starts with the first day of the 
planning horizon, assigning all the shifts for that day and progressing day by day until a full 
assignment is obtained. The list of candidates for each shift assignment is first defined by the 
feasibility constraints and then by elitism based on a fitness function. This function takes into 
account the assignments made so far to all physicians and the theoretical number of shifts of 
each type that each physician should work (obtained as the solution of the LP formulated in the 
first phase of the algorithm). 
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The full scheduling obtained in the previous phase is improved by alternating VNDS to repair 
violations of the constraints (required if the constructive step provides an infeasible solution) 
with NFO to balance the distribution of shifts and working hours among the physicians. Once 
a feasible solution is obtained, improvements to the fair distribution of the workload are sought 
using NFO only. 

In the following subsections, a detailed mathematical and algorithmic description is provided 
for the three components of the heuristic method. 

7.2 A linear programming model to solve the general covering 
problem 

The purpose of this optimization step is to obtain the average number 𝑍𝑍𝑟𝑟𝑗𝑗 of shifts of type 
𝑆𝑆𝑗𝑗,𝑆𝑆 = 1, … , 𝐿𝐿, that should be worked by physicians of type 𝐶𝐶𝑟𝑟, 𝑚𝑚 = 1, … ,𝑀𝑀, in order to cover 
service demand within the regulatory working hours. Variables 𝑍𝑍𝑟𝑟𝑗𝑗 can be positive only if 
𝛾𝛾𝑟𝑟𝑗𝑗 = 1, that is, (1 − 𝛾𝛾𝑟𝑟𝑗𝑗)𝑍𝑍𝑟𝑟𝑗𝑗 = 0. In addition, this general planning has to distribute the shifts 
among physicians as evenly and fairly as possible, for which the decision variables 𝑍𝑍𝑟𝑟𝑗𝑗 must 
fulfill the following constraints:  
• Demand Covering constraint 

 �𝑦𝑦𝑟𝑟𝑍𝑍𝑟𝑟𝑗𝑗

𝑀𝑀

𝑟𝑟=1

= 𝑚𝑚𝑗𝑗          ∀    𝑆𝑆𝑗𝑗;  𝑆𝑆 = 1, … , 𝐿𝐿  (15) 

• Working hours constraint 

 �𝑎𝑎𝑗𝑗𝑍𝑍𝑟𝑟𝑗𝑗

𝐿𝐿

𝑗𝑗=1

≤ ℎ𝑟𝑟         ∀   𝑚𝑚 = 1, … ,𝑀𝑀 (16) 

• Equitable distribution of shifts 

Some sets of shifts have to be evenly distributed among those physicians who are able to 
work them. These include holiday shifts (𝐷𝐷ℎ𝑜𝑜𝑙𝑙 = {𝑦𝑦ℎ𝑖𝑖𝑓𝑓𝐷𝐷𝑦𝑦 𝑜𝑜𝑦𝑦 ℎ𝑜𝑜𝑙𝑙𝑖𝑖𝑎𝑎𝑦𝑦𝑦𝑦𝑦𝑦}), night shifts 
(𝐷𝐷𝑛𝑛𝑖𝑖𝑔𝑔 = {𝑦𝑦ℎ𝑖𝑖𝑓𝑓𝐷𝐷𝑦𝑦 𝑦𝑦𝐷𝐷 𝑦𝑦𝑖𝑖𝑔𝑔ℎ𝐷𝐷𝑦𝑦}), weekend shifts (𝐷𝐷𝑤𝑤𝑤𝑤𝑤𝑤 = {𝑦𝑦ℎ𝑖𝑖𝑓𝑓𝐷𝐷𝑦𝑦 𝑜𝑜𝑦𝑦 𝑤𝑤𝑚𝑚𝑚𝑚𝑘𝑘𝑚𝑚𝑦𝑦𝑎𝑎𝑦𝑦}), etc.  

 Let 𝐷𝐷𝑐𝑐 be the set of shifts to be fairly distributed, and let 

 𝑈𝑈𝑐𝑐 =
∑ 𝑚𝑚𝑗𝑗𝑆𝑆𝑗𝑗∈𝐷𝐷𝑐𝑐

∑ 𝜌𝜌𝑟𝑟𝑦𝑦𝑟𝑟𝑟𝑟 �1 −∏ �1 − 𝛾𝛾𝑟𝑟𝑗𝑗�𝑆𝑆𝑗𝑗∈𝐷𝐷𝑐𝑐 �
  

be the average number of shifts in 𝐷𝐷𝑐𝑐 per full-time physician able to work such shifts. Some 
shifts belong to one or more sets 𝐷𝐷𝑐𝑐 while others might belong to none. To impose the 
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equitable distribution of all shifts, two constraints are considered for each set 𝐷𝐷𝑐𝑐 and 
physician type 𝐶𝐶𝑟𝑟: 

 � 𝑍𝑍𝑟𝑟𝑗𝑗
𝑆𝑆𝑗𝑗∈𝐷𝐷𝑐𝑐

− 𝜌𝜌𝑟𝑟𝑈𝑈𝑐𝑐 ≤ 𝑁𝑁1        ∀   𝑚𝑚 = 1, … ,𝑀𝑀;   ∀  𝐷𝐷𝑐𝑐 (17) 

 𝜌𝜌𝑟𝑟𝑈𝑈𝑐𝑐 − � 𝑍𝑍𝑟𝑟𝑗𝑗
𝑆𝑆𝑗𝑗∈𝐷𝐷𝑐𝑐

≤ 𝑁𝑁1        ∀   𝑚𝑚 = 1, … ,𝑀𝑀;   ∀  𝐷𝐷𝑐𝑐 (18) 

The deviation variable 𝑁𝑁1 is minimized in the objective function of the LP problem. 
• Even distribution of each type of shift among all physicians. Let 

𝑊𝑊𝑗𝑗 =
𝑚𝑚𝑗𝑗

∑ 𝛾𝛾𝑟𝑟𝑗𝑗𝜌𝜌𝑟𝑟𝑦𝑦𝑟𝑟𝑟𝑟
 

be the number of shifts of type 𝑆𝑆𝑗𝑗 that should be worked by each full time physician eligible 
to do so.  
o Shifts that do not participate in balancing constraints (17) and (18) should also be 

distributed as fairly as possible. Then,  

 𝑍𝑍𝑟𝑟𝑗𝑗 − 𝜌𝜌𝑟𝑟𝑊𝑊𝑗𝑗 ≤ 𝑁𝑁𝑗𝑗𝜌𝜌𝑟𝑟𝑊𝑊𝑗𝑗         ∀   𝑚𝑚 = 1, … ,𝑀𝑀;     ∀   𝑆𝑆𝑗𝑗 ∉ ⋃ {𝐷𝐷𝑐𝑐}𝑐𝑐   (19) 

 𝜌𝜌𝑟𝑟𝑊𝑊𝑗𝑗 − 𝑍𝑍𝑟𝑟𝑗𝑗 ≤ 𝑁𝑁𝑗𝑗𝜌𝜌𝑟𝑟𝑊𝑊𝑗𝑗        ∀    𝑚𝑚 = 1, … ,𝑀𝑀;     ∀   𝑆𝑆𝑗𝑗 ∉ ⋃ {𝐷𝐷𝑐𝑐}𝑐𝑐   (20) 

 𝑁𝑁𝑗𝑗 ≤ 𝑁𝑁2𝑈𝑈         ∀    𝑆𝑆𝑗𝑗 ∉ ⋃ {𝐷𝐷𝑐𝑐}𝑐𝑐  (21) 

 𝑁𝑁𝑗𝑗 ≥ 𝑁𝑁2𝐿𝐿         ∀    𝑆𝑆𝑗𝑗 ∉ ⋃ {𝐷𝐷𝑐𝑐}𝑐𝑐  (22) 

o Shifts that do participate in balancing constraints (17) and (18) should be distributed as 
evenly as possible among all physicians.  

 𝑍𝑍𝑟𝑟𝑗𝑗 − 𝜌𝜌𝑟𝑟𝑊𝑊𝑗𝑗 ≤ 𝑁𝑁3𝜌𝜌𝑟𝑟𝑊𝑊𝑗𝑗        ∀   𝑚𝑚 = 1, … ,𝑀𝑀;     ∀   𝑆𝑆𝑗𝑗 ∈ ⋃ {𝐷𝐷𝑐𝑐}𝑐𝑐    (23) 

 𝜌𝜌𝑟𝑟𝑊𝑊𝑗𝑗 − 𝑍𝑍𝑟𝑟𝑗𝑗 ≤ 𝑁𝑁3𝜌𝜌𝑟𝑟𝑊𝑊𝑗𝑗        ∀   𝑚𝑚 = 1, … ,𝑀𝑀;     ∀   𝑆𝑆𝑗𝑗 ∈ ⋃ {𝐷𝐷𝑐𝑐}𝑐𝑐    (24) 

 

The following objective function (25) minimizes the deviation variables introduced in 
constraints (17)-(24): 

 min𝛽𝛽𝑁𝑁1 + (𝑁𝑁2𝑈𝑈 − 𝑁𝑁2𝐿𝐿) + 𝑁𝑁3 (25) 

The weighting factor 𝛽𝛽 in the objective function should give much more weight to the first 
objective than to the others. In fact the optimization can be understood as a lexicographic 
optimization to find the best proportional shift distributions among all those that are optimal 
according to the equitable shift distributions in sets 𝐷𝐷𝑐𝑐. A large enough value for this factor 
𝛽𝛽 could be the total number of shifts. 
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The average number of shifts, 𝑍𝑍𝑟𝑟𝑗𝑗, of each type 𝑆𝑆𝑗𝑗 that should be worked by physicians in 
group 𝐶𝐶𝑟𝑟 is obtained as the solution of the LP problem with objective function (25) and 
constraints (15)-(24). The full formulation of the LP problem is included in Appendix K. 

For ease of notation, from this subsection forward, the theoretical average number of each type 
of shift 𝑆𝑆𝑗𝑗 that should be worked by a physician 𝑃𝑃𝑖𝑖 ∈ 𝐶𝐶𝑟𝑟 will be denoted by 𝑍𝑍𝑖𝑖𝑗𝑗, which is equal 
to 𝑍𝑍𝑟𝑟𝑗𝑗. 

7.3 Construction of a full scheduling solution by a greedy 
randomized algorithm 

This subsection presents a heuristic to generate solutions by a probabilistic greedy construction 
method. The heuristic follows the constructive step of the GRASP metaheuristic method [248], 
which builds a solution one element at a time. In the physician scheduling problem, this is done 
by successively assigning each of the shifts that must be covered each day, starting with a shift 
from the first day of the planning horizon and ending with a shift from the last day of the 
planning horizon. Each day’s shifts are assigned in random order. 

Let 𝑇𝑇 be the number of days in the planning horizon, and 𝑦𝑦𝑦𝑦ℎ𝑖𝑖𝑓𝑓𝐷𝐷𝑦𝑦(𝐷𝐷) the number of shifts for 
the 𝐷𝐷-th day; then the construction phase proceeds in general as shown in Algorithm 7.1: 

Initialize 𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆 = 0  ∀  𝑖𝑖, 𝑆𝑆, 𝐷𝐷 

for 𝐷𝐷 = 1 to 𝑇𝑇do 
 for 𝑆𝑆 = 1 to 𝑦𝑦𝑦𝑦ℎ𝑖𝑖𝑓𝑓𝐷𝐷𝑦𝑦(𝐷𝐷) do 
  Choose at random a shift 𝑆𝑆𝑗𝑗 not yet assigned  

Define the list of candidates 𝐿𝐿𝑜𝑜𝐶𝐶; 
  Evaluate each physician in 𝐿𝐿𝑜𝑜𝐶𝐶 by a greedy function 𝑔𝑔: 𝐿𝐿𝑜𝑜𝐶𝐶 → ℝ; 
  Select a physician 𝑙𝑙 ∈ 𝐿𝐿𝑜𝑜𝐶𝐶 by a roulette wheel mechanism  
  Add physician 𝑙𝑙 to the set of physicians working on day t, 𝐴𝐴𝜆𝜆. 
 End 
End 

Algorithm 7.1. Initial solution construction algorithm. 

The following subsection gives the details for the definition of the List of Candidates 𝐿𝐿𝑜𝑜𝐶𝐶, the 
definition of the greedy function, and the selection of a physician by a roulette wheel 
mechanism. 
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7.3.1 Definition of the List of Candidates 

For each assignment of a shift to a physician, a 𝐿𝐿𝑜𝑜𝐶𝐶 is defined. A physician is included in the 
𝐿𝐿𝑜𝑜𝐶𝐶 for a shift assignment when all the applicable constraints are fulfilled. If the resulting 𝐿𝐿𝑜𝑜𝐶𝐶 
is empty, then all physicians will be included in the 𝐿𝐿𝑜𝑜𝐶𝐶. This process is summarized in 
Algorithm 7.2. 

 

𝐿𝐿𝑜𝑜𝐶𝐶(𝑆𝑆, 𝐷𝐷) = {𝑃𝑃𝑖𝑖|All constraints for shift 𝑆𝑆 are fulfilled}; 
If 𝐿𝐿𝑜𝑜𝐶𝐶(𝑆𝑆, 𝐷𝐷) = ∅ then 
 𝐿𝐿𝑜𝑜𝐶𝐶(𝑆𝑆, 𝐷𝐷) = {𝑃𝑃𝑖𝑖 , 𝑖𝑖 = 1, … ,𝑁𝑁 |𝑃𝑃𝑖𝑖 ∉ 𝐴𝐴𝐷𝐷}  

End 
Algorithm 7.2. List of Candidates for shift 𝑆𝑆 on day 𝐷𝐷. 

7.3.2 Definition of a greedy function 𝒈𝒈(𝒊𝒊) 

Suppose that a shift of type 𝑆𝑆 has to be assigned on a day 𝐷𝐷. Let 𝑧𝑧𝑖𝑖𝑗𝑗∗  be the number of shifts of 
type 𝑆𝑆 assigned so far to physician 𝑃𝑃𝑖𝑖 and let 𝑘𝑘 be the index of the physician with the maximum 
value in the following set of ratios: 

 𝑘𝑘 = arg𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖 �
𝑧𝑧𝑖𝑖𝑗𝑗∗

𝑍𝑍𝑖𝑖𝑗𝑗
 such that 𝑍𝑍𝑖𝑖𝑗𝑗 > 0� (26) 

Then, for each physician 𝑃𝑃𝑖𝑖 in the 𝐿𝐿𝑜𝑜𝐶𝐶(𝑆𝑆, 𝐷𝐷), the following greedy function 𝑔𝑔𝑗𝑗(i) is 
evaluated: 

 𝑔𝑔𝑗𝑗(𝑖𝑖) =
𝑧𝑧𝑘𝑘𝑗𝑗∗

𝑍𝑍𝑘𝑘𝑗𝑗
−
𝑧𝑧𝑖𝑖𝑗𝑗∗

𝑍𝑍𝑖𝑖𝑗𝑗
such that 𝑍𝑍𝑘𝑘𝑗𝑗 , Zij > 0 

(27) 

 

This greedy function measures the difference between the maximum proportion of shifts of 
type 𝑆𝑆𝑗𝑗 already assigned to a physician (𝑧𝑧𝑘𝑘𝑗𝑗∗ /𝑍𝑍𝑘𝑘𝑗𝑗) and the ratio of shifts assigned to a particular 
physician. This value is then normalized to the target value for the whole planning horizon, 𝑍𝑍𝑖𝑖𝑗𝑗. 
Thus, the greater the value of 𝑔𝑔𝑗𝑗(𝑖𝑖) is for physician 𝑃𝑃𝑖𝑖, the greater his/her need to work this 
shift 𝑆𝑆𝑗𝑗 in order to meet the reference values 𝑍𝑍𝑖𝑖𝑗𝑗. By definition, this greedy function is a non-
negative definite function. However, it could occur that 𝑔𝑔𝑗𝑗(𝑖𝑖) = 0 for all physicians in the 
𝐿𝐿𝑜𝑜𝐶𝐶(𝑆𝑆, 𝐷𝐷). 

Enhancement of the greedy function. The greedy function was defined based only on already 
assigned shifts of type 𝑆𝑆𝑗𝑗. Nevertheless, some shifts are important for the even distribution of 
other general shift characteristics among physicians. For example, if the shift that is being 
assigned is a weekend shift and all physicians have to work the same number of weekends 



7.3. Construction of a full scheduling solution by a greedy randomized algorithm  157 

 
within the planning horizon; thus, the greedy function must also take into account the 
consequences of the assignment for the even distribution of weekend shifts. For this purpose, 
for each set of shifts 𝐷𝐷𝑐𝑐 that has to be evenly distributed among physicians and 𝑆𝑆𝑗𝑗 ∈ 𝐷𝐷𝑐𝑐, the 
following greedy function 𝑔𝑔𝐷𝐷𝑐𝑐(𝑖𝑖) is defined: 

 𝑔𝑔𝐷𝐷𝑐𝑐(𝑖𝑖) =
�max𝑙𝑙 �

𝑧𝑧𝑙𝑙𝐷𝐷𝑐𝑐
∗

𝑍𝑍𝑙𝑙𝐷𝐷𝑐𝑐
� −

𝑧𝑧𝑙𝑙𝐷𝐷𝑐𝑐
∗

𝑍𝑍𝑙𝑙𝐷𝐷𝑐𝑐
�

�max𝑙𝑙 �
𝑧𝑧𝑙𝑙𝐷𝐷𝑐𝑐
∗

𝑍𝑍𝑙𝑙𝐷𝐷𝑐𝑐
� − min𝑙𝑙 �

𝑧𝑧𝑙𝑙𝐷𝐷𝑐𝑐
∗

𝑍𝑍𝑙𝑙𝐷𝐷𝑐𝑐
��

 (28) 

where, 

 𝑍𝑍𝑙𝑙𝐷𝐷𝑐𝑐 = � 𝑍𝑍𝑙𝑙𝑗𝑗
𝑆𝑆𝑗𝑗∈𝐷𝐷𝑐𝑐

  and   𝑧𝑧𝑙𝑙𝐷𝐷𝑐𝑐
∗ = � 𝑧𝑧𝑙𝑙𝑗𝑗∗

𝑆𝑆𝑗𝑗∈𝐷𝐷𝑐𝑐

 (29) 

A normalized greedy function 𝑔𝑔𝑁𝑁𝑗𝑗(𝑖𝑖), which ranges in (0,1), is defined as follows: 

 
𝑔𝑔𝑁𝑁𝑗𝑗(𝑖𝑖) =

𝑔𝑔𝑗𝑗(𝑖𝑖)

�max𝑙𝑙 �
𝑧𝑧𝑙𝑙𝑗𝑗∗
𝑍𝑍𝑙𝑙𝑗𝑗
� − min𝑘𝑘 �

𝑧𝑧𝑙𝑙𝑗𝑗∗
𝑍𝑍𝑙𝑙𝑗𝑗
��

 
(30) 

The new enhanced greedy function ℊ𝑗𝑗(𝑖𝑖) is defined as: 

 ℊ𝑗𝑗(𝑖𝑖) = 𝑔𝑔𝑁𝑁𝑗𝑗(𝑖𝑖) + �𝑔𝑔𝐷𝐷𝑐𝑐(𝑖𝑖)
𝑐𝑐

 (31) 

Where the summation is extended to all sets 𝐷𝐷𝑐𝑐 of shifts that need to be balanced and that 
include the shift 𝑆𝑆𝑗𝑗. 

Then, this greedy function balances the participation of each physician in all shifts and shift 
characteristics included in the objective function by assigning the shift to the physician who is 
farthest from meeting all the balancing conditions in which the shift is involved. The balancing 
assessment takes into account the theoretical values determined by the LP covering problem 
(Appendix K). 

7.3.3 Roulette wheel for the selection of a physician 

The probability 𝑝𝑝(𝑖𝑖) of selecting a physician 𝑃𝑃𝑖𝑖 ∈ 𝐿𝐿𝑜𝑜𝐶𝐶(𝑆𝑆, 𝐷𝐷) depends on his/her value in the 
greedy function: 

 𝑝𝑝(𝑖𝑖) =
�ℊ𝑗𝑗(𝑖𝑖)�

𝛼𝛼

∑ �ℊ𝑗𝑗(𝑙𝑙)�
𝛼𝛼

𝑃𝑃𝑙𝑙∈𝐿𝐿𝑜𝑜𝐶𝐶(𝑗𝑗,𝜆𝜆)

 (32) 
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Observe that if 𝛼𝛼 = 0, we will have a random construction; if 𝛼𝛼 = 1, the probability will be 
proportional to the greedy value. The greater the value of 𝛼𝛼 is, the more elitist the selection 
mechanism. 

If all physicians in the 𝐿𝐿𝑜𝑜𝐶𝐶(𝑆𝑆, 𝐷𝐷) have ℊ𝑗𝑗(𝑖𝑖) = 0, then the probability of being chosen is equal 
among them. 

7.4 Improvement of a solution 

The feasibility of a solution is improved by decreasing the number of unfulfilled ergonomic 
constraints by means of a VNDS algorithm, which is followed by a NFO procedure to better 
fulfill the balancing objectives. These two search mechanisms are applied iteratively (see 
Figure 7.1) until a stop criterion is met (optimization time or iterations with no improvement). 
The following subsections offer a detailed description of each of these improvement steps. 

7.4.1 Variable neighborhood descent search for repairing infeasibility 

The construction phase is driven by the solution of the general covering problem and is 
particularly oriented towards constructing a feasible solution because the 𝐿𝐿𝑜𝑜𝐶𝐶 in each shift 
assignment is first defined by physicians who fulfill all constraints. However, in problems with 
little slack for finding feasible solutions (too small a surplus with respect to the total demand 
for working hours and very tough ergonomic requirements), the constructive phase could 
provide a solution that fails to meet certain constraints. In this case, the first step of the 
improvement phase is a repair process, whereby a shift contributing to the infeasibility of one 
physician's schedule is transferred to another physician. These shift transfers successively 
involve several physicians and are repeated several times. Figure 7.2 represents the logic of 
these movements: shift S1, which causes the infeasibility of the sequence S1-S2 in physician 
𝑃𝑃14's schedule (after shift S1, there must be a day off), is transferred to physician 𝑃𝑃23 (causing 
infeasibility because, two days off are compulsory after shift S7); this requires transferring shift 
S7 to physician 𝑃𝑃9 (again causing an infeasibility), and this, in turn, results in the transfer of 
shift S3 to physician 𝑃𝑃18. After these transfers, the initial infeasibility of physician 𝑃𝑃14 is solved 
without detriment to the total number of non-compliances of the remaining physicians. 
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Figure 7.2. Example of shift (𝑆𝑆𝑗𝑗: 𝑆𝑆1 − 𝑆𝑆7) transfer among physicians (𝑃𝑃𝑖𝑖:𝑃𝑃ℎ𝑦𝑦𝑦𝑦𝑖𝑖𝑦𝑦𝑖𝑖𝑦𝑦𝑦𝑦 9, 14, 18, 23) on different 
days (𝐷𝐷𝜆𝜆:𝐷𝐷1 − 𝐷𝐷5). Ergonomic requirements for the different types of shifts: S7 must be followed by two days 
off; S1, S5 must be followed by one day off; and S2, S3, S4 do not require the next day to be a rest day. 

The search for sequences of transfers leading to the improvement of the current schedule falls 
into the category of a VNDS algorithm with rationale as follows. 

Let 𝑋𝑋𝑖𝑖 be the set of shifts assigned to physician 𝑃𝑃𝑖𝑖 in the incumbent solution, that is, 𝑋𝑋𝑖𝑖 =
�𝑆𝑆𝑗𝑗 ∈ 𝑺𝑺(𝐷𝐷) | 𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆 = 1� and 𝜌𝜌(𝑋𝑋𝑖𝑖,𝑋𝑋𝑖𝑖′) be the distance between solutions for scheduling a 
physician defined as 

 𝜌𝜌(𝑋𝑋𝑖𝑖,𝑋𝑋𝑖𝑖′) = |𝑋𝑋𝑖𝑖∆𝑋𝑋𝑖𝑖′| (33) 

Where |𝑋𝑋𝑖𝑖∆𝑋𝑋𝑖𝑖′| represents the number of shifts that form part of schedule 𝑋𝑋𝑖𝑖 but not of 𝑋𝑋𝑖𝑖′ and 

those which form part of schedule 𝑋𝑋𝑖𝑖′ but not of 𝑋𝑋𝑖𝑖. Let us observe that when a physician iP  
with schedule 𝑋𝑋𝑖𝑖 transfers a shift to another physician, the resulting schedule for 𝑃𝑃𝑖𝑖, denoted 
by 𝑋𝑋𝑖𝑖′, verifies 𝜌𝜌(𝑋𝑋𝑖𝑖,𝑋𝑋𝑖𝑖′) = 1. 

A full schedule 𝑋𝑋 is the aggregation of all the physicians’ schedules: 𝑋𝑋 = (𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑁𝑁), and 
then, 𝜌𝜌(X,X′) = ∑ 𝜌𝜌𝑁𝑁

𝑖𝑖=1 (𝑋𝑋𝑖𝑖,𝑋𝑋𝑖𝑖′) represents the distance between two schedules for all 
physicians. The transfer of a shift from one schedule 𝑋𝑋 to obtain another schedule 𝑋𝑋′ is denoted 
by 𝑋𝑋′ = ℎ(𝑋𝑋). The schedule solution 𝑋𝑋′ resulting from a sequence of 𝑘𝑘 transfers of shifts in 
which the transferee in one shift transfer becomes the transferor in the next shift transfer is 
denoted by 𝑋𝑋′ = ℎ𝑝𝑝𝑘𝑘(𝑋𝑋). The index 𝑝𝑝 refers to the path 𝑝𝑝, which determines the transfers of 
shifts between physicians. For example, in Figure 7.2, the path is 𝑃𝑃14
𝑆𝑆1 𝑜𝑜𝑓𝑓 𝐷𝐷3     
�⎯⎯⎯⎯⎯⎯� 𝑃𝑃23

𝑆𝑆7 𝑜𝑜𝑓𝑓 𝐷𝐷1     
�⎯⎯⎯⎯⎯⎯� 𝑃𝑃9

𝑆𝑆3 𝑜𝑜𝑓𝑓 𝐷𝐷2     
�⎯⎯⎯⎯⎯⎯� 𝑃𝑃18. The length of a path is the number of transfers, in the 

case of Figure 7.2 the length is 3. 

A neighborhood of depth 𝑘𝑘 is defined as 
 ℵ𝑘𝑘(𝑋𝑋) = {𝑋𝑋′|∃ 𝑝𝑝 of length 𝑘𝑘 such that 𝑋𝑋′ = ℎ𝑝𝑝𝑘𝑘(𝑋𝑋)}  

path 
𝑃𝑃14

     𝑆𝑆7     
𝑃𝑃23

     𝑆𝑆5     
𝑃𝑃9

     𝑆𝑆9     
𝑃𝑃18

D1 D2 D3 D4 D5 
S5  

S1 S2 S3      

S7    
S1 

     
 

S3  
S2 S4      

  
S5  

S4 
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Let us consider a certain type of constraint that is not fulfilled by a solution 𝑋𝑋 and thus requires 
repair. Let 𝑄𝑄 > 0 denote the maximum number of unfulfilled constraints among all physicians 
and 𝑃𝑃𝑄𝑄 the set of physicians that reach this maximum number of non-fulfillments. 

𝑃𝑃𝑄𝑄 = {physicians with a number 𝑄𝑄 of non − fulfillments} 

A recursive function enables fairly easy implementation of this VNDS procedure. In each step, 
each physician with an infeasible schedule tries to transfer a shift (which is problematic because 
it causes an infeasibility) to another physician, who is able to accept it, even if this results in 
an additional infeasibility, and then the infeasibility improvement problem is transferred to 
another physician, and the process is repeated. The steps of this VNDS algorithm are detailed 
in Algorithm 7.3. 

Step 0 Initialize 𝑁𝑁𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟 = 0,𝑘𝑘 = 0; 
Step 1 𝑁𝑁𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟 = 𝑁𝑁𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟 + 1; 
 𝑘𝑘 = 𝑘𝑘 + 1; 
 if 𝑁𝑁𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟 > 𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑉𝑉𝑁𝑁𝐷𝐷 then End; 
 /* Start new iteration to find a new shift-transfer chain */ 
 Compute set 𝑃𝑃𝑄𝑄; 

 if 𝑃𝑃𝑄𝑄 = ∅ then Feasible solution, End; 

 Choose randomly 𝑃𝑃𝑖𝑖 ∈ 𝑃𝑃𝑄𝑄 and shift 𝑆𝑆𝑗𝑗 ∈ 𝑋𝑋𝑖𝑖 causing a constraint infeasibility; 

 𝑆𝑆𝑇𝑇 ← 𝑆𝑆𝑗𝑗; 

 𝑘𝑘 = 0; 
 Go to Step 2; 
Step 2 𝑘𝑘 = 𝑘𝑘 + 1; 
 If 𝑘𝑘 ≤ 𝑚𝑚𝑦𝑦𝑚𝑚𝑜𝑜𝑤𝑤𝑝𝑝𝜆𝜆ℎ𝑆𝑆𝑤𝑤𝑎𝑎𝑟𝑟𝑐𝑐ℎ then /* Begin the exploration of the neighborhood of 

depth k*/ 
  if ∃ 𝑃𝑃ℎ𝑦𝑦𝑦𝑦𝑖𝑖𝑦𝑦𝑖𝑖𝑦𝑦𝑦𝑦 𝑃𝑃𝑖𝑖∗  | 𝑋𝑋𝑖𝑖∗

′ = 𝑋𝑋𝑖𝑖∗ ∪ {𝑆𝑆𝑇𝑇} does not increase the infeasibilities 
of 𝑃𝑃𝑖𝑖∗  then 

   Make definitive all temporal transfers and go to 𝐒𝐒𝐭𝐭𝐒𝐒𝐒𝐒 𝟏𝟏; 
  else if ∃ 𝑃𝑃ℎ𝑦𝑦𝑦𝑦𝑖𝑖𝑦𝑦𝑖𝑖𝑦𝑦𝑦𝑦 𝑃𝑃𝑖𝑖∗  | 𝑋𝑋𝑖𝑖∗

′ = 𝑋𝑋𝑖𝑖∗ ∪ {𝑆𝑆𝑇𝑇}does not increase the value of Q 
then 

   Transfer temporarily shift 𝑆𝑆𝑇𝑇 to 𝑃𝑃𝑖𝑖∗; 
Select shift 𝑆𝑆𝑗𝑗 ∈ 𝑋𝑋𝑖𝑖∗  (𝑆𝑆𝑗𝑗 ≠ 𝑆𝑆𝑇𝑇) that causes constraint infeasibility to 𝑃𝑃𝑖𝑖∗; 

𝑖𝑖 ← 𝑖𝑖∗, 𝑆𝑆𝑇𝑇 ← 𝑆𝑆𝑗𝑗;/* Solving the infeasibility problem is transferred from 𝑃𝑃𝑖𝑖 
to 𝑃𝑃𝑖𝑖∗*/ 
Go to Step 2; 
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else 
Undo the temporally transfers, keeping the initial schedule and go to Step 
1; 

end 
end 

Algorithm 7.3. VNDS Procedure for repairing solutions. It is based on transferring a shift contributing to the 
infeasibility of one physician's schedule to another physician. These transfers of shifts successively involveseveral 
doctors and are repeated several times. 

7.4.2 A network flow optimization problem for balancing the distribution 
of shifts and working hours 

The goal of this optimization procedure is to transfer shifts from physicians with surplus, 
working significantly more than average hours to physicians with slack in that type of shifts, 
and working significantly fewer than average hours. The term “significantly” is used in relation 
to a zone of indifference surrounding the average number of hours worked, which is defined in 
order to stabilize the procedure as it progresses. A physician 𝑃𝑃𝑖𝑖 is considered to have an 
acceptable total of working hours, 𝐻𝐻𝑖𝑖(𝑋𝑋) = ∑ ∑ 𝑎𝑎𝑗𝑗𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆𝐿𝐿

𝑗𝑗=1
𝑇𝑇
𝜆𝜆=1 , in a schedule 𝑋𝑋 when as long as 

it belongs to this interval of indifference. To formalize this idea, for each iteration l of this 
optimization procedure �1 ≤ 𝑙𝑙 ≤ max𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁�, the lower and upper boundaries of the 
indifference interval, 𝐿𝐿𝐻𝐻 and 𝑈𝑈𝐻𝐻 respectively, around the average number of working hours 
are defined as follows: 

𝐿𝐿𝐻𝐻 = 𝜌𝜌𝑟𝑟𝐻𝐻� �1 − �
𝑙𝑙

max𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁
� 𝜀𝜀� (34) 

𝑈𝑈𝐻𝐻 = 𝜌𝜌𝑟𝑟𝐻𝐻� �1 + �
𝑙𝑙

max𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁
� 𝜀𝜀� (35) 

Where 𝜀𝜀 is the factor defining the final window of indifference. For example, 𝜀𝜀 = 0.0015 and 
an average 𝐻𝐻� = 1,750 and a full-time physician (𝜌𝜌𝑟𝑟 = 1); the indifference window is 𝑈𝑈𝐻𝐻 −

𝐿𝐿𝐻𝐻 ≈ 5 ℎ𝑜𝑜𝑚𝑚𝑚𝑚𝑦𝑦. The average 𝐻𝐻� for a full-time physician can be estimated as 𝐻𝐻� =
∑ 𝑜𝑜𝑗𝑗𝑚𝑚𝑗𝑗𝑗𝑗

∑ 𝜌𝜌𝑟𝑟𝑛𝑛𝑟𝑟𝑟𝑟

Given a schedule solution 𝑋𝑋, these two limits classify the physicians into three groups: 

𝑃𝑃𝑇𝑇𝑆𝑆(𝑋𝑋) = {𝑃𝑃𝑖𝑖  | 𝐻𝐻𝑖𝑖(𝑋𝑋) > 𝑈𝑈𝐻𝐻}  

𝑃𝑃𝑅𝑅𝑆𝑆(𝑋𝑋) = {𝑃𝑃𝑖𝑖 | 𝐻𝐻𝑖𝑖(𝑋𝑋) < 𝐿𝐿𝐻𝐻}  

𝑃𝑃𝐼𝐼𝑁𝑁(𝑋𝑋) = {𝑃𝑃𝑖𝑖 | 𝐿𝐿𝐻𝐻 ≤ 𝐻𝐻𝑖𝑖(𝑋𝑋) ≤ 𝑈𝑈𝐻𝐻}  
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The physicians in set 𝑃𝑃𝑇𝑇𝑆𝑆(𝑋𝑋) can transfer shifts, and those in set 𝑃𝑃𝑅𝑅𝑆𝑆(𝑋𝑋) can receive shifts. 
Physicians in the balanced set 𝑃𝑃𝐼𝐼𝑁𝑁(𝑋𝑋) can play an intermediate role by both receiving and 
transferring shifts. This condition for transferring a shift is called the working hours’ condition 
(𝑊𝑊𝐻𝐻𝐶𝐶). 

A physician of type 𝐶𝐶𝑟𝑟 can transfer a shift of a certain type 𝑆𝑆𝑗𝑗 when the number of assignments 
of this type exceeds the theoretical number 𝑍𝑍𝑖𝑖𝑗𝑗 determined in the pre-processing optimization 
phase; and, conversely, a physician can receive a shift of a certain type when the number of 
assignments of this type is below this theoretical figure. In terms of the notation introduced in 
Section 7.2, a physician 𝑃𝑃𝑖𝑖 is allowed to transfer a shift 𝑆𝑆𝑗𝑗 when 𝑧𝑧𝑖𝑖𝐷𝐷𝑐𝑐

∗ > 𝑍𝑍𝑖𝑖𝐷𝐷𝑐𝑐, and a physician 
𝑃𝑃𝑖𝑖 is allowed to receive a shift 𝑆𝑆𝑗𝑗 when 𝑧𝑧𝑖𝑖𝐷𝐷𝑐𝑐

∗ < 𝑍𝑍𝑖𝑖𝐷𝐷𝑐𝑐 for all sets 𝐷𝐷𝑐𝑐 with relevance in the objective 
function and in which shift 𝑆𝑆𝑗𝑗 participates. This shift transfer condition is named the balancing 
shift condition (𝐵𝐵𝑆𝑆𝐶𝐶). 

Building the network structure. The nodes represent physicians, and each arc (𝑖𝑖,𝑘𝑘) represents 
a possible transfer of a shift 𝑆𝑆𝑗𝑗 from physician 𝑃𝑃𝑖𝑖 to physician 𝑃𝑃𝑘𝑘. The physician 𝑃𝑃𝑖𝑖 belongs to 
set 𝑃𝑃𝑇𝑇𝑆𝑆(𝑋𝑋), and 𝑃𝑃𝑘𝑘 belongs to set 𝑃𝑃𝑅𝑅𝑆𝑆(𝑋𝑋) ∪ 𝑃𝑃𝐼𝐼𝑁𝑁(𝑋𝑋), or 𝑃𝑃𝑖𝑖 belongs to set 𝑃𝑃𝐼𝐼𝑁𝑁(𝑋𝑋), and 𝑃𝑃𝑘𝑘 belongs 
to set 𝑃𝑃𝑅𝑅𝑆𝑆(𝑋𝑋). To plot an arc on the graph, both physicians, transferor and transferee, must meet 
the conditions 𝑊𝑊𝐻𝐻𝐶𝐶 and 𝐵𝐵𝑆𝑆𝐶𝐶 defined earlier and the transferee must be feasibly able to work 
this shift. When there exists more than one arc verifying the conditions between a pair of 
physicians, one of them is chosen at random (since it is the case that more than one shift could 
feasibly be transferred from physician 𝑃𝑃𝑖𝑖 to physician 𝑃𝑃𝑘𝑘). Therefore, the network structure is 
built randomly and successive iterations of this procedure provide different networks. 

Assigning demands, capacities, and costs to the network. Nodes representing a physician in 
𝑃𝑃𝑇𝑇𝑆𝑆(𝑋𝑋) have a demand of −1, nodes representing a physician in 𝑃𝑃𝑅𝑅𝑆𝑆(𝑋𝑋) have a demand of +1, 
and nodes representing a physician in 𝑃𝑃𝐼𝐼𝑁𝑁(𝑋𝑋) have a demand of 0 (trans-shipment nodes). 

 The network is expanded by unfolding each node in the set 𝑃𝑃𝐼𝐼𝑁𝑁(𝑋𝑋), into two nodes that are 
connected by an arc. 

All arcs in the network have a maximum capacity of 1 and a minimum capacity of 0.  

Costs:  

- the arcs between a physician in 𝑃𝑃𝑇𝑇𝑆𝑆(𝑋𝑋) and a physician in 𝑃𝑃𝑅𝑅𝑆𝑆(𝑋𝑋) have a cost of -2, 
- the arcs between a physician in 𝑃𝑃𝑇𝑇𝑆𝑆(𝑋𝑋) and a physician in 𝑃𝑃𝐼𝐼𝑁𝑁(𝑋𝑋), or between a physician 

in 𝑃𝑃𝐼𝐼𝑁𝑁(𝑋𝑋) and a physician in 𝑃𝑃𝑅𝑅𝑆𝑆(𝑋𝑋) have a cost of -1, 
- the arcs between nodes representing the same physician in 𝑃𝑃𝐼𝐼𝑁𝑁(𝑋𝑋) have a cost of 0. 

Figure 7.3 shows a simple example of a flow network with 3 physicians in set 𝑃𝑃𝑇𝑇𝑆𝑆(𝑋𝑋), 3 
physicians in set 𝑃𝑃𝐼𝐼𝑁𝑁(𝑋𝑋), and 2 physicians in set 𝑃𝑃𝑅𝑅𝑆𝑆(𝑋𝑋). 
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Figure 7.3. Example of work-flow network. Physicians 1, 2 and 3 can transfer one shift; physicians 4, 5 and 6 can 
receive and transfer one shift, and physicians 7 and 8 can receive one shift. 

Solving the network flow problem. The problem is solved by using an algorithm to find the 
minimum-cost feasible flow. The resulting networks are small in size and can be solved quickly 
by efficient algorithms such as Network Simplex, Out of Kilter, Cycle Canceling, or Successive 
Shortest Path (see [249]). Our implementation uses a successive shortest path algorithm, as 
described in [250]. After network optimization, each physician can transfer and receive, at 
most, one shift. For this reason, this optimization step is repeated max𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁 times. In each 
iteration, the limits that define the partition of physicians into sets 𝑃𝑃𝑇𝑇𝑆𝑆(𝑋𝑋), 𝑃𝑃𝑅𝑅𝑆𝑆(𝑋𝑋), and 𝑃𝑃𝐼𝐼𝑁𝑁(𝑋𝑋) 
are modified, starting with small values, which are gradually increased. Any fluctuation of the 
zone of indifference between two values contributes to the variability of the created networks 
and the stabilization of the shift transfers as the algorithm progresses.  

Consecutive iterations of this procedure lead to different networks, which gradually improve 
the balancing of shifts and working hours. When this NFO phase is iterated with the VNDS 
algorithm because the solution is still infeasible, the NFO helps the VNDS algorithm by 
providing new starting solutions from which to search for good shift transfer chains (as in a 
shaking procedure) and also helping to redress any imbalance in the shift distribution that may 
be introduced due to the application of VNDS.
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Chapter 8  Computational analysis 

This section reports the results of the empirical assessment of the algorithm presented in 
previous Chapter 7. Its practical effectiveness is tested in Section 8.1 by solving the problem 
of scheduling all the ER shifts for the year 2018 among 42 physicians in the Hospital Complex 
of Navarre (HCN) in Spain. In addition, in Section 8.2, a set of synthetic scheduling problems 
of varying degrees of difficulty is used to assess the performance of the algorithm under 
different conditions. The results are compared with those obtained by CPLEX. Section 8.3 
investigates the influence of the different phases of the algorithm on the solutions to the 
physician scheduling problem as well as the value of its parameters to obtain good solutions 
while Section 8.4 describes the implementation of the algorithm. Finally the chapter ends with 
the conclusions about this whole part of the thesis (Chapter 6, Chapter 7, and Chapter 8). 

8.1 The physician scheduling problem at the Hospital Complex 
of Navarre (HCN) 

The ED of the HCN, which is more detailed described in Chapter 2, is staffed 24 hours per day 
by 42 board-certified emergency physicians. Currently, each year’s shift schedule is planned 
manually by one of the physicians, who dedicates three weeks’ work to this task. Although, 
this person is an experienced physician and has been in charge of schedule planning for many 
years, the task becomes more complicated every year, because new labor laws create new 
constraints and new categories of workers with different working conditions. This physician 
creates the schedule without any technological/computational support, using only large spread 
sheets, similar to the one shown in Figure 8.1, where there is a row for each physician and a 
column for each day. Starting with simple rotational rules, the scheduler uses his/her own 
heuristics to consecutively balance holiday shifts, weekend shifts, nights, and, finally, regular 
shifts, while also trying, to satisfy a large set of constraints (ergonomic, workload, etc. as 
described in Section 6.3). The resulting schedule violates many conditions as well as provoking 
numerous complaints from other physicians, who consider the schedule unbalanced and 
conditioned by subjective preferences. 
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Figure 8.1. The hospital’s current scheduling method. 

Staff characteristics. The staff comprises 42 physicians who can be grouped into two types: 1) 
a first group G1 of 3 physicians who are exempt from night shifts (denoted by O, A5, G1, G2 
and G3 in Table 8.1) for reasons of age or various other reasons such as work-family 
reconciliation and 2) a second group G2 of 39 physicians who can work any shift.  

Shift characteristics. Shifts differ in length and task characteristics. In the ER of the HCN, 
physicians can be assigned to different areas, such as the resuscitation room, the triage zone, 
the observation zone, or the severe patient circuit. Each of these locations involves different 
tasks and responsibilities. In addition, different numbers and types of shifts are scheduled for 
different types of days. Table 8.1 includes relevant information about shift length, the type of 
shifts worked per type of day, and the number of days off after each shift. A balanced 
distribution of all types of shifts among the physicians must be achieved. 
Table 8.1. Shift coverage requirements by type of day. The shift labels (S1-S19) are those used by the ER of HCN 
(row 2: local description). 

Shifts S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 S11 S12 S13 S14 S15 S16 S17 S18 S19 

Local Description G1 G2 G3 A5 O C B1 B2 B3 A6 A7 A8 A9 OM R OR RF RA RB 

Length in hours 19 19 19 19 20 14 14 14 14 14 14 8 8 8 3 14 14 14 14 

Workdays X X X X X X X X X X X X X X X     

Mondays* X X X X X X X X X X X X X X X   X X 

Holidays X X X X X X    X X     X X   

Days off after 
shift 2 2 2 2 2 1 1 1 1 1 1 0 0 0 0 1 1 1 1 

*Mondays or any other day following a holiday. 
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Constraints. There are some compulsory requirements for individual schedules: two days off 
have to be scheduled after a long shift (19/20 hours) and one day off after a 14-hour-shift; 
schedules must not allow more than two consecutive weekend shifts; or more than 5 holiday 
shifts in a month (these include Saturdays and Sundays); and must allow a four-day gap 
between night shifts. In addition, all physicians’ schedules must fulfill certain balanced 
distribution criteria based on the number of shifts of each type worked yearly (13 balance 
conditions, B1 to B13, defined in Table 8.2), and all these shifts have to be evenly distributed 
over the year. 

Table 8.2. The 13 balancing objectives. 

Balancing 
objective name B1 B2 B3 B4 B5 B6 B7 B8 B9 B10 B11 B12 B13 

Type of shifts 
to be balanced C B1+B2+B3 A6+A7 A8+A9 OM 

(A6+A7)- 

-(OR+RF) 
O A5 G3 G1+G2 DC =

= {holidays} 
DC =
= {weekends} AWH 

Results. The problem was first formulated as a Mixed Integer Linear Programming model (see 
Appendix J) with over 200,000 variables and 70,000 constraints. CPLEX 12.6.2 solved this 
problem on an Intel (R) Xeon (R) CPU E5-1630 v4 3.70GHz and 64.0 GB RAM, and after an 
entire week of execution time, the best-found integer solution provided an objective function 
value of 43 (see Table 8.3), which was obtained after 168 computation hours and remained 
unchanged for 54 hours, until the end of the experiment (see Figure 8.5). However, CPLEX 
was not able to prove optimality of that best-found solution within the computational time limit. 
In fact, it is not optimal, because the G+NO algorithm obtained a solution with a OFV of 15 
within seconds. Figure 8.5 shows the best-found solutions obtained by both CPLEX and the 
G+NO algorithm over time (note that the time axis is expressed in seconds for the G+NO 
algorithm and in hours for CPLEX). 

 
Figure 8.2. CPLEX and G+NO algorithm performance: best found solutions obtained by both over time. 
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To apply the G+NO algorithm, the initial LP problem was first formulated in order to obtain 
the optimum theoretical values of 𝑍𝑍𝑖𝑖𝑗𝑗 for each type of shift and physician group 𝑍𝑍𝑖𝑖𝑗𝑗 , 𝑖𝑖 =
1, 2; 𝑆𝑆 = 1, … ,19, which was solved within seconds. Table 8.3 shows, in row 3, the theoretical 
optimum value for each shift-balancing goal 𝐵𝐵𝑘𝑘,𝑘𝑘 = 1, … ,13 for the two groups of physicians. 
These values guided the constructive phase and the objective function improvement. The 
maximum and minimum numbers of shifts worked by a physician in either group according to 
the solution obtained by CPLEX, in one hour and in one week, are given in rows 4-5, and 6-7, 
respectively; and in rows 8-9 for a G+NO solution obtained after five minutes’ computation 
time. The column for B13 shows the hours worked annually, and it is here that the G+NO 
clearly outperforms CPLEX, thus demonstrating the efficacy of the Network improvement 
phase. The best bound obtained by CPLEX in one week is 4.547. A straightforward analysis 
of the objective function can provide better bounds; superior to those provided by CPLEX (see 
Table 8.3). 

The notion behind this target bound is the following: when the number of shifts participating 
in a balancing goal is not a multiple of the number of possible shift candidates, it is impossible 
for them all to be assigned the same number of shifts of this type, and the balanced solution 
will, therefore, necessarily fall within a range of at least one. However, when the number of 
shifts is a multiple of the number of candidates then an even distribution among all physicians 
is possible. This simple analysis provides a minimum bound for the objective function. In the 
case study, this bound is 11 and G+NO and CPLEX solutions provide a relative gap (36) of 
0.27 and 0.74, respectively. 

 𝐶𝐶𝐴𝐴𝑃𝑃 =
{𝑁𝑁𝑁𝑁𝑂𝑂} − {𝑇𝑇ℎ𝑚𝑚𝑜𝑜𝑚𝑚𝑚𝑚𝐷𝐷𝑖𝑖𝑦𝑦𝑦𝑦𝑙𝑙 𝑏𝑏𝑜𝑜𝑚𝑚𝑦𝑦𝑎𝑎}

{𝑁𝑁𝑁𝑁𝑂𝑂}
 (36) 

The solution obtained with the heuristic obtains the bound for each balancing criterion except 
for B6, which could theoretically obtain a value of 0 but in fact obtains a range of 1; criterion 
B11, which could theoretically obtain a value of 0 and actually obtains a range of 2; and 
criterion B13, which could theoretically obtain a value of 1 and actually obtains a range of 2. 
These differences increase the global bound of 11 by 4 units to an OFV of 15. In conclusion, 
the solution may be non-optimal, but, from a practical point of view it is, nevertheless, a very 
high quality solution compared with those obtained manually by the physician, who accepted 
solutions within a range of 2 or 3 for goals B1-B12 and a range of 20 for goal B13.  
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Table 8.3. Case study results: heuristic algorithm and CPLEX results for balancing the different shift sets (B1-
B13) included in the objective function OFV. Max. and Min. refer to the maximum and minimum number of 
balancing goals involving physicians in the corresponding group. The relative gap (last column is calculated 
relative to the theoretical minimum bound). 

 Obj G1 Obj G2 Obj G1&G2   

Objectives 𝐵𝐵11 𝐵𝐵21 𝐵𝐵31 𝐵𝐵41 𝐵𝐵51 𝐵𝐵61 𝐵𝐵12 𝐵𝐵22 𝐵𝐵32 𝐵𝐵42 𝐵𝐵52 𝐵𝐵62 𝐵𝐵7 𝐵𝐵8 𝐵𝐵9 𝐵𝐵10 𝐵𝐵11 𝐵𝐵12 𝐵𝐵13 𝑁𝑁𝑁𝑁𝑂𝑂 𝑅𝑅𝑚𝑚𝑙𝑙. 𝐶𝐶𝑦𝑦𝑝𝑝 
Theoretical 

bound 17.38 35 32.59 23.33 11.67 0 8 16.15 16.21 10.77 5.38 0 9.36 9.36 9.36 18.72 25 3.57 1750.95 11 0 

CPLEX 
(1hour) 

Max. 174 133 41 0 0 41 51 46 44 62 138 19 52 43 56 70 36 8 2515 
3451 1 

Min. 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 78 

CPLEX 
(1week) 

Max. 25 31 36 23 7 1 8 20 17 12 7 3 10 11 10 21 4 26 1756 
43 0.74 

Min. 25 31 36 23 7 0 7 15 14 10 4 0 8 8 8 17 3 24 1745 

G+NO 
(5min) 

Max. 17 35 33 24 12 0 9 17 17 11 6 1 10 10 10 19 26 4 1752 
15 0.27 

Min. 17 35 33 24 12 0 8 16 16 10 5 0 9 9 9 18 24 3 1750 

8.2 Additional computational experiments 

In this section, the performance and efficacy of the proposed algorithm are evaluated by creating new 
instances in order to obtain problems of different sizes and degrees of difficulty, while still maintaining 
the characteristics of a real problem. From the real case detailed in Section 8.1, two more different-
sized problems with 20 and 30 physicians, respectively, were created by rescaling all the physician and 
shift types included in the real case. These three instances (the real case with 42 physicians and the two 
new rescaled instances with 20 and 30 physicians, respectively) are considered normal-difficulty 
instances, and highlighted in bold in Table 8.4. 

Eight more instances, all for different sized problems, were designed. Four of them are intended 
to increase the solving difficulty by increasing the number of shifts to be assigned in total and 
therefore per physician, thus making the ergonomic constraints more difficult to satisfy. The 
other four scenarios are designed to facilitate the process by decreasing the number of shifts. 
Specifically, the new problems are obtained as follows: 

• The less difficult instances. The number of shifts assigned per day is reduced by one on 
some days to obtain the four new problems: workday morning shift, holiday morning 
shift, workday night shift, and holiday night shift, respectively. Thus, the ratio of 
average working hours (AWH) with respect to the initial scenario is less than one. 

• The more difficult instances. The number of shifts assigned per day is increased by one 
on some days to obtain the four new problems: workday morning shift, holiday morning 
shift, workday night shift, and holiday night shift, respectively. Thus, the ratio of 
average working hours (AWH) with respect to the initial scenario is greater than one. 

The increases and reductions in the number of shifts can also change the number of holidays 
and number of nights worked by a physician, thereby affecting the difficulty of solving the 
problem. Table 8.4 compares the results of all instances provided in 5 minutes by the heuristic 
algorithm and in one hour by CPLEX on the same computer. The table includes the ratios of 
physicians, holidays, worked nights, and annual hours worked per physician in each solved 
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instance with respect to the reference problem. The results provide the objective function value 
(OFV), the range of annual hours worked (explicitly included because of the difficulty involved 
in balancing it) and the gap with respect to the theoretical bound. The best bound obtained by 
CPLEX and the gap with respect to it is also included. The heuristic G+NO algorithm is run 
30 times for 5 minutes each. The heuristic algorithm is a multi-start algorithm, set to generate 
10 solutions and improve them for a total of 30 seconds each (easiest problems with 𝐴𝐴𝑊𝑊𝐻𝐻 <
1), or 5 solutions with an improvement time of 1 minute (harder problems with 𝐴𝐴𝑊𝑊𝐻𝐻 ≥ 1). 
The algorithm returns the best of these 5 or 10 solutions. Table 8.4 presents the results for the 
best of the 30 runs, the average solution and the median solution. The heuristic algorithm 
outperforms CPLEX in all instances: the mean and median of the 30 runs of the heuristic 
algorithm are much lower than the OFV obtained by CPLEX. In all instances, moreover, the 
30 runs of the G+NO algorithm provide a better solution than the CPLEX. 
Table 8.4. Comparison of the solution obtained by the heuristic algorithm in five minutes with the one provided 
by CPLEX in one hour. 

No. of 
Physi-
cians 

(Phys) 

Instances Description 
(standard = 1) Theore-

tical 
Bound 

CPLEX 
performance 

CPLEX 
solution 

G+NO 
performance 

(BEST) 

G+NO 
performance 
(AVERAGE) 

G+NO 
performance 
(MEDIAN) Impro-

vement 
over 

CPLEX 
Holidays 
per Phys 

ratio 

Nights 
per 

Phys 
ratio 

AWH 
ratio OFV AWH Rel. 

Gap 
Best 

Bound 
Rel. 
Gap OFV AWH Rel. 

Gap OFV AWH Rel. 
Gap OFV AWH Rel. 

Gap 

20 0.80 0.85 0.93 7 20 9 0.65 1.87 0.91 8 2 0.13 10.50 3.40 0.33 11 3 0.36 0.60 
20 1.00 0.79 0.91 8 16 7 0.50 4.52 0.72 9 2 0.11 10.27 2.13 0.22 10 2 0.20 0.44 
20 0.80 1.00 0.95 7 15 7 0.53 1.22 0.92 8 1 0.13 9.03 2.10 0.23 9 2 0.22 0.47 
20 1.00 1.00 0.98 9 23 6 0.61 3.88 0.83 10 1 0.10 10.27 1.07 0.12 10 1 0.10 0.57 
20 1.00 1.00 1.00 9 24 6 0.63 3.03 0.87 11 2 0.18 12.20 3.40 0.26 12 3 0.25 0.54 
20 1.00 1.00 1.07 8 41 6 0.80 2.88 0.93 11 3 0.27 14 5.17 0.43 13.5 5 0.41 0.73 
20 1.20 1.00 1.05 9 32 7 0.72 1.34 0.96 12 2 0.25 14.17 4.73 0.36 14 5 0.36 0.63 
20 1.00 1.21 1.09 9 30 7 0.70 1.26 0.96 14 4 0.36 16.67 5.87 0.46 16 5.5 0.44 0.53 
20 1.20 1.15 1.07 9 23 14 0.61 0.75 0.97 11 2 0.18 17.63 6.20 0.49 16.5 5 0.45 0.52 
30 0.86 0.91 0.95 9 67 49 0.87 0.52 0.99 12 2 0.25 14.47 3.13 0.38 14 3 0.36 0.82 
30 1.00 0.87 0.94 12 63 9 0.81 3.18 0.95 14 2 0.14 14.97 3 0.20 15 3 0.20 0.78 
30 0.86 1.00 0.97 9 22 11 0.59 0.32 0.99 12 1 0.25 14.87 2.23 0.39 15 2 0.40 0.45 
30 1.00 1.00 0.97 11 26 13 0.58 1.34 0.95 14 2 0.21 15.53 3.23 0.29 15.5 3 0.29 0.46 
30 1.00 1.00 1.00 11 25 12 0.56 0.63 0.97 13 1 0.15 14.00 1.83 0.21 14 2 0.21 0.48 
30 1.00 1.00 1.03 11 3151 2402 1.00 1.59 1.00 14 1 0.21 15.43 3.03 0.29 15 3 0.27 1.00 
30 1.14 1.00 1.03 9 2355 1932 1.00 1.21 1.00 13 1 0.31 15.47 2.2 0.42 15.5 2 0.42 0.99 
30 1.00 1.13 1.06 11 3077 2379 1.00 1.28 1.00 14 3 0.21 15.30 3.1 0.28 15 3 0.27 1.00 
30 1.14 1.09 1.04 10 3038 2359 1.00 1.06 1.00 14 1 0.29 16.13 1.9 0.38 16 2 0.38 1.00 
42 0.90 0.93 0.97 12 3387 2379 1.00 0.00 1.00 14 1 0.14 15.53 2.83 0.23 16 3 0.25 1.00 
42 1.00 0.91 0.96 11 3352 2427 1.00 0.00 1.00 15 3 0.27 16.27 3.30 0.32 16 3 0.31 1.00 
42 0.90 1.00 0.98 12 3309 2379 1.00 0.00 1.00 14 1 0.14 15.67 1.73 0.23 16 2 0.25 1.00 
42 1.00 1.00 0.97 11 3129 2379 1.00 0.00 1.00 14 3 0.21 15.67 3.23 0.30 16 3 0.31 1.00 
42 1.00 1.00 1.00 11 3451 2437 1.00 0.00 1.00 15 1 0.27 16.43 1.87 0.33 16 2 0.31 1.00 
42 1.00 1.00 1.02 11 3516 2437 1.00 0.00 1.00 14 2 0.21 16.77 3.00 0.34 17 3 0.35 1.00 
42 1.10 1.00 1.01 13 3453 2379 1.00 0.00 1.00 16 3 0.19 17.47 3.50 0.26 18 3 0.28 1.00 
42 1.00 1.09 1.04 10 3292 2379 1.00 0.00 1.00 14 2 0.29 15.47 3.53 0.35 16 4 0.38 1.00 
42 1.10 1.07 1.03 12 3414 2413 1.00 0.00 1.00 15 2 0.20 16.60 2.93 0.28 17 3 0.29 1.00 
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Observe that, in problems with 20 physicians and fewer/weaker constraints (first four 
scenarios), the best G+NO solution is only one unit’s distance from the theoretical bound, and 
in all scenarios this distance is less than or equal to 4, except in one where it is 5. As already 
mentioned, these results are very good from a practical point of view, since they considerably 
improve the manually designed schedules which were not feasible and had wider-ranging 
balancing criteria. 

The quality of each solution is assessed by the gap (36) with respect to the bound calculated 
from the theoretical analysis, which is included in Table 8.4. Column of improvement over 
CPLEX is calculated similarly (37): 

 Improvement =
{𝐶𝐶𝑃𝑃𝐿𝐿𝐸𝐸𝑋𝑋 𝑁𝑁𝑁𝑁𝑂𝑂} − {𝐵𝐵𝑚𝑚𝑦𝑦𝐷𝐷 𝐶𝐶 + 𝑁𝑁𝑁𝑁 𝑁𝑁𝑁𝑁𝑂𝑂}

{𝐶𝐶𝑃𝑃𝐿𝐿𝐸𝐸𝑋𝑋 𝑁𝑁𝑁𝑁𝑂𝑂}
 (37) 

8.3 Parameter tuning 

In this section we investigate the influence of the different phases of the algorithm and the 
value of its parameters for obtaining good solutions to the physician scheduling problem. We 
deal with the capacity of the algorithm first to achieve feasible solutions and then to improve 
the value of the objective function. 

Fine-tuning of parameters to obtain feasible solutions. The constructive phase of the 
algorithm includes feasibility as the first condition for defining the 𝐿𝐿𝑜𝑜𝐶𝐶 from which a physician 
will be selected at random to be assigned a shift. Thus, in problems with no heavy constraints, 
the constructive phase is expected to provide a feasible solution. However, this does not occur 
in problems heavily constrained by strict ergonomic requirements and heavy workloads. To 
illustrate this, we conducted an experiment using the 27 problems solved in the previous 
section, obtaining, for each one, 100 different solutions using only the constructive phase of 
the algorithm. Table 8.5 contains the number of feasible solutions. Clearly, when one extra 
holiday and night shift are added, and there are fewer physicians to share the extra work, the 
problem becomes harder to solve. However, when feasibility is not achieved, the number of 
infeasibilities is low, usually one or two (out of the several tens of thousands of constraints). 
In the case of the 20-physician problem, with one night shift added on every holiday, none of 
the 100 solutions provided by the constructive phase is feasible. In this worst-case scenario, 
the number of infeasibilities could reach around 10-15 (Figure 8.3 shows the distribution of the 
number of unfulfilled constraints in the one hundred solutions of the two worst instances: when 
an extra night shift or an extra day shift are added on holidays for an ED with 20 physicians). 
In instances with no heavy constraints, the constructive phase obtains a feasible solution within 
100 runs.  
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Table 8.5. Percentage of feasible solutions reached in the constructive phase of the G+NO algorithm. 

Instances 

Shifts added 0 +1 +1 +1 +1 -1 -1 -1 -1 

Time-slot  Day Night Day Night Day Night Day Night 

Type of day  Holiday Holiday Work 
day 

Work 
day Holiday Holiday Work 

day 
Work 
day 

Nº. physicians 

20 100 28 0 100 84 100 100 100 100 

30 99 89 19 99 81 100 100 100 100 

40 100 99 92 100 99 100 100 100 100 

 

 

Figure 8.3. Distribution of the number of infeasibilities for the two hardest scenarios (they both have 33379 
constraints). 

To analyze the performance of the feasibility improvement phase, we use the most difficult 
problem that of scheduling shifts for 20 physicians, for which no feasible solution was obtained 
initially. Specifically, we study the influence of two parameters: the number of iterations 
𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑉𝑉𝑁𝑁𝐷𝐷 of the VNDS algorithm; and the number of iterations  
𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁 of the NFO step. The recursion depth parameter is set as 10, which is large enough 
to permit a wide search and small enough to avoid excessive memory consumption (higher 
values can lead to memory allocation problems). 

For each combination of the values 1, 5, 10, 20 and 50 for 𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑉𝑉𝑁𝑁𝐷𝐷 and 1, 5, 25, 50, 100, 
and 200 for 𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁, 50 solutions are obtained by running the algorithm G+NO for 30 
seconds. Thus, 1,500 different solutions are obtained for the same problem. Table 8.6 shows 
the percentage of feasible solutions obtained with each combination of parameters. A two-way 
ANOVA reveals the influence of the value 𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁 in the results (p-value<0,001) but not 
the influence of 𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑉𝑉𝑁𝑁𝐷𝐷 (p_value=0,915). The results of a post-hoc analysis of a one-way 
ANOVA, using only 𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁, and the graph of means (Figure 8.4) reveals that results for 
1 and 5 are much worse and that significantly better results are obtained for values of 25 and 
50 (after which they deteriorate slowly as the number of iterations increases). An explanation 
for these results is the following: given a schedule, the VNDS tries to sequentially find shift-
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transfer chains to repair infeasibilities; but, in heavily constrained problems, it is possible that 
no (or only very few) such chains exist in the current solution. Therefore, it is necessary to 
shake the current solution to obtain a new one and then resume the search for the required 
feasibility-repairing chains. These new schedules are provided by applying the NFO step. The 
results show that too few iterations (1-5) do not create significantly different solutions, whereas 
too large values of 𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁 consume extra computational time. From this analysis, values 
of around 25-50 could be considered appropriate.  

Table 8.6. % of feasible solutions reached by algorithm 4 for each configuration. 

  𝒎𝒎𝒎𝒎𝒎𝒎𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊_𝑽𝑽𝑽𝑽𝑽𝑽 
 1 5 10 20 50 

𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁 

1 4 6 12 10 4 
5 26 24 28 22 14 
25 78 82 82 90 82 
50 80 78 88 72 78 

100 72 74 74 74 84 
200 76 66 62 78 82 

 

 
Figure 8.4. Graph of the mean % of feasible solutions reached by algorithm for each 𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁 parameter value. 

Fine-tuning to obtain good objective function values. Table 8.7 shows the average, median, 
and minimum of the feasible solutions obtained after running the algorithm 50 times for one 
minute for each combination of 𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁 and and 𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑉𝑉𝑁𝑁𝐷𝐷 parameters. We consider in 
the study the values for 𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁 identified as acceptable in Figure 8.4 for obtaining feasible 
solutions (25, 50, 100) and the values 1, 5, 10, 20, 50 for 𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑉𝑉𝑁𝑁𝐷𝐷. The results show no 
statistically significant differences. However, in order to fix parameter values, we choose 25 
for 𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁 and 20 for 𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑉𝑉𝑁𝑁𝐷𝐷, because they provide the lowest mean, median, and 
minimum values. 
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The pooled standard deviation was used to calculate the intervals.

𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟 𝑁𝑁𝑁𝑁𝑁𝑁 

𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟 𝑁𝑁𝑁𝑁𝑁𝑁 



174 Chapter 8. Computational analysis 

 
Table 8.7. Mean, median and minimum values of the 50 iterations of G+NO algorithm. 

MEAN 𝒎𝒎𝒎𝒎𝒎𝒎𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊_𝑽𝑽𝑽𝑽𝑽𝑽 
1 5 10 20 50 

𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁 
25 22.76 21.46 20.93 19.84 20.10 
50 24.12 20.19 25.33 23.82 22.52 

100 20.67 23.82 22.55 20.63 22.28 
       

MEDIAN 𝒎𝒎𝒎𝒎𝒎𝒎𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊_𝑽𝑽𝑽𝑽𝑽𝑽 
1 5 10 20 50 

𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁 
25 19.0 19.0 18.0 17.5 18.0 
50 22.0 19.0 23.0 22.0 21.0 

100 18.5 21.5 21.0 18.0 19.5 
       

MINIMUM 𝒎𝒎𝒎𝒎𝒎𝒎𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊_𝑽𝑽𝑽𝑽𝑽𝑽 
1 5 10 20 50 

𝑚𝑚𝑦𝑦𝑚𝑚𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁 
25 13 13 13 12 13 
50 13 13 13 12 12 

100 12 13 13 12 13 

 

Execution time. Several experiments were conducted to analyze the computational time 
required to obtain good solutions. We found that 1 minute per solution in the multi-start G+NO 
algorithm is enough time to achieve the greatest possible improvement of the solution obtained 
from the constructive phase. Figure 8.5 shows three 1-minute runs of the real instance, the best 
solution in each run being obtained in 13.6, 36.5, and 22.58 seconds. 

 
Figure 8.5. Three examples of 1 minute run of the G+NO algorithm for the real instance. 

Figure 8.6 shows the G+NO performance for the most difficult problem, that is, scheduling 
shifts for 20 physicians, as used in the previous analysis. The upper graphs show three 1 minute 
G+NO runs of the instance, which obtains their best values in 18.191, 32.264, and 56.83 
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seconds. The second graph is a zoom of the previous graph, showing the points at which 
feasibility is recovered, the solutions achieve feasibility in 2.359, 1.512, and 3.641 seconds. 
The lower graph shows the G+NO run that provided the best solution for that instance in 
isolation. It reaches feasibility in 2.359 seconds and its best solution in 18.191 seconds, which 
is a value of 12 (the theoretical solution is 9, and the minimum solution provided by CPLEX 
in an hour is 23). 

 

 
Figure 8.6. G+NO performance for the most difficult problem. 
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8.4 Implementation 

The development of the mathematical models and algorithms underlying a rostering tool will 
involve the following last phase: specification and development of a reporting tool that 
displays solutions and provides performance reports [222]. 

Technical research, which regards similar problems to the one we address in this part of the 
thesis, usually focuses on the mathematical model and neglects the real life implications by 
making simplifications that were needed for the model to perform well. Moreover, in [211], 
[215]’s reviews have found that the number of research papers presenting a model that has been 
applied to a real life problem is very limited.  

Fortunately, [215]’s review states that there is a trend towards an increasing willingness of 
hospitals to provide data and to conduct experimental studies and so most of the papers consider 
real-life data, but they do not implement their algorithms. In total, [215] reports that one third 
of the papers discusses the application of the theoretical model only in a test environment. 
Sometimes it is due to the lack of integration regarding medical staff, ED managers, and 
problem characteristics. Furthermore the software in which the algorithm is programmed 
hinder the implementation if it is commercial or not allowed by the ED’s software system, 
which also entails a very costly and time-consuming endeavor. 

However, the application of served theoretical insights in real life settings is an important part 
of research. It creates a feedback loop between practitioners and scientists by helping to test 
the practicability and validity of the theoretical models and employed modeling assumptions. 
It also helps scientist to test implementability of suggested process modifications to improve 
provided solutions and algorithms. Moreover, this increases medical staff’s willingness to 
cooperate and enables researchers to evaluate the effect of their approach in their daily lives. 

In this case study, the algorithm has been programmed in Java language (version 8), which is 
very useful to develop high performance portable applications for the widest range of possible 
computer platforms. We focused on creating graphical user interfaces and detailed reporting 
tools to allow them to evaluate the solutions and improve their acceptance of the new 
scheduling methods (see Figure 8.7 and Figure 8.8 that shows software screenshots). 
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Figure 8.7. Screenshot of the software displaying the performance reports of the complete provided solution. 
Each column represent some objective defined by medical staff and each row represent a physician. 

 

Figure 8.8. Screenshot of the software displaying the annual shifts assigned to “physician 24” in the provided 
solution (top left corner). 

8.5 Conclusion 

In this and the previous chapters, we have developed a new hybrid algorithm for solving the 
physician scheduling problem. One of the main features of the algorithm is that the number of 
shifts of each type that must be worked by each physician over the whole planning horizon is 
used to define the fitness function which determines his/her probability of being selected from 
the 𝐿𝐿𝑜𝑜𝐶𝐶. In this way, the construction step creates balanced solutions. In addition, the algorithm 
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also prioritizes the construction of feasible solutions by including in the 𝐿𝐿𝑜𝑜𝐶𝐶 physicians who 
can feasibly work the shift being assigned in that step. As a result, the constructive phase 
usually obtains good quality solutions, because even infeasible solutions failing in only a few 
constraints can generally be repaired in the local search step. This step works by combining a 
shift-transfer process to reduce the number of infeasibilities, with a NFO process, to create new 
solutions to continue the search for shift-transfer chains. Once feasibility is achieved, the 
procedure continues with the NFO process alone in order to improve the balance of the solution. 

The results show a clear superiority over ILP for realistically-sized instances; better results 
being achieved in a few minutes, as opposed to the 168 hours (an entire week) taken by CPLEX 
when real instances are solved. The resolution time, which can be up to several minutes in 
relatively large, heavily constrained problems, with little slack for physicians’ working hours, 
can be considered satisfactory for use in practice. The algorithm can be applied for solving any 
scheduling problem that fits the general mathematical model presented in Section 6.3. It can 
handle different types of physicians and different types of shifts, with different types of 
constraints for each pairing (physician type, shift type). Thus, this general framework can fit 
other contexts, such as the scheduling of physicians in other health departments or police and 
fire department staff. In fact, the initial motivation of this research was the design of a general 
physician scheduling algorithm for any hospital department; the ER being the first department 
for which it was tested. 

This study treats ergonomic constraints as hard constraints, although some could also be treated 
as soft constraints by penalizing any deviation beyond the bounds of the objective function. In 
this case, weights could be used in the objective function to prioritize the different objectives 
relative to each other and to other balancing criteria. This extension is quite common and 
straightforward to apply. 

The use of NFO models to search large neighborhoods is one of the main features of this 
methodology. The use of exact methods to solve the network guarantees good, computationally 
economic, solution improvements, given the small size of the network (there are fewer nodes 
than physicians). Furthermore, the randomly constructed network favors the repeated use of 
this improvement step. It is worth mentioning that in the real problem, a narrow range of 
feasible schedules is obtained for annual hours worked (only two hours in the real case, with a 
window width of less than 0.05% of the average hours worked, 1,751), while the best solutions 
obtained by the scheduler at the hospital always provide ranges of more than 20 hours. 
Nevertheless, modeling with networks is a rich field that can be exploited to improve the 
procedure presented here. For example, currently, the costs do not discriminate between arcs, 
but they could express preferences to balance certain types of shifts or certain types of 
physicians. The algorithm is designed to build schedules from scratch but in order for it to be 
completely useful in practice, it should also be able to repair solutions. In this case, it would 
also be used for staff management purposes or for a minimal rearrangement of shifts when a 
physician is unable to attend work for any reason. However, this is a different problem, which, 
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while requiring its own formulation and solution procedures, it can usefully draw on the ideas 
used to develop the G+NO algorithm. This is a current topic of research.
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Chapter 9 Conclusion 

The research carried out in this thesis contributes to improvements in hospital Emergency 
Department (ED) management. The problems it addresses, which were raised by physicians 
working at the HCN ED and members of the q-UPHS research group, reflect the challenges 
currently facing ED managers. Hence, each area of research addressed in this thesis relates to 
the analysis of a real problem requiring a clear understanding of managers’ objectives and real-
life dynamics and complexity. In this practical context, mathematical modelling becomes 
particularly relevant, and the formulated model needs to capture all the key features of such 
complexity, while allowing for their variation and evolution over time. Consequently, 
simulation was selected as the mathematical tool to model the variability and stochasticity of 
the ED environment. The resulting simulation model considers the seasonality of patient arrival 
patterns, differentiated by severity, and mimics patient pathways through the ED, while 
reflecting the resource (including medical staff) consumption required for treatment. This 
mathematical model, presented in Chapter 2, overcomes some of the shortcomings of 
oversimplified queuing theory models and captures some important issues that previous 
simulation models have overlooked. With the help of a 3D animation, physicians were able to 
validate the simulation model for use in analyses aimed at improving patient-flow management. 
Thus, the first specific objective of the thesis, to “Propose a quantitative framework (based on 
simulation models and their combination with optimization procedures) for the analysis of the 
problems involved in the dimensioning and assessment of management policies in hospital 
emergency services” was fulfilled.  

The first problem to be addressed by means of the simulation model in this research was the 
allocation of patients to physicians after triage. This involved developing new allocation rules, 
which proved to outperform the cyclic rule, used in some EDs because of its apparent fairness. 
The superiority of the new rules is demonstrated, first, by using the simulation model, as 
described in Chapter 4. The new allocation rules also take into account a factor usually 
neglected by patient-flow management policies: namely, workload stress in physicians. The 
inclusion of this factor in the assessment of patient management rules was motivated by a 
problem signaled by the physicians; namely, significant differences in the amount of work 
pending for each physician as the workshift advances. These differences, which were due to 
the differing treatment needs of their allocated patients, caused recurrent peaks of stress when 
there was a long queue of patients waiting to be seen (especially for the initial consultation). 
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The lack of a proper method of real-time physician stress measurement led to the research 
carried out in Chapter 3, which was aimed at developing a stress measurement method that 
could be used both as a KPI to assess the performance of patient-flow management policies 
and as a criterion for designing new ones. With this research, the thesis fulfilled the specific 
objective of “developing a methodology for the real-time assessment of pending workload 
stress in physicians”. One of the proposed rules was also implemented in practice. Its 
successful implementation, from initial concept to practical application in the hospital, is 
illustrated in Chapter 4, where it is shown, through the analysis of real data, to outperform the 
current cyclic allocation rule. This research, together with that reported in Chapter 3, achieves 
the goal expressed in specific objective C of this thesis: “to provide new patient-to-physician 
allocation methods with criteria including the workload and stress balancing across physicians 
and patient service quality”. 

The second step in ED patient-flow management is to determine the next patient to be seen 
once the physician has completed the preceding consultation. Decisions must depend on the 
severity and treatment phase of the pending patients. HCN physicians currently manage their 
own pending-patient portfolios, and their strategies vary. This problem is analyzed in Chapter 
5, where it is modeled as a queuing network with priorities and patient re-entry. The simulation 
model enables the analysis of a new type of queuing discipline known as Accumulating Priority 
Queuing with the aim of obtaining the optimal solution (by means of simulation-based 
optimization methodology) and comparing it with those yielded by the pure priority discipline 
followed by physicians in practice. The studied mathematical model allows for access-time 
constraints, patient re-entry and different objective functions. These three aspects have not been 
considered simultaneously in a realistic ED environment in any previous related research, 
either from the queuing theory or the simulation modelling perspective. Therefore, the research 
described in this Chapter 5 accomplishes specific objective D: “to analyze alternatives to pure 
priority rules for managing the queue of patients awaiting initial emergency assessment by a 
physician or reevaluation following tests and/or diagnosis”. 

The second part of the thesis addresses the physician scheduling problem, which is a 
combinatorial optimization problem posing particular difficulty when considering all the 
constraints and objectives observed in practice. Chapter 6 models these constraints and 
objectives using mathematical programming, while Chapter 7 exposes the new problem-
solving heuristic. A key feature of this algorithm is the greedy constructive phase, which is 
guided by solving a linear problem in combination with a simple memory structure. Initial good 
solutions are very quickly obtained, but they can be unfeasible in heavily constrained cases. 
The subsequent improvement phase combines a repair strategy based on variable neighborhood 
search with network optimization. As far as can be ascertained, this is the first proposal for 
such a strategy. A computational analysis and a real-case solution, presented in Chapter 8, 
demonstrate the quality of the solutions and the good behavior of the methodology. The real-
case solution is also used in practice to program a year-long workshift schedule for the 42 
physicians working at the HCN. The research described in chapters 6, 7 and 8 therefore enables 
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the satisfactory fulfillment of objective E of this thesis: “to design efficient algorithms for 
solving the physician workshift assignment problem taking into account all real ergonomic 
constraints while balancing the workload”. 

Thus, the research carried out in this thesis accomplishes the general objective which is “to 
develop methodologies and algorithms enabling operational and tactical decisions to improve 
hospital emergency services, both from the patient and the workforce perspective”. However, 
these problems are not completely solved and new research opportunities and challenges are 
revealed by the results presented. 

Chapter 4 proposes several patient–to-physician allocation methods, but only one, the simplest 
in terms of the information required for its implementation, is fully analyzed. Our purpose is 
to perform a thorough analysis of these policies for optimizing patient waiting times, reducing 
stress in doctors and equitably distributing the workload. These three criteria may conflict with 
one another; especially in a context of different doctor service rates, a situation not considered 
in this thesis. The modeling of individual physician behavior (different work speeds, different 
resilience to stress, etc.) also reveals the need to extend the discrete event simulation model 
and combine it with an agent-based simulation model. 

The analysis of patient queue management policies has focused on pure priority disciplines, 
which only need to consider the severity of each patient, and APQ disciplines, which also take 
into account the time spent waiting by the first patient of each type. Although many EDs 
currently incorporate patient geo-positioning, such data are not taken into account in 
management policy design. Our aim is to investigate new management policies incorporating 
patient severity, treatment phase, gps, length of stay and time spent waiting by all patients in 
the ED, also including the probability that new arrivals are not seen within the target access 
time. The new policies will address continuous healthcare improvement, minimization of LoS, 
overcrowding, and comply with target access times. 

Interaction with the ED physician schedule manager suggests new heuristic approaches to 
solving the scheduling problem. The idea is to develop new algorithms incorporating the 
different objectives and rationalizing their importance. In the case of the greedy algorithm, for 
example, this means creating the solution not by following a sequence of steps, as in the current 
manner, but by achieving an ordered set of goals. This strategy allows for the reiterative use of 
a greedy algorithm in the initial stages of emergency care when new shift assignments are not 
highly constrained, leaving the use of small linear programming problems for the final stages, 
when new assignments are heavily constrained and good feasible ones are hard to find. 
Furthermore, new models and algorithms are required when, instead of balancing the workload, 
the aim is to satisfy the wishes of the physician.
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Appendix A Instructions sheet for the completion of 

the stress questionnaire by the experts 

Description of the stress questionnaire and instruction sheet for completing it provided to expert 
raters in the training session. 
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Appendix B Stress questionnaire example 

In this appendix, we show one of the six stress questionnaires designed. They only differ in the 
set of scenarios provided in each of the four cards to be assessed in terms of stress. 
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Appendix C Consistency with the group index, CGI, 

for inter-respondent consistency analysis 

A group of physicians is defined by those that completed the same questionnaire, and 
consequently, have assessed the stress of the same scenarios. 

 

A group of n physicians is denoted as 𝐴𝐴 = {𝐷𝐷1, … ,𝐷𝐷𝑖𝑖 , … ,𝐷𝐷𝑛𝑛}, the set of m scenarios forming 
the questionnaire answered by the group A as Ω𝐴𝐴 = �𝑆𝑆1, … , 𝑆𝑆𝑗𝑗 , … , 𝑆𝑆𝑚𝑚�   (Ω𝐴𝐴 ⊆Ω) and the 
stress score of a physician i for scenario j 𝑌𝑌𝑖𝑖�𝑆𝑆𝑗𝑗� = 𝑌𝑌𝑖𝑖𝑗𝑗. We construct the matrix, 𝑀𝑀𝑖𝑖, which 
indicates above the main diagonal the stress comparisons between scenarios made by 
physician i. 

𝑀𝑀𝑖𝑖 = [𝑚𝑚𝑖𝑖(𝑆𝑆,𝑘𝑘)]   𝑦𝑦𝑚𝑚𝑦𝑦ℎ 𝐷𝐷ℎ𝑦𝑦𝐷𝐷  ∀𝑆𝑆 ≥ 𝑘𝑘 𝑚𝑚𝑖𝑖(𝑆𝑆, 𝑘𝑘) = 0   𝑦𝑦𝑦𝑦𝑎𝑎   ∀𝑆𝑆 < 𝑘𝑘  𝑚𝑚𝑖𝑖(𝑆𝑆,𝑘𝑘)

= �
1 𝑖𝑖𝑓𝑓 𝑌𝑌𝑖𝑖𝑗𝑗 < 𝑌𝑌𝑖𝑖𝑘𝑘
0 𝑖𝑖𝑓𝑓 𝑌𝑌𝑖𝑖𝑗𝑗 = 𝑌𝑌𝑖𝑖𝑘𝑘
−1 𝑖𝑖𝑓𝑓 𝑌𝑌𝑖𝑖𝑗𝑗 > 𝑌𝑌𝑖𝑖𝑘𝑘

 

 

Another matrix 𝑄𝑄𝐴𝐴 is defined to reflect the consensus of group A of physicians about their 
stress comparisons between scenarios. 

𝑄𝑄𝐴𝐴 = [𝑞𝑞𝐴𝐴(𝑆𝑆,𝑘𝑘)]   𝑦𝑦𝑚𝑚𝑦𝑦ℎ 𝐷𝐷ℎ𝑦𝑦𝐷𝐷  𝑞𝑞𝐴𝐴(𝑆𝑆,𝑘𝑘) = �
1 𝑖𝑖𝑓𝑓 (∑ 𝑚𝑚𝑖𝑖(𝑆𝑆,𝑘𝑘)𝑖𝑖∈𝐴𝐴 ) > 0
0 𝑖𝑖𝑓𝑓 (∑ 𝑚𝑚𝑖𝑖(𝑆𝑆,𝑘𝑘)𝑖𝑖∈𝐴𝐴 ) = 0

−1 𝑖𝑖𝑓𝑓 (∑ 𝑚𝑚𝑖𝑖(𝑆𝑆,𝑘𝑘)𝑖𝑖∈𝐴𝐴 ) < 0   
 ∀ 𝑖𝑖 ≠ ℎ  

 

The agreements of a physician h with the rest of physicians in his/her group A are stored in a 
matrix 𝐶𝐶𝐴𝐴(ℎ), defined from the matrices 𝑀𝑀𝑖𝑖 and 𝑄𝑄𝐴𝐴−ℎ , where 𝐴𝐴−ℎ denotes the set A minus the 
physician h (𝐴𝐴−ℎ = 𝐴𝐴 − {ℎ}): 

𝐶𝐶𝐴𝐴(ℎ) = �𝑔𝑔𝐴𝐴(ℎ)(𝑆𝑆,𝑘𝑘)�   𝑦𝑦𝑚𝑚𝑦𝑦ℎ 𝐷𝐷ℎ𝑦𝑦𝐷𝐷   ∀𝑆𝑆 ≥ 𝑘𝑘   𝑔𝑔𝐴𝐴(ℎ)(𝑆𝑆,𝑘𝑘) = 0   𝑦𝑦𝑦𝑦𝑎𝑎   
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∀𝑆𝑆 < 𝑘𝑘    𝑔𝑔𝐴𝐴(ℎ)(𝑆𝑆,𝑘𝑘) = �
1 𝑖𝑖𝑓𝑓   𝑚𝑚𝑖𝑖(𝑆𝑆,𝑘𝑘) = 𝑞𝑞𝐴𝐴−ℎ(𝑆𝑆,𝑘𝑘),                                    𝑦𝑦𝑜𝑜𝑦𝑦𝑦𝑦𝑜𝑜𝑚𝑚𝑎𝑎𝑦𝑦𝑦𝑦𝑦𝑦𝑚𝑚
0 𝑖𝑖𝑓𝑓   𝑞𝑞𝐴𝐴−ℎ(𝑆𝑆, 𝑘𝑘) = 0 𝑦𝑦𝑦𝑦𝑎𝑎  𝑚𝑚𝑖𝑖(𝑆𝑆, 𝑘𝑘) ≠ 0,          𝑖𝑖𝑦𝑦𝑎𝑎𝑚𝑚𝑦𝑦𝑖𝑖𝑦𝑦𝑖𝑖𝑣𝑣𝑚𝑚𝑦𝑦𝑚𝑚𝑦𝑦𝑦𝑦

−1 𝑖𝑖𝑓𝑓  𝑞𝑞𝐴𝐴−ℎ(𝑆𝑆,𝑘𝑘) = − 𝑚𝑚𝑖𝑖(𝑆𝑆,𝑘𝑘),                                𝑎𝑎𝑖𝑖𝑦𝑦𝑦𝑦𝑜𝑜𝑚𝑚𝑎𝑎𝑦𝑦𝑦𝑦𝑦𝑦𝑚𝑚    
 

 

The values 𝑔𝑔𝐴𝐴(ℎ)(𝑆𝑆,𝑘𝑘) reflect three situations between a physician h and the rest of the group: 

Concordance: physician and the rest of the group assigned the same order to a pair of 
scenarios 𝑆𝑆𝑗𝑗 , 𝑆𝑆𝑘𝑘 from most stressful to less stressful. 

Indecisiveness: one half and the other half of the group members’ assigned the opposite order 
to a pair of scenarios 𝑆𝑆𝑗𝑗 , 𝑆𝑆𝑘𝑘 from most stressful to less stressful. Physician h would break the 
tie among the rest of the group physicians. 

Discordance: physician and the rest of the group assigned the opposite order to a pair of 
scenarios 𝑆𝑆𝑗𝑗 , 𝑆𝑆𝑘𝑘 from most stressful to less stressful. 

 

Finally, the consistency with the group index, CGI, taking into consideration the number of 
concordances (𝐶𝐶 = ∑ 1{𝑔𝑔𝐴𝐴(ℎ)(𝑗𝑗,𝑘𝑘)=1}𝑗𝑗,𝑘𝑘 ), discordances (𝐷𝐷 = ∑ 1�𝑔𝑔𝐴𝐴(ℎ)(𝑗𝑗,𝑘𝑘)=−1�𝑗𝑗,𝑘𝑘 ), and 

indecisiveness (𝐶𝐶 = ∑ 1{𝑔𝑔𝐴𝐴(ℎ)(𝑗𝑗,𝑘𝑘)=0}𝑗𝑗,𝑘𝑘 ) in the matrix 𝐶𝐶𝐴𝐴(ℎ) is defined as: 

 

𝐶𝐶𝐶𝐶𝐶𝐶𝐴𝐴(ℎ) =
(𝐶𝐶 − 𝐷𝐷)

(𝐶𝐶 + 𝐷𝐷 + 𝐶𝐶)
 

 

An “inconsistent rater” – who should be excluded for the study – is a rater whose CGI is 
below a certain limit 𝐿𝐿𝑙𝑙 ∈ ℝ. In this study, we consider 𝐿𝐿𝑙𝑙 = 0.25. 



 

Appendix D Instructions sheet for the completion of 

the workload completed questionnaire by the 

experts 

Description of the workload completed questionnaire and instruction sheet for completing it 
provided to expert raters in the training session. 
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Appendix E Workload completed questionnaire 

example 
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Appendix F Notation and table of acronyms of Part 

I 

 

Acronym Definition 

General terms 

ED Emergency Department 
KPI Key performance indicator 

CTAS Canadian Triage Acuity Scale 
OFV Objective function value 

SBO Simulation based optimization 

DES Discrete event simulation model 

Management policies 

APQ Accumulative priority queue management policy 

APQ-h Accumulative priority queue with a finite horizon management policy (an 
extension of the normal APQ) 

PP Priority points 

𝛽𝛽1𝑖𝑖 Rate at which patients of class i who are waiting for the first consultation 
accumulate PP 

𝛽𝛽2𝑖𝑖 Rate at which patients of class i who are waiting for the second consultation 
accumulate PP 

PR Pure priority rule 

FCFS First come first served management policy 

FIFO First in first out management policy 
PR-1C 1st Consultation pure priority rule 
PR-2C 2nd Consultation pure priority rule 
PR-AI The acuity index pure priority rule 
PR-HN The rule which is used by the majority of the medical stuff in the HCN 
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Key performance indicators 

APT Arrival to provider time (“door to doc”) 

LoS Length of stay 
TWT Total waiting time 

Classes of patients 

1C Patients waiting for the first consultation 

2C Patients waiting for the second consultation 

HP High-priority patients 

MP Medium-priority patients 

LP Low-priority patients 

1C-HP High-priority patients waiting for the first consultation 

1C-MP Medium-priority patients waiting for the first consultation 

1C-LP Low-priority patients waiting for the first consultation 

2C-HP High-priority patients waiting for the second consultation 

2C-MP Medium-priority patients waiting for the second consultation 

2C-LP Low-priority patients waiting for the second consultation 

P3 Priority 3 patients 

P4 Priority 4 patients 

P5 Priority 5 patients 

Scenario factors and levels 

F1 ED congestion level. It is the average occupation rate, ρ, 𝑓𝑓1 = {90%, 95%} 

F2 Arrival (𝜆𝜆(𝐷𝐷)) seasonality, 𝑓𝑓2 = {𝑇𝑇0, 𝑇𝑇𝑚𝑚,𝑇𝑇𝑝𝑝} 
F3 Mix of patients, 𝑓𝑓3 = {𝐵𝐵0,𝐵𝐵3,𝐵𝐵4,𝐵𝐵5} 
T0 Constant arrival rate of patients λ(t) 

Tu Triangular pattern for the arrival rate λ(t), with a peak at 11:30 a.m. and a 
ratio of (λmax − λmin)/λmin = 0.5. It extends the triangular shape across the 
entire time range 

Tp Triangular pattern for the arrival rate λ(t), with a peak at 11:30 a.m. and a 
ratio of (λmax − λmin)/λmin = 0.5. It only applies the triangular shape in the 
time range [10:00, 13:00], with the arrival rate out of this range being 
constant 

B0 Equilibrated. Balanced distribution among all types of patients (1/3 of P3, 
1/3 of P4 and 1/3 of P5) 
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B3 Biased mix of patients towards priority 3 patients (50% of P3, 25% of P4 
and 25% of P5) 

B4 Biased mix of patients towards priority 4 patients (25% of P3, 50% of P4 
and 25% of P5) 

B5 Biased mix of patients towards priority 5 patients (25% of P3, 25% of P4 
and 50% of P5) 





 

Appendix G Assessment surveys for Chapter 4 pilot 

test 

This appendix presents the survey used to assess the outcome of the pilot testing of the new 
allocation rule in the HCN previously evaluated by means of simulation (Chapter 4) 
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Appendix H Additional numerical results of Chapter 

5 

Table 9.1 displays each scenario detailed results by disclosing the value for every KPI 
considered: the policy applied is in first column, the objective function value is in second 
column, the time target objectives values for P3, P4, and P5 priority patients are in columns 
third (𝐸𝐸(𝑋𝑋3)), fourth (𝐸𝐸(𝑋𝑋4)) and fifth (𝐸𝐸(𝑋𝑋5)) respectively, the APT for P3, P4, and P5 are in 
sixth (𝐸𝐸(𝜏𝜏5)), seventh (𝐸𝐸(𝜏𝜏4)), and eighth (𝐸𝐸(τ5)) columns and the TWT for P3, P4, and P5 
patients who need two consultations are in ninth (𝐸𝐸(𝜏𝜏3 + 𝜈𝜈3)), tenth (𝐸𝐸(𝜏𝜏4 + 𝜈𝜈4)), and eleventh 
(E(τ5 + 𝜈𝜈5)) respectively. The last two columns are the description of each scenario and the 
improvement of the objective function value with respect to the best Pure Priority Rule. 

Queue 
Discipline Obj 𝐸𝐸(𝑋𝑋3) 𝐸𝐸(𝑋𝑋4) 𝐸𝐸(𝑋𝑋5) 𝐸𝐸(τ3) 𝐸𝐸(τ4) 𝐸𝐸(τ5) 𝐸𝐸(τ3

+ 𝑣𝑣3) 
𝐸𝐸(τ4
+ 𝑣𝑣4) 

𝐸𝐸(𝜏𝜏5
+ 𝜈𝜈5) Scenario 

APQ-h 
improve-

ment 
PR-AI 106.15 0.00 <0.01 0.02 2.06 4.44 17.99 4.88 12.08 68.84 

F1: 90%; 
F2:T0; 
F3: B0 

0% 
 

PR-1C 145.03 0.00 <0.01 <0.01 2.10 3.24 6.52 18.01 33.27 68.69 
PR-2C 75.27 <0.01 <0.01 0.06 3.87 7.80 30.90 5.81 10.01 33.50 
PR-HN 80.72 0.00 0.01 0.06 2.00 8.18 31.25 4.88 11.61 35.61 
APQ-h 75.28 <0.01 <0.01 0.06 3.47 7.79 30.99 5.63 9.90 34.23 
PR-AI 107.83 <0.01 0.01 0.05 2.34 7.71 26.39 6.59 19.91 79.42 

F1: 90%; 
F2:T0; 
F3: B3 

0% 
PR-1C 161.07 <0.01 <0.01 <0.01 2.38 4.16 7.39 22.88 46.64 78.84 
PR-2C 82.13 <0.01 0.03 0.10 4.71 11.85 38.40 6.78 14.22 41.17 
PR-HN 88.00 <0.01 0.04 0.10 2.30 12.73 39.29 6.46 18.17 45.72 
APQ-h 82.44 <0.01 0.03 0.10 4.21 12.03 38.55 6.46 14.86 42.66 
PR-AI 103.00 0.00 <0.01 0.05 1.97 4.30 24.53 4.47 14.45 75.83 

F1: 90%; 
F2:T0; 
F3: B4 

0% 
PR-1C 145.25 0.00 <0.01 <0.01 1.99 3.40 7.51 17.25 35.15 75.19 
PR-2C 76.10 <0.01 <0.01 0.09 3.51 8.11 36.10 5.41 10.34 38.43 
PR-HN 81.32 0.00 0.01 0.09 1.92 8.33 36.36 4.44 11.31 39.82 
APQ-h 76.11 <0.01 <0.01 0.09 3.25 8.10 35.99 5.37 10.20 39.02 
PR-AI 113.35 0.00 <0.01 <0.01 1.89 3.09 9.91 4.29 7.29 57.48 

F1: 90%; 
F2:T0; 
F3: B5 

0% 
PR-1C 136.58 <0.01 0.00 <0.01 1.91 2.55 5.29 14.77 22.92 57.67 
PR-2C 70.90 <0.01 <0.01 0.03 3.58 5.58 23.45 5.44 7.63 25.97 
PR-HN 74.75 0.00 <0.01 0.03 1.86 5.84 23.78 4.23 8.54 27.22 
APQ-h 70.90 <0.01 <0.01 0.03 3.04 5.67 23.52 4.98 7.63 26.51 
PR-AI 170.52 0.00 <0.01 0.05 2.31 5.44 27.84 5.65 15.23 112.20 

F1: 95%; 
F2:T0; 
F3: B0 

0% 
PR-1C 239.86 0.00 <0.01 <0.01 2.37 3.81 8.53 26.20 53.05 112.32 
PR-2C 113.90 <0.01 <0.01 0.14 4.51 9.93 49.71 6.72 12.34 53.22 
PR-HN 113.72 0.00 0.01 0.14 2.27 10.36 50.22 5.56 14.30 55.79 
APQ-h 113.95 <0.01 <0.01 0.14 4.05 9.88 49.88 6.45 12.27 54.18 
PR-AI 162.56 <0.01 0.02 0.11 2.65 9.78 41.85 7.65 26.42 122.19 

F1: 95%; 
F2:T0; 
F3: B3 

0% 
PR-1C 253.61 <0.01 <0.01 <0.01 2.70 4.94 9.79 32.77 72.76 121.96 
PR-2C 119.22 <0.01 0.05 0.18 5.52 15.32 61.29 7.83 18.18 63.26 
PR-HN 122.38 <0.01 0.06 0.19 2.59 16.43 62.45 7.55 23.25¡ 68.74¡ 
APQ-h 119.65 <0.01 0.05 0.18 4.82 15.60 61.64 7.22 20.12 64.85 
PR-AI 164.32 0.00 <0.01 0.10 2.22 5.29 39.62 5.10 19.67 123.38 

F1: 95%; 
F2:T0; 
F3: B4 

0% 
PR-1C 244.05 <0.01 <0.01 <0.01 2.27 4.03 10.22 26.21 57.31 122.91 
PR-2C 116.62 <0.01 0.01 0.18 4.06 10.65 59.17 6.28 13.16 63.08 
PR-HN 117.40 0.00 0.01 0.18 2.20 10.94 59.72 5.08 14.40¡ 64.75¡ 
APQ-h 116.87 <0.01 0.01 0.18 3.34 10.77 59.44 5.54 13.91 63.53 
PR-AI 187.94 <0.01 <0.01 <0.01 2.15 3.63 14.07 4.88 8.68 94.22 

F1: 95%; 
F2:T0; 
F3: B5 

0% 
PR-1C 226.95 <0.01 0 <0.01 2.17 2.95 6.70 20.76 34.71 94.53 
PR-2C 108.41 <0.01 <0.01 0.07 4.17 6.81 37.24 6.25 9.08 40.10 
PR-HN 107.13 0.00 <0.01 0.07 2.06 7.09 37.62 4.81 10.13 41.64 
APQ-h 108.30 <0.01 <0.01 0.07 3.46 6.90 37.37 5.64 9.06 40.76 
PR-AI 160.97 0.00 <0.01 0.06 2.21 5.25 28.90 5.40 15.26 112.07 

F1: 90%; 
F2:Tu; 
F3: B0 

0% 
PR-1C 230.70 0.00 <0.01 <0.01 2.24 3.63 8.47 27.51 54.68 112.30 
PR-2C 107.42 <0.01 0.01 0.15 4.29 9.58 51.13 6.43 11.92 53.84 
PR-HN 115.53 0.00 0.01 0.16 2.17 10.05 51.71 5.38 13.87 56.25 
APQ-h 107.59 <0.01 0.01 0.15 3.75 9.72 51.30 6.09 12.06 54.69 
PR-AI 158.37 <0.01 0.03 0.13 2.53 9.97 45.46 7.41 27.57 126.60 20% 
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PR-1C 256.74 <0.01 <0.01 <0.01 2.59 4.79 9.89 36.30 78.57 126.67 F1: 90%; 

F2:Tu; 
F3: B3 

PR-2C 244.57 <0.01 0.06 0.21 5.36 15.74 64.96 7.59 18.37 67.47 
PR-HN 251.56 <0.01 0.07 0.21 2.49 16.73 66.37 7.32 23.52 72.77 
APQ-h 126.33 0.02 0.09 0.20 6.77 17.49 57.00 10.71 24.16 62.41 
PR-AI 155.07 0.00 <0.01 0.12 2.12 5.12 41.71 4.84 19.70 122.97 

F1: 90%; 
F2:Tu; 
F3: B4 

0% 
PR-1C 235.59 0.00 <0.01 <0.01 2.15 3.89 10.02 27.59 59.45 122.63 
PR-2C 110.37 <0.01 0.01 0.20 3.90 10.40 61.22 5.97 12.79 64.26 
PR-HN 124.77 0.00 0.01 0.20 2.09 10.64 61.57 4.87 13.98 65.85 
APQ-h 110.94 0.00 0.01 0.20 2.93 10.56 61.15 5.76 13.39 64.77 
PR-AI 179.01 0.00 <0.01 <0.01 2.04 3.53 14.73 4.66 8.36 95.07 

F1: 90%; 
F2:Tu; 
F3: B5 

<1% 
PR-1C 219.59 0.00 0.00 <0.01 2.07 2.82 6.63 22.23 36.82 95.35 
PR-2C 103.02 <0.01 <0.01 0.08 4.00 6.50 37.97 5.99 8.68 40.73 
PR-HN 108.58 0.00 <0.01 0.08 1.98 6.85 38.26 4.61 9.76 42.19 
APQ-h 102.96 <0.01 <0.01 0.08 3.31 6.65 38.05 5.44 8.68 41.34 
PR-AI 247.60 0.00 <0.01 0.13 2.46 6.44 45.17 6.08 19.69 169.50 

F1: 95%; 
F2:Tu; 
F3: B0 

27% 
PR-1C 370.02 0.00 <0.01 <0.01 2.51 4.28 11.19 41.67 86.75 169.89 
PR-2C 1693.08 <0.01 0.02 0.27 4.94 12.10 78.88 7.24 14.77 82.25 
PR-HN 1668.13 0.00 0.02 0.28 2.40 12.59 79.66 6.04 17.01 85.12 
APQ-h 180.28 0.07 0.14 0.20 9.96 22.49 60.53 14.64 28.44 66.53 
PR-AI 522.48 <0.01 0.05 0.22 2.85 13.04 69.98 8.66 37.68 183.51 

F1: 95%; 
F2:Tu; 
F3: B3 

46% 
PR-1C 395.08 <0.01 <0.01 <0.01 2.89 5.74 13.51 53.15 118.20 183.64 
PR-2C 2144.24 <0.01 0.10 0.33 6.22 20.84 97.85 8.65 23.82 99.89 
PR-HN 2152.75 <0.01 0.11 0.33 2.77 22.18 99.53 8.49 30.11 106.13 
APQ-h 213.26 0.05 0.15 0.20 8.40 26.42 63.46 14.93 33.36 126.48 
PR-AI 435.44 <0.01 <0.01 0.21 2.37 6.36 66.02 5.47 27.30 184.93 

F1: 95%; 
F2:Tu; 
F3: B4 

48% 
PR-1C 378.37 <0.01 <0.01 0.01 2.41 4.66 13.97 41.53 93.64 185.01 
PR-2C 2220.07 <0.01 0.03 0.33 4.48 13.52 95.78 6.76 16.22 99.20 
PR-HN 2196.88 0.00 0.03 0.33 2.32 13.87 96.25 5.45 17.70 100.96 
APQ-h 195.82 0.02 0.14 0.20 7.51 24.39 63.95 13.59 31.18 79.45 
PR-AI 282.31 0.00 <0.01 0.02 2.26 4.02 21.80 5.23 9.98 145.47 

F1: 95%; 
F2:Tu; 
F3: B5 

0% 
PR-1C 352.40 0.00 0.00 <0.01 2.30 3.21 8.47 33.03 57.85 145.94 
PR-2C 155.47 <0.01 <0.01 0.17 4.58 7.75 58.18 6.76 10.17 61.02 
PR-HN 153.97 0.00 <0.01 0.17 2.21 8.13 58.57 5.17 11.51 62.75 
APQ-h 155.46 <0.01 <0.01 0.17 3.81 7.81 58.28 6.13 10.13 61.81 
PR-AI 143.36 <0.01 <0.01 0.05 2.17 5.24 26.33 5.27 14.82 97.16 

F1: 90%; 
F2:Tp; 
F3: B0 

0% 
PR-1C 204.91 0 <0.01 <0.01 2.20 3.61 8.68 25.79 48.01 97.34 
PR-2C 98.30 <0.01 0.01 0.13 4.16 9.35 45.18 6.23 11.62 47.68 
PR-HN 105.92 0.00 0.01 0.13 2.10 9.79 45.52 5.23 13.55 49.98 
APQ-h 98.42 <0.01 0.01 0.13 3.63 9.43 45.16 5.92 11.70 48.59 
PR-AI 144.13 <0.01 0.03 0.12 2.51 10.10 40.70 7.30 26.31 111.21 

F1: 90%; 
F2:Tp; 
F3: B3 

0% 
PR-1C 229.65 <0.01 <0.01 <0.01 2.56 4.85 10.12 33.33 68.43 111.05 
PR-2C 107.58 <0.01 0.06 0.18 5.23 15.26 57.27 7.37 17.90 59.70 
PR-HN 115.07 0.00 0.07 0.19 2.47 16.38 58.33 7.22 22.68 64.77 
APQ-h 108.06 <0.01 0.06 0.18 4.62 15.47 57.62 7.00 18.98 61.28 
PR-AI 139.19 0.00 <0.01 0.10 2.05 5.12 36.84 4.72 18.84 106.74 

F1: 90%; 
F2:Tp; 
F3: B4 

0% 
PR-1C 208.15 0.00 <0.01 <0.01 2.10 3.86 10.24 25.17 52.17 106.48 
PR-2C 100.68 <0.01 0.01 0.17 3.79 10.02 53.02 5.81 12.37 56.22 
PR-HN 107.52 0.00 0.01 0.17 2.04 10.27 53.40 4.74 13.52 57.74 
APQ-h 100.84 0.00 0.01 0.17 3.38 10.07 53.09 5.69 12.38 56.82 
PR-AI 157.97 0.00 <0.01 <0.01 2.00 3.44 14.25 4.59 8.27 82.61 

F1: 90%; 
F2:Tp; 
F3: B5 

<1% 
PR-1C 195.89 0.00 0.00 <0.01 2.03 2.77 6.76 21.46 34.10 82.85 
PR-2C 94.14 <0.01 <0.01 0.06 3.92 6.41 33.87 5.84 8.58 36.49 
PR-HN 98.99 0.00 <0.01 0.06 1.95 6.66 34.28 4.54 9.60 37.90 
APQ-h 94.05 <0.01 <0.01 0.06 3.29 6.45 34.01 5.33 8.52 37.09 
PR-AI 225.26 0.00 <0.01 0.11 2.43 6.47 40.28 6.01 19.19 151.76 

F1: 95%; 
F2:Tp; 
F3: B0 

29% 
PR-1C 329.99 0.00 <0.01 <0.01 2.49 4.31 11.22 37.43 75.17 152.09 
PR-2C 894.61 <0.01 0.02 0.24 4.83 11.81 69.95 7.11 14.42 73.48 
PR-HN 879.47 0.00 0.02 0.24 2.39 12.34 70.55 5.92 16.64 76.28 
APQ-h 159.74 <0.01 0.09 0.19 6.24 18.37 59.93 9.91 24.16 65.86 
PR-AI 212.05 <0.01 0.05 0.19 2.80 12.86 61.11 8.45 34.61 163.66 

F1: 95%; 
F2:Tp; 
F3: B3 

13% 
PR-1C 349.20 <0.01 <0.01 <0.01 2.89 5.76 13.36 46.74 101.97 163.77 
PR-2C 1521.67 0.01 0.09 0.29 6.09 19.81 86.10 8.51 22.76 87.91 
PR-HN 1538.46 <0.01 0.10 0.29 2.77 21.06 87.60 8.37 28.66 94.17 
APQ-h 185.39 0.01 0.15 0.20 6.23 24.94 62.74 11.88 30.66 109.67 
PR-AI 216.66 0.00 <0.01 0.18 2.35 6.34 58.32 5.36 26.05 164.97 

F1: 95%; 
F2:Tp; 
F3: B4 

21% 
PR-1C 336.36 0.00 <0.01 0.01 2.40 4.65 13.88 37.17 81.93 164.92 
PR-2C 1544.95 <0.01 0.03 0.29 4.41 13.17 84.17 6.61 15.80 87.77 
PR-HN 1552.25 0.00 0.03 0.29 2.29 13.45 84.71 5.33 17.18 89.57 
APQ-h 171.90 0.02 0.11 0.20 7.69 21.04 61.43 13.00 26.68 68.54 
PR-AI 252.86 0.00 <0.01 0.02 2.26 3.97 20.41 5.14 9.84 129.08 

F1: 95%; 
F2:Tp; 
F3: B5 

0% 
PR-1C 315.32 0.00 <0.01 <0.01 2.28 3.19 8.62 30.71 51.30 129.42 
PR-2C 142.01 <0.01 <0.01 0.14 4.42 7.53 52.07 6.63 9.94 55.01 
PR-HN 140.50 0.00 <0.01 0.14 2.19 7.91 52.50 5.10 11.29 56.67 
APQ-h 142.01 <0.01 <0.01 0.14 3.71 7.65 52.19 6.03 9.95 55.69 

Table 9.1. Summary of the objective and KPI values of each scenario with the different queue disciplines and the 
improvement of the optimal APQ-h with respect to the best pure priority rule. 



 

Appendix I Notation and table of acronyms of Part 

II 

SCHEDULING PROBLEM 

Notation Definition and domain 

PARAMETERS 

𝑁𝑁  Total number of physicians 

𝑃𝑃𝑖𝑖  A physician 𝑖𝑖, 𝑖𝑖 = 1, … , 𝑁𝑁, 

𝑀𝑀  Number of types of physician groups 

𝐶𝐶𝑟𝑟  Group of physicians of type 𝑚𝑚, 𝑚𝑚 = 1, … , 𝑀𝑀, 

𝑦𝑦𝑟𝑟  Number of physicians of type 𝑖𝑖, 𝑖𝑖 = 1, … , 𝑀𝑀, 

ℎ𝑟𝑟  Workable hours per physician in group 𝐶𝐶𝑟𝑟 over the planning horizon 

𝐿𝐿  Number of types of shifts 

𝑆𝑆𝑗𝑗  Group of shifts of type 𝑆𝑆, 𝑆𝑆 = 1, … , 𝐿𝐿 

𝑎𝑎𝑗𝑗  Length (hours) of shifts of type 𝑆𝑆𝑗𝑗 

𝑚𝑚𝑗𝑗  Number of shifts of 𝑆𝑆𝑗𝑗 in the planning period 

𝛾𝛾𝑟𝑟𝑗𝑗  Denotes whether physicians of type 𝑚𝑚 can work a shift 𝑆𝑆𝑗𝑗 (binary) 

𝑇𝑇  Number of days for the planning horizon. The planning horizon usually 
spans a year (𝑇𝑇 = 365) 

𝐶𝐶  Set of shift characteristics 

𝐷𝐷𝑐𝑐  Set of types of shifts with characteristics in set 𝐶𝐶 

#𝐷𝐷  Number of sets of shifts 𝐷𝐷𝑐𝑐 that generate fairness constraints 

𝛿𝛿𝑐𝑐  Minimum number of days between shifts that belong to a set 𝐷𝐷𝑐𝑐 
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𝜈𝜈1𝑐𝑐  Maximum number of shifts in a set 𝐷𝐷𝑐𝑐 assigned to physicians over a time 
window of 𝑤𝑤1𝑐𝑐 days. 

𝑤𝑤1𝑐𝑐  Time window (days) in which there must be no more than a specific 
number of shifts from set 𝐷𝐷𝑐𝑐, 𝜈𝜈1𝑐𝑐 

𝑤𝑤2𝑐𝑐  Time window (consecutive days) that a physician can work a shift 
belonging to set 𝐷𝐷𝑐𝑐 

𝑈𝑈𝑐𝑐  Average number of shifts in 𝐷𝐷𝑐𝑐 per full-time physician able to work such 
shifts 

𝑊𝑊𝑗𝑗  Number of shifts of type 𝑆𝑆𝑗𝑗 that should be worked by each full-time 
physician eligible to do so 

𝛽𝛽  Weighting factor in the objective function of the general covering 
problem 

VARIABLES OF THE SCHEDULING PROBLEM FORMULATED AS INTEGER 
LINEAR PROGRAMMING (ILP) PROBLEM 

𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆  Binary decision variable which determines whether a physician 𝑃𝑃𝑖𝑖 works 
the shift 𝑆𝑆𝑆𝑆 on day 𝐷𝐷 

𝐻𝐻𝑐𝑐𝑈𝑈  Maximum number of hours worked on shifts with characteristics in 𝐶𝐶 by 
a physician over the planning horizon 

𝐻𝐻𝑐𝑐𝐿𝐿  Minimum number of hours worked on shifts with characteristics in 𝐶𝐶 by 
a physician over the planning horizon 

𝐽𝐽𝑐𝑐𝑈𝑈  Maximum number of shifts in set 𝐷𝐷𝑐𝑐 worked by a physician over the 
planning horizon 

𝐽𝐽𝑐𝑐𝐿𝐿  Minimum number of shifts in set 𝐷𝐷𝑐𝑐 worked by a physician over the 
planning horizon 

𝐽𝐽𝑟𝑟𝑐𝑐𝑈𝑈  Maximum number of shifts in set 𝐷𝐷𝑐𝑐 worked by a physician 𝑃𝑃𝑖𝑖, 𝑖𝑖 = 1, … ,
𝑁𝑁, of group 𝐶𝐶𝑟𝑟 

𝐽𝐽𝑟𝑟𝑐𝑐𝐿𝐿  Minimum number of shifts in set 𝐷𝐷𝑐𝑐 worked by a physician 𝑃𝑃𝑖𝑖, 𝑖𝑖 = 1, … ,
𝑁𝑁, of group 𝐶𝐶𝑟𝑟 

VARIABLES OF THE LINEAR PROGRAMMING MODEL FORMULATED TO 
SOLVE THE GENERAL COVERING PROBLEM 

𝑍𝑍𝑟𝑟𝑗𝑗  Decision variables: average number of shifts of type 𝑆𝑆𝑗𝑗 , 𝑆𝑆 = 1, … , 𝐿𝐿, that 
should be worked by a physician of type 𝐶𝐶𝑟𝑟, 𝑚𝑚 = 1, … ,𝑀𝑀, in order to cover 
the demand without exceeding the working hours 
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𝑁𝑁1, 𝑁𝑁2𝑈𝑈, 

𝑁𝑁2𝐿𝐿, 𝑁𝑁3 

Deviation variables minimized in the objective function of the covering 
problem. 

GREEDEY RANDOM CONSTRUCTIVE ALGORITHM 

𝑦𝑦𝑦𝑦ℎ𝑖𝑖𝑓𝑓𝐷𝐷𝑦𝑦(𝐷𝐷)  The number of shifts on the 𝐷𝐷-th day 

𝐿𝐿𝑜𝑜𝐶𝐶(𝑆𝑆, 𝐷𝐷)  List of Candidates who can be assigned shift 𝑆𝑆𝑗𝑗 on day 𝐷𝐷 

𝑧𝑧𝑖𝑖𝑗𝑗∗   Number of shifts of type 𝑆𝑆𝑗𝑗 assigned so far to physician 𝑃𝑃𝑖𝑖 at the moment 
of assignment, on day 𝐷𝐷 

𝑍𝑍𝑖𝑖𝐷𝐷𝑐𝑐  Average number of types of shifts 𝑆𝑆𝑗𝑗 in 𝐷𝐷𝑐𝑐 – the set shift type with 
characteristics in set 𝐶𝐶 - that should be worked by a physician 𝑃𝑃𝑖𝑖 of type 
𝐶𝐶𝑟𝑟 in order to cover the demand without exceeding the working hours 

𝑍𝑍𝐷𝐷𝑐𝑐 = � 𝑍𝑍𝑖𝑖𝑗𝑗
𝑗𝑗∈𝐷𝐷𝑐𝑐

 

𝑧𝑧𝑖𝑖𝐷𝐷𝑐𝑐
∗   Number of shifts of type 𝑆𝑆𝑗𝑗 in 𝐷𝐷𝑐𝑐 – the set of shift types with 

characteristics in set 𝐶𝐶 - assigned so far to physician 𝑃𝑃𝑖𝑖 at the moment of 
assignment, on day 𝐷𝐷 

𝑧𝑧𝑖𝑖𝐷𝐷𝑐𝑐
∗ = � 𝑧𝑧𝑖𝑖𝑗𝑗∗

𝑗𝑗∈𝐷𝐷𝑐𝑐

 

𝑋𝑋𝑖𝑖  Set of shifts assigned to physician 𝑃𝑃𝑖𝑖 in the incumbent solution, that is, 
𝑋𝑋𝑖𝑖 = {shift 𝑆𝑆 of day 𝐷𝐷 s.t. 𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆 = 1} 

𝑔𝑔𝑗𝑗(𝑖𝑖)  Greedy function: this is a non-negative definite function. 

The greater the value of 𝑔𝑔𝑗𝑗(𝑖𝑖) for physician 𝑃𝑃𝑖𝑖, the greater is his/her need 
to work this shift 𝑆𝑆 in order to meet the reference values 𝑍𝑍𝑖𝑖𝑗𝑗 

𝑔𝑔𝑁𝑁𝑗𝑗(𝑖𝑖)  Normalized greedy function 

𝑔𝑔𝐷𝐷𝑐𝑐(𝑖𝑖)   Greedy function for each of the characteristics affected by the assignment 
of shift 𝑆𝑆 on day 𝐷𝐷 

ℊ𝑗𝑗(𝑖𝑖)  Enhanced greedy function 

𝑝𝑝(𝑖𝑖)  The probability of selecting a physician 𝑃𝑃𝑖𝑖 ∈ 𝐿𝐿𝑜𝑜𝐶𝐶(𝑆𝑆, 𝐷𝐷), which depends on 
his/her value in the greedy function: 

𝑝𝑝(𝑖𝑖) =
�𝑔𝑔(𝑖𝑖)�

𝛼𝛼

∑ �𝑔𝑔(𝑖𝑖)�
𝛼𝛼

𝑃𝑃𝑗𝑗∈𝐿𝐿𝑜𝑜𝐶𝐶(𝑗𝑗,𝜆𝜆)
 



236 Appendix I 

 

𝛼𝛼  Elitism factor of the greedy algorithm construction phase 

VNDS: VARIABLE NEIGHBORHOOD DESCENT SEARCH 

𝜌𝜌(𝑋𝑋𝑖𝑖,𝑋𝑋𝑖𝑖′)  Distance between schedule solutions for a physician 

max𝑜𝑜𝑤𝑤𝑝𝑝𝜆𝜆ℎ𝑆𝑆𝑤𝑤𝑎𝑎𝑟𝑟𝑐𝑐ℎ  Maximum depth in the 𝑂𝑂𝑁𝑁𝐷𝐷 

𝑋𝑋′ = ℎ𝑝𝑝𝑘𝑘(𝑋𝑋)  Sequence of 𝑘𝑘 shift transfers in which the receiver in one shift transfer is 
the transferor in the next 

ℵ𝑘𝑘(𝑋𝑋)  A neighborhood of depth 𝑘𝑘 

𝑄𝑄  Maximum number of unfulfilled constraints among all physicians 

𝑃𝑃𝑄𝑄  The set of physicians that reach this maximum number of non-fulfillments 

max𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑉𝑉𝑁𝑁𝐷𝐷  Maximum number of iterations in the 𝑂𝑂𝑁𝑁𝐷𝐷 

NFO: NETWORK FLOW OPTIMIZATION 

𝐻𝐻𝑖𝑖(𝑋𝑋)  Total working hours 

𝐻𝐻�  Average working hours 

max𝑖𝑖𝜆𝜆𝑤𝑤𝑟𝑟_𝑁𝑁𝑁𝑁𝑁𝑁  Total iterations of the NFO procedure 

𝐿𝐿𝐻𝐻  Lower limit of the indifference interval 

𝑈𝑈𝐻𝐻  Upper limit of the indifference interval 

𝜀𝜀  Factor defining the final window of indifference 

𝑃𝑃𝑇𝑇𝑆𝑆(𝑋𝑋)  Group of transferors 

𝑃𝑃𝑅𝑅𝑆𝑆(𝑋𝑋)  Group of receivers 

𝑃𝑃𝐼𝐼𝑁𝑁(𝑋𝑋)  Group in the indifference interval 

𝑊𝑊𝐻𝐻𝐶𝐶  Working hours condition 

𝐵𝐵𝑆𝑆𝐶𝐶  Balance shift condition 



 

Appendix J Integer linear programming model: ED 

physician scheduling problem 

Presentation of the full Integer Linear Programming (ILP) model for the ER physician 
scheduling problem described in Section 6.3, which comprises minimization of the objective 
function (14) subject to set of constraints (3)-(13). 
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min�(𝐻𝐻𝑐𝑐𝑗𝑗
𝑈𝑈 − 𝐻𝐻𝑐𝑐𝑗𝑗

𝐿𝐿 )
#𝐷𝐷

𝑖𝑖=1

+ �(𝐽𝐽𝑐𝑐𝑗𝑗
𝑈𝑈 − 𝐽𝐽𝑐𝑐𝑗𝑗

𝐿𝐿 )
#𝐷𝐷

𝑖𝑖=1

+ ��(𝐽𝐽𝑟𝑟𝑐𝑐𝑗𝑗
𝑈𝑈 −  𝐽𝐽𝑟𝑟𝑐𝑐𝑗𝑗

𝐿𝐿 )
𝑀𝑀

𝑟𝑟=1

#𝐷𝐷

𝑖𝑖=1
𝑆𝑆𝑚𝑚𝑏𝑏𝑆𝑆𝑚𝑚𝑦𝑦𝐷𝐷 𝐷𝐷𝑜𝑜

� 𝑋𝑋𝑖𝑖𝑗𝑗𝜆𝜆
𝑆𝑆𝑗𝑗∈𝑺𝑺(𝜆𝜆)
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Appendix K Linear programming model: general 

covering problem 

Presentation of the full Linear Programming model for solving a general covering problem 
described in Section 7.2 as a basis for the proposed heuristic (Chapter 7). It comprises 
minimization of the deviation variables introduced in constraints (17)-(24). 
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min𝛽𝛽𝑁𝑁1 + (𝑁𝑁2𝑈𝑈 − 𝑁𝑁2𝐿𝐿) + 𝑁𝑁3
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𝑁𝑁𝑗𝑗 ≤ 𝑁𝑁2𝑈𝑈         ∀    𝑆𝑆𝑗𝑗 ∉�{𝐷𝐷𝑐𝑐}
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𝑍𝑍𝑟𝑟𝑗𝑗 − 𝜌𝜌𝑟𝑟𝑊𝑊𝑗𝑗 ≤ 𝑁𝑁3𝜌𝜌𝑟𝑟𝑊𝑊𝑗𝑗         ∀   𝑚𝑚 = 1, … ,𝑀𝑀;     ∀   𝑆𝑆𝑗𝑗 ∈�{𝐷𝐷𝑐𝑐}
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𝑐𝑐
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𝑁𝑁𝑗𝑗          ∀    𝑆𝑆𝑗𝑗 ∉�{𝐷𝐷𝑐𝑐}
𝑐𝑐

𝑁𝑁1,𝑁𝑁2𝑈𝑈,𝑁𝑁2𝐿𝐿 ,𝑁𝑁3 ≥ 0
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