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Abstract. Edge detection is a basic technique used as a preliminary step
for, e.g., object extraction and recognition in image processing. Many of
the methods for edge detection can be fit in the breakdown structure by
Bezdek, in which one of the key parts is feature extraction. This work
presents a method to extract edge features from a grayscale image using
the so-called ordered directionally monotone functions. For this purpose
we introduce some concepts about directional monotonicity and present
two construction methods for feature extraction operators. The proposed
technique is competitive with the existing methods in the literature.
Furthermore, if we combine the features obtained by different methods
using penalty functions, the results are equal or better results than state-
of-the-art methods.
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1 Introduction

Most applications of image processing require, at some stage, automatic identi-
fication of objects on an image. In order to recognize objects, some sort of hints
has to be extracted from the original image. One of the most useful hints is the
boundaries of the own objects, which lead to a vast amount of studies on edge
detection. The main difficulty in edge detection arises from the inherent process
of capturing real word information; even the definition of edge itself is a fuzzy
concept. An edge can be regarded as a location in which a big enough jump
between neighbour pixel intensities happen. However, even this basic, loose def-
inition can be criticized, since it would not consider situations as textures (in
which no edges should be appointed) or hallucinated boundaries [21] (in which
boundaries appear with little or no intensity contrast).

A great variety of edge detection methods are based on gradients, often com-
puted by the convolution of a filter and an image. Examples are Sobel [25],
Prewitt [23] and Canny [9]. Usually considered as a unique operation, edge de-
tection is in fact reached through a sequence of operations.
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These sequence of operations has been studied by several authors, mainly
attempting to develop a standard, multi-phase structure for edge detection [26].
For example, Law et al. [15] proposed a process consisting of three steps: filtering,
detection and tracing. A few years later, Bezdek et al.[4] presented a framework
to encompass a variety of methods in the literature (mainly those based on
gradient extraction), proposing a process made up of four phases: conditioning,
feature extraction, blending and scaling.

Although we stick to the Bezdek Breakdown Structure (BSS) for our ex-
perimentation [16], our work focuses on the feature extraction phase, i.e., the
way in which visual information at each pixel is converted into problem-specific
information. This problem-specific information usually reduces to gradient mag-
nitudes, but we also consider gradient direction. Moreover, we build feature
maps considering information of pixel neighbourhood and fuse all the informa-
tion using Ordered Directionally Monotone (ODM) functions. These functions
are monotonic along different directions over the decreasingly ordered input vec-
tor. Furthermore, we test our method in combination with other techniques using
penalty functions.

The structure of the document is as follows. Section 2 is devoted to explain
some mathematical concepts applied to image processing, as well as some notions
about aggregation theory to introduce ODM functions. Section 3 describes our
proposal. In Section 4 an application to edge detection is presented, along with
some preliminary results. Finally, in Section 5 we expose conclusions and future
work.

2 Preliminaries

Given an image IL, we consider it as a grid of elements, the set of positions being
D = R×C = {1, ..., r}×{1, ..., c}, where r represents the number of rows of the
image, i.e., the height, and c the columns of the image, i.e., the width. Each of
the elements (pixels) in the grid takes values in a scale L. The use of L permits
us to represent different types of images. In the case of binary images pixels will
take values in L = {0, 1}, whereas grey-scale images take L = {0, ..., 255}, and
colour images in the RGB colour space are in the range L = {0, ..., 255}3. This
work has been carried out using grey-scale images.

As this work is related to the theory of aggregation and monotonicity we
expose some of the necessary theory.

Definition 1. [2, 8] A mapping M : [0, 1]n → [0, 1] is an aggregation function if
it is monotone non-decreasing in each of its components and satisfies M(0) = 0
and M(1) = 1, with 0 = (0, . . . , 0) and 1 = (1, . . . , 1)

An aggregation function M is an averaging or mean if

min(x1, . . . , xn) ≤ M(x1, . . . , xn) ≤ max(x1, . . . , xn).

If an aggregation function is averaging then it is idempotent, and the converse
is also true.
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There are many types and classes of aggregation functions in the litera-
ture [13, 3], where some of them have appeared to address specific applications.
In this work we make use of Ordered Weighted Averaging (OWA) operators,
defined by Yager [29].

Definition 2. An OWA operator of dimension n is a mapping Φ : [0, 1]n → [0, 1]

such that it exists a weighting vector w = (w1, . . . , wn) ∈ [0, 1]n with
n∑

i=1

wi = 1,

and such that

Φ(x1, . . . , xn) =
n∑

i=1

wi · xσ(i),

where xσ = (xσ(1), . . . , xσ(n)) is a decreasing permutation on the input x.

Another relevant family of aggregation functions used in this work are Cho-
quet integrals. Particularly, we consider the discrete Choquet integral, related
to fuzzy measures which are defined on finite dimensional spaces.

Definition 3. Let N = {1, 2, . . . , n}. A function m : 2N → [0, 1] is a fuzzy
measure if, for all X,Y ⊆ N , it satisfies the following properties:

(m1) Increasingness: if X ⊆ Y , then m(X) ≤ m(Y );
(m2) Boundary conditions: m(∅) = 0 and m(N) = 1.

Definition 4. [3, 13] Let m : 2N → [0, 1] be a fuzzy measure. The discrete
Choquet integral is the function Cm : [0, 1]n → [0, 1], defined, for each x ∈ [0, 1]n,
by

Cm(x) =

n∑
i=1

(
x(i) − x(i−1)

)
·m
(
A(i)

)
,

where
(
x(1), . . . , x(n)

)
is an increasing permutation on the input x, that is, x(1) ≤

. . . ≤ x(n), with the convention that x(0) = 0, and A(i) = {(i), . . . , (n)} is the
subset of indices of the n− i+ 1 largest components of x.

Monotonicity can sometimes be too restrictive for some applications, exclud-
ing a large family of non-monotonic averaging functions, e.g., the mode (most
frequent element) is not a monotonic function thought it is widely used in cer-
tain applications like image filtering [27]. From this observation Wilkin and Be-
liakov [28] introduced the notion of weak monotonicity.

This definition was later extended into the notion of directional monotonic-
ity [6].

Definition 5. [6] Let #»r = (r1, . . . , rn) be a real n-dimensional vector, #»r ̸= 0. A
function F : [0, 1]n → [0, 1] is #»r -increasing if for all points (x1, . . . , xn) ∈ [0, 1]n

and for all c > 0 such that (x1 + cr1, . . . , xn + crn) ∈ [0, 1]n it holds

F (x1 + cr1, . . . , xn + crn) ≥ F (x1, . . . , xn) .
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That is, a #»r -increasing function is a function which is increasing along the
ray (direction) determined by the vector #»r .

From this concept of directional monotonicity, we come to ordered direc-
tionally monotone functions, where the direction along which monotonicity is
required varies depending on the relative size of the coordinates of the consid-
ered input.

Definition 6. [5] Let F : [0, 1]n → [0, 1] be a function and let #»r ̸= 0. F is
said to be ordered directionally (OD) #»r -increasing if for any x ∈ [0, 1]n, for any
c > 0 and for any permutation σ ∈ Sn with xσ(1) ≥ · · · ≥ xσ(n) and such that

1 ≥ xσ(1) + cr1 ≥ · · · ≥ xσ(n) + crn ≥ 0,

it holds that
F (x+ c #»r σ−1) ≥ F (x),

where #»r σ−1 = (rσ−1(1), . . . , rσ−1(n)).

As we are also building consensus feature images we need to introduce the
concept of penalty functions.

Given a set of n numerical values x1, . . . , xn and q averaging aggregation
functions M1, . . . ,Mq, these functions allow us to select, between the q functions,
the one that provides the least dissimilar output to all the inputs.

Taking into account the previous considerations, in this work we consider the
following definition of a penalty function in a Cartesian product of lattices [7]:

Definition 7. A function P∇ : ([0, 1]n)m×[0, 1]m → [0,∞[ is a penalty function
if, for every X = (x1, . . . ,xm) ∈ ([0, 1]n)m (with xi = (xi

1, . . . , x
i
n) for every

i ∈ {1, . . . ,m}) and for every y = (y1, . . . , ym) ∈ [0, 1]m, it satisfies that:

1. P∇(X,y) ≥ 0;
2. P∇(X,y) = 0 if and only if xi

1 = · · · = xi
n = yi for every i ∈ {1, . . . ,m};

3. P∇ is convex in yi or every i ∈ {1, . . . ,m}.

3 Ordered Directionally Monotone Functions

In this section we present two alternative methods for obtaining ODM functions.
Firstly we propose an affine construction and secondly we use the Choquet in-
tegral.

Theorem 1. Let G : [0, 1]n → [0, 1] be defined, for x ∈ [0, 1]n and σ ∈ Sn such
that xσ(1) ≥ . . . ≥ xσ(n), by

G(x) = a+

n∑
i=1

bixσ(i),

for some a ∈ [0, 1] and
#»

b = (b1, . . . , bn) ∈ Rn such that 0 ≤ a+ b1 + · · ·+ bj ≤ 1
for all j ∈ {1, . . . , n}. Then G is OD #»r -increasing for every non-null vector
#»r such that

#»

b · #»r ≥ 0. In particular, for every non-null vector #»r which is
orthogonal to

#»

b .
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Theorem 1 can be generalized taking into account the following lemma.

Lemma 1. [5] Let φ : [0, 1] → [0, 1] be an automorphism (i.e., an increasing
bijection). Then, if G : [0, 1]n → [0, 1] is an ordered directionally increasing
function, the function φ ◦G is also an ordered directionally increasing function.

Corollary 1. Let p > 0. Let G : [0, 1]n → [0, 1] be defined, for x ∈ [0, 1]n and
σ ∈ Sn such that xσ(1) ≥ . . . ≥ xσ(n), by

G(x) =

(
a+

n∑
i=1

bixσ(i)

) 1
p

, (1)

for some a ∈ [0, 1] and
#»

b = (b1, . . . , bn) ∈ Rn such that 0 ≤ a+ b1 + · · ·+ bj ≤ 1
for all j ∈ {1, . . . , n}. Then G is OD #»r -increasing for every non-null vector #»r

such that
#»

b · #»r ≥ 0.

Proof. It follows from Lemma 1, since the function φ(x) = x
1
p is an automor-

phism.
From Theorem 1, the following two corollaries are straight.

Corollary 2. Let m be a fuzzy measure. Then the Choquet integral

Cm(x) =
n∑

i=1

(
x(i) − x(i−1)

)
·m
(
A(i)

)
,

is OD #»r -monotone for every non-null n-dimensional vector #»r such that, for all
maximal chains A1 ⊃ A2 ⊃ . . . ⊃ An ⊃ An+1 = ∅, it holds that

n∑
i=1

rn−i+1(m(A(i))−m(A(i+1))) ≥ 0,

where m(A(n+1)) = 0.

Proof.
The result follows from Theorem 1 after noting that the Choquet integral

can be rewritten as

Cm(x) =
n∑

i=1

(
m(A(i))−m(A(i−1)))

)
· x(i).

Corollary 3. Let A : [0, 1]n → [0, 1] be an OWA operator associated to the
weighting vector w = (w1, . . . , wn). Then A is OD #»r -increasing for every non-
null vector #»r such that w · #»r ≥ 0.



6 C. Marco-Detchart, C. Lopez-Molina, J. Fernandez, M. Pagola, H. Bustince

4 Experimental study

The aim of this experiment is to test the effectiveness of ODM functions to
detect edges in images. To do so, we propose two possible constructions for
ODM functions to extract feature images and then compare them to well-known
methods in the literature. We also use the feature images obtained to build
consensus solutions by means of penalty functions.

4.1 Proposed method and parameters

Given a grey-scale image Ig the primary step is to normalize the intensity values
to the range [0, 1]. Then we use Algorithm 1 to obtain a feature image by means
of ODM functions.

Algorithm 1 Constructing an edge feature image using ODM functions

Input: A normalized grey-scale image Ig and an ODM function G as in Corollary 1.
Output: A feature image If .
1: for each pixel (x, y) of Ig do
2: Compute the corresponding values by means of the absolute value of the differ-

ence between Ig(x, y) and its 8-neighbourhood;
3: Order the eight values of step 2 in a decreasing way;
4: Apply the ODM function G, with its corresponding a, p values and #»r ,

#»

b vectors
(see Eq. (1)), to the values obtained in step 3;

5: Assign as intensity of the pixel (x, y) of If the value obtained in step 4.
6: end for

As we consider an 8-neighbourhood around each position (x, y) (i.e. neigh-
bours from (x − 1, y − 1) to (x + 1, y + 1)). Each value needed for step 2 is
computed as:

x1 = |a(x,y) − a(x−1,y−1)|, . . . , x8 = |a(x,y) − a(x+1,y+1)|

for each of the values.
In step 3, these differences are ordered in a decreasing way; that is,

xσ(1)
≥ xσ(2)

≥ . . . ≥ xσ(7)
≥ xσ(8)

.

Finally, in step 4 an ODM function is applied to each position in the image, with
different a, p, #»r and

#»

b parameters.
To test our method we propose two expressions to build ODM functions for

step 4 of Algorithm 1. We construct these expressions by means of Corollary 1
using Eq. (1) and choosing specific values for the specified parameters.

Elaborating on the expression in Eq. (1), the parameter p adjusts the bright-
ness level of the feature image. In this way, the image is lighter when p > 1 or
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darker if 0 < p < 1 [11]. Then,we consider #»r = (xσ(1)
, xσ(2)

, . . . , xσ(8)
); and for

the first ODM construction (Case 1 ) we use the following
#»

b :

#»

b =

 xσ(1)

2
8∑

i=1

xσ(i)

,
xσ(2)

2
8∑

i=1

xσ(i)

, . . . ,
xσ(8)

2
8∑

i=1

xσ(i)


Considering the second proposed construction (Case 2 ) we maintain the same

previous parameters and change
#»

b as follows:

#»

b =


∣∣xσ(1)

− xσ(8)

∣∣
2

8∑
i=1

∣∣xσ(i)
− xσ(8)

∣∣ , . . . ,
∣∣xσ(7)

− xσ(8)

∣∣
2

8∑
i=1

∣∣xσ(i)
− xσ(8)

∣∣ , 0


Regarding the value of 1
p we take for both cases 1

p = 0.35 and a = 0. Choosing

a = 0 is because we need G(0) = 0 if and only if it takes this value. And then
having a = 0, G(1) = 1 if and only if b1 + · · ·+ bn = 1. Note that in the case of
a flat region in the image, i.e., when all the pixels have the same value we would
obtain a zero denominator, so we mark directly the corresponding position in
the feature image as not containing an edge.

Figure 1 displays the results obtained by applying our proposed algorithm
with the two alternative construction methods for ODM.

(a) Original (b) Case 1 (c) Case 2

Fig. 1. Original image from BSDS [1] (100007) along with feature images obtained
after applying Algorithm 1 with different ODM functions to original image.

4.2 Experimental framework

In order to analyse the behaviour of our proposal we follow the scheme given by
Bezdek et al.[4], adding the final step to quantify the results of the method:

(S1) Smooth the image applying a Gaussian filter (with σ = 1) to Ig;
(S2) Obtain the feature image with Algorithm 1;



8 C. Marco-Detchart, C. Lopez-Molina, J. Fernandez, M. Pagola, H. Bustince

(S3) Thin the feature image using non-maxima suppression [9];
(S4) Binarize the thinned image using the hysteresis method [22].
(S5) Compare the binary image with ground truth images [10].

As we want to evaluate the performance of ODM functions for edge detection,
we carry out a fair comparison between different edge detection methods focusing
on step (S2). Hence, the remaining steps are homogeneous for all contending
methods.

For comparison purposes, we test our algorithm with the following well-
known edge detection approaches: the Canny method [9] with σC = 2.25 for
the derivative operator, as indicated in [19] ; the Gravitational Edge Detec-
tion (GED) method [17], using the probabilistic sum (GSP ) and the maximum
(GSM

); Fuzzy morphological edge detector [12] with two variants, using the
Schweizer-Sklar [24] t-norm and t-conorm (FMSS) and the minimum and max-
imum (FMMM ).

4.3 Feature image fusion using penalty functions

As a complementary experiment, we consider different feature images obtained
in step (S2), using different edge detection methods, and we build a consensus
feature image based on the concept of penalty function. In this way, the cor-
responding value of a pixel is the least dissimilar to all the proposed feature
images.

For the experimentation we use the following specific expression for the
penalty function:

P∇(X,y) =

m∑
q=1

n∑
p=1

|xq
p − yq|2. (2)

To obtain the consensus feature image we follow the next steps for each pixel
of the images at position (x, y):

1) Take 3 pixels from each feature image in the same position;
2) Apply a series of q aggregation functions, M1, . . . ,Mq;
3) Compute the penalty function given by Eq. (2) over the previous result;
4) Get the values associated to the aggregation providing the smallest value of

Eq. (2)

As an example of this procedure we propose a construction method, Case 3,
where we aggregate a series of five feature images with five aggregation functions.
Concretely we use the minimum, the maximum, the arithmetic mean and two
OWA operators; the first one associated with the quantifier the largest possible
amount and the second one with the quantifier the largest part of. With the
aggregation functions we take the following feature images: Case 1, Case 2,
Canny, FMSS , GSP .
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4.4 Dataset and quantification of the results

For our experiments we have used the images of Berkeley Segmentation Dataset
(BSDS500) [1], specifically 100 natural images from the test set. Associated to
each original image there exist several hand-labelled segmentations denoted as
ground truth images.

As the ground truth are binary images, we are dealing with a classification
problem where each pixel is considered in a confusion matrix as in the Martin et
al. approach [20], where True Positive, False Positive, etc. are considered. The
matching process between the solution obtained and all the human ground-truths
is done comparing pixel-to-pixel in both images. Because of possible spatial
differences we need some tolerance in the comparison, as an edge pixel can
be slightly displaced w.r.t. the ground-truth. Concretely we apply a tolerance
of 2.5% of the image diagonal. This comparison is done using the approach
presented by Estrada and Jepson in [10] and available at [14].

In order to interpret the previous values, we use the following Precision/Recall
measures:

Prec =
TP

TP + FP
, Rec =

TP

TP + FN
, Fα =

Prec ·Rec

α · Prec+ (1− α) ·Rec
.

In this work we stick to the usual value of α = 0.5 for the F -measure according
to [20, 18], representing the harmonic mean between Prec and Rec.

4.5 Experimental results

In Table 1 the results of each edge detection method are indicated displaying
the average of Prec, Rec and F0.5. On the one hand, in terms of Rec we can
infer that we have obtained as good results as the Canny method with Case 1
and Case 2, i.e., not including a lot of false positives. On the other hand, we
may observe that FMSS combines a medium precision with a very high recall,
therefore the majority of edges are detected at the cost of including a high
number of false positives. Considering the overall measure, i.e., F0.5, the results
achieved with Case 1 and Case 2 are competitive with the ones obtained with
the Canny method and gravitational forces. In addition, if we observe Case 3 we
have substantially improved the results and even surpassed the best performer,
namely, the Canny method.

As complementary comparative measure we consider the number of images
being the best and worst performer in terms of F0.5. In Table 2 we show the
results of such a measure and we observe that with our proposed approaches
we obtain a score of 0 in terms of worst result. Moreover, there exist a good
number of best images obtained with Case 1 and Case 2 methods. The result
is comparable to the one obtained with gravitational forces method taking into
account that in some cases this method is the worst performer. Considering Case
3 we can see that we slightly improve the result of best images obtained, taking
them mainly from the Canny method and GSP methods.
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Edge Detection Methods Prec Rec F0.5

Case 1 0.61 0.67 0.61
Case 2 0.60 0.69 0.62
Case 3 0.61 0.73 0.64
FMSS 0.44 0.87 0.57
FMMM 0.70 0.40 0.45
Canny 0.66 0.65 0.63
GSP 0.59 0.71 0.62
GSM 0.60 0.68 0.60

Table 1. Comparison of ODM functions Case 1, Case 2 approach, along with penalty
functions Case 3 respect to Gravitational, Fuzzy Morphology and the Canny method
in terms of Prec, Rec and F0.5.

Edge Detection Method
* FMSS FMMM Canny GSP GSM

3 7 3 7 3 7 3 7 3 7 3 7

Case 1 18 0 15 18 2 76 39 1 18 2 8 3
Case 2 18 0 15 18 2 76 39 1 18 2 8 3
Case 3 29 0 14 18 2 76 35 1 12 2 8 3

Table 2. Comparison of best and worst approaches in terms of F0.5 considering ODM
functions Case 1, Case 2 and penalty approaches with five feature images Case 3.

As a visual demonstration, we show in Fig. 2 the results obtained with all the
approaches considered in our experiments. As we can easily observe, the binary
edges given by each approach are different, some of them depict more edges than
others, giving more information but taking less care of false positives; therefore
one approach can provide a better solution for a specific problem than other
edge detection method.

5 Conclusion

We have take a novel approach to edge detection using ODM functions. Given
a neighbourhood we have measured the changes of intensity around each pixel
taking into account the direction defined by the intensity variation vector, or-
dered in a decreasing way. Such functions are proven effective to determine the
existence of an edge. Furthermore, using different ODM functions to obtain fea-
ture images and considering F0.5 measure, we can conclude that the proposed
methods are very competitive in comparison with the Canny method and gravi-
tational forces, outperforming the Fuzzy Morphology approach. Moreover, if we
use penalty functions to build a consensus feature image, we get the best value of
the F0.5 measure, overtaking the Canny method. However, regarding the number
of images for which our methods get the best or the worst result, we see that,
using penalty functions, the Canny method is the best method for more images,
but our method provides the best result regarding worst count. Also, we would
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Case 1 Case 2 Case 3 Canny

FMSS FMMM GSP GSM

Fig. 2. Binary image obtained with ODM functions and penalty functions (Case 1,
Case 2, Case 3), Canny, Fuzzy Morphology (FMSS , FMMM ) and Gravitational forces
(GSP , GSM ).

like to stress the simplicity of our method, in particular when the feature image
is built using the expression in Eq. (1).

Regarding future research lines, we consider studying more possible values
for the proposed parameters and optimize them, in order to confirm this prelim-
inary results, and to analyse the spatio-temporal complexity of the algorithm in
relation with other edge detection algorithms.
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