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1 Introduction

It is well known that the interest of interval orders in economics, social sciences
and mathematical disciplines in general is related to the fact that they are not
necessarily transitive binary relations, which, under certain conditions, can be
fully represented by means of pairs of real-valued functions.

It is interesting to look for conditions implying the existence of a continuous
representation of an interval order on a topological space by means of a pair
of real-valued functions. Necessary and sufficient conditions for the existence
of a continuous representation of an interval order on a connected topologi-
cal space were presented by Chateauneuf [1]. Fishburn [2] defined two total
preorders, the so called traces, which are naturally associated to any interval
order on a set. Characterizations of the existence of a continuous representa-
tion of an interval order on a topological space were presented by Bosi et al.
[3, Corollary 4.3] and Bosi et al. [4, Theorem 1], when the traces are required
to be continuous, so that the representing functions turn out to be continuous
utility functions for the traces. Nevertheless, a condition of this kind is not
necessary for the existence of a continuous representation (see, e.g., Bosi et al.
[4, Example 1]).

Necessary conditions for the existence of a continuous representation of an
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interval order, and respectively a characterization of the existence of a contin-
uous representation, when the support set is finite, were presented by Bosi et
al. [5, Proposition 2 and Theorem 6].

In this paper, we provide a characterization in the general case of the ex-
istence of a continuous representation of an interval order on a topological
space, i.e. when neither the representing functions nor the topological space
are required to satisfy any particular assumptions. Such characterization is
based on a suitable continuity assumption of the interval order, called weak
continuity, which was introduced by Bosi [6]. In this way, we generalize all the
previous results on the continuous representability of interval orders, and also
of total preorders, as particular cases. For example, we show that any weakly
continuous interval order on a second countable topological space is contin-
uously representable. This result may be viewed as a slight generalization of
the famous continuous utility representation theorem of Debreu [7], according
to which a total preorder on a second countable topological space admits a
continuous utility representation. In the last section we show that our consid-

erations can be easily generalized to the case of biorders (see Doignon et al.

[8])-

2 Notation and Preliminary Results

An interval order X on an arbitrary nonempty set X is a binary relation on

X which is reflexive and in addition verifies the following condition for all
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z,y, 2z, w e X:
(z 2 2) and (y Sw) = (z Jw) or (y T 2).

An interval order 3 on a set X is total (i.e., for all z,y € X we have that
either x 3 y or y 3 x) and not necessarily transitive (see, e.g., Oloriz et al.
[9]). The drreflexive part of an interval order < will be denoted by < (i.e., for
all z,y € X, z < y if and only if (z = y) and not(y 3 x)).

Fishburn [2] proved that if < is an interval order on a set X, then the
following two binary relations 3* and <X** on X are both total preorders:

r 3y (z3x=223y) for all ze€ X,
r3Mys (y3z=>a32) for all z € X.

Obviously, if = is a total preorder 3 (i.e., 3 is reflexive, transitive and
total), then 3 is an interval order. In this case, we have that I=3*=3**. The
irreflexive parts of 3* and 3** will be denoted by <* and <**.

If R is a binary relation on a set X, then denote by Lgr(z) (Ur(z)) the
lower (upper) section of any element x € X (i.e., for every x € X, Lr(x) =
{y € X : yRz} and Ugr(z) = {y € X : zRy}). If (X, R) is any related set, then
a subset D of X is said to be R-decreasing if Lr(x) C D for every x € D.

We recall that a real-valued function u on a preordered set (X, %) is said

to be increasing if, for all x,y € X,

3y =u(z) <u(y)

Further, a real-valued function v on X is said to be a wutility function for a
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total preorder =X on a set X if, for all z,y € X

z 3y e u(r) <uly).

A pair (u,v) of real-valued functions on X is said to represent an interval

order 3 on X if, for all z,y € X

r 3y u(z) <u(y).

We say that a pair (u,v) of real-valued functions on X almost represents

an interval order X on X if, for all z,w € X,

(z Z3w=u(z) <v(w)) and (z < w = v(z) < u(w)).

It is clear that any representation (u,v) of an interval order = on a set X
is also an almost representation.

An interval order = on a topological space (X, 7) is said to be upper (lower)
semicontinuous if L (x) (U<(x)) is an open subset of X for every x € X. If
= is both upper and lower semicontinuous, then it is said to be continuous .

Let us now recall the definition of weak continuity of an interval order on
a topological space, which was introduced by Bosi [6, Definition 2.1] (see also

Bosi and Zuanon [10]).

Definition 2.1 An interval order =X on a topological space (X, 1) is weakly
continuous if for every x,y € X such that < y there exists a pair (tgy, Uzy) of

continuous real-valued functions on (X, 7) satisfying the following conditions:

(i) (uay,vay) almost represents =;
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(i) vy () < ttay(y)-

The concept of weak continuity described in Definition 2.1 is reminiscent
of the concept of weak continuity of a preorder on a topological space. From
Herden and Pallack [11, Definition 2.3], a (not necessarily total) preorder 3
on a topological space (X, 7) is said to be weakly continuous (see also Bosi and
Herden [12]) if, for every x,y € X such that x < y, there exists a continuous
increasing real-valued function ug, on (X, 7) such that ugy(z) < uay(y).

Tt is clear that if there exists a pair (u, v) of continuous real-valued functions

representing an interval order < on (X, 7), then 3 is weakly continuous.

Definition 2.2 We say that a total preorder 3 on a topological space (X, 7)
is almost upper semicontinuous (almost lower semicontinuous) if there exists a
mapping L% : X — 7 such that, for every x € X, x & L% (z), L% (z) D L<()
and L(L (x) is <-decreasing (respectively, there exists a mapping Ug X =7
such that, for every z € X, x ¢ UY%(x), U%(z) D Ux(z) and U%(x) is

<-increasing).

It is clear that an upper (lower) semicontinuous total preorder on a topo-

logical space (X, ) is almost upper (lower) semicontinuous.

Lemma 2.1 Let 3 be an interval order on a topological space (X, 7). If X is

weakly continuous, then the following conditions hold:

(i) = is continuous;
(if) =* is almost lower semicontinuous;

(iil) Z** is almost upper semicontinuous.
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Proof Let = be a weakly continuous interval order on a topological space
(X, 7).

(i). In order to prove that 3 is continuous, we first show that L. (z) =
{z € X : z <z} is an open subset of X for every z € X. Consider some fixed
x € X, and let z be any element of X such that z < z. Since = is weakly
continuous, there exists an almost representation (u,,v..) of 3 such that
Vz2(2) < ug.(x). Therefore, v (] — 00, u..(z)]) is an open subset of X con-
taining z and contained in L<(z). Indeed, x = u implies that u,.(z) < vy, (u)
for every u € X. Analogously it can be shown that Us(z) = {z € X : z < z}
is an open subset of X for every x € X.

(iii). Now let us show that Z** is almost upper semicontinuous. Analo-
gously it can be shown that =3* is almost lower semicontinuous. Define, for

every x € X,

L@ = U u(-oou@)D

(u,0)EUVE®
where U Vgcstands for the set of all continuous almost representations of =.
It is immediate to check that z & L%..(z), because otherwise there exists a
pair (u,v) € U 2 such that u(z) < u(z). It is easy to show that, for every
r € X, L%.(x) D L<**(x). Indeed, z <** z implies the existence of some
point £ € X such that z X £ < x, so that, from weak continuity of =<, there
exists (Ugz, Vey) € UVZ© with ugg (2) < vex(€) < ugg (), implying 2z € LY. (z).
Finally, since from the above considerations we have that u(z) < u(x) for every
(u,v) € UV2¢, and 2z <** x, the above defined set L%..(x) is <**-decreasing.

~

This consideration completes the proof. O
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The following proposition holds, which reduces weak continuity of a total

preorder (see Definition 2.1) precisely to the notion of continuity.

Proposition 2.1 Let X be a total preorder on a topological space (X, 7). Then

the following conditions are equivalent:

(i) 3 is weakly continuous;

(ii) = is continuous.

~

Proof (i) = (ii). See Lemma 2.1.

(ii) = (i). Let 3 be a continuous total preorder on (X, 7). From Herden and
Pallack [11, Lemma 2.2], for every pair (z,y) € X x X such that < y there ex-
ists a real-valued continuous increasing function g, such that ug, () < Uy (y).
Since it is immediate to check that the pair (ugy, usy) is a continuous almost
representation of <, we have that < is weakly continuous. This consideration

completes the proof. O

3 Continuous Representability

We recall the definition of a scale in a topological space and a lemma, the
proof of which may be found for example in the proof of the lemma on pages

43-44 in Gillman and Jerison [13] (see also Burgess and Fitzpatrick [14]).

Definition 3.1 If (X, 7) is a topological space and S is a dense subset of [0, 1]
such that 1 € S, then a family {G,},cs of open subsets of X is said to be a
scale in (X, 7) if the following conditions hold:

(i) G1 = X;
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(ii) Gy, C G, for every r1,r5 € S such that r1 < 7.

Lemma 3.1 If {G,},cs is a scale in a topological space (X, T), then the for-

mula

u(x)=inf{reS:ze€G,} (zeX)

defines a continuous function on (X, T) with values in [0, 1].

The following characterization of weak continuity of an interval order on a

topological space was proven by Bosi and Zuanon [10, Proposition 3.2].

Proposition 3.1 Let X be an interval order on a topological space (X,T).

Then the following conditions are equivalent:

(i) 3 is weakly continuous;

(ii) For every pair (x,y) € X x X such that x < y there exist two scales
{Gi(zy)}reg and {G:*(zy)}reg in (X,7) such that the family

{(G;(wy),Gi*(wy))}reg satisfies the following conditions:

(a) 2z 2w and w € G imply z € Gy for every z,w € X and
reSs;

() z < w and w € G:*(zy) imply z € Gi(xy) for every z,w € X and
res;

(¢) x € G and y ¢ G for every r €S \ {1}.

We recall that an interval order = on a set X is said to be i.0. separable if

there exists a countable subset D = {d, }nen of X such that for all z,y € X
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with z < y there exist d,,,d,, € D such that z X* d,, < d,, 3** y (see Bosi et
al. [15]). In this case D is said to be an i.0. order dense subset of the set X.

We now present a characterization of the existence of a continuous rep-
resentation of an interval order on a topological space without imposing any

restrictive condition.

Theorem 3.1 Let 3 be an interval order on a topological space (X, 7). Then

the following conditions are equivalent:

(i) There exists a pair of continuous real-valued functions (u,v) on (X,7)
representing 3;

(i) There ewists a countable family {(un,vy)}nen\(oy of pairs of continuous
real-valued functions on (X, 7) with values in [0, 1] almost representing 3
such that for every x,y € X with x < y there exists n € N\ {0} with
un () < un(y);

(iii) 2 is i.0. separable and weakly continuous;

(iv) 3 is i.0. separable and for every pair (x,y) € X x X such that x < y
there exist two scales {Gf«(w)}reg and {G:*(xy)}reg in (X, T) such that the
family {(G':i(gcy)7 G:*(my))}reg satisfies the following conditions:

(a) z 3w andw € G imply z € G for every z,w € X andr € S;
(b) z<w and w € G mmply z € Gy for every z,w € X and r € S;

(c) z € G and y e Gy for every r € S\ {1};

Proof (i) = (ii). Immediate, since there exists a strictly increasing and con-

tinuous function from the real line into 0, 1].
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(il)= (i). It is straightforward to see that the pair of functions (u,v) defined

by u = i% and v = i% is a continuous representation of the interval
order. (ii) = (iii). Bosi and Zuanon [10, Proposition 2.1] actually proved that
it is also the case that the above condition (ii) implies the existence of a con-
tinuous representation (u, v) for the interval order 3. Therefore, condition (iii)
immediately descends.

(iii) = (ii). Since the interval order 3 is i.o.-separable, there exists a count-
able set D C X such that for any = < y there exist d,,,d, € D such that
x 3% dpy < dp 3 y. Since the interval order is weakly continuous, there
exists a (possible uncountable) family {(u;,v;)}:cr of continuous almost rep-
resentations of 3 such that for any pair © < y there is an index i € I such that
v;(x) < u;(y). Let us see that there also exists a countable family {(u;,v;)}jes
of continuous almost representations of X that satisfies those conditions. We
look for a countable set D that extends the initial i.o. order dense set D. For
any x < y there exist d,,,d, € D such that z 3* d,,, < d,, Z** y, so —since
dpm < d,— there exists a pair (Umn, Umn) of continuous almost representations
such that v (dm) < Umn(dy). If it holds that x <* d,,, < d, <** y, then
Umn () < Vnn(dim) < Umn(dyn) < wmn(y) is satisfied, so the strict inequality
also holds true for the pair < y. However, if x ~* d,,, or y ~** d,,, the inequal-
ity Vmn () < Umn(y) may fail to be true. For the sake of convenience, define,
forevery m,n € N,d,, ={z€ X : 2 ~* dp,},and d,, ={z€ X : 2z ~** d,}.
In the case when z ~* d,,,, we distinguish two cases.

(a) If there exists d/, € dy, such that vy, (d),) = max{vm.(z):z €
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dm }, then we shall add d,, to the set D that extends D. Notice that, since
d,, ~* dp < dy, then it holds d,, < d,, too. Dually, if there exists d/ € d,,
such that tmy(d”) = min{umm(2):z € dn  }, then we add d”/ too.

(b) If there is no maximum (case (a)), then there is the supremum of
the set {Upmn(2):z € dp }. Hence, there exists a sequence (d¥, Jpen C dp
such that the corresponding image (v, (d¥,,))ren is strictly increasing (i.e.
Vmn (dL,) < Vmn(d2,,) < -+ < Vmn(dE,,) < ---) and it converges to the supre-
mum. In particular, there is an index ko € N such that v, () < vmn(dX,,)
for every k > ko. In that case, we add all these elements of the sequence
(dF Veen € dpm (so, a countable number of elements) to D. Again, notice
that, since d¥,,, ~* d,, < d,, (for any index k), then it holds d%,, < d,, too, for
every index k. We reason dually with the infimum in case there is no element
d! e d,”" such that wy,(d!) = min{um,(2):z € d,  } (case (a)). In order
to summarize the previous arguments, define, for every pair (m,n) € N x N
such that d,,, < d, (dn,d, € D), for which, therefore, there exists an almost
representation (mn, Umn) of 3 such that vy, (dm) < Umn(dy), the following

subsets D!

mn’

DI of X:

{d\} : V() = max Vpon (A ) if FMAX Oy (A

);

{d* Yren: Hm vpn(dF,) = sup{vmn(2): 2 € d }  otherwise,
k—r+o00
, {d"} 2 U (A7) = min U (dyy ) 3 TN Uy (dy ),

{dF Vren: Hm wpn(dF,) = inf{umn(2): 2 €d, } otherwise .
k——+o0
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Finally, define

N — / "
D=DU U D! U U D"
dm=<dn, dm,dn €D dm<dn, dm,dn €D

in order to immediately realize that D C X is a countable set such that,
for every pair z < y (with x,y € X), there exist d,,,d, € D such that
x 3 dy < dy 3 y, and at the same time there exists a pair of continuous
almost representations (Ummn, Vmn) such that v, (dm) < Umn(dy) as well as
Umn (%) < Vi (dim) < Umn(dn) < Umn(y). Thus we just need those pair of
functions (u;,v;) that distinguish the elements of D, i.e. a countable number

of functions {(wmn, Vmn) }m.nen-
(iii) = (iv). See Bosi and Zuanon [10, Proposition 3.2]
(iv) = (ii). Based on Lemma 3.1 and Proposition 3.1, it is now nearly

immediate to establish this implication. O

Corollary 3.1 Let 3 be a weakly continuous interval order on a second count-
able topological space (X, 7). Then there exists a pair of continuous real-valued

functions (u,v) on (X, T) representing 3.

Proof From Bridges [16, Proposition 2.3] and Lemma 2.1, (i), there exists a

representation (u',v") of the interval order =, so that Theorem 3.1 applies. O

It is now easy to check that Corollary 3.1 generalizes Debreu theorem.

Corollary 3.2 (Debreu theorem) Let 3 be a continuous total preorder on
a second countable topological space (X, 7). Then there exists a continuous

utility function u on (X, T) representing 3.
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Proof From Proposition 2.1, we have that 3 is weakly continuous, so that
it is continuously representable by a pair (u,v) of real-valued functions by
Corollary 3.1. However, from the proof of Proposition 2.1, it is clear that we
can consider u,, = v, for every n € NT in condition (ii) of Theorem 3.1, so

that actually we can take u = v, a continuous utility representation for <. O

Finally let’s see that i.o.-separability is not a necessary condition for the
existence of a continuous almost representation or for weak continuity (of

course, without it a continuous representation cannot exist).

Ezample 3.1 Let 3 be the lexicographic total order defined on X =]0, 1[x]0, 1]:
a <z, Vby,

(a,b) < (x,y) —

a=x, b<uy.

So, (a,b) ~ (x,y), if and only if a = z and b = y. We endow X with the order

topology induced by the lexicographic order.

It is well-known (see Bridges and Mehta [17]) that the lexicographic total
order on the plane fails to be perfectly-separable and, hence, it is not repre-

sentable by means of a utility function u such that (a,b) < (x,y) if and only

if u((a,b) < u((z,y)).
Let m be the projection on the first coordinate, i.e. m((x,y)) = x for any

(z,y) € X. Now, for each r €]0, 1] we define the following function on X:
0, z <,
uf’((xvy)): Yy, + =,

1, r<ua.
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Thus, functions u, (for every r €]0,1[) and 7 give rise to almost represen-

tations of the total order, since they satisfy that

L (a,0) 3 (,y) = v((a, b)) < v((x,9)),

2. (a,0) < (,y) = v((a,b)) < v((z,y)),

where v = w, or v = 7. Moreover, it can be proved that wu, is continuous
(as well as projection m) with respect to the order topology induced by the
lexicographic order. Hence, we conclude that the order is weakly continuous,
since for any two points (a,b) and (x,y) with (a,b) < (x,y) it holds that there
exists a continuous almost representation v satisfying that v((a, b)) < v((z,v))

(in fact, v =7 if a < z and v = u, if a = x).

4 Continuous Representability of Biorders

As a consequence of the study presented before for interval orders, we are
also able to include some results concerning the continuous representability of

biorders. First, we present some key definitions (see Doignon et al. [8]).

Definition 4.1 A binary relation < from A to X is a biorder if it is Ferrers,
that is, for every a,b € A and x,y € X,
(a <) and (b <y) imply (a <y) or (b < z).

As usual, we write © = a whenever =(a < z),a € A, z € X.

Definition 4.2 A biorder < from A to X is said to be representable (as well

as realizable with respect to <; see Doignon et al. [8]), if there exists a pair of
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real-valued functions v: A — R, u: X — R such that a < 2 <= v(a) < u(z),
a€A xeX.

Tt is said to be representable with respect to < (see [8]), if there exists a pair
of real-valued functions v: A — R, u: X — R such that a < z <= v(a) <

u(z),a€ A,z € X.

Furthermore, we may extend the notion of almost representability used for

interval orders to biorders in a natural manner:

Definition 4.3 We say that a pair (v,u) of real-valued functions on A and
X, respectively, almost represents a biorder X from A to X if, for all a € A

and z € X, (x 3 a=u(z) <v(a)) and (a < z = v(a) < u(z)).

Remark 4.1 Notice that the concept of almost representability for biorders is
weaker than the representability with respect to <, as well as weaker than the

representability with respect to <.

The following characterization is known in the literature (see Doignon [8]

as well as Nakamura [18]).

Theorem 4.1 A biorder < from A to X is representable (with respect to <) if
and only if it is jointly dense, that is, there exists a countable set D = A’UX'
(with A" C A and X' C X ) such that for any pair a < x there exist b € A’

and y € X' such that a 3* b <y 3** x.!

Hence, now we may generalize the concept of weakly continuous represen-

tation for biorders.

1 Here, as for interval orders, <*=< o 3% and <**== o0 <.
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Definition 4.4 A biorder < from a topological space (A, 74) to another one
(X, 7x) is weakly continuous if, for every a € A and z € X such that a < z,
there exists a pair (Ugz, Uqr) of continuous real-valued functions on (A, 74)

and (X, 7) (respectively) satisfying the following conditions:

(i) (Vaz,Uaz) almost represents <;

(i) vaz(a) < gy ().

Finally, we present as a corollary the following result, whose proof is re-

duced to a sketch since it is similar to that developed for interval orders.

Theorem 4.2 Let < be a biorder from a topological space (A, 74) to (X, 7x).

Then the following conditions are equivalent:

(i) There exists a pair of continuous real-valued functions (v,u) on (A, 74)
and (X, Tx), respectively, representing < with respect to <;

(i) There ewists a countable family {(vn,un)}nem oy of pairs of continuous
real-valued functions on (A,74) and (X, 7x) (respectively) with values in
[0,1] almost representing < such that for every a € A and x € X with
a < x there exists n € N\ {0} with v,(a) < up(z);

(iii) < is jointly-dense and weakly continuous.

Proof (i) = (ii). Immediate.

(il)= (i). As we did for interval orders, here again the pair of functions (v, u)

o0 o0
defined by u = ) 5% and v = ) 22 is a continuous representation of the
1 1

biorder.

(ii) = (iii). The weak continuity is trivial by (ii). Since (ii) implies (i), and
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this last one implies < to be jointly dense, implication (ii) = (iii) is clear.
(iii) = (ii). Since the biorder is jointly-dense, there exists a countable set
D =AUX (with A C A and X’ C X) such that for any pair a < x there
exist b € A’ and y € X’ such that a 3* b < y 3** x. Since the biorder is
weakly continuous, there exists a (possible uncountable) family {(v;,u;)}ier
of continuous almost representations such that for any pair a < z there is an
index 4 € I such that v;(a) < w;(z). The proof consists on finding a countable
family {(vj,u;)};cs that satisfies those conditions. This is done as for the
case of interval orders, extending the countable set D = A’ U X’ to a bigger
countable one D’ = A’ U X', again distinguishing two cases depending on the
existence of maximum and minimum values.

After the construction of that countable set D’ = A’ U X/, we only need
those pair of functions (v;, u;) that distinguish the elements of A’ from X', i.e.

a countable number of functions {(%mn, Vmn) tm nen- O

5 Conclusions

In this paper, we have presented a characterization of the existence of a pair
of continuous functions representing an interval order on a topological space.
Such result does not utilize any restrictive assumption and it is based on a
concept of continuity, namely weak continuity, which generalizes the classical
continuity of total preorders. In this way, we have generalized all the previous
results concerning both the existence of continuous representations of total

preorders and the existence of continuous representations of interval orders.
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