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Chapter 1

Introduction

1.1 Presentation

When I was studying at the university, I put my learning focus centered in
the most abstract fields of Mathematics. For instance, I paid a particular
attention to commutative algebra, functional analysis and algebraic topol-
ogy. At the end of my master studies, I decided to do a Ph. D. thesis in
Mathematics. I could have continued the path of algebraic topology, but
the application of abstract mathematics to other areas caught my attention.
However, I was sure I wanted to work in Pure Mathematics and not, let us
say, in Physics, Economics or other disciplines in which in spite of Mathe-
matics playing there a decisive role, it is not the keystone or the main clue of
the study. That is, I wanted to study Mathematics in my Ph. D. as the main
topic, not just as a tool or device to be used in other disciplines. For that
reason, I decided to study Mathematical Social Choice. This was mainly
because I was interested in decision making and collective phenomena, thus,
working in Social Choice, I could study Mathematics in a context that I
liked to explore, and it was appealing to me. Even if I use then mathemati-
cal results to understand models in, say, Decision Making or Social Choice,
my starting point and basis will be Mathematics (e.g. Analysis, Topology,
Fuzzy Set Theory, etc.) and the analysis made and the problems studied
could have an interest "per se", disregarding a priori the subsequent appli-
cations. But, of course, the possible applications are welcome and will be
commented then. What I mean and I want to express clearly at this stage
is that the focus and keystone in my study is not the possible set of ap-
plications, but the mathematical results that constitute a theory to model
certain aspects of social choice. Applications will appear at a second stage.
And, the mathematical theory built first is the main reason and focus of the
study, as well as my main motivation to go ahead with my research.

Bearing these ideas in mind, I checked several CVs of possible advisors.
I finally found those of my actual ones, namely Professor M.J. Campión
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and Professor E. Induráin. An important fact here is that, even if both of
them have published many impact papers in Mathematical Economics or
Social Choice, they are actually doing Mathematics as the first reason of
their research.

The next step was looking for possible topics for the research. We paid
attention to the aggregation of preferences in the fuzzy setting because of
two reasons: First, one of my advisors, E. Induráin, is working in a research
team mainly devoted to the study of fuzzy sets and systems, while my other
advisor, M.J. Campión, is working in Mathematical Economics. The ag-
gregation of preferences in the fuzzy setting belongs to the intersection of
both fields. Combining both points of view and specialized skills leads to
multidisciplinary approaches and practical applications. The second reason
was about connecting my previous interests and background in Topology to
the Ph. D. topic that I would like to study and analyze: In the classical
problem of aggregation of preferences in the Arrovian setting [10], that leads
to an impossibility theorem, we paid attention to several of its extensions
which gave a possibility result. One of them was developed, among others,
by Kirman, Sondermann and Hansson [84, 93]. It is deeply connected to
the well-known concept of the so-called Invisible Hand in Economics1. This
extension is characterized by the number of agents who declare their prefer-
ences being infinite. The proof furnished by Kirman and Sondermann has
deep topological roots, namely, it uses ultrafilters as well as the Stone-Čech
compactification2.

Other extensions with possibility results appear in the fuzzy setting (see
for example [12, 58, 61, 102]). It could be possible to find a connection
between both extensions since in the fuzzy approach the interval [0, 1], is
used instead of the dichotomic set {0, 1}, to represent the intensity of the
preferences. The former set is infinite, as well as the number of agents in
the "Invisible Hand" extension. In other words, in both cases, introducing
some kind of infinity could perhaps be the cause of reaching some possibility
results.

This idea was the starting point to do research about. However, in the
daily research activity, sometimes one starts with an idea, but the obtained
results move a little from the initial point and scope. In other words, we have
not forced ourselves to follow exclusively this idea, and we have adopted other
collateral lines of research when we have considered them as more convenient,
complementary or helpful.

I finally got a grant from the Institute of Analysis and Research in Busines
and Economics (INARBE) that allowed me to start my Ph. D. thesis in the

1The Invisible Hand principle was introduced by the economist Adam Smith in The
Theory of Moral Sentiments [117].

2See [85] for a complete and deep explanation of Stone-Čech compactification.
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Public University of Navarre, in Pamplona (Spain). The final output is
gathered in this memory.

1.2 Antecedents

Social Choice is the discipline which studies how individual opinions, rank-
ings or preferences can be combined to reach collective decisions. The first
type of methods studied rigorously (from a mathematical point of view) cor-
responds to the analysis of voting systems. Even if voting systems have been
used since ancient times, the first academic works are dated at the end of
the XVIIIth century. They are attributed to Condorcet [50] and Borda [64].
Even though Condorcet’s and Borda’s works are rigorous, they are far from
the modern mathematical standards. One of the first, and the most known,
result in voting systems written in contemporary mathematical terms and
rigour is the work of May [100], characterizing the majority rule (see section
2.2 in the present memory).

The discipline grew up, and the researchers paid attention to other sys-
tems beyond voting.
As we have said before, the basis of Social Choice lies in paying attention
to individual preferences, opinions or interests in order to fuse them into a
final output, the so-called social preference, which should respect as much as
possible the individual features of individual preferences. For example, if all
individuals declare that an alternative A is better than another alternative
B, then the social preference should also declare that A is better than B.
For a Social Choice mechanism that has this feature, we say that it respects
the unanimity.

Using an abstract approach, we can set an axiomatic schema of prefer-
ences and social rules which reflects the restrictions that our "common sense"
imposes to Social Choice mechanisms to be considered fair or acceptable in
our society. For example, the aforementioned May’s Theorem proves that
the majority rule is the only one which satisfies a certain set of abstract
mathematical axioms.

Until the middle of the XXth century, it was implicitly thought that it
should exist some kind of universal mechanism which could be applied to
any situation in which a social consensus was needed. In other words, it was
commonly accepted at that time that it existed a method, satisfying some
conditions of common sense, that was able to get social consensus from any
profile of individual preferences.
However, in 1951 (see [10]), this paradigm collapsed and vanished. Ken-
neth Joseph Arrow established a system of axioms on preferences and social
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choice mechanisms such that, if the number of individuals is finite and at
least two, and they have to decide over at least three alternatives, no social
choice mechanism exist (see Theorem 2.2.24).

From the result achieved by Arrow in 1951, many other models were in-
troduced and studied in the specialized literature.
Most of them proposed a different system of axioms, changing the conception
of common sense (see e.g. [23, 24, 70, 74, 114, 121]), while they were look-
ing for a possibility result (i.e. the existence of a social rule of aggregation
of individual preferences into a social one compatible with the restrictions
imposed by the axioms).
Many of the researchers practised minor modifications on the axioms of Ar-
row. In some cases they achieved a moderate success in terms of possibility
results. However, these results were far from the universal rule in which
researchers believed prior to the launching of Arrow’s work.
Other researchers proposed models in which the axioms can not be thought as
slight modifications practised in Arrovian axioms. They proposed some mod-
els based in completely different conditions of common sense. For instance, a
classical example corresponds to the the strategy-proof models proposed by
Gibbard and Satterwhaite in 1973-1975 (see section 2.2.6). However, these
models did not succeed and did not give rise to suitable social choice mech-
anisms.
In the late seventies (1970’s) and along the eighties (1980’s), some new mod-
els with substantial possibility results were issued. These models, developed
by Chichilinsky and Heal (see [43, 44]), imposed topological conditions on
the sets of preferences as well as on the aggregation rules that act on these
preferences (see section 2.2.6).
Also, going ahead with the classical Arrovian model, but allowing the num-
ber of individuals to be infinite, some possibility results appeared, too (see
[93]), in which it is called in the Economics literature "the invisible hand
setting".

In all the models we have exposed until this point, the preferences are
crisp, that is, an alternative x is totally preferred to another y, or y is totally
preferred to x or they are indifferent. In other words, neither degrees nor
ambiguity or uncertainty are allowed in the preferences.
So, if we understand P : X × X → {0, 1} as the strict preference, then we
will understand that P (x, y) = 1 means that "x is strictly preferred to y"
and P (x, y) = 0 means that "x is not strictly preferred to y". Thus, P is the
characteristic function of a subset of X×X. Moreover, it can be understood
as a binary relation on X and xPy stands for P (x, y) = 1 (x, y ∈ X).
This is the basis of the crisp setting. Here, we use classical subsets and
characteristic functions, which take values in the dichotomic set {0, 1}, for
preference modelling and social choice.

4
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However, the crisp setting is not enough when we want to deal with
vagueness or uncertainty. Fuzzy sets and systems (see [122]) started to be
considered in the Social Choice literature in order to include vagueness in
decision-making.
In the fuzzy setting, unlike the crisp setting, we work with graded prefer-
ences. Now, a strict preference P is a fuzzy subset of X × X, that is, the
characteristic function takes values in the unit interval [0, 1] instead of just
in the set of two values {0, 1}.
In this new setting, new preferences are defined and introduced in a fuzzy
framework and aggregation rules on those preferences are considered. Here
some possibility results, as well as impossibility results, appeared depend-
ing, mainly, on the axioms imposed to the fuzzy preferences and aggregation
rules. That is, in general, the possibility or the impossibility will depend
on the definition of a preference as well as on the constraints imposed to
the aggregation rules by means of the new axioms which are inspired by the
classical Arrovian model (see e.g. [12, 58, 61, 102]).
In this literature, it seems that the results relative to fuzzy preferences have
appeared as "solo" items. There is not a common background or a the-
ory which articulate all these results in a common framework. Probably,
the unique exception is the recent seminar book Fuzzy Social Choice [78] in
which one of the chapters is entirely devoted to fuzzy aggregation of prefer-
ences à la Arrow.

By this reason, in the present thesis, some points in this line have been
analysed. That is, a general definition for a fuzzy preference has been es-
tablished, and a framework to understand better the roles played by strict
preference, weak preference and indifference, and the relationships between
them have been bought .
Moreover, with a global framework, we try to find some general clues about
why some fuzzy generalizations of the Arrovian model generate possibility
results, whereas other ones give rise to impossibility results.

1.3 Aims and Objectives

Taking into account the antecedents exposed in the previous section, the
objectives of my research in this thesis and the goals I tried to achieve are:

i Give the most general definitions about fuzzy preferences and furnish
a general framework for them.

ii Establish a framework in which a fuzzy preference can be understood
as a triplet of fuzzy binary relations (R,P, I)3 that constitutes a gen-

3Here, R is the weak preference, P is the strict preference and I is the indifference.
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eralization of the typical crisp situation in which (%,�,∼) comes from
a total preorder4.

iii Gather the most relevant fuzzy generalizations from the classic Arro-
vian model and contextualize them in a single framework in order to
compare them.

iv Try to generalize the existing decomposition of a total preorder % into
its asymmetric part � and symmetric part ∼ to the fuzzy setting. That
is, given a fuzzy binary relation R, decompose R into two fuzzy binary
relations P and I in a way that (R,P, I) is a fuzzy preference in the
same sense as in point (ii).

v Finally, once we have defined a fuzzy preference and a fuzzy Arrovian
model, try to prove possibility and impossibility theorems depending
on the restrictions imposed to the fuzzy aggregation rules.

1.4 Methodology

From the beginning of the thesis in January of 2018, the methodology has
been scheduled in three main phases:

The state of art phase consists of reading the existing literature of
the central topics of the thesis as well as adjacent topics to achieve a
transversal knowledge.

In the writing phase most of the results are obtained. It consists
in achieving new results, making new questions as well as defining
possible problems to analyze and do research on them. Obviously, all
this should be properly documented. The writing is done in a draft
format, just oriented to myself and my advisors. This phase aims to
obtain as much results as possible. The subsequent fact of publishing
them remains for the next phase.

In the redacting phase, the results that we have achieved are selected,
revised, ordered and redacted in a coherent and readable manner, as
a memory or book, not to be read only for me or my advisors, but for
any potentially interested researchers, even if they are not specialized
in these topics, and their interests are just tangential.

It is clear that the sequence to follow is state of art - writing - redacting,
but starting a new phase does not close the previous ones. When writing
new results, one also needs to contrast them with the existing literature, so

4Here, � is the strict preference and ∼ the indifference. Both of them are obtained
from a total preorder % (weak preference) by means a standard decomposition rule (see
Section 2.1).

6
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one reads more papers when it is needed. And when redacting the memory,
one actually may get inspired again, obtaining new results at the same time.

Needless to say, all this also needs an environmental good atmosphere,
connecting with other researchers in the department, interchanging ideas,
giving some lectures as well as preparing some seminars for discussion, and,
above all, having periodical appointments with the advisors to revise every-
thing and make decisions on the path to follow at each moment.
Of course, it is necessary to get some extra academic training and developing
new skills, not only on the topics of the thesis.
To do so, it is important to attend some congresses or meetings, when one
could start to transmit the newly got results. It is also important to get
familiar with the world of scientific publications and specialized journals, so
trying to publish some papers even before the final version of the Ph. D.
memory is ready.
Another important point is working with other teams, not only the research
teams to which the advisors belong. To that extent, some visits and stagging
periods in other universities, working with other specialists, may be crucial.

1.5 Contents and achievements

The present memory is structured as follows: After the Introduction, in the
Chapter 2 of preliminaries, we will pay attention to the three areas which
sustain the development of this thesis. These are, binary relations, Social
Choice and Fuzzy sets.

Chapter 3 is devoted to the study of fuzzy Arrovian models. First, it is
introduced the concept of a fuzzy preference. Next, we define fuzzy aggre-
gation rules and all of the restrictions of common sense, which are inspired
by the restrictions that come from the classic Arrovian model.
Next, different models are defined in the fuzzy setting. Their definitions
depend on the particular nuances and features of a preference (choosing a
transitivity type and a connectedness type) and the restrictions on an aggre-
gation function (choosing an independence of irrelevant alternatives property,
an unanimity property, etc). Different possibility and impossibility theorems
have been proved depending on the set of definition and restrictions. This
chapter gave rise to a paper entitled Arrow theorems in the fuzzy setting
published at Iranian Journal of Fuzzy Systems (see [110] and the Appendix).

In Chapter 4 it is studied the problem of the decomposition of fuzzy bi-
nary relations. There, it is defined clearly the problem of setting suitable
decomposition rules. That is, we analyze how to obtain a strict preference
and an indifference from the weak preference in a fuzzy approach. In this

7
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chapter, the existence and the uniqueness of certain kind of decomposition
rules associated to fuzzy unions are characterized.
This chapter jointly with Chapter 5 gave rise to the paper Decomposition
and Arrow-Like Aggregation of Fuzzy Preferences in the journal Mathemat-
ics (see [111] and the Appendix).

In Chapter 5, the decomposition rules studied in Chapter 4 are used to
achieve a new impossibility result. It is important to point out that in the
proof of the main result in this chapter it is introduced a new technique. In
this proof, fuzzy preferences are framed through an auxiliary tuple of five
crisp binary relations, that we name a pseudofuzzy preference.
An aggregation model à la Arrow of pseudofuzzy preferences is also studied,
but the main result is about the aggregation of fuzzy preferences that come
from decompositions.

Chapters 3, 4 and 5 constitute the main body of this memory.

Then a section of conclusions is included. It contains suggestions for fur-
ther studies, open problems and several final comments.

Finally, an Appendix has been added in order to give an account of the
work done within these three years, that can not be included in the body of
the present memory. These are:

- the papers which have emanated directly from the chapters of this
memory,

- the papers which could be classified as collateral or a by-product. That
is, they have been done while I was studying other items to go ahead
with the thesis, but they are not directly related to the body of the
present memory,

- an account of the congresses, seminars and summer schools that I have
attended, periods of research abroad, etc.

1.6 A note on COVID-19 pandemic

In the fifteenth of Marc of 2020, the Spanish government ordered a lockdown.
The university was closed until July, and we worked from home for months.
The pandemic and the lockdown had a non-negligible impact on the Ph.D.
thesis. Fortunately, my grant was not cancelled, so I received a monthly
salary, and I was not worried about my subsistence as a human being.

However, the quality of my working environment decreased as well as my
mental health. Some of the activities I had to do were cancelled, and others

8
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were modified. The reader can see a list of these ones in the Appendix of
the present memory. Specifically, I would like to mention the INFUS2020, a
congress which had to take place in Izmir (Turkey) but was moved online.

Despite the aforementioned, the worst part was the general limitations
on the worldwide mobility as well as being most universities closed.
According to the thesis planning, I would make a three-month stage in Gal-
way (Ireland) during the Autumn 2020, and I would have defended the thesis
in December 2020. But, this has not been the case.
I mainly finished the memory in July 2020, but Galway was under a strict
lockdown, and we agreed to postpone my visit to Ireland.

9
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Chapter 2

Preliminaries

The objective of this chapter is to provide the reader with a succinct account
on the background and basic concepts necessary to start with the topics cov-
ered in the present thesis. Thus, we furnish here an overview of these notions,
techniques and results, as well as a short hand-guide of reference, to be used
in the sequel.

The first section is devoted to the introduction of binary relations in sets,
and their main properties. The second section deals with Social Choice. We
will comment its mathematical roots in general terms, mainly concerning the
study of methods that implement a social preference (or decision, or rule)
after analyzing the individual preferences or opinions of each of the members
of a collective. Then we pay a particular attention to the so-called Arrovian
model, introduced by Kenneth J. Arrow in the 1950’s (see [9, 10, 11, 90, 91]).
The reason to focus directly on this model is clear: the main body of the
thesis will be devoted to generalizations of that paradigmatic model to the
fuzzy setting. The third and last section of this former chapter will be
devoted to introduce some of the most basic concepts arising in Fuzzy Set
theory.

2.1 Binary Relations

Binary relations are widely used in almost any branch of Mathematics. This
gives rise to an enormous variety of notations or denominations. In the spirit
of a greater clarity, in this section we will introduce the notation and basic
results related to binary relations which will be used henceforward.

Definition 2.1.1. Let X be a set. A binary relation R on X is a subset of
the Cartesian product X ×X (i.e. R ⊆ X ×X).

If the pair (x, y) belongs to a binary relation R in X (i.e., (x, y) ∈ R), it



CHAPTER 2. PRELIMINARIES

is said that x is related to y through R1. This is denoted xRy.

Definition 2.1.2. Let X be a set and R a binary relation on X. Given any
subset Y of X, we can define the restiction of R on Y as the binary relation
R ∩ (Y × Y ). We denote it by ReY .

In the classical literature, the most usual properties that a binary relation
may or may not accomplish are the ones stated in the following Definition
2.1.3:

Definition 2.1.3. Let R be a binary relation on X. It is said that R is:

- reflexive if for every x ∈ X, xRx holds true,

- symmetric if for every x, y ∈ X, xRy implies yRx,

- asymmetric if for every x, y ∈ X, xRy implies that yRx does not hold2,

- antisymmetric if for every x, y ∈ X, if both xRy and yRx hold, then
x = y,

- transitive if for every x, y, z ∈ X, if both xRy and yRz hold, then xRz
also holds,

- negatively transitive if for every x, y, z ∈ X, if neither xRy nor yRz
hold, then xRz can not hold, either.

- total3 if for every x, y ∈ X, xRy or yRx hold true4.

Among the most widespread binary relations, the so-called equivalence
and order relations play a crucial role. We introduce below the corresponding
definitions.

Definition 2.1.4. An equivalence relation on a set X is a reflexive, sym-
metric and transitive binary relation. Given an equivalence relation R on a
set X, and an element x ∈ X, the equivalence class corresponding to x is
defined by [x]R := {y ∈ X : xRy}. The quotient set that the binary relation
R induces on X is given by

X/R := {[x]R : x ∈ X}

Definition 2.1.5. A preorder on a set X is a reflexive and transitive binary
relation R on X. A preordered set is a pair (X,R) where R is a preorder on
the set X.

1If there is no possibility of misunderstanding about which binary relation we are
dealing with, we will just say that x is related to y.

2This is usually denoted by ¬(yRx). Here the symbol "¬" stands for negation.
3Also known as complete.
4Notice, in particular, that total implies reflexive. To see this just take x = y.

12
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Definition 2.1.6. An antisymmetric preorder is called a partial order, and
a total antisymmetric preorder is said to be an order. If R is a total pre-
order (respectively, an order) on a set X, the pair (X,R) is called a totally
preordered (respectively, an ordered) set.

Example 2.1.7. One of the most known ordered sets is (R,≥), where ≥
is the usual Euclidean order on the real line (that is, on the set R of real
numbers).

We keep the symbol ≥ to stand for the usual order on R, and also to
represent the restriction of that order to any of the subsets of R. When
dealing with abstract sets, and other preorders defined on them, different
symbols as, for instance, %, w or D are used in literature.

In the sequel we will mainly use by default the symbol %. In addition,
if % is a preorder on a set X and x, y ∈ X, the notation y - x means that
x % y.

Quite probably, by historical reasons as well as due to the influence of
the common use of (R,≥) all over the classical branches of Mathematics,
given an arbitrary preorder % on a set X it is usual to say that "x is not
smaller than y" if x % y (equivalently "y is not bigger than x")5.

Definition 2.1.8. Given a preorder % on a set X, the asymmetric and the
symmetric parts of % are, respectively, the binary relations � and ∼ defined
by:

x � y ⇔ x % y and not y % x,

x ∼ y ⇔ x % y and y % x.

Proposition 2.1.9. Let % be a preorder on a set X. Its asymmetric part
� is actually asymmetric as well as transitive, whereas its symmetric part ∼
is an equivalence relation. Besides, if % is total, then � is also negatively
transitive.

Proof. The first part is straightforward to check. The second part, when % is
total, is not immediate. A complete proof can be found on [31, Proposition
1.1.7].

In the previous definition, the nomenclature used, namely the concepts
of asymmetric and symmetric parts of a preorder, is by no means arbitrary.
Indeed, in some contexts it is interesting to decompose binary relations into
many parts, in order to simplify certain problems. In particular, it is true

5Obviously, this can be done when there is no possibility of confusion about which
preorder relation is considered.
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that any preorder can be "decomposed" into its asymmetric and symmet-
ric part. Next Definition 2.1.10 states in detail what is understood by a
decomposition.

Definition 2.1.10. Let R,R1, . . . , Rn be n binary relations on a set X. We
say that R decomposes into R1, . . . , Rn or, equivalently, that R1, . . . , Rn is a
decomposition of R if R =

⋃n
i=1Ri and Ri∩Rj = ∅ for every i, j ∈ {1, . . . , n}

with i 6= j.

Proposition 2.1.11. Let % be a preorder on a set X. Then, % decom-
poses into � and ∼. Besides, it is the unique decomposition of % into an
asymmetric and a symmetric binary relations.

Proof. It is straightforward to see that % decomposes into � and ∼. Also, by
Proposition 2.1.9 � is asymmetric and ∼ symmetric. It only remains to see
that such decomposition is unique. To see this, suppose that % decomposes
into two relations Ra and Rs with Ra asymmetric and Rs symmetric. First
we will prove that �= Ra.
Suppose that x � y but xRay does not hold, then since (x, y) ∈%= Ra ∪Rs
it follows that xRsy. Since Rs is symmetric, we also get yRsx, which implies
that y % x. So we arrive at the fact x ∼ y, which a contradiction. Hence
�⊆ Ra.
Assume now that xRay but not x � y. By a similar argument as the previous
one we obtain that x ∼ y, because (x, y) ∈%=� ∪ ∼. By asymmetry of Ra
we actually have that yRax does not hold. But (y, x) ∈∼⊆%, so we get that
yRsx. Finally, since Rs is symmetric, it follows that (x, y) ∈ Ra ∩ Rs. This
is a contradiction because, by hypothesis and definition of a decomposition,
this intersection is empty. So Ra ⊆�, and � is Ra.
If Ra is equal to � it is then clear that Rs is equal to ∼.

Until this point we have defined binary relations and their most usual
properties. Then we have considered equivalence and order relations as par-
ticular cases of binary relations.

Now we pass to consider maps between preordered sets.

Definition 2.1.12. Given two preordered sets (X,%) and (Y,%′) we say
that a map f : X → Y is:

- increasing if for all x, y ∈ X it holds true that x % y implies f(x) %′

f(y),

- strictly increasing if for all x, y ∈ X it holds true that x � y implies
f(x) �′ f(y),

- an order isomporhism if for all x, y ∈ X, x % y is equivalent to f(x) %′

f(y).

14
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The study of order isomorphisms between preordered sets is typical in Set
Theory and Order Theory. In fact, given an order isomorphism f : (X,%)→
(Y,%′), some properties arising in (Y,%′) can actually generate similar prop-
erties in (X,%) through the equivalence given by f . For this reason, and
taking into account that (R,≥) is an ordered set with good properties, the
existence of order isomorphisms from preordered sets into (R,≥) has been
already studied and analyzed in classical works on this topic.

Their existence of order isomorphisms with values on the Euclidean real
line (R,≥) is fully characterized by means of Theorem 2.1.14 below.

Definition 2.1.13. We say that a preordered set (X,%) is separable if there
exists a countable set D ⊆ X such that for every x, y ∈ X with x � y, there
exists a z ∈ D such that x % z % y.

Theorem 2.1.14. Let % be a total preorder on a set X. Then there exists an
order isomorphism from (X,%) to (R,≥)6 if and only if (X,%) is separable.

Proof. A complete proof can be found in [31, Theorem 1.4.8].

Remark 2.1.15. Notice that the previous theorem has been stated only for
total preorders. The reason is the following: if a preorder is representable, it
can be deduced directly from the corresponding definitions that such preorder
is, a fortiori, total.

There are total preorders that fail to be representable. The most known
example is the lexicographic plane (see [21, 51, 52]).

Example 2.1.16. Consider the total preorder %l defined on the plane R2

as follows: We declare that (x, y) %l (a, b) if and only if x > a or, x = a and
y ≥ b (with (x, y), (a, b) ∈ R2).
If (R2,%l) were separable, there would be a countable set D ⊆ R2 such
that for every pair u,v ∈ R2 with u �l v, there should exist a w ∈ R2

with u %l w %l v. For each t ∈ R consider the set {t} × (0, 1). By
density of D there exist a wt ∈ D ∩ ({t} × (0, 1)). By construction, all
these elements wt ∈ D should be different, but it is impossible because D is
countable by hypothesis, whereas R is uncountable. Thus we have arrived
at a contradiction. Therefore such a subset D cannot not exist.7

6Order isomorphisms from an arbitrary preordered set (X,%) to (R,≥) are also named
representations. If there exists a representation of (X,%) it is said that (X,%) is repre-
sentable. Depending on the discipline where representations are used they receive different
names: a typical nomenclature is that of utility functions, arising in Economics. Also, en-
tropy functions arising in Physics also can be interpreted as suitable representations.

7In [31, Example 1.4.1] a more extensive proof of the non representability of the lex-
icographic plane is given. It does not make use of Theorem 2.1.14 nor of the axiom of
Choice.
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2.2 Social Choice: Mathematical foundations

Since the whole thesis focuses on one of the classical aspects of Social Choice,
namely the mathematical basis of the aggregation of individual preferences
into a social one, we introduce here some of the main aspects of this discipline.

2.2.1 Introduction and motivation

As aforesaid, Social Choice studies how individual opinions (e.g. preferences,
political positions, rankings, assessments, etc.) can be fused in a suitable
way into a global (or "social") output that represents a single opinion (or
preference, etc.) that reflects in a sense what the society, considered as a
whole, thinks, prefers or decides. Needless to say, that social opinion should
take carefully into account the individual ones, and somewhat respect them,
accomplishing some restrictions that our common sense would impose in a
natural way to any rule or method of aggregation of the individual positions
into a new, global, social one.

Let us illustrate now the idea with a typical example. As a matter of
fact, it corresponds to a real situation that I confronted to, when I was much
younger.

Example 2.2.1. I joined the elementary school when I was 5 years old.
Every year, each new class group in the school had to choose a name. The
class group would be named with it from its first year to its sixth year.
The year I started, the topic to select the names where beach names. The
students proposed tens of names. Of course, we would like that the name
suggested for our class be the one finally chosen. However, at the end, only
one single name could win. The problem faced by the teacher consisted of
a list of beach names and a bunch of kids, each of them with their phillias
and phobias with respect the names. So, a difficult decision had to be made.
I am saying difficult decision because if some kids perceived that the final
decision was unfair or if the group disliked it, they could burst into tears.
They would also complain, tell about it to their parents, and perhaps that
could generate a headache to the teacher.
Thus, the teacher, for his own sake, had to think about a way in which the
class’ name could be decided. This should be made through a rule that each
of us considered fair. The rule should be so strong that even if the election
did not convince some of us, we would not complain.

Well, the mathematical theory of Social Choice studies models whose
main objective is to provide solutions to these kinds of problems.

In the previous example we have commented the problem of a group of
people facing a collective decision. If this problem is considered in a totally

16



2.2. SOCIAL CHOICE: MATHEMATICAL FOUNDATIONS

abstract level it is actually equivalent to many other problems of decision
making. Many new examples can be given at this stage, for instance we may
think of the problem faced by someone who wants to get a global score to
be assigned to a consumer’s good or commodity, from various partial assess-
ments made over distinct aspects of the good. In this case there are not
different persons who have different opinions about the same topic. Instead,
we have different parts that have been evaluated, and we want to aggregate
them some way in order to arrive at a reasonable global score. A similar
problem appears when the school students face different exams, obtain dif-
ferent marks in each of them, and the school needs to arrive at a final mark
that represents their academic performance along the year.

Situations in which a group of people takes decisions are spread over all
corners of our social life. At this point we may notice that, even if there
are many possible decision systems or problems where a decision needs to be
made among a set of alternatives or plans of action, we usually think, almost
immediately, on voting systems. Perhaps the circumstances in which people
vote and, after confronting the votes cast, a decision is made following a
certain set of rules, are undoubtedly quite common in this setting. Actually,
they are more usual than any other decision-making system. In addition,
among all the possible voting systems, one also tends to think about the
majority rule8 as the first and most classical option, in spite of having at
hand a huge amount of possible systems.

Social Choice Theory is not circumscribed into voting systems. Never-
theless, due to their enormous impact, voting methods have been studied
and analyzed in depth along a vast period of time, so that there is a big
amount of specialized literature on this topic.

In spite of this this thesis not being devoted to working with voting
systems, we think that it seems interesting to include right now some discus-
sion about some voting systems and its role in mathematical Social Choice.
Indeed, a correct understanding of the main problems that arise in voting
situations would help the reader to better figure out which kind of problems
Social Choice deals with.

In the following lines, we will introduce, by means of several practi-
cal situations, different classical voting rules, well-known in this literature.
Moreover, we will briefly comment a few questions that arise when coping
with these problems. To start with, let us analyze the following example:

Example 2.2.2. Consider a high school where a president of the student
council needs to be elected. Suppose also that there are two candidates, and

8In other words, when and only when the candidate A has more votes than the candi-
date B, A is selected. Otherwise, if the number of votes obtained by each of the candidates
is exactly the same, then a tie is declared, and none of them is selected at that stage.
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all voters will write the name of their preferred candidate into the ballot,
also having the possibility of not deciding, so keeping it blank.

A famous theorem proved by May [100], states that if none of both can-
didates has any privilege over the other (neutrality), all voters are equal
(anonymity), and if the change of a vote in favor of one of the candidates
can not punish the selection of that candidate, then such voting process
is the majority rule. Here, it seems very reasonable to require these three
properties to any potential voting system. Bearing May’s result in hand, we
are indeed inclined to think that the majority rule is, so-to-say, the unique
reasonable voting rule.

However, in spite of this theorem being really nice and powerful, because
with only three simple conditions a unique possible voting rule is achieved, we
may not expect the same when three or more candidates are involved in the
process. In other words, there is no analogous to May’s theorem whenever
there are more than two candidates. To illustrate this idea, consider the next
example:

Example 2.2.3. Consider a voting process with three candidates A, B and
C, such that each of them has obtained the following proportion of votes:

A B C

40% 35% 25%

Here, we could extend the majority rule by declaring that the winner
is the candidate with most votes. So, in this case the winner is a single
candidate, namely A. From an abstract point of view the use of the majority
rule does not give rise to any problem at this stage.

However, we can consider a real situation in which a huge family needs
to decide their holidays trip among three different plans: Visiting London
(C), visiting Paris instead (B) or going on a cruise to the Greek islands (A).

In spite of confronting three possibilities, and obviously being London
and Paris different cities, we can still think that the option A is of a totally
disparate nature than options B or C. The last two options correspond to
visit big European cities, whereas option A consists of a sailing the Mediter-
ranean sea on a cruise. Therefore, it may happen that the family takes the
decision in two steps, deciding first between cities vs. cruise, and in the
case in which cities are selected, a second step would correspond to selection
either London or Paris.

Furthermore, it could also happen that some members of the family adopt
an strategy9 in order to obtain some individual profit. Thus, in this example

9We call strategic behaviour any situation in which some of the agents of a society
misreport their preferences in order to get a social verdict that fits better with their
individual preference.
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it is quite reasonable to think that if London fans know that they are in
minority, they will vote for Paris, since each of them would prefer a trip to
any cosmopolitan city than spending the Summer sunbathing on the deck
of a ship. With this idea in mind, Paris would win for 60% against 40%
(supposing that every London’s fan uses such strategy).

Consequently, this example illustrates the idea that, in a voting process,
it is not uniquely important to pay attention to the most preferred candi-
date. As a matter of fact, it is also crucial the ordering, ranking and scores
of the candidates. This missreporting, namely strategic behavior in votes
and polls, is quite common in real life10.

If we analyze deeper the case of the Summer holidays of the family,
it is reasonable to think that, if they first think of "cities vs. cruise", the
preferences in which A (cruise) appears located between B and C (cities) will
be discarded. In other words, we should analyze, only, four different types
of possible preferences that any family member may declare. As explained
before, this is because a previous –and perhaps implicit– decision is to choose
between cities and cruise.

On table 2.1 we can find a possible distribution of their preferences:

S1 S2 C1 C2

most ↑ A A B C
preferred B C C B

less ↓ C B A A
25% 15% 35% 25%

Figure 2.1: The information in this table should be read as follows: "The
group S1 prefers A to B and B to C", etc. (Here S1 and S2 are options
in which sailing in a cruise is preferred, whereas C1 and C2 correspond to
people who prefer a visit to a big city.).

This example shows that it is of high importance to study the preferences
over all alternatives, not just the most preferred ones, because of possible
strategical behavior among the agent or voters. If we only pay attention to
the most preferred alternatives, disregarding the whole set of preferences, a
lot of information may be lost, and strategic behavior could jeopardize the
final social decision.

Remark 2.2.4. The fact and actually, the need and requirement of each of the
voters reporting more information is not anecdotal. Even in real cases arising

10The specialized literature has accordingly studied the so-called strategy-proof systems
of voting, that, roughly speaking, are those in which even in case when the agents alters
their preferences someway, the final selection would not change (see Section 2.2.6
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in politics it is of high importance. For instance, in Australia, preferential
voting is a reality [19], and there are research groups studying possible im-
plementations in France. In the experiment related in [95] researchers tested
preferential voting on the presidential elections in France. At present, the
President of the French Republic is elected by a system in two-steps of a ma-
jority rule. With this kind of experiments, researchers try to see what would
happen in case that other alternative voting systems were implemented.
For this reason, it is thought that the more information from the voters in
real political elections, the fairer will be the decisions finally made. There-
fore we may conclude here that voting systems where voters report more
information should be carefully studied and analyzed.

Remark 2.2.5. When western liberal democracies were settled, social decision-
making problems had been studied for a long time. One of the most known
classic researchers, Marie Jean Antonie Nicolas Caritat, known as Marquis
de Condorcet, wrote one of the first significant works on this topic in 1785:
Essai sur l’Application de l’Analyse la Probabilité des Décisions Rendues la
Pluralité des Voix [50].

Among all reflexions of Condorcet, the most known is the Condorcet
winner. In a situation where a candidate beat all candidates by pair con-
frontation, Condorcet stood for considering such a candidate as a winner.

In the example of table 2.1 B is a Condorcet winner because B beats
A (60% - 40%) and B beats C (60% - 40%). However, there are many
configurations where there are no Condorcet winner. For example, if we
slightly break the polarization cruise-cities assumption on the distribution
of the preferences (Figure 2.1), we can consider an alternative distribution
of preferences in the figure 2.2.5 below:

S1 S2 C1 C2 C3 C4

most ↑ A A B C B C
preferred B C C B A A

less ↓ C B A A C B
25% 15% 20% 20% 7% 13 %

Figure 2.2: In this situation two additional possibilities have been intro-
duced to break the polarization cruise-cities. In C3 and C4, the cruise is the
intermediate preferred holiday trip.

In this case, there is no Condorcet winner. A beats B (53% - 47%),
B beats C (52% - 48%) and C beats A (53% - 47%). Even that, when
something is a Condorcet winner it seems very reasonable to claim it as the
actual winner. However, in many situations Condorcet winner does not exist.

Remark 2.2.6. Other types of voting systems are the ones based on tourna-
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ments. In these systems, the alternatives are confronted by pairs, and the
winners pass to the following stage. In the figure 2.2.6, we see all possible
tournaments using the trip example.

A B C

A

C

A B C

B

A

A B C

C

B

53% 47%

47%

53% 53%

52% 48%

47%

47% 53%

48%

52%

Figure 2.3: For every distribution of the tournament, there is a different
winner

It is evident that the final decision depends on the tournament design.
So the strategy factor does not exclusively concern voters, it is important to
keep an eye into voting system designers. A famous example of manipulation
by voting system designers is the one led by Elbridge Gerry, a governor of
the Massachusetts state at the beginning of XIX century. Gerry, anticipating
that his party would loss many seats in the senate, decided to unify some
electoral circumscriptions were his party was not popular. The case took so
much visibility and importance that today this type of strategy (or manip-
ulation) is called gerrymandering and it is a phenomena largely studied (see
[82]).

With the previous real political examples, we can understand that these
type of phenomena have a relevant impact on our society and their study is
really important.

Remark 2.2.7. Another famous voting system is the Borda counting method.
It consists of assigning a score to each position in the ranking and perform
a weighted sum. We illustrate this method with our paradigmatic example.

S1 S2 C1 C2 C3 C4 score-1 score-2
most ↑ A A B C B C 3 10

preferred B C C B A A 2 7
less ↓ C B A A C B 1 2

25% 15% 20% 20% 7% 13 %

Figure 2.4:

For the score-1 the average11 social scores are:

s1(A) = 3 · 0, 4 + 2 · 0, 2 + 1 · 0, 4 = 2

11On the Borda counting rule the scores are added without making any mean. Here, for
pedagogical reasons, we have modified the Borda counting with a mean because we do not
know the number of family members (voters), only their distribution among preferences.
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s1(B) = 3 · 0, 27 + 2 · 0, 45 + 1 · 0, 28 = 1, 99

s1(C) = 3 · 0, 23 + 2 · 0, 35 + 1 · 0, 32 = 2, 01

On the other hand, for the score-2, the average social scores are:

s2(A) = 10 · 0, 4 + 5 · 0, 2 + 3 · 0, 4 = 6, 2

s2(B) = 10 · 0, 27 + 5 · 0, 45 + 3 · 0, 28 = 6, 41

s2(C) = 10 · 0, 24 + 5 · 0, 35 + 3 · 0, 32 = 6, 39

With these two examples we can conclude that the social orderings depend
on the chosen score scales. In the score-1 B is in the last position and in
score-2 it is in the first.

With Borda countings, if the members of the comitee who decide the
scores have information of the possible distribution of preferences, they can
be tempted to decide them strategically.

There are many more voting systems than the ones we have seen in the
previous two pages, but we stop with those because they are enough to state
some conclusions.

There are many voting systems besides the majority rule. Even if it is
the one we use by default in our daily life, it is neither fairer nor represen-
tative. We can decide to use other voting rules depending on the nature
of the decision-making problem we are confronting, strategy, etc. For the
same preference distributions, different winners can be obtained depending
on the voting system. As a consequence, it is important to know various
voting systems, their main properties and in which situations their use is
more convenient.

Studying voting systems through explicit voting rules as the stated before
is convenient because it provides methods and in which situations they can
be implemented. However, if we had stopped here, we would only have a list
of methods with their respective discussions about their idiosyncrasy. For
that reason, it is helpful to analyse the situation of Social Choice and voting
systems taking as a reference the ideas exposed by Thomas Kuhn in The
Structure of Scientific Revolutions [94].

Kuhn analysed the evolution of different scientific disciplines and their
common characteristics in each of the phases of their development. Ac-
cording to him, all scientific disciplines have had a first phase in which the
phenomena are collected and described, and the researchers start to develop
explanations and theories. However, there is not a general and unified the-
ory, and he calls it the immaturity period. This description fits with the
study of voting systems we have explained before. On the contrary, in a
mature scientific discipline, the knowledge is perfectly structured, there is a
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consensus about the methods to use, which are the most relevant properties,
etc.

Obviously, the transition from one phase to another is gradual. In the
first stages of the maturity period, the structure and methods of any dis-
cipline use to be a little vage and non-connected between them. While a
discipline is maturing, the usage of mathematical tools increase, probably
because Mathematics requires and contributes with structure and clarity.
The clearest example of using Mathematics in science is Physics. There,
most of their statements can be made using mathematics.

In this sense, even the previous discussion is useful in case we want to
understand the motivation of the problem, it follows the logic of an imma-
ture science. Social Choice has progressed a lot during the past century. I
do not know if we can say with certainty that Social Choice is completely
inside the maturity period depicted by Kuhn in [94] (mainly because these
type of asseverations need time and perspective), but certainly social choice
scientist have evolved, and have made evolve Social Choice, towards a more
mathematical discipline. Current Social Choice is far from the Physics of the
middle of the past century, at least considering comprehensive mathematical
models depicting phenomena. However huge steps have been made towards
mathematical formalization. One of these steps was the contributions made
by Kenneth Joseph Arrow in the middle of the past century.

Arrow formalized with mathematical language preferences, decision rules
as well as some desirable properties for such rules. We call Arrovian model
to this formalization of social choice problem.
In [11] Arrow proved that his model is void if a finite number of individuals
have to decide among more than 2 alternatives. In other words, no decision
rules are satisfying these desired properties.
Arrow’s theorem is coherent with the examples we saw before. With two
alternatives, the majority rule satisfies three reasonable properties, but with
more altenatives there are many voting systems, all with their advantages
and disadvantages.

Arrow’s impossibility theorem represented a before and an after in So-
cial Choice. Until then, everybody expected mathematical results guiding to
good rules for decision making. Arrow showed that it was not an easy task.
During the next years, many attempts to achieve good decision-making rules
were made with relatively discreet results. There is an extensive literature,
initiated by Black [22] and continued by Sen [114], where alternative prop-
erties to decision rules are studied. Gibbard [77] and Satterthwaite [113]
proposed an alternative model which led to impossibility results in the gen-
eral case as well. Chichilnisky and Heal proposed a topological model in
which depending on the topological structure of the set of preferences good
social rules were possible [44, 46].

23



CHAPTER 2. PRELIMINARIES

In this preliminary section, we will focus on the model developed by Ar-
row, and his famous theorem of impossibility. In the section 2.2.2 we will
introduce the Arrovian model itself and describe and analyse the impossibil-
ity theorem. In section 2.2.3 we will discuss briefly one by one the axioms
of Arrovian model. In section 2.2.4 we will see that the axioms of Arrovian
model are independent. In section 2.2.5 a proof of the Arrow’s theorem is in-
cluded. Finally, in section 2.2.6 other social choice models will be presented.

2.2.2 The classical Arrovian model

Previously we have addressed the convenience of providing a mathematical
framework to Social Choice. Depending on the situation, different mathe-
matical objects are used to model the problem. From now on, in this section,
we will focus mostly on the Arrovian model.

Thus, the first question we will deal with is about the way with which
we interpret preferences as a mathematical object. How can preferences of
individuals, economic agents, decision-makers, etc., be modeled? As a no-
ticeable starting point, we may observe that in the classical Arrovian model
preferences are tackled as total preorders.

In this chapter, X will stand for a non-empty set. Despite most of the
definitions and propositions make sense with X being empty, we don’t study
the empty case to avoid triviality.

Definition 2.2.8. A preference over a set X will be understood as a total
preorder defined on X. Given a preference % on X and x, y ∈ X, x % y will
be interpreted as "x is weakly preferred over y", or, roughly speaking "x is
at least as good as y". Similarly, x � y will mean "x is strictly preferred
over y". Finally, x ∼ y will be interpreted as "x and y are indifferent". The
binary relation % is said to be the weak preference relation, whereas � is the
strict preference relation and ∼ the indifference relation.

Definition 2.2.9. In our Social Choice models, a society is a finite set of
at least two individuals. We will denote it by N . For convenience, we will
suppose that N = {1, . . . , n}.

The elements or individuals of the society N will define their preferences
over a nonempty setX. This setX is usually known as the set of alternatives.
Unlike N , that has been defined as being finite, the cardinality of the set X
is not bounded. So X could be infinite in some models. The set of all total
preorders on X is denoted by OX .

Definition 2.2.10. A profile of n individuals is a society N is an n-tuple
(%1, . . . ,%n) of preferences defined on a set X of alternatives. Here, %i

stands for the preference of the individual i ∈ N . For economy of language
(%1, . . . ,%n) can be abbreviated by (%i).
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Definition 2.2.11. A choice function on a set X is a map c from the power
set12 of X into itself satisfying that c(v) ⊆ v13. We denote the set of all
choice functions on X by CX .

Definition 2.2.12. Let X be a non empty set and N = {1, . . . , n} be a
society (n ≥ 2). A social choice rule on X for for the society N is a map C
from a set D ⊆ OXn of profiles of n individuals to the set of choice functions
on X. The image of a profile (%i) ∈ D is denoted by C(%i) ∈ CX .

Remark 2.2.13. Let us stop at this point to make some clarifications con-
cerning the previous definitions. Given a society N of individuals who define
their preferences over a set X, those individual preferences are collected in
a profile (%i). When available, a social choice rule will be applied to this
profile, giving rise to a choice function C(%i). The choice function should be
understood as a device that, given a set v ∈ P(X) of feasible alternatives,
only the ones that belong to C(%i)(v) will finally be selected. The sets v are
called agendas or menus.

It will be naive to expect that all social choice rules are acceptable for
decision-making purposes. In the next examples we introduce a pair of rules
that are not suitable for any decision-making we may think of.

Example 2.2.14. Consider the rule which sends every profile to the void
choice function, namely the one which assigns the void set to each agenda.

Example 2.2.15. Let X = {a1, . . . , am} be a set of alternatives. Consider
the social choice rule on X which sends every profile to the choice function
c defined for every v ∈ P(X) as c(∅) = ∅ and, if v 6= ∅, c(v) = {ak} with
k = min{i : ai ∈ v}.

The previous social choice rules will hardly be acceptable in decision-
making contexts. This is mainly due to an unpleasant key fact: they do not
depend on the profiles.

In addition, we may also consider other alternative rules which actually
depend on profiles, but they are still not desirable, as next example shows.

Example 2.2.16. Fix k ∈ N and consider the social choice rule which sends
each profile (%i) to C(%i)(v) = {a ∈ v : @b ∈ v, b �k a}. In this case, the
rule only depends on the preferences of the individual k. So the rule becomes
unacceptable in most contexts since it ignores the opinions or preferences of
the other individuals in the society.

12The power set of a set X is the collection of all the subsets of X. We will denote it
by P(X). Another classical notation is 2X .

13Some authors define a choice function over a set X as a function c from the set of all
nonempty subsets of X to itself satisfying c(v) ⊆ v fot all non empty v ⊆ X. We have
chosen here to work with a less restrictive definition, already issued in, e.g., [4].
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There are many possibilities of defining social choice rules. Obviously,
their number increase with the cardinal of the sets of alternatives and agents.
The previous examples show that some rules act against our common sense,
so-to-say, so that they are classified as unfair or even useless.

In the light of the previous comments, we can build explicitly social choice
rules and discuss them one by one, analyzing whether they are fair or unfair,
and why. Perhaps better, we can think about which properties must have
the choice rules in order to be considered as fair.

In the following definitions, we will introduce some properties which have
been usually requested to social choice rules, bearing in mind an idea of "com-
mon sense". This concepts were already introduced by renowned researchers
in the first half of the twentieth century. In fact, we will mainly focus on the
properties coming from the so-called Arrovian model, introduced by Kenneth
J. Arrow in the 1950’s (see [10, 11]), that we will discuss in depth later on in
this thesis. The underlying idea of these definitions is to establish a frame o
system of axioms to deal with good social choice rules.

Definition 2.2.17. A social choice rule on a set X is said to satisfy the
property of universal domain if its domain contains all possible profiles, i.e.,
it is defined on the whole set OXn.

It is reasonable to think that if all individuals in a society do actually
prefer an alternative x over another y, it would be really strange if y were
socially selected and x were available but not chosen. Next definition for-
malizes this idea.

Definition 2.2.18. A social choice rule C on a set X of alternatives is
said to be weakly Paretian14 if for every pair of alternatives x, y ∈ X and
every profile (%i) on the domain of C, it holds true that if x �i y for all
individual i ∈ N , then for every agenda v ∈ P(X) we have that if x ∈ v,
then y /∈ C(%i)(v).

The next property reflects the idea that the choice restricted to a subset
of alternatives only depends on the individual preferences over that given
subset.

Definition 2.2.19. A social choice rule C on X satisfies the condition of
independence of irrelevant alternatives if for every agenda v ∈ P(X) and
every pair of profiles (%i) and (%′i) on the domain of C, such that %iev=%′iev
for all i ∈ N , it holds true that C(%i)(v) = C(%′i)

(v).

14Weakly Paretian social choice rules are in contrast with strongly Paretian social choice
rules defined in Definition 2.2.27
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The next property is devoted to avoiding the existence of a single indi-
vidual in the society whose decision power over the final output of social
choice is absolute. First we introduce the concept of a dictator.

Definition 2.2.20. A social choice rule C on X is said to be dictatorial if it
exists a k ∈ N , known as dictator, such that for every x, y ∈ X, every profile
(%i) with x �k y and any agenda v ∈ P(X), it holds true that if x ∈ v
then y /∈ C(%i)(v). Accordingly, the rule c is said to satisfy the condition of
non-dictatorship if it fails to be dictatorial (i.e., there is no dictator for C).

The last definitions introduce a new restriction on the type of choice
functions which are generated by a social choice rule acting on agendas.
First of all, we define the concept of a rational choice function. Then we
define what is meant by a social choice rule having a rational explanation.

Definition 2.2.21. A choice function c on a set X is called rational if it
exists a total preorder % on X such that:

c(v) = {x ∈ v : ∀y ∈ v, x % y}.

Remark 2.2.22. In Definition 2.2.11, we have not proposed the most usual
definition of choice functions in the literature. In particular, whereas many
authors do not allow to a choice function c sending an agenda to the empty
set, we do. The difference between the definitions does not cause any dif-
ference in the Arrovian model and in the impossibility theorem. The reason
lies in the rationality of c:

In the Arrovian model, all social choice rules have a rational explanation.
This fact implies that the image of every non-empty finite agenda is non-
empty. Moreover, in the proof of the Arrow’s impossibility theorem, only
finite agendas are used. So, in the end, since the same proof applies over
both definitions of choice functions, an impossibility theorem is obtained in
both cases.

Definition 2.2.23. A social choice rule is said to have a rational explanation
if any choice function in its range is rational.

There are a lot of other classical and popular properties for social rules
(e.g. anonymity, neutrality, etc.). However, we stop at this stage: the prop-
erties defined above are already enough to obtain a key result about social
choice models to fuse individual preferences into a social one.

Theorem 2.2.24 (Arrow’s impossibility theorem, 1951 [10, 11]). When there
are at least three alternatives (|X| ≥ 3) as well as at least two individuals in
the society (|N | ≥ 2), there is no social choice rule C on a set X satisfying
the following list of properties:
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i) C has universal domain,

ii) C is weakly Paretian,

iii) C satisfies the condition of independence of irrelevant alternatives,

iv) C has a rational explanation,

v) C satisfies non-dictatorship.

A proof of the Arrow’s impossibility theorem is included in section 2.2.5
for completeness.

Arrow’s theorem is considered a cornerstone in Social Choice. Indeed,
it constitutes a before and an after in Social Choice Theory, and it broke
the previous paradigm, were most people was expecting some mathematical
result that could help any decision maker to find good social choice rules in
any Social Choice model. The impossibility shown by the famous Arrovian
theorem was overwhelming.

It represented so-to-say a big inconvenience for the on-going researches
in Social Choice at that time (1950’s), because it was interpreted as an
impossibility to find fair rules. And, if no fair rules exists, it seems that
our world looks like, just, a big lie. Any decision of a society would have,
so-to-say, a trap or a situation of cheating in its own concept and structure.

2.2.3 A discussion on the conditions imposed to the choice
rules in the Arrovian model

This section is devoted to discuss when the Arrovian axioms are reasonable
and when they should not be applied. There is a subsection for each of them.

Discussion about the domain of social choice rules

A priori, in practical situations, it seems reasonable to think that any pre-
order is admissible for the representation of preferences. However, if we think
about it with more detail, our certainty disappears. We can illustrate it with
a pair of examples.

Example 2.2.25. Imagine a family who needs to buy a new computer and
they do not have any budget limits. They go to an IT shop and decide
that they will buy a laptop among the ones that the IT shop has in offer at
that moment. To proceed with, all the members of the family should rank
the computers paying attention to their individual preferences. A priori, we
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could think that any laptop is equally suitable, so that all the possible rank-
ings may appear in this process. Nevertheless, let us assume now that there
are two computers which have all specifications and performances identical,
exactly the same, with the only exception that the first laptop has double
RAM than the second one. Taking into account that the family has no limits
in the money to expend, nobody will prefer the second computer to the first
one. In other words, in that practical situation, some ranking would never
be considered.

In similar cases, asking the social choice rules to have an universal domain
is not necessary. Another example is the well-known of the so-called single-
peaked preferences.

Example 2.2.26. In a parliament, it is common to rank the parties from
left-wing to right-wing according to their political positions. Under my point
of view this classification is inaccurate and problematic, but for the sake of
the example we will assume that it is reasonable. For all voters whose most
prefered party is just the most extreme left-wing one, we could never expect
that their second most preferred party corresponds to a clear right-wind
option. We should think that their preferences go from left to right, with no
jumps or moves backwards, so that their third preference should be located
just aside of the second one, and a bit more to the right, obviously, and
so on with their subsequent preferences. Of course, for the voters whose
most preferred party is the most radical right-wind one, we can use here a
symmetric argument. But, what happens with the centrist voters? For such
voters, we may think that the closer a party is from their favourite one, the
more prefered it will be in their particular ranking.

Situations similar to the one shown in this example, do actually motivate
the use and the study of the so-called single-peaked preferences (see [91,
Chapter 3]). We can see graphically, in the following figures, how they
behave.
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Figure 2.5: (1) left-wing voter, (2) centrist voter
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Figure 2.6: A non single-peaked preference

In both examples, the alternatives have some kind of relationship be-
tween them, causing the perception of some preferences being unreasonable.
For example, in the first case, if one of the sons prefers the computer with
less RAM over the one that has more, their relatives will assume that he has
made a mistake or misperception. On the second example, if anyone fills a
non single-peaked ballot, probably most people will think that such a voter
lacks of information about the policy of each party, and votes, so-to-say, at
random.

In fact, most researchers realize that, in many situations, imposing the
condition of universal domain could be whimsical and even a nonsense. For
that reason, they started to consider and analyze social choice rules without
a universal domain, obtaining appealing results in this setting. For example,
in [22, 63] some possibility results on single-peaked domains were achieved.
Also, in [74] there is an extensive treatment of restricted domains in a general
framework.

A discussion about the Paretian property

The so-called Paretian restriction has not been given a remarkable criticism
in the specialized literature (with a few exceptions, see e.g. [48]). Whereas
other axioms collide with empirical data or common sense, the Paretian
property is accepted, almost always.
Nevertheless, there are some variations of this property which do indeed
depend on the preferences of the researchers. An example, is the strong
Paretian property, that has been considered by some authors (e.g., Kelly in
[91]).

Definition 2.2.27. A social choice rule C on a set X is said to satisfy the
strong Paretian property if for every pair of alternatives x, y ∈ X and every
profile (%i) on its domain satisfying that x %i y for all individual i ∈ N
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and there exists an individual j ∈ N with x �j , the following condition is
satisfied: for every agenda v ∈ P(X), if x ∈ v then y /∈ C(%i)(v) holds true.

It is clear that the strong Paretian property implies the weak Paretian
one.

A discussion about the property of non-dictatorship

Non-dictatorship is a condition that, just as it happened to the Paretian
property, has been accepted, in general, without a clear criticism about it.
This lack of criticism is probably caused by the fact that the axiom of non-
dictatorship has a clear and natural redaction and that straightforwardly
expresses a common sense and suitable idea, namely the necessity of the
social choice rules to be non-dictatorial.

However, it is interesting to consider that in some situations, the society
may still be willing to accept some particular kind or variation of a dictatorial
rule. Consider, for example, a selection committee for a teacher vacancy. The
corresponding process of selection has two different and stepwise components.
First of all, the "objective" rules imposed by the institution act. Those rules
rank the candidates, according to their CV merits. But, in a second step,
there is a committee, which now examines every potential or pre-selected
candidate with more accuracy, using "intersubjective" criteria. In such cases,
the institution rules select a huge set of the best candidates whose CV value
are more or less similar. And, in the second round, the committee makes the
final decision.

In that example, we could interpret that, unlike the committee, the in-
stitution is acting, as a dictator. The institution rules rank non-strictly all
candidates because when two CVs are similar, they are ranked as indifferent.
The preselected candidates are the elements of the indifference class at the
top of the ranking. Notice that the finally selected candidate, the one who
will obtain the teacher position, will be a member of the indifference class
above. This fact implies that the institution acts as a dictator.

So, the main question here is: in situations where a dictator is accepted
by the agents, as it is the case of the one presented before, which restrictions
do actually impose the Arrovian axioms into the final result of the decision
making, when the dictator is indifferent between a pair of given alternatives?

A discussion about the property of independence of irrelevant al-
ternatives

This is one of the most controversial properties for a good social choice rule.
There is a vast literature questioning the convenience of the axiom of inde-
pendence of irrelevant alternatives.
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It has been criticised starting from a pure philosophical point of view.
In those discussions, the criticism was not explicitly against the whole Arro-
vian model itself. Just the fact and hypothesis that imposes that the election
between a pair of alternatives can not be affected by third actors has been
considered troublesome by many authors, in several contexts. See for exam-
ple [69, 83, 116].

Apart from this, there is some empirical evidence that supports that
humans are influenced by third actors when ordering or pairwise comparing
alternatives two by two. The experiment mentioned by Dan Ariely in [8] is
revealing:

Example 2.2.28 ([8, page 8]). «Suppose you’re shopping for a house in a
new town. Your real estate agent guides you to three houses, all of which
interest you. One of them is contemporary, and two are colonials. All three
cost about the same; they are all equally desirable, and the only difference
is that one of the colonials (the "decoy") needs a new roof and the owner
has knocked a few thousand dollars off the price to cover the additional
expenses.». Ariely argues (and that is supported by the empirical evidence)
that people tend to choose among the alternatives which can be compared
with others. In this example, the real estate agent introduces that third
house as a decoy to force the final choice in favour of colonials.

Beyond the considerations of philosophical discussions about the indepen-
dence of irrelevant alternatives or studies about human behaviour in front
of a rational decision, we may encounter several mathematical contributions
to this discussion.
Among a large amount of research in this framework, we cite the works of
Murakami and Blau, in which they proposed the concept of m-ary indepen-
dence property [24, 25], where the set of alternatives in which the decision
depends on increases. Campbell and Kelly [34] introduced the independence
of some alternatives, a weaker version of m-ary independence. The works of
Coban [48] also relaxed the concept of independence of irrelevant alternatives.

As a conclusion, we can say that there are many reasons to question
the independence of irrelevant alternatives property. However, this axiom
induces simplicity to the social choice rules and, when we are modelling,
simplicity plays a central role.

A discussion about the rationality of social preferences

It is interesting and worthwile to think about the lack of symmetry between
individual preferences and social preferences.

Why social preferences are choice functions, whereas individual prefer-
ences are total preorders?
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In this section, we will see that the axiom of rationality is, as a matter
of fact, equivalent to asking the social preferences to be total preorders.

Many authors state the Arrow’s impossibility theorem directly with the
social preferences understood as being total preorders (for example [67, 75,
109]). Probably, the formulation has evolved in this direction because it is
simpler than the original Arrovian one. However, this asymmetry suggests
that Arrow (and some of his coetaneous) had in mind that individual and
social preferences were different in their nature. In a review made by Arrow
in [49], where he gave and account of his vision and motivation concerning
Social Choice, we can see that he emphasized the idea that the society has
to pick an option from the available alternatives, in function of the individ-
ual preferences which are completely defined over all alternatives. Modelling
social preferences as choice functions is in line with the conception shown by
Arrow in that review.

In a complementary way, if we see the social preferences as total pre-
orders defined on a nonempty set X, the social choice rules are aggregation
functions15 on OX .

Imposing the social choice rules to be rational is indeed a strong restric-
tion. With this axiom, the choice functions obtained as output from the
social choice rules should a fortiori be defined in terms of total preorders.
It can be straightforwardly checked that every rational choice function can
actually be defined by a single total preorder and every preorder defines a
unique rational choice function. In other words, there is a bijection between
rational choice functions and total preorders.

Using such bijection, every social choice rule can be translated to an ag-
gregation function on the set of total preorders OX .

The last part of this subsection is devoted to formalizing the relationship
between social choice rules and aggregation functions on OX .

Definition 2.2.29. Let CrX be the set of rational choice functions on X.
Define b : OX → CrX as the function with b(%) being the rational choice
function defined by %, i.e. b(%)(v) = {x ∈ v : ∀y ∈ v x % y} for all
v ∈ P(X). The map b is said to be the canonical bijection between OX and
CrX .

15An aggregation function on a set A is a function f : An → A (with n ≥ 2). Aggregation
functions are used in many areas of Mathematics depending on the properties of the set
A. For instance, we can consider aggregation functions in A = [0, 1] (see [18]), aggregation
in sets of preferences (see e.g. [35, 45]), aggregation of fuzzy subsets (see e.g. [57, 80]),
etc.
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Proposition 2.2.30. The map b is indeed a bijection.

Proof. First of all, b is surjective by definition of a rational choice function.
On the other hand, suppose that b(%) = b(%′). We want to prove that for
all x, z ∈ X x % z ⇔ x %′ z. To do so, consider the agenda v = {x, z}. By
the definition of b we obtain the equivalence x % z ⇔ x ∈ b(%)(v) ⇔ x ∈
b(%′)(v)⇔ x %′ z.

Definition 2.2.31. Let n be a positive integer. A n-aggregation rule on OX
is a function f : OXn → OX .

Given a rational social choice rule C on X for the society N (with |N | =
n), the composition b◦C is actually a n-aggregation function onOX . Besides,
if f is a n-aggregation function on OX , b−1 ◦f is a rational social choice rule.
This fact leads straightforwardly to the following result.

Proposition 2.2.32. Let X be a nonempty set and N a society of finite
cardinal, say n. The function B from the set of rational social choice rules
on X for N to the set of n-aggregation rules on OX defined by B(C) = b◦C
is bijective.

As it was commented before, many authors state the Arrovian model
and the subsequent impossibility theorem working directly with aggregation
functions instead of social choice rules. In such case some of the axioms
which characterize the Arrovian model are stated in a slightly different man-
ner, so varying accordingly.

We will provide new definitions to state the impossibility theorem in a
new manner, now using n-aggregation rules instead of social choice rules of
n individuals. First, we need some notation.
Notation 2.2.33. The result of an aggregation of a profile (%i) ∈ (O)nX by
an n-aggregation rule is a total preorder (i.e. f((%i)) ∈ OX). Sometimes it
is necessary to use its asymmetric or symmetric parts. In those cases, the
asymmetric part of f((%i)) is denoted by �f((%i)) and the symmetric one by
∼f((%i)).

We proceed by stating the Arrovian axioms for aggregation rules:

Definition 2.2.34. An aggregation rule f on OX is called weakly Paretian
(for aggregation rules) if for every profle (%i) ∈ OXn and every pair x, y ∈ X
with x �i y for all i ∈ N , it holds true that x �f((%i)) y.

Definition 2.2.35. We say that an aggregation rule f on OX satisfies the
property of independence of irrelevant alternatives (for aggregation rules) if
for every pair of profiles (%i), (%′i) ∈ OXn and every pair x, y ∈ X such that
%ie{x,y}=%′ie{x,y} for all i ∈ N , the equality f((%i))e{x,y} = f((%′i))e{x,y}
holds.
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Definition 2.2.36. We say that an aggregation rule f on OX is dictatorial
(for aggregation rules) if it exists a k ∈ N such that for every profile (%i) ∈
OXn and every x, y ∈ X, if x �k y then x �f((%i)) y.

Proposition 2.2.38 states the equivalence of axioms between aggregation
functions and social choice rules with rational explanation. Before stating
it, we introduce a technical lemma.

Lemma 2.2.37. Let c be a rational choice function on X defined by the total
preorder %. Then for every pair x, y ∈ X the following are equivalent:

1. For every agenda v ∈ P(X): if x ∈ v, then y /∈ c(v).

2. c({x, y}) = {x}.

3. x � y.

Proof. (1 ⇒ 2) First, by Remark 2.2.22 we get that c({x, y}) is not empty.
Now, using directly (1) with respect to the agenda {x, y}, it follows that
c({x, y}) = {x} because it can not be empty.
(2 ⇒ 3) If c({x, y}) = {x}, by the definition of rationality we obtain that
x % y holds, whereas y % x does not hold. So x � y.
(3⇒ 1) This follows directly from the definition of rationality.

Proposition 2.2.38. Let C be a rational social choice rule on the nonempty
set X for the society N . Then:

i) C satisfies the weakly Paretian property if, and only if, b ◦ C satisfies
the weak Paretian property (for aggregation rules).

ii) C satisfies independence of irrelevant alternatives if, and only if, b ◦C
satisfies independence of irrelevant alternatives (for aggregation rules).

iii) C is dictatorial if, and only if, then b◦C is dictatorial (for aggregation
rules).

Proof. The equivalences i) and iii) are obtained by direct application of
Lemma 2.2.37.
Consider now a pair x, y ∈ X with %ie{x,y}=%′ie{x,y} for all i ∈ N . Then,
C(%i)({x, y}) = C(%′i)

({x, y}). By Lemma 2.2.37 the rank between x and
y, for both rational choice functions, must coincide. In other words (b ◦
C(%i))e{x,y} = (b ◦ C(%′i)

)e{x,y}.
Conversely, given an agenda v ∈ P(X) with %iev=%′iev for all i ∈ N then,
we can assure that for every pair x, y ∈ v and every i ∈ N it follows that
%ie{x,y}=%′ie{x,y}. Using the condition of independence of irrelevant alter-
natives of b ◦ C we obtain that (b ◦ C(%i))e{x,y} = (b ◦ C(%′i)

)e{x,y}. Taking
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into account that this happens for any pair x, y ∈ v, we can guarantee that
(b ◦ C(%i))ev = (b ◦ C(%′i)

)ev. Finally, we obtain that C(%i)(v) = C(%′i)
(v) be-

cause for all x ∈ v we have the following equivalence: x ∈ C(%i)(v)⇔ ∀y ∈ v,
x[b ◦ C(%i)]y ⇔ ∀y ∈ v, x[b ◦ C(%′i)

]y ⇔ x ∈ C(%′i)
(v).

Theorem 2.2.39. Let X be a nonempty set and n a positive integer. Assume
also that |X| ≥ 3. There is no n-aggregation rule being weakly Paretian
(for aggregation rules), satisfying independence of irrelevant alternatives (for
aggregation rules) and being also non-dictatorial (for aggregation rules).

Proof. Suppose that there exists such aggregation function f . By Propo-
sition 2.2.38 and 2.2.32, B−1(f) fits into the Arrovian model. Hence, by
Theorem 2.2.24 such function does not exist.

2.2.4 Independence of the axioms that appear in the Arro-
vian model

It is important to check that all the conditions in the Arrovian model are
logically independent. We will provide the reader with some examples of
social choice rules, each of them satisfiying all but one of the conditions in-
volved in the Arrovian model. Other examples in this direction may be seen
in [91].

There are many possibilility results concerning the existence of social
choice rules that satisfy allthe Arrovian axioms except the condition of uni-
versal domain. It is not our intention to include here a detailed account on
this topic. However, we will include where the independence of the axioms
as been analyzed and highlighted. For example, see [74, Theorem 18].

Example 2.2.40. Consider a social choice rule C defined on a set X (with
|X| ≥ 3) defined for every profile p ∈ OXn as Cp(v) = v (for all v ∈ P(X)).
This rule satisfies the property of universal domain by its own definition. It
is straightforward to see that it also accomplishes independence of irrelevant
alternatives and non-dictatorship. But the weakly Paretian property does
not hold because the choice function is independent from the profiles. Finally,
C is rational, by means of the binary relation Ω such that xΩy holds for all
x, y ∈ X.

Example 2.2.41. Consider a social choice rule satisfying universal domain
and defined on a set X with |X| ≥ 3. For each profile (%i) ∈ OXn define
the binary relation Ω(%i) on X as follows: as xΩ(%i)y if it exists a j ∈ N
with x �j y, or for all i ∈ N it holds true that x ∼i y. This rule fails to be
rational because Ω is not always transitive. For example, consider a profile
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(%i) ∈ OXn defined over three alternatives x, y, z ∈ X as z �1 x �1 y,
y �2 z �2 x and x ∼i y ∼i z for all i > 2. For this profile xΩ(%i)yΩ(%i)z
holds because x �1 y and y �2 z. But xΩ(%i)z does not hold because there is
no k ∈ N with x �k z, neither x ∼i z for all i ∈ N . It satisfies independence
of irrelevant alternatives because of the definition of Ω(·). It is also Paretian,
since for every profile (%i) with x �i y for all i ∈ N , it holds that xΩ(%i)y,
and in addition yΩ(%i)x does not hold. It is non-dictatorial because if one
agent strictly prefers x over y and another one prefers y over x, then the
social preference shows indifference between x and y.

Example 2.2.42. Let X be a finite set with more than n elements (|X| >
n ≥ 3). For each profile (%i) ∈ OXn and x ∈ X, we define s(%i)(x) =∑n

i=1 |{y ∈ X : y �i x}|. Notice that if X were not finite, it would not have
been possible to define s.
We build a social choice rule C: for each profile (%i) ∈ OXn and agenda
v ∈ P(X) we define C(%i)(v) = {x ∈ v : ∀y ∈ v, xΩ(%i)y}, where xΩ(%i)y if
s(%i)(x) ≤ s(%i)(y).
By definition C has universal domain and has a rational explanation. Be-
sides, C is weakly Paretian because if x �i y for all i ∈ N , then s(%i)(x) <
s(%i)(y). In order to see that an agent k is not a dictator, we set a pair of
alternatives x, y ∈ X and we consider any profile (%i) in which x is the most
preferred alternative for k and y is the least preferred, and it is the oposite
for the other agents. Then, s(%i)(x) = (|X| − 1)(n− 1) > |X| − 1 = s(%i)(y).
The social rule C is not independent of irrelevant alternatives. Consider the
same profile as above but being x the second most preferred alternative for
agents distinct to k. Then, s(%i)(x) = n − 1 < |X| − 1 = s(%i)(y). Here,
in spite of being the relative position between x and y the same, the social
choice is just the opposite.
The example can be adjusted for every finite cardinality of X.

Example 2.2.43. Consider the social choice rule defined on a set X satis-
fying universal domain and |X| ≥ 3. For each profile (%i) ∈ OXn define its
image by the social choice rule as C(%i)(v) := {x ∈ v : ∀y ∈ v x %1 y}. This
rule is dictatorial and satisfies all the other properties.

In spite of the condition on the cardinality of X not being an axiom, it
is relevant to see that there are social choice rules satisfying all axioms when
|X| = 2. In other words, in the classical Arrow’s impossibility result the fact
of having at hand three alternatives at least plays a crucial role and cannot
be ruled out. It is shown in the following example:

Example 2.2.44. If |X| = 2, we can write X as X = {a, b}. For every
profile (%i) ∈ OXn, let us consider the binary relation Ω(%i) on X defined as
xΩ(%i)y if and only if, for all i ∈ N , it holds that x ∼i y or there exists any
k ∈ N with x �k y (for x, y ∈ {a, b}). Notice that Ω(%i) is reflexive because
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all the preferences on the profile are also reflexive, and it is also transitive
because all binary relations on a set with exactly two elements are transitive.
The social choice rule defined as C(%i)(v) = {x ∈ v : ∀y ∈ v xΩ(%i)y} is
rational, and has universal domain by construction. Moreover, it satisfies
independendence of irrelevant alternatives because Ω(%i) is independent of
the agendas v ∈ P(X). We will check by contradiction that it satisfies the
strong Paretian property, too. To see that, suppose that there is a profile
(%i) ∈ OXn, a pair of alternatives x, y ∈ X and an agenda v ∈ P(X), such
that, for all i ∈ N x %i y holds and there is some k ∈ N with x �k y,where
x ∈ v and y ∈ C(%i)(v). Then, it follows that yΩ(%i)x, which is equivalent to
say that for all i ∈ N , y ∼i x holds (which is impossible because x �k y), or
else that there exist k′ ∈ N with y �k x (which is also impossible because,
for all i ∈ N , x %i y holds). So this social choice rule satisfies the strong
Paretian property. Finally it is not dictatorial because if it were, because
of the symmetry of C whith respect to the components of the profile, both
agents would be dictators, and this is not posible, either, because the dictator
is unique.

2.2.5 Coalitions. Its role in the proof of the classical Arro-
vian impossibility theorem

There are many proofs of Arrow’s Theorem. Some of them are very original
or surprising because of their use of mathematical tools which a priori are
not connected with the formulation of the Arrovian model. For instance,
Tanaka used the Brower fixed point theorem in [118] whereas Abramsky
used a categorical formulation in [2].

Here we will describe a proof which follows the same strategy than the
one provided by Arrow in 196916. It is included here not exclusively because
it is the first proof, but also because such proof is based on the notion of
an oligarchy. Oligarchies constitute a key resource used to achieve the proof
of the classical Arrow’s impossibility theorem. They are commonly used on
other frameworks arising in Social Choice, and they can be interpreted as a
real and tangible phenomena in societies: making alliances to gain influence.

First, we will define different types of coalitions and oligarchies. Next,
we will state an important result about them. We will conclude with a proof
of the classical Arrovian impossibility theorem.

Notation 2.2.45. Every nonempty subset S of agents of a society N is said
to be a coalition.

Definition 2.2.46. Given a social choice rule C on X for N , a coalition
16Arrow in the second edition of Social Choice and individual values replaced two con-

ditions of his former impossibility theorem. In his own words, this was made in order «to
meet an important objection raised by Blau»in [23] (see [11, Subsection VII.II.1]
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S ⊆ N is called locally decisive — of x against y if for every profile (%i) in
the domain of the social choice rule, and satisfying x �i y for all i ∈ S and
y �i x for all i ∈ NrS, we have that for every agenda v ∈ P(X) with x ∈ v,
y /∈ C(%i)(v) holds.

Definition 2.2.47. Given a social choice rule C on X for N and two alter-
natives x, y ∈ X, a coalition S ⊆ N is called globally decisive — of x against
y if for every profile (%i) in the domain of social choice rule, and satisfying
x �i y for all i ∈ S, we have that for every agenda v ∈ P(X) with x ∈ v,
y /∈ C(%i)(v) holds.

The difference between local and global decisive coalitions is the fact
that if a locally decisive coalition (of x against y) wants to exclude y, all
agents outside such coalition should prefer y over x. Unlike this, a globally
decisive coalition can exclude alternatives independently of the preferences
of the members outside the coalition.

Definition 2.2.48. Given a social choice rule C on X for N and two alter-
natives x, y ∈ X, a coalition S ⊆ N is said to be an oligarchy if it is globally
decisive for all pairs of alternatives x, y ∈ X.

By definition, for every pair of alternatives x, y ∈ X oligarchies are glob-
ally decisive for x against y. Besides, a globally decisive coalition of x against
y is obviously a locally decisive coalition of x against y, too. The next re-
sult states that under certain conditions the three types of coalitions are
equivalent.

Proposition 2.2.49. Let C be a social choice rule on X for a society N . If
X has at least 3 elements and C has universal domain, is weakly Paretian,
satisfies independence of irrelevant alternatives and has also a rational ex-
planation, then it holds that if there are two different alternatives x, y ∈ X
and a coalition S ⊆ N is locally decisive for x against y, then that coalition
S is indeed an oligarchy.

Proof. First we will introduce some notation. Given a pair a, b ∈ X we will
abbreviate "S is locally decisive for a against b" by aD−S b, and also "S is
globally decisive for a against b" by aDSb. By hypothesis, we start from
xD−S y and we should prove that for all z, w ∈ X it holds that zDSw. We
have organized the proof into 3 steps:

Step 1: First, we prove that if aD−S b, then for all c /∈ {a, b} it holds that
aDSc. Consider a profile (%i) ∈ OXn with a �i c for all i ∈ S. We need
to prove that for every agenda v ∈ P(X), if a ∈ v, then c /∈ C(%i)(v). By
Lemma 2.2.37 as regards C, it is sufficient to prove that C(%i)({a, c}) = {a}.
To do so, we choose any other profile (%′i) satisfying that %′ie{a,c}=%ie{a,c},
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b �′i c for all i ∈ N , a �′i b for all i ∈ S and b �′i a for all i ∈ N r S. If
%′ is the preorder which defines the rational choice function C(%′i)

, using the
weak Paretian property we obtain that b �′ c. Moreover, a �′ b because
aD−S b. From the previous facts, and taking into account the transivity of
%′, we obtain that a �′ c. Using the property of independence of irrelevant
alternatives on {a, c}, we get that C(%i)({a, c}) = C(%′i)

({a, c}). Finally,
since a �′ c, we arrive at {a} = C(%′i)

({a, c}) = C(%i)({a, c}).
Step 2: Second, we prove that if aD−S b, then for all c /∈ {a, b} it holds
true that cDSb. The result follows from an equivalent argument to that
developped in Step 1.
Step 3: By hypothesis,we have xD−S y. If x = z and y 6= w (respectively, if
x 6= z and y = w) we use Step 1 (respectively, Step 2) and we obtain xDSw
(respectively, zDSy). If x 6= z and y 6= w, we use Step 1 on xD−S y and w,
and we get that xDSw, which implies xD−Sw. Using Step 2 on xD−Sw and
z we obtain that zDSw. If x = z and y = w, choose a t /∈ {x, y}. Following
the same argument as before, we obtain that tD−S y, and applying again Step
1 to tD−S y and x, we arrive at xDSy.

It is immediate to notice that for a social choice rule satisfying the weak
Paretian property, N is an oligarchy. In addition, a dictator is an oligarchy
that is a singleton, that is, consists of a single agent.

The previous proposition warns us that something is not going well. It
is quite surprising that if a coalition can decide on a pair of alternatives,
automatically it can also decide on any pair of alternatives. For that reason,
that result is usually called the Contagion result. It plays a crucial role in
the proof of the classical Arrovian impossibility theorem.

The original proof of Arrow’s theorem leans on the study of oligarchies
of social choice rules. The key of the proof lies on the fact that if there is an
oligarchy with at least 2 agents, then, if we remove one of its members, the
resulting coalition is decisive too. As aforementioned, there exist at least an
oligarchy, since, due to the Paretian property, the whole set of all individuals
in the society, namely N is indeed an oligarchy: Bearing all this in mind, we
can remove individuals one by one, until we finish with a smallest that only
has one individual, so that it is a dictator.

Proof of Theorem 2.2.24. We will prove it by contradiction. To do so, let
us suppose that there exist a social choice rule C : OXn → CrX satisfying
the conditions of the theorem. The set of all oligarchies with respect C is
non-empty because N is an oligarchy. Since the society N is finite, we can
chose an oligachy S whose cardinality is the smallest possible. S has more
than one agent because, by hypothesis, C fails to be dictatorial. Set any
k ∈ S, we will prove that k is a dictator, so reaching a contradiction.
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In order to do that consider three different alternatives x, y, z ∈ X and a
profile (%i) ∈ OXn satisfying:

x �k y �k z,
y �i z �i x, for all i ∈ S r {k},
z �i x �i y, for all i ∈ N r S.

Using that S is an oligarchy, as well as Lemma 2.2.37, we obtain that
C(%i)({y, z}) = {y}. Let us prove that x ∈ C(%i)({x, y}): If it were not
the case, then C(%i)({x, y}) = {y}. To prove that this last equality is not
possible is indeed the key steep in the proof of the main theorem here. We will
prove that if C(%i)({x, y}) = {y}, then S r {k} is an oligarchy, in contradic-
tion with S being the oligarchy whose cardinal attains a minimum. To do so,
using Proposition 2.2.49, it is enough to prove that Sr{k} is locally decisive
for y against x. To prove the local decisiviness we should consider every pro-
file (%′i) (with y �′i x if i ∈ Sr{k} and x �′i y otherwise), and now using the
property of independence of irrelevant alternatives, since %ie{x,y}=%′ie{x,y}
for all i ∈ N , we arrive at C(%′i)

({x, y}) = C(%i)({x, y}) = {y}. Again
by Lemma 2.2.37, we get that for every agenda v ∈ P(X) if y ∈ v, then
y ∈ C(%i)(v).
Since C(%i) is rational, let % be the total preorder generating it. Since
x ∈ C(%i)({x, y}), it follows that x % y. Besides, from C(%i)({y, z}) = {y},
we have that y � z. By transitivity, we obtain that x � z, or, in other words,
C(%i)({x, z}) = {x}.
Finally, in order to prove that k is a dictator, we prove that {k} is an oli-
garchy from the fact that C(%i)({x, z}) = {x} using the same argument
shown above, namely proving that {k} is locally decisive for x against z,
using the property of independence of irrelevant alternatives.

2.2.6 Variations of the Arrovian model. Other classical mod-
els arising in Social Choice

As it has been said in the Introduction, after the launching of the Arrow’s
impossibility theorem, the interest in finding good social choice models in-
creased. There were different strategies followed by the researchers. One
of them, and perhaps the most immediate to think about, is relaxing the
axioms of the Arrovian model. However, other models, essentially different
from the Arrovian one can also be considered.

The main objective of this section is to furnish a brief explanation about
the post-Arrovian models that we consider the most important ones. Ob-
viously we will pay attention to those that are somewhat related to the
questions which this thesis deals with.
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Topological models in Social Choice

To understand better topological models, it is important to introduce first a
naive notion of the market modelization. We give here this brief explanation
because it is important to see the motivation of the standard use of utility
functions in the framework of preference modelization.

Consider a finite set of commodities {1, . . . , C} continuously divisible.
The commodity space is RC+, and a commodity vector x = (x1, . . . , xC) ∈ RC+
represents the quantity of each commodity held by someone (where R+ =
[0,+∞)).
There is a finite set of agents or consumers {1, . . . , n}. Consumers declare
their preferences with respect to the possible distribution of commodities
that each of them can hold. Whereas in the Arrovian model these prefer-
ences are expressed through total preorders, in this context preferences are
expressed using utility functions on RC+. Every utility function defines a total
preorder but, by Theorem 2.1.14, there are total preorders without a utility
function which represents them. As a consequence, using utility functions
instead of total preorders implies a restriction over a variety of admissible
preferences. This decision has advantages, that we will explain below.

These models used to require every utility function to be twice differen-
tiable17. Then, optimization techniques based on the search of local maxima
and minima can be used. From a differential model we can describe the
states of the market (the distribution of commodities among customers) us-
ing a submanifold 18 of (RC+)n. A state is a point (x1, . . . ,xn) ∈ (RC+)n where
xi ∈ RC+ is the commodity vector of the consumer i.
If consumers have their preferences encoded by means of differential util-
ity functions, we can try to find states which maximize the satisfaction of
consumers using differential calculus. For a further technical explanation of
market modelization see [119, Chapter 8].

We have justified why in some economical contexts it is convenient to use
utility functions instead of preorders to express preferences. Now we come
back to the Social Choice context, and we will define a social choice model
involving utility functions.

Consider P a set of continuous utility functions on a submanifold M ⊆
RC . Notice that each utility function is a preference over the submanifold
M and P is a set of functions from M to R. In addition, P is a topological

17See [31, Chapter 7] for the restrictions in the representability of a total preorder in
manifolds.

18A manifold is a mathematical object. If you are not interested in technical details
you can imagine it as a subset of an Euclidean space Rl with good smoothness properties.
Otherwise, you can find a crash-course on [119] (a book of differential topology applied to
Economy) or in [86] (a mathematical book of differential topology).
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space with the compact open topology19. In the Arrovian model, the set
of preferences was the set of all preorders over the set of alternatives (in
this section the set of alternatives is M , and OM the set of all preorders on
M), but using utility functions as preferences we have P which is equipped
with a topology, an additional structure which OM does not have, at least
a priori. The topological point of view introduces new possibilities into the
social choice problem of aggregating preferences.

Definition 2.2.50 ([46]). An n-Chichilnisky rule on a topological space T
is a function f : Tn → T satisfying:

- Continuity20.

- Unanimity: for all u ∈ T f(u, . . . , u) = u.

- Anonimity: for all u1, . . . un ∈ T and σ an n-permutation, f(u1, . . . , un)
= f(uσ(1), . . . , uσ(n)).

It is unavoidable to compare n-Chichilnisky rules with social choice rules.
Anonymity plays here the role of non-dictatorship. However, unanimity
and continuity are not directly comparable to any of the Arrow’s axioms.
However, unanimity expresses a similar idea than the Paretian property in
the sense that if all agents agree, the social choice has to be coherent with
the agreement. In addition, the similarity of continuity with the property of
independence of irrelevant alternatives is almost negligible.

In addition, there are a few studies from Baryshnikov [14, 15] in which
he reveals a deep connection between both models by means of cellular com-
plexes.

One of the results provided by Chichilnisky was about the existence of
n-Chichilnisky rules on topological spaces of utility functions.

Theorem 2.2.51 ([44, Theorem 1]). There is no n-Chichilinisky rule for
n ≥ 2 on the set of all the diferentiable utility functions defined on a manifold
whose dimension is greater than or equal to 2.

In the previous result, preferences were utility functions. However, after
a new step forward, we can study the existence of n-Chichilnisky rules on
arbitrary topological spaces. In those cases another interesting result arises.

19It is not our objective to focus on complex concepts drom differential topology. So the
definition, as well as the properties of compact open topologies, are not relevant here. The
important part is that we can endow P with a suitable topology for our main purposes. If
you want to visualize the compact open topology, you can suppose thatM is compact (for
example M = [0, 1]l). In such case the compact open topology on P is the same as the
topology induced by the supremum metric defined by d(u, u′) = sup{|u(x) − u′(x)| : x ∈
M} for all u, u′ ∈ P . Furthermore, you can find the definition of compact open topology
and the proof of the previous equivalence in [86, Section 2.4].

20Here Tn is given the usual product topology induced by the given topology on T .
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Theorem 2.2.52 ([46, Theorem 1]). Let T be a parafinite CW-complex.
There exist an n-Chichilnisky rule for all n if, and only if, T is contractible.

Whereas Theorem 2.2.51 states that there is no n-Chichilnisky rule on
a specific family of topological spaces, Theorem 2.2.52 states when there
is at least one n-Chichilnisky rule for every n, but now on other kinds of
topological spaces. So we can claim that the topological structure is a key
fact to guarantee the existence of such rules, so playing a crucial role.

There are studies where a large amount of variations of n-Chichilnisky
rules have been analyzed and discussed. For example, in [47] they are studied
N-Chichilnisky rules where the cardinality of the set of agents is countable
infinite instead of finite. Also, in [39], there is a continuum of agents mod-
elled by R.

Topological models include a reality that the Arrovian model does not
take into account. They handle situations in which alternatives or prefer-
ences can be close between them, so that slight modifications in the profiles
will give rise to slight modifications in the corresponding output or final
social veredict.

Strategy-proof models in Social Choice

The social choice rules involved in the classical Arrovian model can be con-
sidered as being too much ambitious, in the sense that they generate a social
ordering on the whole set of alternatives. However, in many practical situa-
tions, the society only needs to select the most preferred alternative.

Gibbard and Satterthwaite in [77] and [113] took this approach and re-
formulated the Arrovian model. Instead of using choice functions modelling
what would choose societies on each agenda, they were only concerned about
the choice on the whole set of alternatives. Additionally, they requested that
only a single alternative to be finally selected.

In the introduction of this section we exposed strategic behaviour by
means of a voting example. Gibbard and Satterthwaite implemented this
type of questions into their model, and imposed conditions which made so-
cial choice immune to strategic manipulations. For this reason, this model
used to be called strategy-proof.

Let us introduce now this model, as well as the theorem of Gibbard-
Satterthwaite, that is another impossibility theorem.

Definition 2.2.53. Let X be a nonempty set and N a society of n indi-
viduals. A voting rule on X for N is a function f defined from OXn to
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X.

The non-manipulation condition is designed to avoid the following situa-
tion. Suppose that the agent k knows the preferences of all members of the
society. These preferences are represented by the profile (%i) ∈ OXn, and
a ∈ X is chosen by such profile. The agent k prefers b over a and, besides, k
is wise and has information about f , so that k realizes that repporting (ob-
viously, lying) %′k instead of %k, the alternative b will be chosen. Gibbard
and Satterthwaite imposed the following condition to avoid these dishonest
situations.

Definition 2.2.54. An agent k can manipulate a voting rule f if there is a
profile %i) ∈ OXn and a preference %′k∈ OX such that

f((%1, · · · ,%′k, · · · ,%n)) �k f((%1, · · · ,%k, · · · ,%n))

If no agent can manipulate f , then f is said to be strategy-proof.

Definition 2.2.55. A voting rule f is said to be dictatorial if there is
an agent k such that for every profile (%i) ∈ OXn, it holds true that
f((%i)) ∈max%k f(X), the set of maximal elements of f(X) with respect
to the total preorder %k.

Theorem 2.2.56 (Gibbard-Satterthwaite [77, 113]). Let f : OXn → X a
voting rule with |f(X)| > 2. Then f is strategy-proof if and only if it is
dictatorial.

The strength of the result of Gibbard and Satterthwaite was not sufficient
for researchers to discard the voting rules approach. Voting rules continue
being studied nowadays, in the search for new alternative models in which
there are possibility results. For example, a framework in this line explores
models with domain restrictions (see [74]).

2.3 Fuzzy Sets

More often than suspected, in our daily life we work with terms that are
uncertain, or not fully defined. Basic concepts as tallness, beauty or dignity
are not defined exhaustively and without any possible doubt. We use them
intuitively, often motivated by the social context and our own experience.
For example, it is completely different being tall in the Netherlands (where
the average height at 2019 was 72.36 inches) than in Peru (where it was 64.57
inches) [1]. Or, if we contemplate the evolution of artistic representations of
people, we can see that our conception of beauty has substantially evolved
across time and different cultures.
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In many disciplines, such concepts are studied, but none of them has
been given definitions which can be used independently of implicit social or
academic agreements.

Following this line, Goguen in [79] establishes a clear distinction between
"hard" sciences as Physics and Chemistry and "soft" sciences as Psychology
and Biology21. Whereas in the former disciplines, some exact mathematical
models were possible in order to make predictions, in the latter, the uncer-
tainty of the language made more difficult to implement a suitable mathe-
matical modelization.

One of the solutions which makes easier to handle inexact concepts was
the creation of new accurate mathematical objects. In 1965 Zadeh proposed
the notion of a fuzzy set in [122]. In that pioneer paper, he proposed fuzzy
sets as a possible solution for classification purposes. He said, for example,
that the set of all tall humans can not be understood by means of the clas-
sical set theory. Every human belongs to this set with a degree between 0
and 1, whereas in classical set theory it is only allowed to be tall (degree 1)
or not (degree 0).
Zadeh stood up for the use of fuzzy sets into pattern recognition or commu-
nication of information, where inexact concepts do actually abound.
The use of fuzzy sets in those settings is an evidence of the fact that more
than fifty years of research agree with him.

In this section, we will expose the basic definitions involving fuzzy sets,
that will be essential for the next chapters.

Definition 2.3.1. Let X be a set. For every subset A ⊆ X it can be de-
fined its characteristic function χA : X → {0, 1} as χA(x) = 1⇔ x ∈ A. In
other words, the characteristic function χA says an element x belongs to A
if χA(x) = 1 and that it does not if χA(x) = 0.

The characteristic function defines a bijection between P(X) and {0, 1}X
by means of A 7→ χA. So, subsets of X could have been defined as the
elements of {0, 1}X , and by means of the bijection above we would have
retrieved the usual definition of a subset.

Fuzzy subsets are an extension of the classic subsets in the sense that the
set {0, 1} is replaced by the unit interval [0, 1].

21Goguen made these remarks in 1969. From that time to the present, Biology has
evolved and in many disciplines, quantitative methods (both deterministic and statistical)
are used with remarkable success. A good example is Bioinformatics, when studying
protein structures.
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Definition 2.3.2. A fuzzy subset of a set X is a function µ : X → [0, 1]. X
is also called the universe of µ.

Definition 2.3.3. Let X be a set and µ a fuzzy subset of X. The support
of µ is the set supp(µ) = {x ∈ X : 0 < µ(x)} and the kernel of µ is the set
ker(µ) = {x ∈ X : µ(x) = 1}.

Definition 2.3.4. Let µ be a fuzzy subset of X and α ∈ [0, 1]. The α-cut
of µ is the set {x ∈ X : µ(x) ≥ α}.

One of the goals of fuzzy set theory is to extend the classical set the-
ory. The different classical concepts and statements of set theory have been
consequently generalized and extended to fuzzy set theory in several ways.

Definition 2.3.5. Fuzzy subsets whose image is contained into {0, 1} are
called crisp sets.

2.3.1 Triangular norms and conorms

On this subsection triangular norms and conorms will be defined, as well as
some other necessary concepts. At the end of the subsection a mini-section
with a pair of characterization results for continuous t-norms and t-conorms
is given.

Definition 2.3.6. A triangular norm (t-norm for short) is a function T :
[0, 1]× [0, 1] −→ [0, 1] satisfying the following properties:

i) Boundary conditions: T (x, 0) = T (0, x) = 0, and T (x, 1) = T (1, x) =
x, for every x ∈ [0, 1].

ii) Monotonicity: T is non-decreasing with respect to each variable, that
is T (x1, y1) ≤ T (x2, y2) if x1 ≤ x2 and y1 ≤ y2.

iii) T is commutative: T (x, y) = T (y, x) holds for every x, y ∈ [0, 1].

iv) T is associative: T (x, T (y, z)) = T (T (x, y), z) holds for any x, y, z ∈
[0, 1].

Definition 2.3.7. A triangular conorm (t-conorm for short) is a function
S : [0, 1]× [0, 1] −→ [0, 1] satisfying the following properties:

i) Boundary conditions: S(x, 0) = S(0, x) = x, and S(x, 1) = S(1, x) =
1, for every x ∈ [0, 1].

ii) Monotonicity: S is non-decreasing with respect to each variable, that
is S(x1, y1) ≤ S(x2, y2) if (x1 ≤ x2) and (y1 ≤ y2).

iii) S is commutative: S(x, y) = S(y, x) holds for every x, y ∈ [0, 1].
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iv) S is associative: S(x, S(y, z)) = S(S(x, y), z) holds for any x, y, z ∈
[0, 1].

Definition 2.3.8. A negation is a function N : [0, 1] −→ [0, 1] which is
strictly decreasing and involutive (i.e. N(N(t)) = t for all t ∈ [0, 1]).

Definition 2.3.9. Given a t-norm T , a t-conorm S and a negation N , the
triplet (T, S,N) is said to be a De Morgan triplet if for all x, y ∈ [0, 1] the
equality N(T (x, y)) = S(N(x), N(y)) holds true.

This definition is inspired in the De Morgan law encountered in classi-
cal Logic, that establishes a relation between conjunction, disjunction and
negation operators.

Proposition 2.3.10 ([18, Proposition 3.3]). Let T be a t-norm and N
a negation. Then the funtion S : [0, 1]2 −→ [0, 1] defined as S(x, y) =
S(T (N(x), N(y))) is a t-conorm and (T, S,N) is a De Morgan triplet.

Proposition 2.3.11 ([18, Proposition 3.3]). Let S be a t-conorm and N
a negation. Then the funtion T : [0, 1]2 −→ [0, 1] defined as T (x, y) =
N(S(N(x), N(y))) is a t-conorm and (T, S,N) is a De Morgan triplet.

In the literature, if a negation is implicitly used, it is usually understood,
unless otherwise stated, that it is the standard negation, N(t) = 1 − t. For
this reason, if it is said that a t-norm T and a t-conorm S are dual one
another. This indeed means that (T, S,N) is a De Morgan triplet, with N
being the standard negation.

Example 2.3.12. Here we can see the most widespread t-norms and their
respective dual t-conorms:

The minimum Tmin and the maximum Smax:

Tmin(x, y) = min{x, y}, Smax(x, y) = max{x, y}.

The product TP and the probabilistic sum SP :

TP (x, y) = xy, SP (x, y) = x+ y − xy.

The Łukasiewicz t-norm TŁ and the Łukasiewicz t-conorm SŁ:

TŁ(x, y) = max{0, x+ y − 1}, SŁ(x, y) = min{1, x+ y}.

The drastic product TD and drastic sum SD:

TD(x, y) =


x if y = 1,

y if x = 1,

0 otherwise.
SD(x, y) =


x if y = 0,

y if x = 0,

1 otherwise.
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Here we list some important properties of t-norms and t-conorms. All
properties or definitions for a t-norm have their dual properties or definitions
for t-conorms (and vice versa). We will introduce some properties and their
duals in the same corresponding statements.

Definition 2.3.13. Let T and S be a t-norm and a t-conorm. An element
a ∈ (0, 1) is said to be a 0-divisor of T if there exists some b ∈ (0, 1) such
that T (a, b) = 0. An element a ∈ (0, 1) is called a 1-divisor of S if there
exists some b ∈ (0, 1) such that S(a, b) = 1.

T-norms and t-conorms are usually understood as functions on unit inter-
vals. However, t-norms and t-conorms also are operations on [0, 1], and they
can be studied algebraically. From the algebraic point of view for any t-norm
T , the structure ([0, 1], T,≥, 1) is a commutative order-preserving semigroup
with identity element 1. And on the other hand, for any t-conorm S, the
structure ([0, 1], S,≥, 0) is a commutative order-preserving semigroup with
identity element 0, so-to-say, a monoid (see [7, pag. 9]). Under this perspec-
tive, it makes sense to consider the operation of any finite number of elements
from [0, 1]. Besides, taking into account that t-norms and t-conorms are as-
sociative as well as commutative, the final result of such operations does not
depend on the order in which they are made.
This motivates the definition the n-ary operators Tn and Sn. For every
t-norm T , every t-conorm S and for every n ≥ 2 we can define Tn, Sn :
[0, 1]n −→ [0, 1] by recursiveness as:

T2(x, y) = T (x, y), Tn(x1, . . . , xn) = T (Tn−1(x1, . . . , xn−1), xn) n ≥ 3.

S2(x, y) = S(x, y), Sn(x1, . . . , xn) = S(Sn−1(x1, . . . , xn−1), xn) n ≥ 3.

The previous operators are essential to analyze some operations that will be
considered from now on.

Definition 2.3.14. Let T and S be a t-norm and a t-conorm. An element
a ∈ (0, 1) is a nilpotent element as regards T if there exists some n ≥ 2 such
that Tn(a, . . . , a) = 0. Similarly, an element a ∈ (0, 1) is a nilpotent element
as regards S if there exists some n ≥ 2 such that Sn(a, . . . , a) = 1.

Proposition 2.3.15. Any t-norm T (respectively, any t-conorm S) has 0-
divisors (respectively 1-divisors) if and only if it has nilpotent elements.

Proof. If a ∈ (0, 1) is a 0-divisor withy respect to a t-norm T , there exist
b ∈ (0, 1) with T (a, b) = 0. Then T (min{a, b},min{a, b}) = 0, so min{a, b}
is nilpotent. Also, if a ∈ (0, 1) is a nilpotent element of T , then there
exist a n ≥ 2 with Tn(a, · · · , a) = 0. Hence a is a 0-divisor because 0 =
T (a, Tn−1(a, · · · , a)) if n ≥ 3 and T (a, a) = 0 if n = 2.

Definition 2.3.16. A t-norm T (respectively, a t-conorm S) is called nilpo-
tent if all elements a ∈ (0, 1) are nilpotent as regards T (respectively, S).
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Definition 2.3.17. A t-norm T (respectively a t-conorm S) is called strict
if it is strictly increasing on each variable on (0, 1]2 (respectively [0, 1)2). In
other words, for all x, y, z ∈ [0, 1] with x < y, T (z, x) < T (z, y) if 0 < z
(respectively, S(z, x) < S(z, y) if z < 1).

Definition 2.3.18. A t-norm T (respectively, a t-conorm S) is called Archi-
medean if for each a, b ∈ (0, 1) there exist an n ≥ 2 such that Tn(a, . . . , a) < b
(respectively, Sn(a, . . . , a) > b).

Continuous t-norms and t-conorms

Continuous t-norms and t-conorms deserve a specific mention, mainly for
two reasons. First, the additional continuity restriction has allowed the re-
searchers to obtain more results characterizing these operators. Second, con-
tinuous operators are a key to model situations where outputs should depend
on the inputs softly.
In the first result below, continuous Archimedean t-norms and t-conorms
are framed by means of a set of real functions. In the second subsequent
result, we have an approximation theorem for continuous t-norms in terms
of Archimedean ones.

Theorem 2.3.19 ([7, Theorem 2.1.6]). Let T be a continuous Archimedean
t-norm. There exist a continuous strictly decreasing function g : [0, 1] →
[0,+∞] with g(1) = 0 such that T is generated by g in the following sense.

T (x, y) = g(−1)(g(x) + g(y))

where g(−1) is the pseudoinverse of g and it is defined as:

g(−1)(t) =

{
g−1(t) if 0 ≤ t ≤ g(1),

0 otherwise.

We say that g is a generator of T . In adition, every continuous strictly
decreasing funtion g : [0, 1]→ [0,+∞] with g(1) = 0 generates a t-norm.

The dual result is also valid for t-conorms.

Theorem 2.3.20 ([7, Theorem 2.1.14]). Let S be a continuous Archimedean
t-conorm. There exist a continuous strictly increasing function h : [0, 1] →
[0,+∞] with h(0) = 0 such that S is generated by g in the following sense.

S(x, y) = h(−1)(h(x) + h(y))

where h(−1) is the pseudoinverse of h and it is defined as:

h(−1)(t) =

{
h−1(t) if 0 ≤ t ≤ h(1),

1 otherwise.

We say that h is a generator of S. In adition, every continuous strictly
increasing funtion h : [0, 1]→ [0,+∞] with h(0) = 0 generates a t-conorm.
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Proposition 2.3.21 ([18, Proposition 3.43]). Let g1 and g2 be two generators
in the sense of Theorem 2.3.19 (respectively, Theorem 2.3.20) above. Then
g1 and g2 generate the same t-norm (respectively. t-conorm) if and only if
there exists an element a ∈ R+ such that g1 = ag2.

The next result makes more relevant the concept of an Archimedean
t-norm. It says that every continuous t-norm can be approximated by a
sequence of Archimedean t-norms.

Theorem 2.3.22 ([88, Theorem 5]). Any continuous t-norm is the uniform
limit of a sequence of continuous Archimedean t-norms.

A dual result is valid for t-conorms.

2.3.2 Generalizations of crisp-set operators to fuzzy-set op-
erators

Definition 2.3.23. Let X be a set and µ and η two fuzzy subsets of X. We
say that µ is a subset of η if for all x ∈ X it holds true that µ(x) ≤ η(x).

Notice that in set theory, if we consider two subsets A and B of a set
X, A ⊆ B if for all x ∈ A, x ∈ B holds. Then, when we operate with the
characteristic functions χA and χB, we have that χA ≤ χB if and only if, for
all x ∈ X, it holds true that χA(x) = 1 ⇒ χB(x) = 1. In other words, A is
a subset of B if and only if χA is a fuzzy subset of χB.

The intersection and the union of sets also needs to be generalized. How-
ever, there is no consensus about a canonical generalization of such con-
cepts. Each t-norm is a possible generalization of the intersection, and each
t-conorm a generalization of the union.

Definition 2.3.24. Let X be a set. Let µ and ν be two fuzzy subsets of X,
and T and S a t-norm and a t-conorm.

- The union of µ and ν with S is the fuzzy subset denoted by µ∪S ν and
it is defined as (µ ∪S ν)(x) = S(µ(x), ν(x)) with x ∈ X.

- The intersection of µ and ν with T is the fuzzy subset denoted by
µ∩T ν and defined as follows: (µ∩T ν)(x) = T (µ(x), ν(x)) with x ∈ X.

Definition 2.3.25. Let X be a set and µ a fuzzy subset of X, and N a
negation. The complementary set of µ with respect to N is the fuzzy subset
denoted by µc and defined by µc(x) = N(µ(x)) with x ∈ X.
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Chapter 3

Fuzzy Arrovian models

We have already commented in the chapter of preliminaries that Arrow’s
Theorem is an important milestone in Social Choice. It triggered a strong
and intense research towards new models of preference aggregation.

At the end of the section, on 2.2, we briefly gave an account of two
attempts to solve the fact that the classical Arrovian model leads to an im-
possibility result. Furthermore, if we use now a fuzzy approach, we can look
for new generalizations of the Arrovian model to a fuzzy setting, where hope-
fully we can get some satisfactory aggregation rules and possibility results.
So, in this chapter we will analyze how and when possibility and impossibil-
ity results may arise in several fuzzy Arrovian contexts.

Many researchers, since the first possibility result obtained in Social
Choice in 1975 leaning on fuzzy sets and systems, have worked on the topic
of extending crisp Arrovian models to fuzzy ones, and many Fuzzy Arrovian
models have been proposed (see [73]). On the one hand many nonempty
models giving rise to possibility results have been obtained: [61, Proposi-
tion 3.9] in 1987, [12, Proposition 3.2] in 1994 or [58, Lemma 4] in 2011.
But simultaneously, on the other hand, many other models that lead to new
impossibility results were obtained, too: [13, Theorem 3.6] in 1986 or [103,
Theorem 4.13] in 2012. As a matter of fact, depending on the combination
of axiom generalizations selected for our frame of a fuzzy Arrovain model,
possibility or impossibility results will arise.

We have seen in the chapter of preliminaries that, when we extend set
theoretical concepts to a fuzzy context, different generalizations, not always
being equivalent, are possible. For example, when we want to generalize the
intersection and the union, many candidates appear, in the form of t-norms
and t-conorms respectively. In the case of the whole crisp Arrovian model,
the same happens when looking for extensions to the fuzzy setting: each
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definition or axiom encountered in the classical (crisp) Arrovian model, ob-
viously would need to be generalized and adapted to the fuzzy context, so
that many generalizations are possible. Consequently, the Arrovian model,
when generalized to some fuzzy contexts, will not be unique. Indeed, many
non-equivalent extensions are possible.

Why some extensions allow to get possibility results on fuzzy aggregation
rules, whereas others lead to impossibility results? This is a core question in
Fuzzy Social Choice, that we will study, in some directions, along the present
memory of Ph. D. doctoral thesis.

This chapter intends to state a framework for Fuzzy Social Choice. This
framework will be essential, in this chapter and the following ones, when
we will get new possibility and impossibility results in fuzzy Arrovian co-
texts, and we will discuss the reasons behind these theorems. As aforesaid,
it is important to point out again that there are many different Fuzzy So-
cial Choice frameworks in the specialized literature (e.g. [13, 54, 56]), and
sometimes they can be totally independent one another. We will set our
particular framework, so that any conclusion issued from our analysis is, a
priori, exclusively applicable to our framework and, most probably, not valid
in a different one. Anyways, some parts of our analysis or comments can
still be adapted to other suitable frameworks.

Te structure of this chapter goes as follows: First, we will define our
framework for fuzzy preferences. Second, we will introduce various gener-
alizations of the axioms encountered in the classical (crisp) Arrovian model
into our fuzzy framework. Third, in the sections 3.3 and 3.4 we will provide
combinations of axioms where possibility results arise, as well as others lead-
ing to impossibility. In the final part of the chapter, we will give some clues
to explain the reasons behind possibility and impossibility.

3.1 Fuzzy preferences

This section is devoted to the study of models of preferences defined in a
fuzzy framework. In spite of, in the Arrovian model depicted in preliminar-
ies, preferences being dichotomic in {0, 1}, and defined by means of crisp
binary relations, when the fuzziness is introduced the dichotomy is broken.
New possibilities arise since now preferences are graded in the unit interval
[0, 1].

In fuzzy frameworks, agents prefer an alternative to another with a cer-
tain degree. That degree is, typically, a value in the unit interval [0, 1]. To
understand well the concept of a degree of preference, different mathematical
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tools which follow the fuzzy idiosyncrasy have been implemented. In order
to do so, fuzzy set theory is commonly used, and binary relations, which
constitute the preferences’ core in the Arrovian model, are generalized to
fuzzy binary relations. In this section, we will study the properties of fuzzy
binary relations which are crucial to define fuzzy preferences.

As we have said at the beginning of this chapter, mathematical objects
existing in the crisp Arrovian model can be extended in many ways to the
fuzzy setting, leading to different kind of fuzzy preferences (different general-
izations of transitivity, completeness, etc). First, we will define fuzzy binary
relations as the generalization of crisp binary relations, and we will analyze
some of their properties. Second, we will define the concept of a fuzzy pref-
erence in our context. Third, we will define several sets of fuzzy preferences,
starting from various types of fuzzy transitivity and fuzzy completeness.

Let X stand for the a nonempty set of alternatives.

Definition 3.1.1. A fuzzy binary relation on X is a function R : X ×X →
[0, 1].

A fuzzy binary relation on X is, in particular, a fuzzy subset of the
Cartesian product X ×X. As a consequence, all the definitions introduced
in section 2.3 and relative to fuzzy subsets, can also be extended to fuzzy
binary relations. Besides, new concepts can be defined exclusively for fuzzy
binary relations.

Definition 3.1.2. Let R be a fuzzy binary relation on a set X. Let T be a
t-norm and S a t-conorm. We say that R is:

- reflexive if for all x ∈ X it holds true that R(x, x) = 1,

- symmetric if for all x, y ∈ X it holds true that R(x, y) = R(y, x),

- asymmetric if for all x, y ∈ X it holds true that R(x, y) > 0 implies
R(y, x) = 0,

- weakly transitive if R(x, y) ≥ R(y, x) jointly with R(y, z) ≥ R(z, y)
implies that R(x, z) ≥ R(z, x) holds true for all x, y, z ∈ X,

- T -transitive if R(x, z) ≥ T (R(x, y), R(y, z)) holds for every x, y, z ∈ X,

- S-connected if S (R(x, y), R(y, x)) = 1 holds for every x, y ∈ X.

Remark 3.1.3. Some authors use another alternative definition of asymmetry.
For example in [32, 97] the asymmetry depends on a t-norm playing the role
of an intersection. It turns out that our definition of asymmetry coincides
with the given in [97] when the t-norm has no zero divisors.
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Remark 3.1.4. Notice that the last two properties in the definition above
are framed through t-norms and t-conorms respectively. For example, we
will say that a fuzzy binary relation is min-transitive if for all x, y, z ∈ X
R(x, z) ≥ min{R(x, y), R(y, z)}. In the same way, we say that a fuzzy binary
relation R is max-connected if for all x, y ∈ X max{R(x, y), R(y, x)} = 1. In
the literature, there is a certain asymmetry in the use of these two properties,
namely, whereas T -transitivity is widely used, S-connectedness is not always
included in the articles about fuzzy social choice. Instead, many authors
just use the complete or connected fuzzy binary relations defined below (e.g.
[61, 78]).

Definition 3.1.5. Let R be a fuzzy binary relation on a set X. We say that
R is complete if for every pair x, y ∈ X, it holds true that R(x, y) = 1 or
R(y, x) = 1. We say that R is connected if for every x, y ∈ X, it holds true
that R(x, y) +R(y, x) ≥ 1.

However, the previous definitions are particular cases of S-connected re-
lations for some specific t-conorms.

Proposition 3.1.6. Let R be a fuzzy binary relation on a set X and S a
t-conorm without divisors of 1. The following statements hold:

i) R is complete if and only if R is S-connected.

ii) R is connected if and only if R is SŁ-connected1.

Proof. This is a straightforward consequence that follows from the defini-
tions.

The following proposition gives more information about weakly transitive
fuzzy binary preferences.

Proposition 3.1.7. Let R be a weakly transitive fuzzy binary relation on a
set X. For all x, y, z ∈ X, if R(x, y) ≥ R(y, x) and R(y, z) ≥ R(z, y) with
at last one of the inequalities being strict, then it holds true that R(x, z) >
R(z, x).

Proof. Suppose that R(x, y) > R(y, x) and R(y, z) ≥ R(z, y). From the
weak transitivity of R we obtain that R(x, z) ≥ R(z, x). Assume now that
R(x, z) = R(z, x). Then, if we use again the weak transitivity property,
jointly with R(y, z) ≥ R(z, y), we get that R(y, x) ≥ R(x, z), contradict-
ing the initial hypothesis. So R(x, z) 6= R(z, x) and R(x, z) > R(z, x). If
R(x, y) ≥ R(y, x) and R(y, z) > R(z, y), a similar argument is applied. By
weak transitivity we obtain that R(x, z) ≥ R(z, x). If R(x, z) = R(z, x)
we use once more the weak transitivity property, obtaining that R(z, y) ≥
R(y, z), which contradicts the hypothesis.

1SŁ is the Łukasiewicz t-conorm defined as SŁ(x, y) = min{1, x+ y}.
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As in the case of binary relations, we can define the restriction of any
relation on a subset.

Definition 3.1.8. Let R be a fuzzy binary relation on a set X. Given any
subset Y of X, we define the restriction of R on Y , and we denote it by
ReY as the fuzzy binary relation on Y given by ReY (x, y) = R(x, y) for all
x, y ∈ Y .

In the classical Arrovian model, a preference is a total preorder % on the
set of alternatives X. However, % has associated an asymmetric part � and
a symmetric part ∼ which play an important role on the statement of the
axioms of the Arrovian model (e.g. on the weak Pareto axiom).
Having in mind this three binary relations as a reference point, we can use
triplets (R,P, I) of fuzzy binary relations, where R plays the role of %, P
plays the role of � and I plays the role of ∼. With this idea, fuzzy prefer-
ences will be defined as triplets satisfying certain conditions.

Whereas in the dichotomic framework {0, 1} of the crisp approach, every
total preorder % has a unique associated pair (�,∼) of asymmetric and
symmetric parts, in the following fuzzy framework that we will consider here,
this will not be the case. A priori, starting from a binary relation R, many
pairs (P, I) of asymmetric and symmetric parts associated to R may exist.
In addition, even assuming that R, P and I will be related one another, to
start with they will considered, a priori, as independent items.

Definition 3.1.9. Given a nonempty set X, a fuzzy preference on X is a
triplet (R,P, I) of fuzzy binary relations on X that satisfies the following
conditions:

(FP1) P (x, y) > 0 implies P (y, x) = 0, for all x, y ∈ X (P is asymmetric),

(FP2) I(x, y) = I(y, x), for all x, y ∈ X (I is symmetric),

(FP3) P (x, y) ≤ R(x, y) for every x, y ∈ X,

(FP4) R(x, y) > R(y, x) if and only if P (x, y) > 0, for every x, y ∈ X,

(FP5) if P (x, y) = 0 then R(x, y) = I(x, y), for all x, y ∈ X,

(FP6) if I(x, y) ≤ I(z, w) and P (x, y) ≤ P (z, w) then R(x, y) ≤ R(z, w) holds
true for every x, y, z, w ∈ X.

The conditions FP1 and FP2 are directly inherited from the asymmetry
(respectively, the symmetry) of the strict preference (respectively, the indif-
ference) of the classical (crisp) Arrovian model. Given a pair of alternatives
x, y ∈ X, FP3 says that the degree in which an agent strictly prefers x to
y can not be bigger than the degree of weakly preference of x over y. FP4
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establishes an equivalence between declaring a strict preference of x when
compared to y, with a positive degree, and the ranking of weakly preferences
degrees between x and y. FP5 says that if the degree of a strict preference
is zero, then the weak preference degree is equal to the indifference degree.
FP6 is a monotonicity property over the degrees.

Remark 3.1.10. In the literature there are many possible generalizations of
Arrovian preferences from the crisp to the fuzzy setting. In general, these
three components are used (weak preference, strict preference and indiffer-
ence), but sometimes there is a fourth component playing the role of incom-
parability (see e.g. [53]).

In this literature, the three binary relations are related between them,
but in some frameworks, the relations are more restrictive than in other set-
tings. For example, [61, 97] consider some cases of strong restrictions. There,
in a preference Λ = (R,P, I), the asymmetric component P as well as the
symmetric component I are fully defined from R. In other frameworks, the
three components of a preference Λ are related one another by means of
suitable functional equations (see e.g. [53]).
However, the spirit of our Definition 3.1.9 is quite different. Here we set the
conditions that, under our point of view, are essential for a triplet to be con-
sidered a fuzzy preference. We delay the analysis of additional restrictions,
as the so-called decompositions, to Chapter 4.

In spite that, in the fuzzy preferences we have defined, the relationship
between weak preference (R), strict preference (P ) and indifference (I) fuzzy
binary relations being less demanding than the ones often used by other au-
thors, the conditions we have imposed are sufficient to give rise to remarkable
additional properties. Maybe the most surprising fact at this stage, is the
property which determines completely the indifference relation (I) from weak
relation (R).

Proposition 3.1.11. Let (R,P, I) be a fuzzy preference on a nonempty set
X. Then, for all x, y ∈ X it holds true that I(x, y) = min{R(x, y), R(y, x)}.

Proof. We can suppose without loss of generality that R(x, y) ≥ R(y, x), so
that R(y, x) = min{R(x, y), R(y, x)}. Using FP4 we obtain P (y, x) = 0,
and now, from FP5 and FP2 we get that R(y, x) = I(y, x) = I(x, y).

In the crisp case, where the strict preference and the indifference relations
are defined from the weak preference, if a weak preference is transitive, its
associated strict preference and indifference are also transitive (see Proposi-
tion 2.1.9). But this is not the case in the fuzzy framework. Actually, there
are examples of fuzzy preferences whose weak component R is transitive but
the strict component P is not.
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Example 3.1.12. Consider the set of alternatives of three elements X =
{a, b, c} and the preference (R,P, I) defined as R(a, b) = R(a, c) = R(b, c) =
1, R(b, a) = R(c, a) = R(c, b) = 0, P (a, b) = P (b, c) = 1 and P (a, c) = 0.1,
and the indifference I being given as stated in Proposition 3.1.11. It is a
routine to check that R is T -transitive for any t-norm. However, P is not
T -transitive because 0.1 = P (a, c) < T (P (a, b), P (b, c)) = 1.

However, this is not he case for the indifference component:

Proposition 3.1.13. Let (R,P, I) a preference on a set X and T a t-norm.
If R is T -transitive, then I is T -transitive.

Proof. Consider three arbitrary elements x, y, z ∈ X. We can assumme with-
out loss of generality that R(x, y) ≥ R(y, x). Then we have that I(x, y) =
R(y, x) ≥ T (R(y, z), R(z, x)) ≥ T (I(y, z), I(z, x)).

Many authors (see e.g. [61, 105]) studied which kinds of relations exist
between the transitivities of the weak preference R and the strict component
P . They made their research with preferences defined by means of decompo-
sition rules (see Chapter 4 in this memory). They discovered that, depending
on the t-norm, the transitivity of the weak preference implies the transitivity
of the strict preference. We will extend their results on Chapter 4, which is
dedicated to analyze the concept of decomposition of fuzzy preferences.

Whereas with T -transitivities the strict component does not inherit the
T -transitivity from the weak component, with weak transitivity it actually
does. To see this, first consider the following proposition:

Proposition 3.1.14. Let (R,P, I) be a preference on a nonempty set X. If
R is weakly transitive, then for all x, y, z ∈ X the following statements hold:

- If P (x, y) > 0 and P (y, z) > 0, then P (x, z) > 0.

- If P (x, y) = 0 and P (y, z) = 0, then P (x, z) = 0.

- If P (x, y) > 0 and P (z, y) = 0, then P (x, z) > 0.

- If P (y, x) = 0 and P (y, z) > 0, then P (x, z) > 0.

Proof. They are immediate consequences of the weak transitivity, and Propo-
sition 3.1.7 together with FP4 from Definition 3.1.9, which states a relation
between the R component and the P component of fuzzy preferences.

From this proposition we obtain the following corollary:

Corollary 3.1.15. Let (R,P, I) be a preference on X. The component I
is weak transitive. Besides, R is weak transitive if and only if P is weak
transitive.
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Proof. First, notice that for all x, y ∈ X it holds true that I(x, y) ≥ I(y, x).
This straightforwardly implies the weak transitivity of I.
Second, notice that P (x, y) ≥ P (y, x) holds if and only if P (y, x) = 0. So the
weak transitivity statement for P is transformed into the second statement
of Proposition 3.1.14. In the same way, the last is transformed into the weak
transitivity statement for R by using FP4.

We introduce now a few ncessary definitions:

Definition 3.1.16. Let X be a nonempty set. We define FPX as the set
of all fuzzy preferences on X.

Definition 3.1.17. Let (R,P, I) be a preference that belongs to FPX . We
say that (R,P, I) is crisp if the image of its three fuzzy binary relations is
contained on {0, 1}. We denote the set of all crisp preferences of FPX by
CPX .

Remark 3.1.18. Notice that crisp preferences and total preorders are in cor-
respondence. Given a total preorder % it can be defined the crisp prefer-
ence Λ% = (R%, P%, I%) as R(x, y) = 1 ⇔ x % y, P (x, y) = 1 ⇔ x � y
and I(x, y) = 1 ⇔ x ∼ y (x, y ∈ X). Conversely, given a crisp preference
Λ = (R,P, I), it can be defined a total preorder %Λ as x %Λ y ⇔ R(x, y) = 1.
It can be checked that both functions are inverses one another. In other
words, it holds true that %Λ%

=% and Λ%Λ
= Λ for any crisp preference Λ

and any total preorder %.

Definition 3.1.19. Let Λ = (R,P, I) be a fuzzy preference on a nonempty
set X, and Y a nonempty subset of X. We define the restriction of Λ to
Y , and we denote it by ΛeY as the fuzzy preference on Y defined as ΛeY :=
(ReY , PeY , IeY ).

Definition 3.1.20. Let Λ = (R,P, I) be a fuzzy preference on a nonempty
set X, T a t-norm and S a t-conorm. We say that:

- Λ is reflexive, if R is reflexive,

- Λ is weakly transitive, if R is weakly transitive,

- Λ is T -transitive, if R is T -transitive,

- Λ is S-connected, if R is S-connected.

Remark 3.1.21. The reflexibity, transitivity and connectedness of fuzzy pref-
erences are defined taking into account exclusively the weak component (R)
of the preference. With respect to transitivity, we have shown that transitiv-
ities of weak and strict components are independent. So when we say that
preferences are transitive, we are not furnishing any information about the
strict component (P ).
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This definition is widespread in the literature. It is reasonable because,
usually, a preference is defined as a single fuzzy binary relation (the weak
component R). So, authors require restrictions in reflexivity, transitivity and
connectedness to this single fuzzy binary relation.

3.2 Aggregation of fuzzy preferences

This section is devoted to extending aggregation rules for preferences from
the crisp to the fuzzy setting. In other words, this section is focused on
extending the axioms of the classical Arrovian model (from Section 2.2) to
other axioms that now deal with fuzzy preferences and fuzzy aggregation
rules. As we will see along this section, there are many possible extensions
of each one, not necessarily being equivalent.
A fuzzy Arrovian model is obtained when a fuzzy generalization is chosen for
every Arrovian axiom (weak Pareto, independence of irrelevant alternatives,
transitivity of preferences, etc). As we have said, there are many general-
izations for each axiom. And this carries, as an obvious consequence, that
there exists a large number of fuzzy Arrovian models.

Definition 3.2.1. Let X be a nonempty set, n a positive integer and P a
set of fuzzy preferences on X. A n-aggregation fuzzy rule on P is a function
f : Pn → P.

In this section, when defining fuzzy aggregation rules, we do not follow
the spirit of Definition 2.2.12 of social choice rules in the subsection 2.2 of
the chapter of preliminaries, where choice functions are used. Instead, we
follow the spirit of aggregation rules that comes from Definition 2.2.31, using
aggregation functions.
Many authors have studied the generalization of choice functions from the
crisp to the fuzzy framework (see [76, 120]). However, the researchers work-
ing on fuzzy Arrovian models have chosen to use the aggregation function
approach instead of that of fuzzy choice functions. We have also followed
this trend, so that we have avoided the use of fuzzy choice functions. In fact,
fuzzy Arrovian models using fuzzy choice functions, as far as we know, have
not been developped yet in this literature.

As we have said, a n-aggregation fuzzy rule fuses the preferences of
the individuals of a society of n individuals. We will denote this society
by N = {1, . . . , n}. We call a profile of fuzzy preferences to any n-tuple
(Λ1, . . . ,Λn) ∈ FPXn. It will be abbreviated by (Λi). In the same way,
f(Λ1, . . . ,Λn) can be abbreviated by f((Λi)). Moreover, f((Λi)) is a triplet
of fuzzy binary relations, each of them will be denoted by Rf ((Λi)), Pf ((Λi))
and If ((Λi)).
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Next, we will introduce several generalizations of the classical Arrovian
axioms.

3.2.1 Extending the property of independence of irrelevant
alternatives

In the classical Arrovian model, the property of independence of irrelevant
alternatives stated that if two profiles were equal on a pair of alternatives,
then the respective social preferences should coincide on the same pair. If
we use the previous fact directly, on our fuzzy framework, we will obtain the
following generalization:

Definition 3.2.2. Let f : Pn → P a n-aggregation fuzzy rule on a fuzzy set
of preferences P on a nonempty set X. We say that f satisfies the cardinal
independence of irrelevant alternatives if for every pair of alternatives x, y ∈
X and every pair of profiles (Λi), (Λ

′
i) ∈ Pn satisfying Λie{x,y} = Λ′ie{x,y} for

all i ∈ N , it holds true that f((Λi))e{x,y} = f((Λ′i))e{x,y}.

Remark 3.2.3. The cardinal independence of irrelevant alternative appeared
in the pioneer works in fuzzy Social Choice (e.g. [12, 13, 61]). Through-
out these works, cardinal independence of irrelevant alternatives is named
as independence of irrelevant alternatives. They do not discuss the possibil-
ity of further generalizations of the property of independence of irrelevant
alternatives. New generalizations appeared several years later [20, 103].

As we have said, cardinal independence of irrelevant alternatives comes
from the direct translation of the wordy (roughly speaking) definition of
Arrovian independence of irrelevant alternatives to a mathematical defini-
tion valid in the fuzzy setting. However, we can change slightly the non-
mathematical definition to "if two profiles behave equally over a pair of al-
ternatives, then the respective social preferences have to behave equally over
the same pair of alternatives". This "behave equally" perhaps has no direct
translation into the mathematical framework.
In the case where preferences are total preorders, there are only three possible
behavioral situations for a pair of alternatives x and y, namely: x is strictly
preferred to y, y is strictly preferred over x and x and y are equally pre-
ferred. Working with total preorders, having only three disparate situations,
to interpret "behave equally" as "be equal" is perhaps the most reasonable
decision. However, with fuzzy preferences, where we have a continuous set
of possibilities because of the degrees taking values in [0, 1], there are many
other possible interpretations of "behave equally".

We can make a mathematical formalization of "behave equally" by means
of equivalence relations on fuzzy relations. For instance, we may introduce
here the following definition.
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Definition 3.2.4. Let R and R′ be two fuzzy binary relations on a nonempty
set X. We say that R is ordinaly equivalent to R′, and we denote this by
R ≈ R′ if the supports of R and R′ coincide and, in addition, there exists
an order isomorphism g : R(X × X) → R′(X × X) such that for every
α ∈ R(X ×X) the α-cut Rα coincides with the g(α)-cut R′g(α).

Remark 3.2.5. It is straightforward to see that ≈ is actually an equivalence
relation on the set of fuzzy binary relations on a nonempty set X. Moreover,
when X is finite this definition is equivalent to the Definition 4.11 that
appears in [78]. Definition 3.2.4 essentially means that if for every fuzzy
binary relation R we elaborate a ranking on the Cartesian product X×X, so
that given a pair (x, y) ∈ X×X, the number R(x, y) ∈ [0, 1] is understood as
the score assigned to that couple (x, y), then two fuzzy binary relations R and
R′ are equivalent when the scores corresponding to R define onX×X exactly
the same ranking as the scores corresponding to R′. This is formalized in
Proposition 3.2.6 below.

Proposition 3.2.6. Let R and R′ be two fuzzy binary relations on a nonempty
set X. Then R ≈ R′ holds if and only if Supp(R) = Supp(R′) and, in addi-
tion, for all z, z′ ∈ X ×X we have that R(z) < R(z′)⇔ R′(z) < R′(z′).

Proof. First observe that the condition on the respective supports is common
in both sides of the equivalence implication. Now suppose that R ≈ R′. Then
there exists an order isomorphism g : R(X×X) −→ R′(X×X) accomplishing
that Rα = R′g(α) holds for every α ∈ R(X × X). If R(z) < R(z′), then
z /∈ RR(z′) = R′g(R(z′)), but z′ ∈ RR(z′) = R′g(R(z′)), so R

′(z) < R′(z′). We
can proceed equivalently with g−1 to obtain that R′(z) < R′(z′) implies that
R(z) < R(z′).
To prove the converse implication we define g(t) (with t ∈ R(X×X)) as the
unique value s ∈ R′(X ×X) such that Rt = R′s. Such a value exists because
there is a z0 ∈ X×X with R(z0) = t, so Rt = {z ∈ X×X : R(zo) ≤ R(z)} =
{z ∈ X ×X : R′(z0) ≤ R′(z)} = R′R′(z0). Notice that, if there exists another
value s′ = R′(z1) ∈ R′(X × X) with Rt = R′s′ , then, since zi ∈ R′R′(zi) for
i = 0, 1, from R′R′(z0) = Rt = R′R′(z1) we would obtain that z1 ∈ R′s and also
z0 ∈ R′s′ , so concluding that s ≤ R′(z1) = s′ ≤ R′(z0) = s. Moreover, if
t < t′ then Rt′ ( Rt, so that R′s′ ( R′s. Hence s < s′ and g is increasing, so
preserving the usual order ≤ of the real line. Bearing all this in mind we can
define in a similar way an order-preserving map h : R′(X×X) −→ R(X×X)
such that g and h are inverses one another.

Definition 3.2.7. Given two preferences Λ = (R,P, I),Λ′ = (R′, P ′, I ′) on
a nonempty set X, we say that Λ and Λ′ are ordinaly equivalent if R and R′

are ordinaly equivalent. We will denote it by Λ ≈ Λ′.
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It can be easily checked that ordinal equivalence on preferences is an
equivalence relation on FRX . This equivalence relation allows us to intro-
duce the next generalization of the property of independence of irrelevant
alternatives.

Definition 3.2.8. Let f : Pn → P be a fuzzy n-aggregation rule on a fuzzy
set of preferences P defined on a nonempty set X. We say that f satisfies the
property of ordinal independence of irrelevant alternatives if for every pair
of alternatives x, y ∈ X and every pair of profiles (Λi), (Λ

′
i) ∈ Pn satisfying

Λie{x,y} ≈ Λ′ie{x,y} for all i ∈ N , f((Λi))e{x,y} ≈ f((Λ′i))e{x,y} holds.

Remark 3.2.9. The property of ordinal independence of irrelevant alterna-
tives is equivalent to the property of independence of irrelevant alternatives
studied in [103, Definition 3.5].

About independence of irrelevant alternatives, the ordinal equivalence
relation is considered on the restriction of preferences over a pair of alter-
natives. In other words, it is not used on the whole preference, instead it
acts on preferences defined on a set with only two elements (alternatives).
The following proposition helps us to visualize the ordinal equivalence over
preferences with two alternatives. Besides, it gives simpler conditions, to
work with, than the ones introduced in Definition 3.2.4

Proposition 3.2.10. Let Λ = (R,P, I) and Λ′ = (R′, P ′, I ′) be two reflexive
fuzzy preferences on a nonempty set X. Then, for every x, y ∈ X, it holds
that Λe{x,y} ≈ Λ′e{x,y} if and only if the following three conditions hold for all
a, b ∈ {x, y}:

(i) R(a, b) > R(b, a) if and only if R′(a, b) > R′(b, a),

(ii) R(a, b) = 0 if and only if R′(a, b) = 0,

(iii) R(a, b) = 1 if and only if R′(a, b) = 1.

Proof. First suppose that Λe{x,y} ≈ Λ′e{x,y}. By Proposition 3.2.6 the first
and second conditions follow immediately. Moreover, R(a, b) = 1, and then
R(a, b) ≥ R(x, x) and, again by Proposition 3.2.6, it follows that R′(a, b) ≥
R′(x, x) = 1. Finally, the fact R′(a, b) = 1 ⇒ R(a, b) = 1 is proved in an
analogous way. For the converse, notice that the second condition guarantees
the equality of the corresponding supports, whereas the first one carries the
equivalence R(z) < R(z′) ⇔ R′(z) < R′(z′) for any z, z′ ∈ {(x, y), (y, x)}.
Finally, when z′ ∈ {(x, x), (y, y)}, the corresponding equivalence is granted
by the third condition, while if z ∈ {(x, x), (y, y)} it never happens that
R(z) < R(z′) nor R′(z) < R′(z′).
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In the literature there are other non-equivalent definitions of the prop-
erty of independence of irrelevant alternatives. We will not use them on
this thesis, but we include them for the sake of completeness. They were
introduced in [103] to deal with another type of fuzzy preferences.

Definition 3.2.11. Let f : Pn → P a n-aggregation fuzzy rule on a
fuzzy set of preferences P on a nonempty set X. We say that f sat-
isfies the support independence of irrelevant alternatives if for every pair
of alternatives x, y ∈ X and every pair of profiles (Λi), (Λ

′
i) ∈ Pn sat-

isfying supp(Rie{x,y}) = supp(R′ie{x,y}) for all i ∈ N , it holds true that
supp(Rfe{x,y}) = supp(R′fe{x,y}).

Definition 3.2.12. Let f : Pn → P a n-aggregation fuzzy rule on a fuzzy
set of preferences P on a nonempty set X. We say that f satisfies the
kernel independence of irrelevant alternatives if for every pair of alternatives
x, y ∈ X and every pair of profiles (Λi), (Λ

′
i) ∈ Pn satisfying ker(Rie{x,y}) =

ker(R′ie{x,y}) for all i ∈ N , then ker(Rfe{x,y}) = ker(R′fe{x,y}) hold.

These two definitions also follow the equivalence structure described for
ordinal independence of irrelevant alternatives. For these axioms, two pref-
erences Λ and Λ′ "behave equally" if supp(R) = supp(R′) (Definition 3.2.11)
and ker(R) = ker(R′) (Definition 3.2.12).
An important exercise here would consist of thinking if different definitions of
independence of irrelevant alternatives should be necessarily based on equiv-
alence relations. And if we think that they can follow a disparate structure,
we should try to develop which structure could it be. Here, it is important
to remind that topological models (see Section 2.2.6) use an independence
of irrelevant alternatives based on the continuity of aggregation functions.

3.2.2 Extending the Paretian condition

Concerning the Paretian condition, only a few possible extensions share the
following idea: if all agents prefer an alternative x to another y, then the
social preference has to prefer x to y.

Definition 3.2.13. Let f : Pn → P be a n-aggregation fuzzy rule on a set
of fuzzy preferences on a nonempty set X. We say that f is weakly Paretian
if for every pair of alternatives x, y ∈ X and every profile (Λi) ∈ Pn, the
following condition holds: if Pi(x, y) > 0 for all i ∈ N , then Pf ((Λi))(x, y) >
0.

This weakly Paretian condition involves the dichotomy of the strict pref-
erences being positive or zero. However, if a strict preference is positive, its
exact degree is irrelevant here. The following generalization of the Paretian
property takes into account the values of the degree of strict preferences.

65



CHAPTER 3. FUZZY ARROVIAN MODELS

Definition 3.2.14. Let f : Pn → P be a n-aggregation fuzzy rule on a set
of fuzzy preferences on a nonempty set X. We say that f is strongly Paretian
if for every pair of alternatives x, y ∈ X and every profile (Λi) ∈ Pn, the
following condition holds: Pf ((Λi))(x, y) ≥ mini∈N{Pi(x, y)}.

Remark 3.2.15. Notice that the strongly Paretian condition is more restric-
tive than the weakly Paretian one, in the sense that if an aggregation function
is strongly Paretian then it is weakly Paretian, too.

Remark 3.2.16. Concerning the strongly Paretian condition "min" is used as
conjunctive operator. As far as we know, these are the conditions used on
the literature. However, weaker versions of the strongly Paretian condition,
based on other conjunctive operators, can also be studied and analyzed. For
example, we can set a t-norm T and say that a n-aggregation function f is
T -Paretian if for all profiles (Λi) and alternatives x and y it holds true that
Pf ((Λi))(x, y) ≥ Tn((Pi(x, y)).

3.2.3 Extending the non-dictatorship condition

With respect to dictatorship, there are several types of extensions, too. Be-
sides, as in the case of extensions of the Paretian property, the distinction
between extensions considering and non-considering the degree of preferences
can also be made. The following generalization, just as the weakly Paretian
property, only takes into account if the strict preferences are positive or not.

Definition 3.2.17. Let f : Pn → P be a n-aggregation fuzzy rule on a set
of fuzzy preferences on a nonempty set X. We say that f is dictatorial if
there exists a k ∈ N , called dictator, such that for every pair of alternatives
x, y ∈ N and every profile (Λi) ∈ Pn, the following condition holds: if
Pk(x, y) > 0, then Pf (x, y) > 0.

Definition 3.2.18. Let f : Pn → P be a n-aggregation fuzzy rule on a
set of fuzzy preferences on a nonempty set X. We say that f is strongly
dictatorial if there exist a k ∈ N , called strong dictator, such that for every
pair of alternatives x, y ∈ N , every profile (Λi) ∈ Pn and every α ∈ [0, 1),
the following condition holds: if Pk(x, y) > α, then Pf (x, y) > α.

When dealing with classical Social Choice, coalitions play an important
role, specifically decisive coalitions have a central role with respect to the
original proof of the Arrovian impossibility theorem. In particular, dictators
are decisive coalitions consisting of a single individual.
Taking into account the importance that coalitions have on the classical Ar-
rovian model, it seems reasonable to explore some generalization to the fuzzy
setting, that we will call fuzzy coalitions. In other words, these will be coali-
tions defined using a fuzzy subset of the agent’s set. There, the degree of
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membership could represent the relative power of the corresponding individ-
ual in the coalition2. In [93], the Arrovian impossibility theorem is proved
by using the set of all the decisive coalitions. In particular, the authors build
a bijection between aggregation functions and sets of decisive coalitions. Us-
ing fuzzy coalitions could be a suitable idea to get some possibility results
on suitable fuzzy Arrovian models. As far as we know, fuzzy coalitions in
Arrovian models have not been explored too much (see [102]), despite of they
being more used in other disparate areas (e.g. Game Theory [27, 33, 89]).

3.3 Possibility results relative to fuzzy Arrovian mod-
els

In this section, we will focus on fuzzy Arrovian models in which aggregations
rules do exist. As we have said previously, depending on the combinations
of the generalizations of the preference properties and axioms from the Ar-
rovian model, possibility or impossibility results are obtained.

The process of defining the aggregation problem is always the same.
First, we will choose the set of preferences P ⊆ FP on which we want
to do aggregations. This, in most cases, means setting generalizations of the
concepts of transitivity and completeness. Second, we choose the generaliza-
tions of the Paretian property, independence of irrelevant alternatives and
non-dictatorship that we want for our fuzzy aggregation rules on P. The
selection of those generalizations determines the Fuzzy Arrovian model we
are studying.

The section is structured as follows: First, we will define fair preferences
and we will state and prove two possibility results on this type of preferences.
Second, we will define neat preferences, then proving another possibility re-
sult, too.

Definition 3.3.1. Let X be a nonempty set, T a t-norm and S a t-conorm.
We say that a fuzzy preference is (T, S)-fair if it is reflexive, T -transitive and
S-connected. We denote the set of all (T, S)-fair fuzzy preferences on X as
PT,S .

Theorem 3.3.2. Let X be a nonempty set, S a t-conorm with 1 divisors and
n ≥ 2 an integer. There is a n-aggregation fuzzy rule f : Pmin,S

n → Pmin,S

satisfying the condition of cardinal independence of irrelevant alternatives,
as well as the strong Paretian and the non-dictatorship properties.

2We could use the definition of a fuzzy coalition as a fuzzy subset µ of N satisfying for
every x, y ∈ X the inequality Pf (x, y) ≥ µ(i)Pi(x, y).
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Proof. Let α ∈ (0, 1) be a 1 divisor of S, so there exist a β ∈ (0, 1) such
that S(α, β) = 1. Without loss of generality we can suppose that α ≥ β,
so S(α, α) = 1. We define the n-aggregation fuzzy rule f for every profile
(Λi) ∈ Pmin,S

n and x, y ∈ X as:

If ((Λi))(x, y) =

{
1 if x = y,

α otherwise.

Pf ((Λi))(x, y) =

{
1 if Pi(x, y) > 0 for all i ∈ N,
0 otherwise.

Observe that, from the definition of the concept of a fuzzy preference
(see Definition 3.1.9 above), the component Rf is determined from If and
Pf as:

Rf ((Λi))(x, y) =


1 if x = y,

1 if Pi(x, y) > 0 for all i ∈ N,
α otherwise.

Notice that f((Λi)) is a fuzzy preference since it accomplishes all the
conditions of Definition 3.1.9. In addition, it is straightforward to see that
f satisfies cardinal independence of irrelevant alternatives as well as the
strongly Paretian and the non-dictatorship conditions. Moreover, f((Λi)) is
also connected, because S (Rf ((Λi))(x, y), Rf ((Λi))(y, x)) ≥ S(α, α) = 1.

To conclude, let us prove now that f((Λi)) is transitive as regards the
minimum triangular norm: Suppose that f((Λi)) fails to satisfy transi-
tivity. If this happens, then there exist three pairwise different elements
x, y, z ∈ X such that Rf ((Λi))(x, z) < min{Rf ((Λi))(x, y), Rf ((Λi))(y, z)}.
But this may only happen when Rf ((Λi))(x, z) = α and Rf ((Λi))(x, y) =
Rf ((Λi))(y, z) = 1. Consequently, there exists k ∈ N such that Pk(x, z) = 0
and simultaneously Pk(x, y), Pk(y, z) > 0. Thus we get Rk(x, z) ≤ Rk(z, x),
Rk(x, y) > Rk(y, x) and Rk(y, z) > Rk(z, y). Taking into account the tran-
sitive inequality, we have that Rk(x, z) ≥ min{Rk(x, y), Rk(y, z)}.
We analyze two cases, namely Rk(x, y) ≤ Rk(y, z) and Rk(y, z) < Rk(x, y):

In the first case, from Rk(x, y) ≤ Rk(y, z) and Rk(y, x) < Rk(x, y) we
obtain Rk(y, x) < Rk(y, z). Using the inequality Rk(y, x) ≥ min{Rk(y, z),
Rk(z, x)} it follows that Rk(y, z) > Rk(y, x) ≥ min{Rk(y, z), Rk(z, x)},
so that a fortiori Rk(y, x) ≥ Rk(z, x). Therefore, we arrive at Rk(z, x) ≤
Rk(y, x) < Rk(x, y) ≤ Rk(x, z) ≤ Rk(z, x), which is a contradiction.

In the second case, from Rk(y, z) < Rk(x, y) jointly with Rk(x, z) ≥
min{Rk(x, y), Rk(y, z)} we get Rk(x, z) ≥ Rk(y, z). In addition, we also
have that Rk(x, y) > Rk(y, z) > Rk(z, y), so that, in particular, it fol-
lows that Rk(x, y) > Rk(z, y). Thus we arrive at Rk(x, y) > Rk(z, y) ≥
min{Rk(z, x), Rk(x, y)}. Therefore Rk(z, y) ≥ Rk(z, x). Hence Rk(z, x) ≤
Rk(z, y) < Rk(y, z) ≤ Rk(x, z), so that Rk(z, x) < Rk(x, z) which contra-
dicts the fact Rk(x, z) ≤ Rk(z, x).
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A natural question arising from the proof of the previous theorem is:
Which is the difference between the minimum and other t-norms that make
feasible the arguments contained in the proof for the minimum and not valid
for other t-norms?

The property that makes different the minimum from other t-norms, is
that the minimum is the unique t-norm T such that, for any a, b ∈ [0, 1],
a, b > T (a, b) is not possible. With other t-norms, arguments like "Rk(y, z) >
Rk(y, x) ≥ min{Rk(y, z), Rk(z, x)}, so that a fortiori Rk(y, x) ≥ Rk(z, x)"
are not valid because Rk(y, z), Rk(z, x) > T (Rk(y, z), Rk(z, x)) could still be
possible.

Aggregation fuzzy rules that come from the previous theorem do satisfy
the property of ordinal independence of irrelevant alternatives as well. As a
consequence, we can state the following theorem.

Theorem 3.3.3. Let X be a nonempty set, S a t-conorm with 1 divisors and
n ≥ 2 an integer. There is a n-aggregation fuzzy rule f : Pmin,S

n → Pmin,S

satisfying the condition of ordinal independence of irrelevant alternatives, as
well as the strong Paretian and the non-dictatorship properties.

Proof. We consider here the aggregation function f defined in theorem 3.3.2.
We only need to prove that it accomplishes ordinal independence of irrelevant
alternatives. Let (Λi), (Λ

′
i) ∈ Pmin,S

n be two profiles and x, y ∈ X two
alternatives such that Λe{x,y} ≈ Λ′e{x,y}. By Proposition 3.2.10 and FP4
[Pi(a, b) > 0 ⇔ P ′i (z, b) > 0] holds for every a, b ∈ {x, y} and i ∈ N . By
the definition of f , it follows that [Pf (a, b) > 0 ⇔ P ′f (a, b) > 0] holds for
a, b ∈ {x, y}. Using a similar argument we also get that [Rf (a, b) = 1 ⇔
R′f (a, b) = 1] holds for a, b ∈ {x, y}. Finally Rf is always positive. With
the previous three facts we can use now Proposition 3.2.10 to conclude that
f((Λi))e{x,y} ≈ f((Λ′i))e{x,y}.

In the next result, we aggregate a different set of preferences. Besides,
we impose the condition of being non-strongly dictatorial instead of just
non-dictatorship.

Definition 3.3.4. Let X denote a nonempty set. A fuzzy preference Λ
on X is said to be neat if it satisfies reflexivity, completeness3 and weak
transitivity. We will denote by N the set of neat fuzzy preferences on X.

To start with our analysis, we introduce the following lemma.

Lemma 3.3.5. Let Λ = (R,P, I) and Λ′ = (R′, P ′, I ′) denote two neat fuzzy
preferences on the nonempty set X. Let x, y ∈ X be two alternatives. Then
Λe{x,y} ≈ Λ′e{x,y} if, and only if the following two conditions hold:

3Proposition 3.1.6 states that this is equivalent to S-connectedness for any t-conorm S
without 1 divisors.
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(i) P (a, b) > 0 if and only if P ′(a, b) > 0 (with a, b ∈ {x, y}),

(ii) I(x, y) = 0 if and only ir I ′(x, y) = 0.

Proof. We will prove this lemma using Proposition 3.2.10. The conditions
(i) and (ii) from Proposition 3.2.10 are equivalent to conditions (i) and (ii)
from the present lemma. Only remains to prove that, under completeness,
the conditions (i) and (ii), jointly, imply the condition (iii) in the statement
of Proposition 3.2.10. Suppose that R(x, y) = 1 but R′(x, y) 6= 1. Using
completeness of R we obtain that R′(x, y) < R′(y, x) = 1. Now, by the
condition (i) and FP4 we get that R(x, y) < R(y, x). However, this is not
possible because R(x, y) = 1. So, by contradiction, we may conclude that
R′(x, y) = 1 holds true.

Theorem 3.3.6. Let X be a nonempty set and n ≥ 2 an integer. There
is a n-aggregation rule, for fuzzy preferences, f : N n → N satisfying the
condition of ordinal independence of irrelevant alternatives, as well as the
strong Paretian and the non-strong dictatorship properties.

Proof. Fix any α, β ∈ (0, 1). We define the following aggregation function
f : Given any profile (Λi) ∈ N n, and two alternatives x, y ∈ X:

Rf ((Λi))(x, y) =


1 if ∃ k ∈ N Pk(x, y) > 0 and ∀ i ≤ k Pi(y, x) = 0, (r1)

β if ∃ k ∈ N Pk(y, x) > 0 and ∀ i ≤ k Pi(x, y) = 0, (r2)

1 otherwise. (r3)

Pf ((Λi))(x, y) =



mini∈N{Pi(x, y)}} if ∀i ∈ NPi(x, y) > 0,

α if ∃ k ∈ N Pk(x, y) > 0

and ∀ i ≤ k Pi(x, y) = 0

and ∃ k′ ∈ NPk′(x, y) = 0,

0 otherwise.

and If ((Λi))(x, y) = min{Rf ((Λi))(x, y), Rf ((Λi))(y, x)}.
It can be checked straightforwardly that (Rf ((Λi)), Pf ((Λi)), If ((Λi)) satis-
fies the properties FP1-FP3 from Definition 3.1.9.
To prove FP4, notice that Pf ((Λi))(x, y) = 0 holds if and only if (r1)
does not hold, and this is equivalent to the fact Rf ((Λi))(y, x) 6= β. Fi-
nally, we can state that the previous statement is equivalent to the fact
Rf ((Λi))(y, x) ≥ Rf ((Λi))(x, y).
To prove FP5, if Pf ((Λi))(x, y) = 0, we have already seen thatRf ((Λi))(y, x)
≥ Rf ((Λi))(x, y), so Rf ((Λi))(x, y) = min{Rf ((Λi))(x, y), Rf ((Λi))(y, x)} =
If ((Λi))(x, y).
Finally, we prove FP6 by contradiction. To do so, suppose that there ex-
ist w, x, y, z ∈ X with If ((Λi))(x, y) ≤ If ((Λi))(z, w), Pf ((Λi))(x, y) ≤
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Pf ((Λi))(z, w) and Rf ((Λi))(x, y) > Rf ((Λi))(z, w). Then, Rf ((Λi))(z, w) =
β and we have that If ((Λi))(x, y) = β because If ((Λi))(x, y) ≤ If ((Λi))(z, w)
= β. In such case, sinceRf ((Λi))(x, y) = 1, we can conclude thatRf ((Λi))(y, x)
= β, and as a consequence we get that Rf ((Λi))(x, y) > Rf ((Λi))(y, x) and
Pf ((Λi))(x, y) > 0. Finally 0 < Pf ((Λi))(x, y) ≤ Pf ((Λi))(z, w). We ar-
rive at a contradiction because it can not be possible that Rf ((Λi))(w, z) <
Rf ((Λi))(z, w) = β.
Thus we have proved that (Rf ((Λi)), Pf ((Λi)), If ((Λi))) is a fuzzy preference.

Clearly (Rf ((Λi)), Pf ((Λi)), If ((Λi))) is complete for all profiles (Λi) ∈
N . In order to prove the weak transitivity, suppose that there are x, y, z ∈
X and a profile (Λi) ∈ N n such that Rf ((Λi))(x, y) ≥ Rf ((Λi))(y, x),
Rf ((Λi))(y, z) ≥ Rf ((Λi))(z, y) and Rf ((Λi))(x, z) < Rf ((Λi))(z, x). For
economy of the language we will denote Rf ((Λi)) by R and Pf ((Λi)) by P .
Notice that by FP4 from definition 3.1.9, the previous fact is equivalent to
declaring that P (y, x) = 0, P (z, y) = 0 and P (z, x) > 0. By definition, the
last inequality implies that there is a k′ ∈ N with Pk′(z, x) > 0 and for all
i ≤ k′ Pi(x, z) = 0.
We will follow the argument analyzing several cases: If R(x, y) > R(y, x),
then there is a k′′ ∈ N with Pk′′(x, y) > 0 and for all i ≤ k′′ Pi(y, x) = 0.
Take k := min{k′, k′′}. We obtain that for all i ≤ k it holds true that
Pi(y, x) = Pi(x, z) = 0, and by weak transitivity of Λi and Proposition
3.1.14, we also obtain that for all i ≤ k Pi(y, z) = 0. Besides, since k = k′

or k = k′′, Pk(x, y) > 0 or Pk(z, x) > 0 so, by Propositions 3.1.7 and 3.1.14
Pk(z, y) > 0 is obtained, contradicting the hypothesis R(y, z) ≥ R(z, y).
If R(x, y) = R(y, x), for all i ∈ N we have that Pi(x, y) = Pi(y, x) = 0.
By weak transitivity of Λi and Propositions 3.1.7 and 3.1.14 we obtain that
Pk′(z, y) > 0 and for all i ≤ k′ Pi(y, z) = 0 so, R(z, y) > R(y, z). This is a
contradiction.

Let us see that f is strongly Paretian. To do so, fix a profile (Λi) ∈ N n

and a pair x, y ∈ X. If there exist an agent k ∈ N with Pk(x, y) = 0, then
Pf ((Λi))(x, y) ≥ mini∈N{Pi(x, y)} = 0. If Pi(x, y) > 0 for all agents i ∈ N ,
then it follows that Pf ((Λi))(x, y) = mini∈N{Pi(x, y)}.
Now, let us prove that f satisfies ordinal independence of irrelevant alter-
natives. To see this, consider two profiles (Λi), (Λ

′
i) ∈ N and two alter-

natives x, y ∈ X with Λie{x,y} ≈ Λ′ie{x,y} for all i ∈ N . We prove that
f((Λi))e{x,y} ≈ f((Λi))e{x,y} by using Lemma 3.3.5. Notice that Rf ((Λi))
never gets the number zero, so the second condition of Lemma 3.3.5 is triv-
ially achieved. For the first condition, notice that R(x, y) > R(y, x) holds
if and only if R(x, y) = 1 > β = R(y, x), and this is equivalent to say that
there exists k ∈ N with Pk(x, y) > 0 and for all i ≤ k Pi(y, x) = 0. Using
that Λie{x,y} ≈ Λ′ie{x,y}, we obtain the equivalence to the fact that there exist
k ∈ N with P ′k(x, y) > 0 and for all i ≤ k P ′i (y, x) = 0, and this is equivalent
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to the fact R′(x, y) > R(y, x).
Let us see now that f is not strong dictatorial. To do so, we will prove, for
every k ∈ N , that k is not a strong dictator. Fix a w ∈ X and consider the
profile ((Λki )) ∈ N n defined for all i ∈ N and every x, y ∈ X as follows:

Rkk(x, y) =

{
0 if y = w,

1 otherwise.
P kk (x, y) =

{
1 if x = w and y 6= w,

0 otherwise.

and, Rki (x, y) = 1 and P ki (x, y) = 0 if i 6= k. Indifferences are defined
as Iki (x, y) = min{Ri(x, y), Ri(y, x)}. Fix a v ∈ X r {w}. Notice that
Pf ((Λki ))(w, v) = α but P kk (w, v) = 1. So, k is not a strong dictator of
f .

It is clear that the aggregation fuzzy rule that appears in the theorem
above is dictatorial, in particular the agent 1 is the dictator. Taking into ac-
count that non-strong dictatorship is weaker than non-dictatorship, we may
wonder whether or not a possibility result would still remain if non-strong
dictatorship were replaced by non-dictatorship. However, the answer is neg-
ative. We will prove it in the following section.

3.4 An impossibility result in fuzzy Arrovian mod-
els

In spite of the possibility results just proved, many other combinations and
generalizations of axioms and properties of aggregation rules do indeed lead
to impossibility results. In this section, we will prove an impossibility theo-
rem which we pointed out at the end of the previous section.

The aim of this section is exposing the proof of the following impossibility
theorem, introducing a new powerful technique that, as far as we know, has
not been used yet in the literature:

Theorem 3.4.1. Let f : N n −→ N denote a n-aggregation rule for neat
fuzzy preferences on a nonempty set X (with |X| ≥ 3 and n ≥ 2). As-
sume also that f satisfies the property of ordinal independence of irrelevant
alternatives and it is weakly Paretian. Then f is dictatorial.

This technique leads in the idea that the preferences of this fuzzy Arro-
vian model have redundant information that does not play any role in the
aggregation. It is reflected in the fact that we can interchange neat preference
with naive preferences, so-to-say, neat preferences with only three possible
degrees {0, 1

2 , 1} (see Definition 3.4.2 below).
In spite of naive preferences being discrete, they are not total preorders.
However, we apply another technique in order to apply the (crisp) Arrow’s
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impossibility theorem into this fuzzy model and obtain this impossibility re-
sult.

The proof is made stepwise by means of a few intermediate propositions.
New mathematical objects are introduced for this purpose. It is important
to point out again that in the proof of this theorem, the classical (crisp) Ar-
rovian impossibility theorem is used explicitly and plays a crucial role. This
is quite surprising because one of the objectives of using fuzzy approaches in
Social Choice is to escape from the Arrovian impossibility results.

The following definition is motivated by Lemma 3.3.5 with respect to
neat preferences. The result stated there only paid attention to the fact
of the values P (x, y), P ′(x, y), P (y, x) and P ′(y, x) being strictly positive,
no matter which is its exact degree in (0, 1). This suggests us to study a
particular kind of fuzzy preferences, in which their possible values belong to
the set {0, 1

2 , 1}.

Definition 3.4.2. A neat fuzzy preference Λ = (R,P, I) on a set X is said
to be naive provided that I(X×X), R(X×X) ⊆ {0, 1

2 , 1} and P (X×X) ⊆
{0, 1}. We will denote by N0 the set of naive fuzzy preferences on X. Notice
that N0 ⊆ N .

Definition 3.4.3. Given a set X, the map η : N −→ N0, defined for all
(R,P, I) ∈ N as η(R,P, I) = (R0, P0, I0) with:

I0(x, y) =

{
I(x, y) if I(x, y) ∈ {0, 1},
1
2 otherwise.

P0(x, y) =

{
1 if P (x, y) > 0,

0 otherwise.

is said to be the standard projection of the set N of neat fuzzy preferences
onto its subset N0 of naive preferences. Notice here that the unique possible
definition of R0 in order to accomplish the conditions in Definition 3.1.9 is:

R0(x, y) =

{
1 if P (x, y) > 0,

I0(x, y) if P (x, y) = 0.

We should stop here a little, in order to make some remarks. Naive
preferences are particular cases of neat preferences. The degrees of naive
preferences only reach three possible values. The intuition behind naive
preferences is that the set of neat preferences has, so-to-say, unnecessary
information encoded in the degrees in [0, 1]. When η is applied over naive
preferences, all that unnecessary information is lost, and only a neat prefer-
ence remains.
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In the next proposition it can be seen that on every pair of alternatives,
a neat preference and its associated naive preference are ordinaly equivalent.
This means that, in spite of the transformation, they "behave equally". Fur-
thermore, if two neat preferences "behave equally" on a pair of alternatives
then they are equal on such pair. It can be said that, since the set of naive
preferences has no useless information, if they differ at some point, they can
not "behave equally".

Proposition 3.4.4.

(i) Let Λ ∈ N be a neat fuzzy preference on a nonempty set X. Then for
all x, y ∈ X, it holds true that Λe{x,y} ≈ η(Λ)e{x,y}.

(ii) Let Λ and Λ′ be two naive preferences, in N0. Let x, y ∈ X. The
following property holds: If Λe{x,y} ≈ Λ′e{x,y} then Λe{x,y} = Λ′e{x,y}.

Proof. These are direct consequences of Lemma 3.3.5 and Definition 3.4.3.

Definition 3.4.5. Given a n-aggregation rule for neat fuzzy preferences on
a nonempty set X, f : N n −→ N , its associated map f̃ : N0

n −→ N0,
defined by f̃ = η ◦ f|N0

, is a n-aggregation rule for naive fuzzy preferences,
called the standard reduction of f .

Proposition 3.4.6. Let f : N n → N be a n-aggregation rule for neat
fuzzy preferences on a nonempty set X. Let f̃ be its standard reduction. If
f satisfies the condition of ordinal independence of irrelevant alternatives
(respectively, the weak Paretian condition), then f̃ also satisfies it.

Proof. This follows immediately from the corresponding definitions.

The following Proposition 3.4.7 allows us to study the standard reduction
f̃ , instead of the whole rule f , in order to analyze the property of dictator-
ship.

Proposition 3.4.7. Let f : N n −→ N be a n-aggregation rule for neat fuzzy
preferences on a nonempty set X. Assume that f satisfies the condition of
ordinal independence of irrelevant alternatives. Let f̃ : N0

n −→ N0 be its
standard reduction. Then the n-aggregation fuzzy rule f is dictatorial if
and only if its reduction f̃ is dictatorial. Besides, both rules have the same
dictator.

Proof. Suppose that k is a dictator of f and let (Λi) ∈ N0
n be such that

Pk(x, y) > 0 for some x, y ∈ X. Then by part (i) of Proposition 3.4.4
it follows that f̃((Λi))e{x,y} ≈ f((Λi))e{x,y}. Moreover, Pf ((Λi))(x, y) > 0
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because k is a dictator, and by Lemma 3.3.5 we get Pf̃ ((Λi))(x, y) > 0. Con-
versely, if k is a dictator of f̃ and (Λi) ∈ N n accomplishes that Pk(x, y) >
0, then by the condition of ordinal independence of irrelevant alternatives
on the map f , and Proposition 3.4.4, it follows that f̃((η(Λi)))e{x,y} ≈
η(f((Λi)))e{x,y} ≈ f((Λi))e{x,y}. Hence we finally obtain that Pf ((Λi))(x, y)
> 0.

Definition 3.4.8. Starting from a naive fuzzy preference Λ = (R,P, I) ∈
N0, we can define now a (crisp) total preorder on the set X, as follows: Given
x, y ∈ X we declare that x %Λ y if, by definition, P (y, x) = 0. Considering
the asymmetric part �Λ of %Λ we may also observe that x �Λ y holds if and
only if P (x, y) > 0 (x, y) ∈ X × X. The total preorder %Λ is said to be
the standard total preorder associated to the naive fuzzy preference Λ. We
denote by p the map from N0 to OX given by p(Λ) =%Λ.

Remark 3.4.9. It is a routine to check that %Λ (with Λ ∈ N0) is a total
preorder. From the weak transitivity of Λ and Proposition 3.1.14 we obtain
that %Λ is transitive. From the asymmetry of P we obtain that %Λ is total.
Remark 3.4.10. Looking for a converse construction to that in Definition
3.4.8, we may try to assign some naive fuzzy preference to a given total
preorder % defined on a set X. However, in this case, it is not immediate
to define a suitable preference Λ% = (R,P, I) ∈ N0. Nevertheless, we can
establish some conditions that we would like to be satisfied by any suitable
Λ% (if any), for any alternatives x, y ∈ X, namely:

(i) x � y if and only if P (x, y) > 0.

(ii) If x % y and y % x holds, then I(x, y) = 1.

(iii) If x � y, then I(x, y) < 1.

The main problem appears here when the role of 0 and 1
2 with respect to I

needs to be distinguished someway. In other words, if x � y, do we establish
I(x, y) = 0 or else I(x, y) = 1

2? The new concept of an assignation (see
below) will solve this question.

Definition 3.4.11. Given a set X, an assignation is a symmetric function
G : X ×X −→ {0, 1

2}.

Proposition 3.4.12. Each assignation G defines a rule iG that associates
naive fuzzy preferences to total preorders.

Proof. Consider the rule iG, which sends a total preorder % on X into the
preference (R,P, I) ∈ N0, defined as follows: For every x, y ∈ X, set

I(x, y) =

{
1 if x % y and y % x,

G(x, y) otherwise.
P (x, y) =

{
1 if x � y,
0 otherwise.
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Notice in addition that, by a direct application of the conditions imposed to
a preference as stated in Definition 3.1.9, the only possibility to define here
the component R is

R(x, y) =


1 if x � y,
1 if x % y and y % x,

G(x, y) otherwise.

It is straightforward to see now that iG(%) is actually a naive fuzzy prefer-
ence.

Our main objective is to define suitable maps {H : OXn −→ OX} from a
given n-aggregation rule for naive fuzzy preferences h : N0

n −→ N0 defined
on a set X. To do so, if an assignation Gi is chosen for each individual i ∈ N ,
we build a crisp n-aggregation function hG : OXn −→ OX defined on X as
follows: hG := p ◦ h ◦ (iG1 × · · · iGn). We will denote iG1 × · · · × iGn by iG .
So, for each possible n-tuple G = (G1, . . . , Gn) of assignations we obtain a
crisp aggregation function for total preorders.

Proposition 3.4.13. Let G = (Gi)i∈N be a n-tuple of assignations. Assume
that n ≥ 2. Let h : N0

n −→ N0 be a n-aggregation rule for naive fuzzy
preferences on a set X whose cardinality is at least three. Assume that h
satisfies the weak Paretian condition as well as the ordinal independence of
irrelevant alternatives. Then the crisp aggregation function hG is dictatorial.

Proof. We are going to check that hG satisfies the conditions that appear in
the statement of Theorem 2.2.39. Hence hG is, a fortiori, a dictatorial rule.

By hypothesis, X has at least three pairwise different elements. More-
over, the map hG is defined over all possible profiles in On.

The condition of independence of irrelevant alternatives follows imme-
diately, since for every pair x, y ∈ X and elements %,%′∈ O such that
%e{x,y}=%′e{x,y}, we have that iGj (%)e{x,y} = iGj (%

′)e{x,y} for all j ∈ N .
Suppose that for a profile (%i) ∈ On and two alternatives x, y ∈ X, we

have that x �i y holds for any i ∈ N . Then it follows that P(iGi (%i))
(x, y) =

1. By the weak Paretian property of f̃ , we have now that P((f̃◦iG)((%i)))
(x, y)

> 0. Finally, by definition of p, we may conclude that x �hG((�i)) y. Conse-
quently, hG also satisfies the unanimity property.

Proposition 3.4.13 guarantees that for each n-tuple G of assignations, hG
is dictatorial, but nothing assures that all possible functions hG have the
same dictator. A priori, the dictator could depend on the n-tuple G. We
denote the dictator of hG by D(G, h).
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Proposition 3.4.14. Let G and G′ be two n-tuples of assignations. Let
h : N0

n −→ N0 be a n-aggregation rule for naive fuzzy preferences on the
set X. Assume that h satisfies the weakly Paretian property as well as the
ordinal independence of irrelevant alternatives. Then the dictators of hG and
hG′ coincide (that is, D(G, h) = D(G′, h)).

Proof. By Proposition 3.4.13, both hG and hG′ are dictatorial rules. We
denote the dictator of hG by k, and we will prove that k is also the dictator
of hG′ .

To do so, let us consider the case in which there exists a pair w, v ∈
X such that Gi(w, v) = G′i(w, v) for all i ∈ N . We chose now a profile
(%i) ∈ On such that w �k v and v �j w if j 6= k. If we prove now
that w �hG′ ((�i)) v, k would be the unique possible dictator of hG′ , and
since hG′ is indeed dictatorial, k will be its dictator. But w �hG′ ((�i)) v is
true because iGe{w,v} = iG′e{w,v} and h satisfies the ordinal independence of
irrelevant alternatives condition. Finally, for arbitrary G and G′, consider a
pair w, v ∈ X and define G′′ as G′′i (w, v) = Gi(w, v) and G′′i (x, y) = G′i(x, y)
if {x, y} 6= {w, v}. It is plain that G and G′′ coincide on {v, w} so, by the
previous argument, the dictator of hG′′ is k. In addition G′′ and G′ coincide
on every pair of elements in X, except maybe on {w, v}. So the dictator of
hG′ is also k, and we are done.

Now we are ready to prove the main result in this section.

Proof of Theorem 3.4.1. Let f be a fuzzy n-aggregation function satisfying
the hypotheses of the statement. By Proposition 3.4.7 it is enough to see
that f̃ is dictatorial. Besides, by Proposition 3.4.6 we have that f̃ is weakly
Paretian and satisfies the ordinal independence of irrelevant alternatives and
the completeness condition. By Proposition 3.4.14 all the functions f̃G have
the same dictator (where G stands here for a n-tuple of assignations). We
denote this dictator by k and we will see now that f̃ also has k as a dictator.
To do so, let x, y ∈ X and let (Λi) be a profile whose k-th strict preference
Pk(x, y) is strictly positive. We are going to prove that Pf̃((Λi))

(x, y) > 0. In
order to prove it, consider a n-tuple of assignations G such that

Gi(x, y) =

{
1
2 if Ii(x, y) > 0

0 if Ii(x, y) = 0.

Define the crisp profile (%i) ∈ On as %j= p(Λj) for all j ∈ N . It is easy
to see now that iGj (%j)e{x,y} ≈ Λje{x,y} and x �k y. Finally, x �f̃G((�i)) y

because k is the dictator of f̃G and x �k y. Using the definition of p we
get that Pf̃((iGi (%i)))

(x, y) > 0. By the ordinal independence of irrelevant
alternatives, and iGj (%j)e{x,y} ≈ Λje{x,y}, we see now that Pf̃((Λi))

(x, y) > 0.
So k is the dictator of f̃ .
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3.5 Comments and discussion

Readers who have worked before with fuzzy Social Choice could be surprised
by the definition of a fuzzy preference we use (Definition 3.1.9). In fact, in
the specialized literature, fuzzy preferences are usually defined as fuzzy bi-
nary relations R : X ×X → [0, 1] on a set satisfying suitable properties that
in some sense extend the notion of a total preorder to the fuzzy framework
(see e.g. [3]). Then, in a second stage the binary relations R are decomposed
into their asymmetric PR and symmetric parts IR by means of some suitable
set rule (e.g. see [12], [78, Chapter 3] and [97]).
In some works the decomposition rule is explicitly defined (e.g. [12, 61]),
whereas in other works the existence of a suitable decomposition rule is
assumed by hypothesis and the authors do not deal explicitly with decom-
position rules (e.g. [58]).

On the contrary, we have introduced here a definition for fuzzy prefer-
ences based directly on three fuzzy binary relations. This definition, as far
as we know, is original. It is more general than the fuzzy preferences with
decompositions described above in the sense that if R is a preference in the
sense of the previous paragraph, and PR and IR are the components ob-
tained through the respective rules of decomposition, then (R,PR, IR) is a
preference in the sense of Definition 3.1.9.

Often, the definition of a decomposition is induced by a fuzzy union (e.g.
[12, 78]). This approach is reasonable since, in crisp models, preferences
decompose in strict preference and indifference by means of the set union (see
Definition 2.1.10). Unfortunately, in the fuzzy framework, once a fuzzy union
is selected, unlike what happens in Proposition 2.1.11, the decomposition
may fail to exist, or, when it exists, it is not necessarily unique. In Chapter
4 we will deal with this problem in depth. We will analyze there in depth
when these decompositions exist and, in case of existence, when they are
unique.

Taking into account that decompositions based on unions may fail to
exist, we need to have a general framework in order to make an accurate
analysis of fuzzy aggregation of preferences. If we define a fuzzy preference
as a triplet, we can work with any set of fuzzy preferences whether they may
decompose or not with respect to any given union.

It is important to notice that, although the preferences defined in this
chapter are more general than those given by a decomposition, the results
of impossibility and possibility are not, as some that comes immediately,
general or particular cases of the ones which can be stated for preference
defined by decompositions.
To visualize why, let X ⊆ FPX be a set of preferences as defined in the
Definition 3.1.9, and let Y ⊆ X be the set of all preferences on the nonempty
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set X that are obtained from a set decomposition rule (i.e. preferences like
(R,PR, IR). If there is an aggregation function f : X n → X , its restriction
to Yn is not necessarily an aggregation function in Y, since f(Yn) ⊆ Y could
be false.
On the other hand, the existence of an aggregation function in Y, f : Yn →
Y, may or may not have an extension to the whole set X n.

Considering only the preferences defined by a set decomposition rule
can be interpreted, so-to-say, as a domain restriction. Moreover, the circum-
stance explained in the paragraph above is similar to the universal/restriction
domain on the classical crisp Arrovian model. Whereas in the classical Ar-
rovian model with universal domain no aggregation rule is possible, and
with some restricted domain possibility results could still arise (see 2.2.3),
in the fuzzy Arrovian models we can obtain possibility with fuzzy universal
domain (X = Pmin,S in Theorem 3.3.2), but such aggregation rule is not fea-
sible when it is restricted to a subdomain defined by a decomposition rule.
While the impact of a domain restriction has been largely studied in the
classical Arrovian model, it has not been studied too much in the fuzzy case.
In Chapter 4 we will see some theorems of impossibility and possibility that
are closely related to domains restricted by decompositions.

In this chapter we have presented some results of possibility and im-
possibility. We have pointed out that the reasoning used in the proofs of
Theorems 3.3.2 and 3.3.3 is only valid for min-transitivity and for connec-
tivities defined by t-conorms with divisors of 1. Having said this, it remains
as an open question to study what happens to preference sets with another
T -transitivities or complete preferences.

In the last section of this chapter, we have proved an impossibility theo-
rem using a new technique.
The importance of this technique lies in the fact that it makes explicit some-
thing that is common in the fuzzy Arrovian literature: using crisp techniques.
For instance, in [13, Theorem 3.6], [61, Proposition 3.12] and [71, Theorem
12], the authors use some similar techniques, based on coalitions, than Arrow
(see Theorem 2.2.24). In [58, Lemma 2], it is used a technique based on the
positive responsiveness, used in alternative proofs of Arrow’s theorem (see
e.g. [75] or [78, Theorem 2.12]). In [72, Proposition 5] the authors use a
similar technique based on ultrafilters like in [93].

With our technique, we have made explicit the connection between some
of the fuzzy Arrovian models and the crisp Arrovian model. And we con-
clude that, since some of the fuzzy Arrovian models and the crisp Arrovian
model are similar, it is expected to obtain impossibility results using crisp
techniques.

A priori one might be tempted to think that the technique used for the
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proof of the Theorem 3.4.1 can also be used for T -transitivities. But in that
framework, this is not immediate. In order to implement the technique, we
need to define a transitive binary relation as it is done in Definition 3.4.8.
In that case, the transitivity of the binary relation is obtained immediately
from the weak transitivity. However, with T -transitivities we do not know
yet how we can do something equivalent. This constitutes an open question
for further research. Therefore, we think that this technique is important
enough to be analyzed in depth in next future, in other contexts and with
other definitions.
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Chapter 4

Decomposition of Fuzzy
Preferences

In the study of fuzzy preferences, we always bear in mind the crisp scheme
based on total preorders %. A total preorder % has associated an asymmetric
part � and a symmetric part ∼. In the fuzzy setting, we can consider triplets
(R,P, I) where, R, P and I play a similar role than the one played by the
relations %, � and ∼ in the crisp context.

It is important to observe that in the crisp case % is decomposed as
%=� ∪ ∼. We can try to extend the crisp scheme of decomposition to the
fuzzy setting in a way in which we use triplets (R,P, I) where R is the fuzzy
union of P and I.

This will be the context and contents of Chapter 4 and Chapter 5. Unlike
this setting, already in Chapter 3, we have used general triplets (R,P, I), but
without any decomposition of R as P ∪ I.

The aims of this chapter are the formalization of the definition of the
concept of a fuzzy decomposition and the study of the existence and unique-
ness of such decompositions.

The chapter has the following structure: In the first section, we introduce
a general definition of the decomposition of fuzzy binary relations. The
second section focuses in the generalization of the preorder decomposition.
Here we will state different ways of expanding it to the fuzzy framework.
In the third section, we will study under which circumstances these fuzzy
decompositions exist. In the fourth and final section, we will study their
properties.



CHAPTER 4. DECOMPOSITION OF FUZZY PREFERENCES

4.1 Decomposition of fuzzy binary relations

In this section, we introduce a general definition of decomposition of a fuzzy
binary relation. We are inspired by the Definition 2.1.10, where the decom-
position of the crisp binary relations was defined.

There, the decomposition of a crisp binary relation was defined using
the crisp union and the crisp intersection. We can generalize the notion of a
decomposition to the fuzzy setting using fuzzy unions and fuzzy intersections.
To do so, we start by selecting a t-norm T and a t-conorm S.

Definition 4.1.1. Let R,R1, . . . , Rn be n + 1 fuzzy binary relations on a
nonempty set X. We say that R strongly decomposes into R1, . . . , Rn if
for all x, y ∈ X it holds true that R(x, y) = Sn(R1(x, y), . . . , Rn(x, y)) and
T (Ri(x, y), Rj(x, y)) = 0 for every i, j ∈ {1, . . . , n} with i 6= j.1

However, we will see in the next section that strong decompositions are
not suitable good extensions for our purposes. Thus, we will define a weaker
type of a decomposition.

4.2 Fuzzy preferences from decompositions

We are going to study mechanisms that allow us to build fuzzy preferences
(R,P, I) starting from a single binary relation R. We keep in mind the crisp
scheme in which from a single relation % we obtain two relations � and ∼.
Here, we want to obtain a PR and a IR so that the triple (R,PR, IR) keeps
analogies with the crisp relations (%,�,∼).

Let BRX stand for the set of all fuzzy binary relations on the nonempty
set X.

Definition 4.2.1. Let B be a set of fuzzy binary relations on a nonempty
set X. A decomposition rule on B is a map φ : B → BRX × BRX such
that for every R ∈ B, if φ(R) = (IR, PR), then ΛR = (R,PR, IR) is a fuzzy
preference in the sense of Definition 3.1.9.

The definition of a decomposition rule is axiomatic. It does not describe
how fuzzy binary relations can be decomposed. Instead, it only states which
properties should be accomplished by the decomposition rules. There are
situations in which decomposition rules are instrumental and they are not
used for computations. In such cases an axiomatic approach as the one given
in the Definition 4.2.1 is enough (see [59] for an example). However, if an
axiomatic definition is used, it is necessary to check that there is at least

1Remember the recursive definition of Sn(x1, . . . , xn) as S(Sn−1(x1, . . . , xn−1), xn) (see
page 49).
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one decomposition rule satisfying the definition. If this were not the case,
all the results depending on the existence of some decomposition rule would
be compromised and perhaps void.

In the remaining part of this chapter, we will describe a method to build
decomposition rules. With this method, we solve two questions at once.
First, we guarantee that there are decomposition rules. Second, we show
explicit decompositions which can be used in practical problems.

The method that we propose is inspired on the decomposition of a total
preorder % into its asymmetric part � and its symmetric part ∼ by means
of the union (%=� ∪ ∼). We will extend this decomposition method to
the fuzzy framework using unions and intersections of fuzzy sets (Definition
2.3.24).

It is important to point out that we are interested in the methods which
can decompose all fuzzy binary relations on a nonempty given a nonempty
set X, so-to-say, decomposition rules defined in BRX . So, the problem we
are facing is:

Problem 1 Which are the pairs (S, T ) of a t-conorm and a t-conorm,
such that every fuzzy binary relation on a nonempty set X strongly decom-
poses into an asymmetric and a symmetric binary relations? And, when is it
true that all the fuzzy binary relations have a unique strong decomposition?

In section 4.3 we will partially solve this problem. We will see that these
types of decompositions are too much demanding. Furthermore, many de-
compositions rules widely used in the literature are not induced by strong
decompositions. This fact has motivated us to introduce the following defi-
nition:

Definition 4.2.2. Let R be a fuzzy binary relation on a nonempty set X.
Let S be a t-conorm. We say that R weakly decomposes into (P, I) (with P
an asymmetric fuzzy binary relation and I a symmetric binary relation) if
R = I ∪S P and if for every x, y ∈ X it holds true that if I(x, y) = 1, then
P (x, y) = 0.

In the definition of a weak decomposition, no t-norm is used playing the
role of a fuzzy intersection. However, it is added instead an extra condition
that, so-to-say, plays that role.

Remark 4.2.3. Notice that every strong decomposition is, in particular, a
weak decomposition.

The second problem that we want to face is the following:
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Problem 2 Which are the t-conorms, such that every fuzzy binary re-
lation on a nonempty set X admits a weak decomposition? And, when is it
true that each fuzzy binary relation has a unique weak decomposition?

In the remaining part of this chapter, we will always study the decom-
positions into an asymmetric relation and a symmetric one, unless otherwise
explicitly stated.

4.3 Existence and uniqueness of decompositions

In this section, we will deal with the problems exposed in the previous para-
graphs. We will start with the Problem 1, but first, we need to introduce
the following proposition.

Proposition 4.3.1. Let S be a t-conorm. Let R be a fuzzy binary relation
defined on a nonempty set X. Assume that R can be expressed as R =
I ∪S P (where I (respectively, P ) is a symmetric (respectively, asymmetric)
fuzzy binary relation). Then, for every x, y ∈ X it holds that I(x, y) =
min{R(x, y), R(y, x)}.

Proof. Once a pair x, y ∈ X has been fixed, without loss of generality we can
suppose that R(x, y) ≥ R(y, x), so R(y, x) = min{R(x, y), R(y, x)}. By de-
composability of R into P and I we have that S(P (x, y), I(x, y)) = R(x, y) ≥
R(y, x) = S(P (y, x), I(x, y)). By asymmetry of P it follows that P (x, y) = 0
or P (y, x) = 0. Thus, if P (y, x) = 0 then we have that I(x, y) = R(y, x),
whereas if P (x, y) = 0, then I(x, y) = S(I(x, y), P (x, y)) = R(x, y) ≥
R(y, x). By monotonicity of S, we conclude that I(x, y) = S(I(x, y), P (x, y))
≤ S(I(x, y), P (y, x)) = R(y, x). Therefore I(x, y) = R(y, x). (See also
[111]).

Remark 4.3.2. This proposition reminds us of Proposition 3.1.11 for prefer-
ences. In both of them, we have concluded that the symmetric component
should be given a fortiori as a minimum. This is a good fact: if we had
obtained a different symmetric part, then the decomposition would be in-
compatible with the building of decomposition rules.

In this proposition, we have seen that in every decomposition the sym-
metric part is always the same. In the remaining part of the present chapter,
if nothing is specified, it will be understood that the symmetric part of the
decomposition has always this form.

In order to solve Problem 1, we propose two helpful subproblems.

84



4.3. EXISTENCE AND UNIQUENESS OF DECOMPOSITIONS

Problem 1.1 Which t-conorms S do satisfy the following: for all R ∈
BRX there exist an asymmetric fuzzy binary relation and a symmetric fuzzy
binary relation such that R = I ∪S P?

Problem 1.2 Which t-conorms S do satisfy the following: for all R ∈
BRX , R strongly decomposes into an asymmetric an a symmetric binary
relation with respect to S and the drastic t-norm TD.

Problem 1.1 is solved by means of the following proposition:

Proposition 4.3.3. Let S be a t-conorm and X a nonempty set. Every fuzzy
relation R on X can be expressed as R = I ∪S P (where I (respectively, P )
is a symmetric (respectively, asymmetric) fuzzy binary relation) if and only
if S is continuous in the second coordinate (with respect to the Euclidean
topology on the unit interval [0, 1]).

Proof. First of all we will introduce a new auxiliary operation, denoted ↘
and defined as follows: given a, b ∈ [0, 1], a ↘ b is defined as inf{t ∈
[0, 1] : S(a, t) ≥ b}. In addition, for each a ∈ [0, 1] we define the func-
tion fa : [0, 1]→ [0, 1], as follows fa(t) = S(a, t) (t ∈ [0, 1]).

If S is continuous in the second coordinate, then fa is continuous for
every a in the unit interval. Given a fuzzy relation R on the set X, by
Proposition 4.3.1 we may already define the symmetric part of any possi-
ble decomposition of R as the fuzzy binary relation I given by I(x, y) =
min{R(x, y), R(y, x)}. In addition we consider the fuzzy binary relation
P given by P (x, y) = I(x, y) ↘ R(x, y), for every x, y ∈ X. We claim
that (P, I) is a decomposition of R. To see this, it is enough to check that
R = P ∪S I. Thus, given x, y ∈ X, if R(x, y) ≤ R(y, x), then, by defini-
tion, we have that I(x, y) = R(x, y) and P (x, y) = I(x, y) ↘ R(x, y) = 0,
so R(x, y) = S(I(x, y), P (x, y)). If R(x, y) > R(y, x), then it holds that
I(x, y) = R(y, x) and P (x, y) = inf{t ∈ [0, 1] : fR(y,x)(t) ≥ R(x, y)}. No-
tice that fR(y,x)(0) = R(y, x) < R(x, y) and fR(y,x)(1) = 1. By continu-
ity of fR(y,x), there exists an α ∈ [0, 1] with fR(y,x)(α) = R(x, y). Since
R(x, y) is attained by fR(y,x) and fR(y,x) is continuous, we conclude that
fR(y,x)(P (x, y)) = R(x, y).

Suppose now that every binary fuzzy relation on the set X is decompos-
able. We will prove first that for every a ∈ [0, 1], it holds that fa([0, 1]) =
[a, 1]. Next we will prove the continuity of fa. To see all this, given any
s ∈ [a, 1] we consider a fuzzy relation R with R(x, y) = s and R(y, x) = a
for some x, y ∈ X. By decomposability there exists a pair (P, I) with
R = P ∪S I. By Proposition 4.3.1 it follows that I(x, y) = a. Hence
s = R(x, y) = fa(P (x, y)).
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To conclude the argument, assume that fa is discontinuous. Then, in
[0, 1] there exist a sequence (tn) converging to t ∈ [0, 1] and such that (fa(tn))
does not converge to fa(t). We may assume without loss of generality that
such sequence is an increasing (or decreasing) subsequence of (tn) bounded
above (or below) by t. We will assume here that it is indeed increasing (a
similar argument would be used to handle the decreasing case). By mono-
tonicity, (fa(tn)) is increasing and bounded above by fa(t), so it converges to
some value λ < fa(t). Since fa([0, 1]) = [a, 1], there exists a value w ∈ [0, 1]
with λ < fa(w) < fa(t). By monotonicity we have tn < w < t, but we
already had that tn → t, so we arrive at a contradiction. Therefore fa is a
continuous function.

Remark 4.3.4. Notice that, since t-conorms are commutative, if a t-conorm
is continuous in the second coordinate, it is also continuous in the first.
Moreover, the proposition can be extended straightforwardly to a more gen-
eral disjunctive operator, the semi-t-conorm (introduced in [55]). If the dis-
junctive operator is non-commutative, the existence of the decomposition is
guaranteed by the continuity with respect to the second coordinate.

Using the operator↘ introduced in the proof of the Proposition 4.3.3 we
can compute the decomposition of the t-conorms introduced in the Example
4.3.5 below.

Example 4.3.5. Let R be a fuzzy binary relation on a nonempty set X.
Let S be a t-conorm. Using the proof of Proposition 4.3.3 we can compute
a decomposition (PS , I) of R with respect to several well-known t-conorms.

Pmax(x, y) =

{
R(x, y) if R(x, y) > R(y, x),

0 otherwise.
(4.3.1)

PSŁ(x, y) =

{
R(x, y)−R(y, x) if R(x, y) > R(y, x),

0 otherwise.
(4.3.2)

PSP (x, y) =

{
R(x,y)−R(y,x)

1−R(y,x) if R(x, y) > R(y, x),

0 otherwise.
(4.3.3)

and I(x, y) = min{R(x, y), R(y, x)} (for every x, y ∈ X).

Corollary 4.3.6. Let S be a t-conorm and X a nonempty set. Every fuzzy
relation R on X admits a weak decomposition if and only if S is continuous
in the second coordinate (with respect to the Euclidean topology on the unit
interval [0, 1]).

Proof. We only need to check that the pair (P, I) defined from R on the proof
of the previous proposition is a weak decomposition. But this is indeed
the case because, if I(x, y) = 1 (with x, y ∈ X), then R(x, y) = 1 and
P (x, y) = inf{t ∈ [0, 1] : S(I(x, y), t) ≥ R(x, y)} = 0.
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We have solved the Problem 1.1. As a consequence, we have obtained
that discontinuous (in the second coordinate) t-conorms do no strongly de-
compose all the fuzzy binary relations. So, from this point on, we will restrict
our study to t-conorms that are continuous in the second coordinate.

For economy of language we will use the following notation:

Notation 4.3.7. For every t-conorm S, when we say that S is right-continuous,
it will mean that S is continuous in the second coordinate.

In the Problem 1.2, we have proposed the study of strong decompositions
with respect to the drastic t-norm. This restriction of scope is motivated by
the following fact:

Proposition 4.3.8. Let R be a fuzzy binary relation on a nonempty set X.
Let S be a t-conorm and T a t-norm. If R strongly decomposes into the fuzzy
binary relations R1, . . . Rn (with respect to S and T ), then R decomposes into
the same fuzzy binary relations with respect to S and TD.

Proof. It is straightforward, if we use the following fact: every t-norm is
bounded below by the drastic t-norm.

With this proposition, we know that if a pair (S, T ) decomposes all the
fuzzy binary relations on asymmetric and symmetric parts, then (S, TD) also
does it. As a consequence, it is reasonable to solve Problem 1.2 before we
face the whole Problem 1.

Proposition 4.3.9. Let S be a right-continuous t-conorm. Let X stand for
a nonempty set. Every R ∈ BRX is strongly decomposable with respect to S
and TD if and only if every t ∈ (0, 1) is a divisor of 1 (with respect to S).

Proof. To prove the converse implication, it is enough to see that the weak
decomposition (P, I) proposed in the proof of Proposition 4.3.3 satisfies, for
every x, y ∈ X, that TD(I(x, y), P (x, y)) = 0. If we assume that TD(P (x, y)
, I(x, y)) 6= 0, then P (x, y) > 0, I(x, y) 6= 1, and I(x, y) = 1 or P (x, y) = 1.
If I(x, y) = 1, then R(x, y) = 1 and P (x, y) = inf{t ∈ [0, 1] : S(1, t) ≥ 1} =
0, but this contradicts the fact that P (x, y) > 0. Moreover, if P (x, y) = 1
we have that R(x, y) = S(I(X, y), P (x, y)) = 1, and then 1 = inf{t ∈ [0, 1] :
S(I(x, y), t) ≥ 1}, but this is impossible because I(x, y) ∈ (0, 1) and it is a
1 divisor.

To prove the direct implication, let t ∈ (0, 1) and consider a fuzzy binary
relation R such that for a pair of values x, y ∈ X R(x, y) = 1 and R(y, x) = t.
By hypothesis there exist P and I such that 1 = R(x, y) = S(I(x, y), P (x, y))
and P (x, y) 6= 1 because TD(I(x, y), P (x, Y )) = 0. Hence, t = I(x, y) is a
divisor of 1.
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Finally, inspired by the Proposition 4.3.9, we can suspect that the ex-
istence of strong decompositions is related to the 1-divisors and 0-divisors.
For that reason, we state the next definition and proposition.

Definition 4.3.10. Let S and T be a t-conorm and a t-norm. We define
for all w ∈ [0, 1] D1

S(w) = {t ∈ [0, 1] : S(w, t) = 1} and D0
T (w) = {t ∈ [0, 1] :

T (w, t) = 0}. We call them, respectively, the 1-interval and the 0-interval
associated to w.

Notice that both sets are intervals. Besides, if S (respectively, T ) is
right-continuous, then D1

S(w) (respectively, D0
T (w)) is a closed interval for

all w ∈ [0, 1]. Furthermore, since 0 ∈ D0
T (w) and 1 ∈ D1

T (w), both intervals
can be represented as:

0 1supD0
T (ω) inf D1

S(ω)

D0
T (ω) D1

S(ω)

Proposition 4.3.11. Let S and T respectively be a t-conorm and a t-norm,
and let X be a nonempty set. Every fuzzy binary relation on X is strongly
decomposable with respect to S and T if and only if for all w ∈ [0, 1] it holds
true that D1

S(w) ∩D0
T (w) 6= ∅, and S is right-continuous.

Proof. To prove the converse implication, we only need to prove that the
decomposition (P, I) obtained in the proof of Proposition 4.3.3 satisfies
T (I(x, y), P (x, y)) = 0 for all x, y ∈ X. We can assumme without loss
of generality that I(x, y), P (x, y) > 0. First, when R(x, y) = 1, then
P (x, y) = inf{t ∈ [0, 1] : S(I(x, y), t) ≥ 1} = inf D1

S(I(x, y)). We claim that
P (x, y) = minD1

S(I(x, y)) because S is right-continuous. Moreover, since
P (x, y) is the minimum ofD1

S(I(x, y)), andD1
S(I(x, y))∩D0

T (I(x, y)) 6= ∅, we
conclude that P (x, y) ∈ D0

T (I(x, y)) and we get that T (I(x, y), P (x, y)) = 0.
When R(x, y) < 1, we define R̄ as the fuzzy binary relation that coincides
with R everywhere except in (x, y), and R̄(x, y) = 1. R̄ decomposes into
(P̄ , I). It can be checked, using the definition, that P (x, y) ≤ P̄ (x, y).
Finally, we are in the previous situation because R̄(x, y) = 1, and 0 =
T (P̄ (x, y), I(x, y)) ≥ T (P (x, y), I(x, y)).

To prove the direct implication, for every w ∈ [0, 1] consider a fuzzy bi-
nary relation R with R(x, y) = 1 and R(y, x) = w. By hypothesis R strongly
decomposes into a pair (P, I). We have that 1 = R(x, y) = S(I(x, y), P (x, y))
and 0 = T (I(x, y), P (x, y)), and now using that w = I(x, y) (Proposition
4.3.1), we obtain that P (x, y) ∈ D1

S(w) ∩D0
T (w).

88



4.3. EXISTENCE AND UNIQUENESS OF DECOMPOSITIONS

We have said in the previous section that, in the literature, many de-
composition rules are not induced by strong decompositions. For instance,
the maximum does not have divisors of 1 and can not be used for strong
decompositions, although it is the most used fuzzy union for decompositions
(see e.g. [12, 61, 105]). For this reason, we defined the weak decomposition.

In Corollary 4.3.6 we characterized the existence of weak decompositions
for every binary fuzzy relation based on the right-continuity of the t-conorm.
The next proposition states and characterizes when there is a unique decom-
position.

Proposition 4.3.12. Let S be a t-conorm continuous in the second coor-
dinate and R a fuzzy binary relation on a nonempty set X. If S is strictly
increasing in the second coordinate2, there is a unique weak decomposition.

Proof. Suppose that R decomposes into two distinct weak decompositions
(P, I) and (P ′, I). We can suppose without loss of generality that there
exist x, y ∈ X such that P (x, y) > P ′(x, y). Also I(x, y) 6= 1 because
P (x, y) > 0. Hence, using strict increasingness, we get that R(x, y) =
S(I(x, y), P (x, y)) > S(I(x, y), P ′(x, y)) = R(x, y). We have obtained a
contradiction, so the decomposition is unique.

We include in the table 4.1 a small summary of which of the most known
t-norms and t-conorms satisfy the hypothesis of the previous theorems, show-
ing also their role with respect to decompositions.

We can compute the sets D1
S(w) and D0

T (w) (with w ∈ [0, 1]) and use
them to prove which combinations of t-norms and t-conorms strongly de-
compose all binary fuzzy relations (see figure 4.3)

Taking into account that all of these t-conorms are right-continuous ex-
cept the drastic t-conorm, we can write the table 4.3 using the characteriza-
tion result stated in Proposition 4.3.11:

2Here, it is used the definition of strictly increasingness for t-conorms (Definition
2.3.17). In other words, a S t-conorm is strictly increasing in the second variable if for all
s, t, t′ ∈ [0, 1) with t < t′, S(s, t) < S(s, t′) holds.
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4.4 The properties of decompositions. Building de-
composition rules

In this section, we will describe some properties of the decompositions ob-
tained in the previous section. We will see in which situations weak decom-
positions can be used to build decomposition rules.

Proposition 4.4.1. Let R be a fuzzy binary relation on a nonempty set X.
Let S be a t-conorm and let T be a t-norm. If (P, I) is a strong (respectively,
weak) decomposition of R with respect to S and T (respectively to S), then
the following properties hold true:

(i) P (x, y) ≤ R(x, y) for all x, y ∈ X,

(ii) P (x, y) = 0⇒ R(x, y) = I(x, y), for any x, y ∈ X,

(iii) [I(x, y) ≤ I(z, w)]∧[P (x, y) ≤ P (z, w)] implies that [R(x, y) ≤ R(z, w)]
holds true for every x, y, z, w ∈ X,

(iv) R(x, y) > R(y, x) implies that P (x, y) > 0 for every x, y ∈ X.

Moreover, if S is strict, then P (x, y) > 0 implies that R(x, y) > R(y, x) (for
all x, y ∈ X).

Proof. To prove (i) notice that R(x, y) = S(I(x, y), P (x, y)) ≥ S(0, P (x, y))
= P (x, y).

To prove (ii) notice that if P (x, y) = 0, then R(x, y) = S(I(x, y), P (x, y))
= S(I(x, y), 0) = I(x, y).

Property (iii) is a direct consequence of the monotonicity of S.
Finally, to prove (iv), observe that if R(x, y) > R(y, x), by property (iii)

it follows now that [I(x, y) > I(y, x)] ∨ [P (x, y) > P (y, x)] holds true. But,
since I is symmetric, so that I(x, y) = I(y, x), we get P (x, y) > P (y, x) ≥ 0.

Finally, suppose that S is strict and P (x, y) > 0. We have that I(x, y) 6=
1 because P (x, y) 6= 0. So, we can conclude that R(x, y) = S(I(x, y), P (x, y))
> S(I(x, y), 0) = R(y, x).

Notice that these properties appeared before, in the definition of a pref-
erence (Definition 3.1.9). However, not all the properties of preferences are
satisfied by these decompositions, particularly (iv) is not a double implica-
tion. However, we get a double implication for strict t-conorms. Hence, the
decomposition that comes from right-continuous strict t-conorms is the best
option to build decomposition rules.
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Definition 4.4.2. Let S be a t-conorm right-continuous and strictly in-
creasing, and let X be a nonempty set. We define the function φS : BRX →
BRX ×BRX as φS(R) = (P, I) (R ∈ BRX), where (P, I) is the unique weak
decomposition of R. The map φS is called the standard decomposition rule
associated to S.

Proposition 4.4.3. Let S be a t-conorm continuous and strictly increasing
in the second variable, and let X be a nonempty set. The function φS is a
decomposition rule on BSX .

Proof. From the Proposition 4.4.1 it is plain that φS(R) is a preference for
every R ∈ BRX .

In the tables 4.1 and 4.3 we can see that only the probabilistic t-conorm
weakly decomposes all fuzzy binary relations. However, other t-conorms as,
e.g., the maximum (which is not strict) are used in the literature to build
decomposition rules (see for example [78, 12]). In the next lines, by means
of some examples, we will give some clues about how non-strict t-conorms
can still define decomposition rules.

First, the following example proves that there exist strong (and weak)
decompositions which do not satisfy the last condition of Proposition 4.4.1.

Example 4.4.4. Let R be a fuzzy binary relation on a nonempty set X.
Let a, b ∈ X two, different, elements. Then R can be strongly decomposed
into (P, I) with respect to SŁ and TD, where:

P (x, y) =


0.5 if (x, y) = (a, b) and R(x, y) = R(y, x) = 1,

0 if R(y, x) ≥ R(x, y) and not
[(x, y) = (a, b) and R(x, y) = R(y, x) = 1] ,

R(x, y)−R(y, x) otherwise.

and, as usual, I(x, y) = min{R(x, y), R(y, x)}.
Notice that when R(a, b) = R(b, a) = 1, P (a, b) = 0.5 but R(a, b) = R(b, a).
Notice that this decomposition is different from decomposition 4.3.2 in Ex-
ample 4.3.5. On the contrary, the decomposition 4.3.2 satisfies the last prop-
erty of Proposition 4.4.1.

Another example of a non-strict continuous t-conorm is the maximum.
The weakly decomposition with respect to the maximum is not unique (see
example below), although it can be proved that there is a unique weak de-
composition which satisfies all the properties of Proposition 4.4.1 (see Propo-
sition 4.4.6 below).
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Example 4.4.5. Let R be a fuzzy binary relation on a set X. Consider the
fuzzy binary relation P and I on X defined as:

P (x, y) =


R(x, y) if R(x, y) > R(y, x),

R(x, y) if 1 > R(x, y) = R(y, x),

0 otherwise.

and I(x, y) = min{R(x, y), R(y, x)}. Notice that R weakly decomposes into
(P, I) with respect Smax and this decomposition is not the same as the one
in Example 4.3.5.

Proposition 4.4.6. Let R be a fuzzy binary relation on X. There exists a
unique decomposition (P, I) of R with respect to the t-conorm max satisfying
that (R,P, I) is a preference.

Proof. Consider a fuzzy binary relation R. The maximum is a continuous
t-conorm. By the Proposition 4.3.3, R is decomposable. Suppose that there
are two different decompositions (P, I) and (P ′, I ′) of R such that both
(R,P, I) and (R,P ′, I ′) are preferences. First, by the Proposition 4.3.1,
I = I ′ holds. If P 6= P ′, we can assumme without loss of generality, that
there are x, y ∈ X with P (x, y) > P ′(x, y).
From the equality R(x, y) = max{I(x, y), P (x, y)} = max{I(x, y), P ′(x, y)}
we obtain that R(x, y) = I(x, y). Using that I(x, y) = min{R(x, y), R(y, x)}
(Proposition 4.3.1), we conclude that R(x, y) ≤ R(y, x). We have finally
arrived at a contradiction because, using FP4, we obtain that P (x, y) =
0.

Hence, there is a unique decomposition which can induce a decomposition
rule. This situation motivates the following definition.

Definition 4.4.7. Let B a be set of fuzzy binary relations on a nonempty
set X, φ be a decomposition rule on B, S be a t-conorm and T be a t-norm.

- We say that φ is strongly induced by S and T if for every R ∈ B,
itmholds true that φ(R) = (P, I) is the unique strong decomposition
of R (with respect to S and T ) such that (R,P, I) is a preference.

- We say that φ is weakly induced by S and T if for every R ∈ B, we
have that φ(R) = (P, I) is the unique weak decomposition of R (with
respect to S) such that (R,P, I) is a preference.

So, Proposition 4.4.6 proves that the decomposition 4.3.1 in Example
4.3.5 is weakly induced by the maximum.

The study of the decomposition rules in terms of Definition 4.4.7 is a
problem that we leave for future research.
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4.5 Comments and discussion

In this chapter, we have proposed two formal definitions of the concept of
a decomposition of fuzzy preferences. This concept had already been ad-
dressed, at least implicitly, in the specialized literature (e.g. [78, Chapter 3],
[61, 12]). However, it had not been formalized with the generality that we
have introduced in this thesis.

Ovchinnikov, in [105], defined the strict preference of any preference as
it is done in Proposition 4.3.1. Ovchinnikov, in his paper, did not consider
other alternative ways to decompose preferences, and his analysis is based
on this type of decomposition. Dutta, in [61], went a step further. He set
the decomposition problem using the maximum as fuzzy union and obtained
the same decomposition as Ovchinnikov.
Besides, Dutta commented that other decomposition methods proposed in
the literature did not agree with the decomposition defined by fuzzy unions
and intersections (e.g. decomposition 4.3.2 in Example 4.3.5). However, he
did not realize that these decomposition methods would have satisfied his
decomposition conditions if he had replaced the maximum by other suitable
t-conorms. Banerjee, in [12], became aware of that fact, and solved the ques-
tion for the Łukasiewicz t-conorm.
In [78], the authors studied the weak decompositions. They analyzed the
weak decomposition of the maximum, the Łukasiewicz, the drastic and the
algebraic t-conorms, but not for any t-conorm. Moreover, they did not prove
general results about characterizations.
It is important to mention the study made by Llamazares in [97]. There, he
studied strong decompositions from an axiomatic point of view. The axioms
proposed by Llamazares are not exactly the same that we have proposed
here. Moreover, he obtained some necessary conditions for the decompos-
ability of fuzzy binary relations, but, in general, they fail to be sufficient
conditions.

As far as we know, a few formal studies have been done about the exis-
tence and uniqueness of decompositions of some kind, such as those coming
from fuzzy unions, with the level of generality that we have analyzed here.
And it is important to point out that none of the studies that we have cited
were focused on the necessity of reaching the decomposability on the set of
all the fuzzy binary relations.

Despite having defined preference as a triplet (R,P, I) where R, P and
I play the role, respectively, of weak preference, strict preference and in-
difference, this is a theoretical framework. In practice, when we consider
situations in which, for example, we have two weak preferences R and R′

with R(x, y) = 0.9, R(y, x) = 0.8, R′(x, y) = 0.5 and R′(y, x) = 0.1, we may
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wonder how much x is preferred to y thinking, perhaps, in a strict preference.
The definition that is taken for P would condition the answer.
If we consider the definition of P derived from the decomposition problem
taking the maximum as the fuzzy union (decomposition 4.3.1 in Example
4.3.5), we obtain that P (x, y) = 0.9 and P ′(x, y) = 0.5. Nevertheless, if we
consider the definition of P derived from the Łukasiewicz union (decompo-
sition 4.3.2 in Example 4.3.5) we get that P (x, y) = 0.1 and P ′(x, y) = 0.4.
So, even if it can be assured that in both cases x is more preferred to y, the
answer about when this preference is more intense depends on the decom-
position.
This problem does not come from the results of existence and uniqueness al-
ready studied, but from the chosen union. Therefore, the problem of selecting
well which fuzzy union would be more acceptable in practical situations still
remains open.

Some other questions from this chapter also remain open for research to
be done in next future:

- We have characterized the pairs of t-norms and t-conorms which strongly
decompose all the fuzzy binary relations (into an asymmetric and a
symmetric binary relations). It remains open to characterize when
this decomposition is unique.

- We have seen that t-conorms which weakly decompose all the fuzzy
binary relations uniquely induce a unique decomposition rule. Does
the same happen with strong decompositions?

- In the Proposition 4.4.6 we have seen that only one weak decomposition
of the maximum induces a preference. Which other t-conorms are in
the same situation?

We will use the decomposition of preferences as a key concept in the
next chapter. There, we will see how to obtain a new impossibility result
for preferences coming from decompositions. This is the main application of
this concept in this thesis.
Moreover, we suggest using the results of this chapter for further studies in
Social Choice. The decomposition of preferences is a transversal problem
across multiple problems of the field, not exclusively in the Arrovian model
nor in preference aggregation.
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Chapter 5

Arrovian models aggregating
fuzzy preferences of
decomposition

In Chapter 3 we have studied the Fuzzy Arrovian models. There, a prefer-
ence is a triplet (R,P, I) of fuzzy binary relations, where R plays the role
of a weak preference, P the role of a strict preference and I the role of a
indifference. In the context of the Chapter 3 the three binary relations were
understood as disparate entities. However, this will not be the case through-
out this chapter.

Here, we will study the Fuzzy Arrovian models in which a different type
of preferences, called preferences of decomposition, need to be fused or ag-
gregated. That is, we will deal with preferences which have been obtained
by means of the decomposition rules that we studied in Chapter 4.

In the first section, we will analyze the sets of preferences of decomposi-
tion and the consequences of the domain constraints generated by a decom-
position rule. These are new situations which were not present in the context
of Chapter 3. In section 5.3, we will introduce the concept of a pseudofuzzy
preference, a preference composed of five crisp binary relations. These new
preferences actually are a generalization of the total preorders used in the Ar-
rovian model and they can be interpreted as an intermediate step between
crisp and fuzzy preferences. Moreover, pseudofuzzy preferences constitute
the cornerstone of the proof of the impossibility theorem of Section 5.4 in
this chapter.



CHAPTER 5. ARROVIAN MODELS AGGREGATING FUZZY
PREFERENCES OF DECOMPOSITION

5.1 Sets of fuzzy preferences defined through a de-
composition

In this section, we will study the fuzzy preferences induced by decomposition
rules.

Definition 5.1.1. Let (R,P, I) be a fuzzy preference on a nonempty set X
and φ a decomposition rule. We say that Λ is a preference of decomposition
(with respect to φ) if φ(R) = (I, P ).

A decomposition rule adds some extra constraints in the preferences
which it generates. In some cases, these constraints make P or I inherit
properties from R. For instance, in Chapter 3 we defined the transitivity
of a fuzzy preference (R,P, I) imposing conditions to the relation R. We
proved that, in some cases, the transitivity conditions imposed to R also
implied transitivity conditions on the relation P and the relation I. For
example, we have proved that if R is T -transitive then I is also T -transitive
(see Proposition 3.1.13). We also analyzed the implications of weak transi-
tivity of R to P (Proposition 3.1.14).
In a fuzzy preference of decomposition (R,P, I), the fuzzy binary relations
are obtained from R by means of a decomposition rule. Some decomposition
rules transmit the transitivity from R to P . In the next propositions, we
study the effect of min-transitivity of the R component to the P component,
when the fuzzy preference is generated by a decomposition rule.

Proposition 5.1.2. Let φ be a decomposition rule on a nonempty set X.
Assume that φ is weakly induced by a strict t-conorm S. Let R be a min-
transitive fuzzy binary relation, then PR is min-transitive (where φ(R) =
(PR, IR)).

Proof. Suppose that PR is not min-transitive, then there are x, y, z ∈ X
such that PR(x, z) < min{PR(x, y), P (y, z)}. From this fact, we deduce that
P (x, y), P (y, z) > 0 and, using that S is strict, we obtain that R(x, y) >
R(y, x) and R(y, z) > R(z, y). Now we will proceed by distinguishing the
cases that may occur.

Case 1: If P (x, z) = 0, then R(z, x) ≥ R(x, z). We consider the in-
equality R(x, z) ≥ min{R(x, y), R(y, z)} and we study separately the cases
in which R(x, y) ≤ R(y, z) and the ones in which R(x, y) > R(y, z).
If R(x, y) ≤ R(y, z), then R(y, x) < R(x, y) ≤ R(y, z). If we apply the
last inequality to R(y, x) ≥ min{R(y, z), R(z, x)} we obtain that R(y, x) ≥
R(z, x). But this is a contradiction because we have the cycle R(y, x) ≥
R(z, x) ≥ R(x, z) ≥ R(x, y) > R(y, x).
If R(x, y) > R(y, z), then R(x, y) > R(y, z) > R(z, y). If we consider the last
inequality on R(z, y) ≥ min{R(z, x), R(x, y)} we get that R(z, y) ≥ R(z, x).
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Again, we arrive at a contradiction because we have the cycle R(y, z) >
R(z, y) ≥ R(z, x) > R(x, z) ≥ R(y, z).

Case 2: If P (x, z) > 0, then R(x, z) > R(z, x). We consider the in-
equality R(z, x) ≥ min{R(z, y), R(y, x)} and we study separately the cases
in which R(z, y) ≥ R(y, x) and the ones in which R(z, y) < R(y, x).
If R(z, y) ≥ R(y, x) then, applying it to R(z, x) ≥ min{R(z, y), R(y, x)},
we obtain that R(z, x) ≥ R(y, x). From the inequalities R(y, x) < R(y, z)
and R(y, x) ≥ min{R(y, z), R(z, x)} it follows that R(y, x) ≥ R(z, x). Here,
from the previous inequalities we get I(x, z) = R(z, x) ≤ R(y, x) = I(x, y) ≤
R(z, y) = I(x, y).
We use that S is strict, taking into account that P (x, z) < P (x, y), P (y, z)
and I(x, z) ≤ I(x, y), I(y, z), and we obtain R(x, z) < R(x, y), R(y, z). This
last fact contradicts the inequality R(x, z) ≥ min{R(x, y), R(y, x)}.

If R(z, y) < R(y, x) then, applying it to R(z, x) ≥ min{R(z, y), R(y, x)},
we obtain R(z, x) ≥ R(z, y). From the inequalities R(z, y) < R(x, y) and
R(z, y) ≥ min{R(z, x), R(x, y)} we obtain R(z, y) ≥ R(z, x). From the pre-
vious inequalities it follows now that I(x, z) = R(z, x) ≤ R(z, y) = I(y, z) ≤
R(y, x) = I(x, y).
We use that S is strict, taking into account that P (x, z) < P (x, y), P (y, z)
and I(x, z) ≤ I(x, y), I(y, z), and we obtain R(x, z) < R(x, y), R(y, z). This
last fact contradicts the inequality R(x, z) ≥ min{R(x, y), R(y, x)}.

If the t-conorm associated to a decomposition rule is nilpotent, the strict
component may fail to inherit the transitivity.

Proposition 5.1.3. Let S be a nilpotent t-conorm, T be a t-norm and X a
nonempty set with at least 3 elements. Then there is a reflexive, T -transitive
and complete fuzzy preference (R,P, I) with R = I ∪S P in which P is not
T -transitive.

Proof. Since S is nilpotent, there is a a < 1 such that S(a, a) = 1. Take
now three pairwise different elements x, y, z ∈ X, and define the preference
(R,P, I) as follows:

- R(x, y) = R(x, z) = R(z, y) = 1 and R(y, x) = R(x, z) = R(z, y) = a,

- P (x, y) = a and P (x, z) = P (z, y) = 1,

- R(α, β) = P (α, β) = 1 if α ∈ {x, y, z} and β ∈ X r {x, y, z}

- R(β, α) = P (β, α) = 0 if α ∈ {x, y, z} and β ∈ X r {x, y, z}

- R(β, α) = 1 and P (β, α) = 0 if α, β ∈ X r {x, y, z}
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- I(α, β) = min{R(α, β), R(β, α)} α, β ∈ X

It can be checked that R is T -transitive, complete and that R(α, β) =
S(I(α, β), P (α, β)) for all α, β ∈ X. Moreover, P is not T -transitive be-
cause P (x, y) < T (P (x, z), P (z, y)).

Remark 5.1.4. Notice that the previous proposition is not saying that for
any decomposition rule induced by a nilpotent t-conorm S there exist a
T -transitive fuzzy binary relation R such that PR is not T -transitive.

We have seen that a weak decomposition rule induced by a strict t-
conorm transfers the min-transitivity from R to P , whereas a rule induced
by a nilpotent t-norm does not (for any T -transitivity).
It remains as an open question the general case for strict t-conorms as well
as the cases in which the t-conorm is neither strict nor nilpotent.

Remind that in this chapter, we will study the aggregations on sets of
fuzzy preferences of decomposition. In Chapter 3 we studied fuzzy aggre-
gation rules on two type of sets of preferences, namely the set PT,S of all
(T, S)-fair preferences (with a t-norm T and a t-conorm S) and the set of all
neat preferences N . Now we will study the aggregation on subsets of PT,S
and N , in particular, the subsets defined by decomposition rules described
in the following definitions.

Definition 5.1.5. Let X be a nonempty set, T a t-norm, S a t-conorm and
φ a decomposition rule on BRX . We denote the set of all (T, S)-fair fuzzy
preferences of decomposition (with respect to respect φ) on X by PφT,S . It is
called the standard set of fair preferences relative to T and S.

Definition 5.1.6. Let X be a nonempty set, φ be a decomposition rule
on BRX and S a t-conorm. We denote the set of all weak transitive and
S-connected fuzzy preferences of decomposition (with respect to respect to φ)
on X by N φ

S . It is called the standard set of weak transitive and S-connected
preferences relative to S.

5.2 Fuzzy Arrovian models coming from preferences
of decomposition

In this section, we will expose why the definition and concepts regarding ag-
gregation of the fuzzy preferences of decomposition, and the fuzzy Arrovian
model are the same as the ones considered in Chapter 3. This is caused by
the fact that using preferences of decomposition is equivalent to a domain
restriction.
Other authors who use decompositions define a preference as a single fuzzy
binary relation (see e.g. [61, 103, 105]). This is not our case, since in this
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chapter preferences are triplets of fuzzy binary relations, and the definitions
stated in Chapter 3 are applicable here.

Given a fuzzy binary relation R and a decomposition rule φ, by the defi-
nition of a decomposition rule itself, we have that (R,PR, IR) is a preference
(where φ(R) = (IR, PR)).
This fact automatically shows us that the sets of preferences coming from
Definitions 5.1.5 and 5.1.6 are particular cases of the sets of preferences stud-
ied in Chapter 3. In particular, we can aggregate preferences arising in these
contexts by using the same mechanisms as the ones considered there.

In particular, the set PφT,S is a subset of PT,S . So, using φ is equiva-
lent to restrict the domain of PT,S . Theorem 3.3.2 proved the existence of
a fuzzy aggregation rule on Pmin,S . Since Pφmin,S ⊆ Pmin,S , the following
question arises: does the same fuzzy aggregation rule aggregate preferences
on Pφmin,S? The answer is negative, and we will explain the reason in the
following example:

Example 5.2.1. Consider the decomposition rule φ as the one already de-
fined by the formula 4.3.2 in Example 4.3.5. The fuzzy aggregation rule f
that comes from Theorem 3.3.2 is defined for every profile ((Ri, Pi, Ii)) ∈
Pmin,S

n as follows:

Rf ((Λi))(x, y) =


1 if x = y,

1 if Pi(x, y) > 0 for all i ∈ N,
α otherwise,

Pf ((Λi))(x, y) =

{
1 if Pi(x, y) > 0 for all i ∈ N,
0 otherwise,

and If ((Λi))(x, y) = min{Rf ((Λi))(x, y), Rf ((Λi))(y, x)}. We may consider
now a profile ((Ri, Pi, Ii)) ∈ Pφmin,S

n
with Ri(x, y) = 1 and Ri(y, x) =

0.5 for all i ∈ N and some x, y ∈ X. Then the image of this profile
does not belong to Pφmin,S because Rf ((Λi))(x, y) = 1, Rf ((Λi))(x, y) = α,
Pf ((Λi))(x, y) = 1 and If ((Λi))(x, y) = α. So, we conclude that φ(Rf ((Λi)))
6= (Pf ((Λi)), If ((Λi))) because 1 = Pf ((Λi))(x, y) 6= 1−α = Rf ((Λi))(x, y)−
Rf ((Λi))(y, x).

However, we can make a slight modification to the previous fuzzy aggre-
gation rule in order to obtain the following possibility theorem:

Theorem 5.2.2. Let X be a nonempty set, S a t-conorm with 1 divisors,
φ a decomposition rule on X and n ≥ 2 an integer. Then there is a n-
aggregation fuzzy rule f : Pφmin,S

n
→ Pφmin,S satisfying the condition of cardi-

nal independence of irrelevant alternatives, as well as the weak Paretian and
non-dictatorship properties.
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Proof. We consider a number α using the same argument that appears in
Theorem 3.3.2, and then we define an aggregation rule f for every profile
(Λi) ∈ Pφmin,S

n
and x, y ∈ X as follows:

Rf ((Λi))(x, y) =


1 if x = y,

1 if Pi(x, y) > 0 for all i ∈ N,
α otherwise,

and (Pf , If ) = φ(Rf ). The proof of the min-transitivity and S- connected-
ness of Rf ((Λi)) as well as the fact of f satisfiying the condition of cardi-
nal independence of irrelevant alternatives and the property of being non-
dictatorial is the same as the proof of Theorem 3.3.2. Finally, it is straight-
forward to see that f is weak Paretian, too.

Remark 5.2.3. Here, it is important to point ouy what was failing in Example
5.2.1 and how it has been arranged in Theorem 5.2.2. In the function f of
Example 5.2.1, the strict component Pf of the image is independent of Rf .
It is defined to be crisp (its image lies in {0, 1}) because in this way the
strongly Paretian property is trivially satisfied. However, it is not compatible
with the use of decomposition rules, mainly because with decomposition
rules the strict component is completely determined by the weak component.
In Theorem 5.2.2 this situation is solved making the strict component Pf
explicitly dependent of Rf by means of φ. As a consequence, the resulting
fuzzy aggregation rule is weak Paretian instead of strong Paretian.

In the proof of this theorem, we have defined the aggregation rule in two
steps. First, we have defined the weak component Rf , and the remaining
components Pf and If have been got then applying φ to Rf . Here, we see
that the strict and indifference components are completely determined by the
weak component. This explains that, if we had defined a preference as just
the weak component, we could have made the same analysis and we would
have obtained the same results. Many authors define a fuzzy preference as a
single fuzzy binary relation playing the role of weak component (see [61, 103,
105]) and they use decomposition rules a posteriori to obtain the remaining
components. With this explanation, we have seen that our framework based
on three fuzzy binary relations, and theirs, that is based on a single one, is
indeed equivalent.

5.3 Pseudofuzzy Preferences

This section is devoted to the study of a new type of crisp preferences, called
pseudofuzzy preferences, that consists of five crisp binary relations. The
main application of these preferences will clearly appear in the next section,
where we will use them to prove a new impossibility theorem à la Arrow.
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First, in this section, we will motivate the definition of a pseudofuzzy
preference by means of fuzzy preferences and the ordinal independence of
irrelevant alternatives. After introducing the proper and key definition of a
pseudofuzzy preference, we will define an injection from a set of fuzzy pref-
erences into the set of pseudofuzzy preferences and we will study some of its
properties. Finally, we will build and describe an aggregation model à la Ar-
row for pseudofuzzy preferences and we will prove an impossibility theorem.

To motivate the definition of a pseudofuzzy preference, let us consider a
set of fuzzy preferences P on a nonempty set X and a pair of alternatives
x, y ∈ X. Consider the Proposition 3.2.10:

Let Λ = (R,P, I)) and Λ′ = (R′, P ′, I ′) be two reflexive fuzzy preferences
on a set X. Then for every x, y ∈ X, Λe{x,y} ≈ Λ′e{x,y} holds true if and
only if the following three conditions hold for all a, b ∈ {x, y}:

(i) R(a, b) > R(b, a) if and only if R′(a, b) > R′(b, a),

(ii) R(a, b) = 0 if and only if R′(a, b) = 0,

(iii) R(a, b) = 1 if and only if R′(a, b) = 1.

In the spirit of this proposition, for each pair x, y ∈ X, an equivalence
relation ≈{x,y} is defined on P by means of Λ ≈{x,y} Λ′ ⇔ Λe{x,y} ≈ Λ′e{x,y}
(with Λ,Λ′ ∈ P). Using Proposition 3.2.10, we can see that ≈{x,y} splits
P into eight pieces. In the figure 5.1 we can see a representation of such
partition.

Remark 5.3.1. Notice that depending on the pair {x, y}, some components
could be empty. For instance, if all the fuzzy preferences in P are reflexive,
we have that for every x ∈ X the partition induced by {x, x} only consists
of the whole set {P}. Other important situation in which some components
are empty is related with completeness. If all preferences of P are complete
(for example if P = Pmin,max), then {(R,P, I) ∈ P : 1 > R(x, y) > R(y, x) >
0} = {(R,P, I) ∈ P : 0 < R(x, y) < R(y, x) < 1} = ∅ for all x, y ∈ X. Also
notice that every pair of alternatives induce a different partition on P.

These kinds of partitions can be interpreted in the following way: if two
preferences belong to the same component they have the same qualitative be-
havior when acting on the pair {x, y}. For instance, if Λ ∈ {(R,P, I) ∈ PX :
1 = R(x, y) > R(y, x) = 0}, its qualitative behaviour could be read as "the
agents completely prefer x over y because, under their point of view, clearly
y is too bad when confronted to x".
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{Λ ∈ P :
1 = R(x, y) > R(y, x) = 0}

{Λ ∈ P :
1 > R(x, y) > R(y, x) > 0}

{Λ ∈ P :
1 = R(x, y) > R(y, x) > 0}

{Λ ∈ P :
1 > R(x, y) = R(y, x)}

{Λ ∈ P :
1 = R(x, y) = R(y, x)}

{Λ ∈ P :
1 = R(y, x) > R(x, y) = 0}

{Λ ∈ P :
1 > R(y, x) > R(x, y) > 0}

{Λ ∈ P :
1 = R(y, x) > R(x, y) > 0}

I1

I2

I3

I4 I5

x
is

m
ore

preferred
y

is
m

ore
preferred

Figure 5.1: Graphical representation of the partition of a space of fuzzy
preferences P by means of the equivalence ≈{x,y}.
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We can furnish here similar interpretations of the qualitative behavior
for each of the components of P. We describee them taking into account
the degrees, as numbers in the unit interval [0, 1], of the R-components of
the respective fuzzy preferences. If a fuzzy preference Λ belongs to the
component:

I1, this should be interpreted as: the agents completely prefer x to y
because, under their point of view, clearly y is too bad if compared to
x.

I2, this should be interpreted as: the agents think that x is better than y,
but their is not completely sure about that, so they also thinks that a
further analysis could change their preferences.

I3, this should be interpreted as: the agents think that x is better than y
but it is not so evident that y is worse than x.

I4, this should be be interpreted as: the agents are strongly sure that x
and y are indifferent.

I5, this should be interpreted as: it seems to the agenst that x and y are
equivalent.

and I6, I7 and I8 have the analogous interpretation that I1, I2 and I3 had,
but now exchanging the role of x and y.

Remark 5.3.2. Moreover, the position of the partitions in the figure 5.1 is not
arbitrary. In the middle positions (I4 and I5), they appear the partitions
in which the weak preference of x when compared to y is equal to the weak
preference of y when compared to x, or, in other words, they are equally
preferred. Above (I4 and I5), there are the partitions in which x is more
preferred than y, or, in other words, R(x, y) > R(y, x). Even inside this area,
where x is more preferred than y, we can distinguish different situations (I1,
I2 and I3). In the top (I1), there is the component in which the preference
of x when confronted to y is strongest, because R(x, y) = 1 and R(y, x) = 0,
whereas below the difference between R(x, y) and R(y, x) is lower. However,
I2 and I3 can not be handled in the same way. For instance, consider a
preference Λ ∈ I2 with R(x, y) = 1 and R(y, x) = 0.5 and Λ′ ∈ I3 with
R′(x, y) = 0.9 and R′(y, x) = 0.5. Here, we can say that Λ prefers x to y
with more intensity than Λ′. But, we can consider another pair Λ̄ ∈ I2 and
Λ̄′ ∈ I3 with R̄(x, y) = 1, R̄(y, x) = 0.9, R̄′(x, y) = 0.9 and R̄′(y, x) = 0.1.
Here, the roles have changed, Λ̄′ ∈ I3 prefers x to y with more intensity than
Λ̄ ∈ I2. For that reason, we have represented I2 and I3 at the same level in
Figure 5.1.

Bearing in mind that a partition distinguishes between the qualitative
behaviors, we can encode the qualitative behavior of a preference Λ into five
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binary relations onX �+
Λ , �0

Λ, �
−
Λ , ∼

+
Λ and ∼0

Λ that come from the partitions
induced by the relations ≈{x,y} (for all x, y ∈ X). These five binary relations
are defined as follows. For every x, y ∈ X:

(i) x �+
Λ y if 1 = R(x, y) whereas R(y, x) = 0,

(ii) x �0
Λ y if 1 = R(x, y) > R(y, x) > 0,

(iii) x �−Λ y if 1 > R(x, y) > R(y, x) > 0,

(iv) x ∼+
Λ y if 1 = R(x, y) = R(y, x),

(v) x ∼0
Λ y if 1 > R(x, y) = R(y, x).

So, if two fuzzy preferences Λ and Λ′ belong to the same component of P as
regards ≈{x,y}, it holds true that x �+

Λ y if and only if x �+
Λ′ y, x �

0
Λ y, and

this happens if and only if x �0
Λ′ y, and so on.

These five binary relations allow us to control a fuzzy preference Λ. This
fact will be the keystone in the next section, in the proof of a new impossi-
bility theorem in the fuzzy setting.

Definition 5.3.3. The 5-tuple (�+
Λ ,�0

Λ,�
−
Λ ,∼

+
Λ ,∼0

Λ) is called the crisp spec-
trum of the fuzzy preference Λ.

Now, we can introduce the abstract concept of a pseudofuzzy preference.

Definition 5.3.4. A pseudofuzzy preference p over a set X is a 5-tuple of
(crisp) binary relations (�1,�2,�3,∼1,∼2) on X such that there exists a
total preorder % on X, whose asymmetric part is � and its symmetric part is
∼, such that {�1,�2�3} is a decomposition of � (i.e. � = �1 t �2 t �3)1

and, in addition, {∼1,∼2} is a decomposition of ∼ (i.e. ∼ = ∼1 t ∼2).
The relation � (respectively, ∼) is said to be the asymmetric (respectively,
the symmetric) part of the given pseudofuzzy preference. Henceforward, the
set of all pseudofuzzy preferences over a set X is denoted by ΠX .

Definition 5.3.5. Let p = (�1,�2,�3,∼1,∼2) be a pseudofuzzy preference
on a set X and Y be a subset of X. We define the restriction of p on Y peY
as (�1eY ,�2eY ,�3eY ,∼1eY ,∼2eY ).

Definition 5.3.6. The canonical projection q : ΠX → OX is the function
which assigns its associated preorder to each pseudofuzzy preference on the
set X.

1The symbol t stands here for disjoint union. Thus, if C = A t B we mean that
C = A ∪B and, in addition, ∅ = A ∩B.
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We need to compare a total preorder with a pseudofuzzy preference as be-
ing crisp binary relations. Notice that a preorder % is defined as an abstract
mathematical object. However, when we use a preorder % as a preference, we
interpret straightforwardly x � y (with x, y ∈ X) as "x is strictly preferred
to y". Following the same scheme, we can use a pseudofuzzy preference as
a pure abstract object. But, in some contexts, it could be useful to keep in
mind a similar interpretation than the one we manage for preorders.
In Figure 5.1 and its explanation, we have seen an interpretation of the crisp
spectra of a pseudofuzzy preference. This interpretation can also be used for
pseudofuzzy preferences. However, there is not a unique interpretation, and
we will choose depending on the context.
In general, the components �1, �2, �3, ∼1 and ∼2 of a pseudofuzzy pref-
erence p can be interpreted as the distinct nuances of the asymmetric and
symmetric parts of the associated preorder %. In other words, both x �1 y
and x �2 y mean that x is strictly preferred to y (x � y), but there are little
differences between x �1 y and x �2 y. For instance, in the interpretation
we have provided for the figure 5.1, the differences between the levels of the
strict preference were related to its intensity. The intensity of the strict pref-
erence �+

Λ was higher than the intensities of �0
Λ and �−Λ . However, in other

interpretations, the differences between the different levels of � and ∼ are
not necessarily related to intensity. This will depend on the nature of the
practical problem we are studying.

In the paragraph above, we have used the crisp spectra of a fuzzy pref-
erence as an example of the levels in the components of a psedofuzzy pref-
erence. In the next proposition, it is proved that every crisp spectrum of a
fuzzy preference is a pseudofuzzy preference.

Proposition 5.3.7. Given a fuzzy preference Λ = (R,P, I) on a nonempty
set X, the tuple pΛ = (�+

Λ ,�0
Λ,�

−
Λ ,∼

+
Λ , ∼0

Λ) is indeed a pseudofuzzy prefer-
ence on X.

Proof. Define � as �+
Λ ∪ �0

Λ ∪ �
−
Λ and ∼ as ∼+

Λ ∪ ∼0
Λ. We will see that

these relations � and ∼ are, respectively, the asymmetric and the symmetric
part of a total preorder %. To see this, observe that, by its own definition
� is asymmetric while ∼ is symmetric. Moreover, its intersection is empty.
Furthermore, it is straightforward to see that % defined as � ∪ ∼ is total.
In particular, it is reflexive. Finally, taking into account that, for every
x, y ∈ X, x % y is equivalent to R(x, y) ≥ R(y, x), and using the transitivity
of the fuzzy preference Λ, we may also conclude that % is a transitive (crisp)
binary relation on X. Therefore % is actually a total preorder.

Remark 5.3.8. If Λ is indeed crisp, we get a crisp spectrum in which �0
Λ, �

−
Λ

and ∼0
Λ are empty. So � (respectively, ∼) coincides with �+ (respectively,

with ∼). And % (respectively, �,∼) is R (respectively, P, I).
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In the next section, we will need to transform fuzzy preferences to pseud-
ofuzzy preferences and viceversa. We have seen that the first transformation
is done by means of the crisp spectra. The second one is not immediate.
That is, given a pseudofuzzy preference p, we should try to find a fuzzy pref-
erence Λ whose crisp spectrum pΛ is p.
To formalize the bridge between a fuzzy preference and a pseudofuzzy pref-
erence, we can define a function θ̄ over a set of fuzzy preferences P which
sends every fuzzy preference Λ ∈ P to its crisp spectra pΛ. There are many
fuzzy preferences whose crisp spectra coincide, so θ̄ is not always injective.
As a consequence, θ̄ is not a bijection.
For technical reasons, we will need at least an injective function playing the
role of a bridge between fuzzy and pseudofuzzy preferences. Bearing this in
mind, we define an equivalence relation which collapses into a single element
all fuzzy preferences of P which have the same crisp spectrum.

Definition 5.3.9. Let P be a set of fuzzy preferences. We call pairwise
similarity to the equivalence relation≡ defined on P as follows: Given Λ,Λ′ ∈
PX we declare that Λ is pairwise similar to Λ′, and denote it by Λ ≡ Λ′ if
and only if Λe{x,y} ≈ Λ′e{x,y} holds true for any pair x, y ∈ X.

Remark 5.3.10. The equivalence relations ≡ and ≈ are different. Using
Definition 3.2.4 it can be seen that for every pair Λ and Λ′ of fuzzy pref-
erences, if Λ ≈ Λ′ then we have that Λ ≡ Λ′ (i.e. ≈⊆≡). However,
the converse is not true. We can see it with the following example: Set
X = {a, b, c} and Λ and Λ′ two fuzzy preferences whose weak components
satisfy: R(x, x) = R′(x, x) = 1 for all x ∈ X, R(a, b) = R′(a, b) = 0.9,
R(b, a) = R′(b, c) = 0.8, R(b, c) = R′(a, c) = 0.7, R(c, b) = R′(b, a) = 0.6,
R(a, c) = R′(c, b) = 0.5 and R(c, a) = R′(c, a) = 0.4. Using Lemma 3.2.10,
it can be checked that Λe{x,y} ≈ Λ′e{x,y} for all x, y ∈ X, and so Λ ≡ Λ′. But
Λ 6≈ Λ′ because R(b, a) > R(b, c) and R′(b, a) < R′(b, c).

The pairwise similarity just introduced in Definition 5.3.9 helps us to
handle fuzzy preferences by means of their crisp spectra, as stated in the
next result.

Theorem 5.3.11. There exist an injection from the quotient set of equiv-
alence classes [P] that the equivalence relation ≡ induces on P into the set
ΠX of the pseudofuzzy preferences on the set X.

Proof. First consider the function θ : P → ΠX defined as θ(Λ) = (�+
Λ

,�0
Λ,�

−
Λ , ∼

+
Λ ,∼0

Λ). One may easily check that given two fuzzy preferences
Λ,Λ′ ∈ P it holds true that θ(Λ) = θ(Λ′)⇔ Λ ≡ Λ′, so the map θ from [P]
into ΠX given by θ([Λ]) = θ(Λ), is actually an embedding.

We will continue with the study of fuzzy preferences and their relation-
ship with respect to the pseudofuzzy preferences in the next section. As
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we have discussed before, a pseudofuzzy preference is an extension of a pre-
order in which the asymmetric and symmetric parts have been split into five
components. They can be used in decision making in the same way than
preorders. In the remaining part of the ongoing section, we will be focused
in the aggregation of pseudofuzzy preferences.
First, we will define an aggregation model à la Arrow for pseudofuzzy pref-
erences. Second, we will prove an impossibility theorem as regards that
model.

Definition 5.3.12. Let E ⊆ ΠX be a nonempty subset of the set of pseud-
ofuzzy preferences on a nonempty set X. Let h : En → ΠX be a map, that
we call pseudofuzzy aggregation rule. It is said that h satisfies:

(i) the property of extremal domain if q(E) = OX and, for every p ∈ E and
A ⊆ X, there is a p′ ∈ E with peA = p′eA, and out of A p′ coincides with
(�, ∅, ∅,∼, ∅) (where � and ∼ are the asymmetric and the symmetric
parts of p).

(ii) the property of independence of irrelevant alternatives if given any
pair of profiles (pi), (p

′
i) ∈ En and x, y ∈ X such that pie{x,y} =

p′ie{x,y} holds true for every i ∈ N = {1, . . . , n}, then h((pi))e{x,y} =

h((p′i))e{x,y},

(iii) the weakly Paretian property if given any (pi) ∈ En whose associated
asymmetric parts are (�i), and x, y ∈ X such that x �i y holds true
for every i ∈ N = {1, . . . , n}, then x � y also holds, (with � being the
asymmetric part of h((pi))),

(iv) the dictatorial property if there exist k ∈ N = {1, . . . , n} such that
for every (pi) ∈ En and x, y ∈ X, it holds true that if �k stands for
the asymmetric part of pk, then x �k y implies that x � y (with �
denoting the asymmetric part of h((pi))).

This aggregation model for pseudofuzzy preferences reminds us to the
classical Arrovian model. On the one hand, dictatorship and weakly Pare-
tian property impose the same conditions on asymmetric parts than the ones
encountered in the Arrovian model. Here, the property of independence of
irrelevant alternatives is slightly different from the corresponding property
in the Arrovian model, because it imposes conditions on each component of
the pseudofuzzy preference instead of on the associated preorder. Finally,
the property of extremal domain is completely different from the property
of universal domain. For that reason, we give here an extra explanation.

We say that a domain E ⊆ ΠX is extremal if for every pseudofuzzy pref-
erence p ∈ E, and every set of alternatives A ⊆ X, we can remove the levels
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of p outside of A. Removing these levels, a preference p′ is obtained and
p′ ∈ E. It coincides with p in A, and outside A all the levels have been
removed, so that it coincides with (�, ∅, ∅,∼, ∅) (where � and ∼ are the
asymmetric and symmetric parts of p).

Remark 5.3.13. There are extremal domains for every nonempty set X. For
example ΠX and ∅ are actually extremal. Other examples are E− = {(�1

,�2, ∅,∼, ∅) ∈ ΠX} and EOX = {(�, ∅, ∅,∼, ∅) ∈ ΠX}. In particular, EOX ,
in which there are no nuances, is in bijection with OX .

We will develop some tools that will make possible to compare aggrega-
tion functions from this model with Arrovian aggregation functions. In this
way, we will use the classical Arrovian impossibility theorem to handle the
pseudofuzzy preferences model.

Definition 5.3.14. A decomposition rule for total preorders is a function
i : OX → ΠX such that for any %∈ OX the symmetric (respectively,
the asymmetric) part of % and the corresponding symmetric (respectively
asymmetric) part associated to i(%) ∈ ΠX coincide. In other words, if
i(%) = (�1,�2,�3,∼1,∼2) then it holds true that �=�1 t �2 t �3 and
∼=∼1 t ∼2. Furthermore, a decomposition rule i is said to be compatible
as regards the property of independence of irrelevant alternatives if for every
pair %a,%b∈ OX and every two elements x, y ∈ X, it holds true that if
%ae{x,y}=%be{x,y}, then i(%a)e{x,y} = i(%b)e{x,y}.

Our strategy consists of using aggregation functions for total preorders
to study aggregation functions for pseudofuzzy preferences. The following
definition states how it can be done using the decomposition rules for total
preorders.

Definition 5.3.15. Consider a nonempty domain E ⊆ ΠX and a pseudo-
fuzzy aggregation rule H : En → ΠX (with n ≥ 2), as well as a n-tuple
of decomposition rules for total preorders, D = (ij)j∈{1,...,n} satisfying that
ij(OX) ⊆ E (1 ≤ j ≤ n). The condensation of a pseudofuzzy aggregation
rule H for D, HD : OXn → OX , is now defined as follows: HD = q ◦H ◦ iD,
where iD = i1 × · · · × in. In addition, if each ij is compatible with the inde-
pendence of irrelevant alternatives, we will also say, as in Definition 5.3.14,
that D is compatible as regards the property of independence of irrelevant
alternatives.

In the following propositions, it is proved that the condensation of a
pseudofuzzy aggregation rule satisfying all the conditions stated in Definition
5.3.12 is an aggregation rule which satisfies the conditions of the classical
crisp Arrovian model. Hence it is dictatorial.

Proposition 5.3.16. Given a pseudofuzzy aggregation rule H : En → ΠX

(with n ≥ 2) and a n-tuple of decomposition rules D = (ij)j∈{1,...,n} with
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ij(OX) ⊆ E (1 ≤ j ≤ n), if H is weakly Paretian, then HD is also weakly
Paretian. Moreover, if H satisfies the property of independence of irrele-
vant alternatives and D is compatible as regards that property, then HD also
satisfies the property of independence of irrelevant alternatives.

Proof. Let (%i), (%′i) ∈ OnX be two profiles, and x, y two elements in the set
X. Let us prove first that HD is weakly Paretian: To do so, suppose that
x �i y holds true for all i ∈ {1, . . . , n}. Notice that �i is also the asymmet-
ric part of ii(%i) ∈ ΠX . Since H is weak Pareto, the asymmetric part � of
H((ii(%i))) accomplishes that x � y. Hence HD is also weak Pareto because
� is the asymmetric part of HD((�i)) = p(H((ii(%i)))).
Assume now that %ie{x,y}=%′ie{x,y} holds true for any 1 ≤ i ≤ n. From this
assumption, and because of the hypothesis of compatibility with the prop-
erty of independence of irrelevant alternatives, it follows that ii(%i)e{x,y} =
ii(%′i)e{x,y} holds true for all i ∈ {1, . . . , n}. Finally, once more by the in-
dependence of irrelevant alternatives, we conclude that H((ii(%i)))e{x,y} =
H((ii(%′i)))e{x,y}, so that HD((�i))e{x,y} = HD((�i))e{x,y}.

Proposition 5.3.17. Let H : En → ΠX (with n ≥ 2) be a pseudofuzzy
aggregation rule on a nonempty set X with at least 3 elements. Assume
that H satisfies the weakly Paretian property and independence of irrelevant
alternatives. Then, for any n-tuple of decomposition rules D = (ij)j∈{1,...,n},
compatible as regards the property of independence of irrelevant alternatives,
and such that ij(OX) ⊆ E (1 ≤ j ≤ n), it holds true that HD is a dictatorial
(crisp) aggregation function. Besides, all the condensation maps HD have
the same dictator.

Proof. First of all, notice that by Proposition 5.3.16, for each D we have that
HD : On → O satisfies the hypotheses of the statement of Arrow’s theorem
(see Theorem 2.2.39). Hence HD is indeed dictatorial. Denote its dictator
by di(HD).
We will prove in two steps that all the condensation maps HD have the
same dictator. To start with, we will prove it for two decompositions D
and D′ such that there exist two alternatives v, w ∈ X such that for all
i ∈ {1, . . . , n} and any �∈ O it holds true that ii◦r(�)e{v,w} = i′i◦r(�)e{v,w}.
Using the property of independence of irrelevant alternatives we get that
HD((�i))e{v,w} = HD′(�i))e{v,w} for all profiles (�i) ∈ On. If we consider a
specific profile (�i) ∈ On satisfying w �i v if i 6= di(HD) and v �di(HD) w,
then it is clear that di(HD′) = di(HD) because HD′((�i)) strictly prefers v
to w.
In the second step, given two arbitrary decompositions D and D′, we take a
(fixed) couple a, b ∈ X and define a third decomposition D′′ as follows: i′′D(%
) = q with qe{a,b} = iD(%)e{a,b} and qe{x,y} = iD′(%)e{x,y} if {x, y} 6= {a, b}.
Clearly D and D′′ satisfy the conditions of the case just studied, on the pair
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{a, b}, whereas D′ and D′′ do the same on every pair different from {a, b},
so di(HD) = di(HD′′) = di(HD′).

Remark 5.3.18. In the previous proposition, we used decomposition rules for
preorders. We requested these rules to satisfy certain properties. However, a
priori we have no evidence of the existence of those decomposition rules. We
will see that the existence of those decomposition rules is closely related with
the domain E in which they are defined. Besides, notice that in the cases
in which decomposition rules fail to exist, Propositions 5.3.16 and 5.3.17
become trivial.

When E is an extremal domain, such decompositions do actually exist.
For instance, set any p ∈ E and consider the preorder % associated to p.
We will define a decomposition rule ip in E: Given any %′∈ OX , we define
A%′ =

⋃
{A ⊆ X :%′eA=%eA}. By the definition of extremal domain, there

exist a p′ ∈ E with p′eA%′
= p′eA%′

. We can define ip as ip(%′) = p′. Notice
that by definition, ip(OX) ⊆ E. Moreover, ip is compatible as regards the
property of independence of irrelevant alternatives: If %′e{x,y}=%′′e{x,y}, in
the case in which %e{x,y}=%′e{x,y}, it is obtained that ip(%′)e{x,y} = ip(%′′

)e{x,y} = pe{x,y}, otherwise ip(%′)e{x,y} = ip(%′′)e{x,y} = (�e{x,y}, ∅, ∅,∼e{x,y}
, ∅).
In non-extremal domains, the existence of decomposition rules can fail. For
example, consider a domain E1 containing a single pseudofuzzy preference,
i.e., E1 = {(�1,�2,�3,∼1,∼2)} ⊆ ΠX . There is no decomposition rule i
satisfying i(OX) ⊆ E1, because the asymmetric part of any total preorder
from OX should agree with the asymmetric part of (�1,�2,�3,∼1,∼2).

Finally, we can prove an impossibility theorem for pseudofuzzy prefer-
ences.

Theorem 5.3.19. Let E ⊆ ΠX be an extremal domain. Let H : En → ΠX

be a pseudofuzzy aggregation rule on a non empty set X with at least 3
elements. Assume that H satisfies the weakly Paretian property and inde-
pendence of irrelevant alternatives. Then H is dictatorial.

Proof. Consider an arbitrary decomposition D, and define k = di(HD). Let
us prove now that k is also the dictator of H. Let (pi) ∈ En be a profile
with asymmetric parts (�i). Suppose that there exist x, y ∈ X with x �k y.
Consider a decomposition D′ = (ipj )j∈N with ipj as they are defined in
Remark 5.3.18. By Proposition 5.3.17, the element k is the dictator of HD′ ,
so p ◦H((pi)) ∈ O strictly prefers x to y. Thus we may conclude that if �
is the asymmetric part of H((pi)), then x � y holds.
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5.4 A new Arrovian imposibility theorem in the
fuzzy setting, proved using pseudofuzzy pref-
erences

This section is devoted to the proof of a theorem of impossibility for the
aggregation of fuzzy preferences in a set of neat preferences under the hy-
potheses of ordinal independence of irrelevant alternatives and satisfaction of
the weak Paretian and the non-dictatorship properties. For this purpose, we
will use the framework of the pseudofuzzy preferences that we have exposed
in the previous section.

In Theorem 5.3.11, we described how a fuzzy preference can be trans-
formed into a pseudofuzzy one by means of the crisp spectrum. Besides, we
have seen the troubles that we face to when analyzing the converse opera-
tion, and how it has been solved using suitable equivalence relations.
The next step is the conversion of a fuzzy aggregation rule to an aggregation
rule for pseudofuzzy preferences. With both transformations, we will study
fuzzy aggregations by means of crisp aggregations.
First, we will formalize how, given a fuzzy aggregation rule f , we define an
aggregation rule for fuzzy preferences f̂ . Second, we will study the properties
of f̂ . Finally, we will prove a theorem of impossibility aggregation of fuzzy
preferences using the theorem of impossibility for pseudofuzzy preferences
(Theorem 5.3.19).

We remind the reader about the fact that the pairwise similarity (Def-
inition 5.3.9) has been motivated by ordinal independence of irrelevant al-
ternatives. Thus, a fuzzy aggregation rule f : Pn → P that satisfies ordinal
independence of irrelevant alternatives, is compatible with ≡ in the follow-
ing sense: given two profiles (Λi), (Λ

′
i) ∈ Pn whose components are pairwise

similar (i.e. Λi ≡ Λ′i for all i ∈ N), their images through f are also pairwise
similar (i.e. f((Λi)) ≡ f((Λ′i))). In Figure 5.2 we see a representation of the
compatibility when X is restricted to a pair of alternatives {x, y}.

The fact that such fuzzy aggregation rules behave well with respect to ≡,
allows us to work in the quotient space of P through ≡. We have denoted
this space by [P]. Thus, if f satisfies the ordinal independence of irrelevant
alternatives property, we can consider directly the map [f ] : [P]n → [P]
defined as [f ](([Λi])) = [f((Λi))].

Remark 5.4.1. Moving our study from f to [f ] is more important than it
seems at first sight. Roughly speaking, we have travelled from a function
defined in a continuum to a discrete function. In more detail: P is a set
whose elements are triplets of fuzzy binary relations, so every fuzzy pref-
erence can be translated to a point of the set ([0, 1]3)X

2 by means of the
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Λ1Λ′1

Λ2Λ′2

Λn

Λ′n

f ((Λi))

f ((Λ′i))

×

×
...
×

f

Figure 5.2: Graphical representation of how aggregation functions satisfying
independence of irrelevant alternatives act on partitions.
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function (R,P, I) 7→ ((R(x, y), P (x, y), I(x, y))(x,y)∈X2 .
Thus, since the set of preferences is embedded in a Euclidean space and the
fuzzy aggregation rule f can be defined in Euclidean spaces, we say that f
is defined in a continuum2 3. When we make the quotient of P through the
equivalence ≡, we obtain a discrete set: For each pair x, y ∈ X we have
that a preference belongs to one of the eight components of P that result by
doing the quotient through ≈{x,y} (as in Figure 5.1). If we take another pair
x′, y′ ∈ X, ≈{x′,y′} also splits P in eight different components. Supperposing
both partitions, we obtain at most 82 components. Splitting P as regards ≡
is, by definition, equivalent to superpose all the partitions as regards ≈{x,y}
with respect to all the pairs x, y ∈ X. So, the cardinal of [P] is at most
8(|X|2 ). In particular, if X is finite, [P] is also finite.

Following the same argument, [f ] is a function on discrete sets. Moreover,
it is difficult to use here techniques that come from discrete mathematics,
as e.g. the combinatorial ones, to study f , mainly because f is defined in a
continuum. However, now we can use those techniques to study [f ].

From the function [f ] it can be defined a new function f̂ on sets of
pseudofuzzy preferences. Let θ stand for the injection introduced in Theorem
5.3.11 from [P] to ΠX . This injection gives rise to an inverse maping from
θ([P]) ⊆ ΠX to [P]. We denote this map by θ−14. Then, if we denote
EP = θ([P]), we define f̂ : EP

n → ΠX as f̂ = θ ◦ [f ] ◦ (θ−1)n.

Definition 5.4.2. Given a n-aggregation rule f : Pn → P that satisfies the
property of ordinal independence of irrelevant alternatives, the corresponding
map f̂ : EP

n ⊆ ΠX
n → ΠX is said to be the crisp discretization of f .

Remark 5.4.3. To the readers familiarized with algebraic topology and cat-
egory theory, the approach that we have followed could remind them to a
functorial approach. Here, the sets of preferences and profiles would play the
role of objects, while aggregation functions would play the role of maps. At
the same time, the rule that transforms sets of fuzzy preferences (or profiles)
to sets of pseudofuzzy preferences (or profiles), and fuzzy aggregation rules
to aggregation rules for pseudofuzzy preferences plays the role of a functor.
Here, we do not affirm that our approach has a categorical structure. Ex-
ploring this possibility remains for future research.

2Even if f is defined in a Euclidean space, this does not imply that the image or the
domain is a continuum. For example, if the set P only contains the crisp preferences, the
domain is discrete. Moreover, the image of a continuum domain can be discrete (see the
aggregation function in the proof of Theorem 5.2.2).

3Here, we use the word continuum as the opposite to discrete, and not in the sense of
a continuum used in Topology (a nonempty, compact and connected metric space [104]).
In addition, we do not request any type of continuity to the aggregation rule.

4Notice that θ is bijective if, and only if, θ([P]) = ΠX . However, θ always induces a
bijection between [P] and θ([P]). We use θ−1 to denote the inverse of this bijection.
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Now, we have already established how to go from a fuzzy aggregation
rule f to an aggregation rule for pseudofuzzy preferences f̂ . It remains to
study the properties of f̂ based on the properties of f .

Proposition 5.4.4. Let f : Pn → P be a fuzzy n aggregation rule on the
nonempty set X. Suppose that f satisfies the property of ordinal indepen-
dence of irrelevant alternatives. Then its crisp discretization f̂ also satisfies
the property independence of irrelevant alternatives. In addition, f is weakly
Paretian (respectively, dictatorial) if and only if f̂ satisfies the weakly Pare-
tian property (respectively, dictatorship).

Proof. Again, let EP ⊆ ΠX be the image of [P] through θ. Let x, y ∈ X.
Suppose that (pi), (p

′
i) ∈ EPn are two profiles such that pie{x,y} = p′ie{x,y}

holds true for every i ∈ N . Consider two profiles (Λi), (Λ
′
i) ∈ Pn with

θ([Λi]) = pi and θ([Λ′i]) = p′i such that Λie{x,y} ≈ Λ′ie{x,y} holds true for any
i ∈ N . Using the property of independence of irrelevant alternatives it follows
that f((Λi))e{x,y} ≈ f((Λ′i))e{x,y}. Hence f̂((pi))e{x,y} = θ ([f((Λi))])e{x,y} =

θ ([f((Λ′i))])e{x,y} = f̂((p′i))e{x,y}. If �i is the asymmetric part of pi and x �i
y (for every i ∈ N), then there exist a profile (Λi) ∈ Pn with θ([Λi]) = pi,
and such that Ri(x, y) > Ri(y, x), so Pi(x, y) > 0. Thus, by the weakly
Paretian property it follows that Pf (x, y) > 0. We may conclude that x � y,
where � denotes the asymmetric part of f̂((pi)), because this is equivalent
to say that Rf ((Λi))(x, y) > Rf ((Λi))(y, x).

Proposition 5.4.5. Let S be a t-conorm, X be a nonempty set and φ be
a decomposition rule on BRX . The set E

[NφS ]
= θ([N φ

S ]) is an extremal
domain.

Proof. Denote θ([N φ
S ]) by E. Using Remark 5.3.13, it is enough to prove

that E = ΠX or that E = E−. We will consider two cases to complete the
proof, namely, when S has 1 divisors, and when S has no 1 divisor.
If S has not any 1 divisor, we will prove that E = E−. Set any a ∈ (0, 1).
For every p = (�1,�2, ∅,∼, ∅) ∈ E− we define a fuzzy binary relation Rp, as
follows: for any x, y ∈ X we define:

Rp(x, y) =


1 if x �1 y, x �2 y or x ∼ y,
a if y �2 x,

0 if y �1 x.

Rp is weak transitive and S-connected. If we define Λp = (Rp, Pp, Ip) (with
φ(Rp) = (Ip, Pp)), then Λp ∈ N φ

S . After some computations, it can be
checked that θ([Λp]) = p. Thus, E− ⊆ E.
To see the converse inclusion, consider any Λ = (R,P, I) ∈ N φ

S . Then,
θ([Λ]) = θ̄(Λ) = (�+

Λ ,�0
Λ,�

−
Λ ,∼

+
Λ ,∼0

Λ). It is straightforward to see that
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�−Λ=∼0
Λ= ∅ since, if it were not the case, there would be a pair x, y ∈ X

with S(R(x, y), R(y, x)) < 1, contradicting the S-connectedness of Λ. We
conclude that, for every Λ ∈ N φ

S , it holds true that θ([Λ]) ∈ E−. In other
words E ⊆ E−.
If S has 1 divisors, there exist values a, b ∈ (0, 1) with 0 < b < a < 1 and
S(a, b) = 1. For every p = (�1,�2, ∅,∼, ∅) ∈ ΠX define a fuzzy binary
relation Rp as follows: for any x, y ∈ X we define:

Rp(x, y) =


1 if x �1 y, x �2 y or x ∼ y,
a if x �3 y or x ∼2 y,

b if y �2 x or y �3 x,

0 if y �1 x.

Rp is weak transitive and S-connected. If we define Λp = (Rp, Pp, Ip) (with
φ(Rp) = (Ip, Pp)), then Λp ∈ N φ

S . After some computations, it can be
checked that θ([Λp]) = p. Thus, ΠX ⊆ E. We conclude that E = ΠX .

Finally, we have at hand all the requirements to prove the impossibility
theorem for fuzzy preferences.

Theorem 5.4.6. Let f : N φ
S

n
→ N φ

S be a fuzzy aggregation rule on a
nonempty set X with at least 3 alternatives satisfying ordinal independence of
irrelevant alternatives as well as the Paretian property. Then f is dictatorial.

Proof. Supose that there is a fuzzy aggregation rule f satisfying the hypote-
ses of the theorem as well as the non-dictatorship property. Then, since f
satisties ordinal independence of irrelevant alternatives, the crisp discretiza-
tion of f , f̂ : ENφS

n → ΠX , is well-defined. Proposition 5.4.4 guarantees

that f̂ satisfies independence of irrelevant alternatives, the weakly Paretian
property and non-dictatorship. Furthermore, Proposition 5.4.5 guarantees
that ENφS

is an extremal domain. Finally, f̂ satisfies all the hypoteses in the

statement of Theorem 5.3.19, so f̂ is dictatorial. This is a contradiction, and
as a consequence, f is also dictatorial, a fortiori.

5.5 Comments and discussion

In this chapter, we have provided a theoretical framework for fuzzy Arrovian
models of preferences coming from a decomposition. We have seen that pref-
erences of decomposition are particular cases of the preferences studied in
Chapter 3. In particular, the sets of all the preferences induced by a single
decomposition rule can be interpreted as a domain constrain.
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The principal result of this chapter is Theorem 5.4.6. Even if there is a
similar result in the literature (see [78]), our result is more general because
we have proved it for any S-connectedness (with S a t-conorm) in addition
to completeness. However, the most relevant contribution is the technique
that we have used on the proof, that leans on the concept of a pseudofuzzy
preference.

Using pseudofuzzy preferences we have been able to prove a fuzzy impos-
sibility result, by means of the classical Arrow’s impossibility theorem (see
the proof of Theorem 5.3.17).
In the motivation that we have given at the begining of Section 5.3 for pseud-
ofuzzy preferences, we can see that these preferences are strongly related to
the property of ordinal independence of irrelevant alternatives. Pseudofuzzy
preferences, a priori, can not be used for the study of fuzzy Arrovian models
with other different kinds of independence of irrelevant alternatives. More-
over, it is important to point out that the union of the five components %Λ

of a pseudofuzzy preference induced by a fuzzy preference Λ is a total pre-
order (hence transitive) because the fuzzy preference Λ is weak transitive. If
the fuzzy preference Λ were T -transitive (for any t-norm T ) instead of weak
transitive, (�+

Λ ,�0
Λ,�

−
Λ ,∼

+
Λ ,∼0

Λ) would not be a pseudofuzzy preference. So
the definition of a pseudofuzzy preference, and how it has been used in the
proof of the imposibility theorem are in fact connected to the properties of
the classical fuzzy Arrovian model.

The previous circumstances motivate the following comment: The ax-
ioms of the fuzzy Arrovian model that we have studied in this chapter make
possible to associate a crisp aggregation model à la Arrow to the fuzzy model
(here, aggregation of pseudofuzzy preferences). Can we find other crisp mod-
els à la Arrow equivalent to other fuzzy Arrovian models? Moreover, can we
find a canonical way to obtain a crisp model from any fuzzy Arrovian model?

If we could find that canonical transformation, we would obtain as a by-
product a helpful tool for the characterization of the Arrovian fuzzy models
in terms of possibility and impossibility results.

Taking into account the previous paragraph, it could seem that having at
hand a canonical method that builds a bridge between Arrow fuzzy models
and Arrow crisp models would be a great advantage. However, that is not
entirely true.
If it were the case, it would imply that the vagueness and uncertainty of the
Arrovian fuzzy models is apparent because they can be transformed, some-
way, into crisp models.
However, these transformations would not make impossible to aggregate pref-
erences. Notice that the associated crisp model could fail to be the Arrovian
model. As a matter of fact, it could use other types of preferences as, e.g.,
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interval orders, semiorders, biorders, non-total preorders, etc. (see [26, 40]
for aggregation models with these preferences), or some axioms less restric-
tive than the Arrovian ones (see e.g. [24, 74]).

These are hypotheses about what could happen in the case in which
we have found a canonical transformation. In this chapter, we only have
described the transformation for one model. However, it remains for future
research the development of other types of transformations from fuzzy models
into crisp models.
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Chapter 6

Conclusions

6.1 Achievements and main results

The main achieved results along these three years in which I have been
preparing my Ph. D. dissertation are included in the body of this memory,
that is, in Chapters 3, 4 and 5. There, a few new theorems of possibility and
impossibility in the fuzzy setting are proved. These have given rise to two
publications in high rated scientific journals.

During the process leading to the obtention of some new possibility and
impossibility theorems, it has been necessary to introduce and analyze some
concepts involved in fuzzy aggregation models. Thus, the concept of a fuzzy
preference is fully established and settled, in a way that it generalizes most of
the definitions in the literature. The same has happened with the decompo-
sition rules of fuzzy preferences launched in Chapter 4. There, the existence
and the uniqueness of the decomposition rules induced by t-conorms have
been studied and some nice characterization theorems have been obtained.

However, if one of the results deserves to be highlighted, it is the main
theorem in Chapter 5. The worth of that achievement is not just for the
result itself, but for the technique used in its proof. There, fuzzy preferences
are controlled by means of a tuple of five crisp binary relations. This fact
is important because it means that, in some fuzzy models, the fuzziness can
be controlled, in some sense, by crisp devices.

This result was quite surprising: Fuzzy preferences were introduced as an
extension of the crisp preferences to describe some phenomena (e.g., vague-
ness and uncertainty) which crisp devices could not. With this extension,
that is, passing from the dichotomic set {0, 1} to the continuum set [0, 1], ev-
eryone expected that the fuzzy models have something qualitatively different
to the crisp models, something beyond the crisp understanding. However,
we have seen that there is a fuzzy model subordinated to an associated crisp
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model (namely, the Arrovian model for pseudofuzzy preferences). This opens
the gate to ask ourselves if the same situation would also be possible when
dealing with other fuzzy models.

Probably, this type of scenario is not exclusive for the aggregation of pref-
erences, but also for several other models in Social Choice in which fuzziness
was introduced to avoid impossibilities. For instance, we can consider the
problem of collective identity1 (see e.g. [6]). When this problem is general-
ized from the crisp setting to the fuzzy setting, new rules appear in order
to identify groups. However, as in the Arrovian model, the existence of new
rules depends on the generalizations of the axioms. Using some fuzzy gener-
alizations, new rules appear (see [6]), whereas in others generalizations, no
suitable rule is possible (see [65]). The last case is interesting here because,
taking into account the structure of the axioms2, we think that it could be
possible to apply a similar strategy to control group identification rules by
means of some sort of crisp devices.
We could say that, when we do generalizations to the fuzzy setting, depend-
ing on the axioms we choose, we come back to the crisp setting, obtaining the
same results that were obtained in the crisp formulation, but with a fuzzy
formulation.

Last, but not least, it is also important to give an account concerning
other papers that we have recently published, and that perhaps are, so-to-
say, collateral and not directly related with the main topics contained in
the body of this memory. However, the study of these topics have been a
substantial part of the learning process that has led to the final result. These
publications are:

1. A survey on the mathematical foundations of axiomatic en-
tropy: Representability and orderings: This paper explores a multi-
disciplinary approach to the concept of entropy. Here, we analysed entropy
through representations of various order structures. We see that some ther-
modynamical insensitivities and the additivity of thermodynamical systems,
which are not compatible with the classical entropy functions, can be un-
derstood under the view of representations of interval orders, semi-orders an
other different kinds of ordered algebraic structures.

1The collective identity problem lies in finding proper rules which determine the be-
longing of the individuals of a society to their identity group (e.g. tall/short people or
burgeois/middle-class/working-class). In this problem it is exclusively considered the per-
ception of belonging from the members of the society about the others and themselves. In
the crisp scenario, there are two possible solutions: the liberal rule in which every member
belongs to the self-perceived group, and the dictatorial rule in which a single member
determines where everyone belong.

2When we say the structure of the axioms, we mean cardinal and ordinal axioms. These
concepts are detailed in [38] as well as in [20, Chapter 2].
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2. Geometrical aggregation of finite fuzzy sets: In this article, we
have explored the connection between the aggregation of finite fuzzy sets
and geometry. We have studied how a geometrical setting can contribute to
create new aggregation functions which are not intuitive under an analytical
or algebraic point of view.

3. Topologies for semicontinuous Richter–Peleg multi-utilities: In
this paper we have been working with representations of non-total preorders.
In particular, we have studied some conditions over the topologies defined
on preordered sets that make these representations semi-continuous, giving
some necessary and sufficient conditions to characterize the representativity.

6.2 Open problems

In three years doing research in the topics of my Ph. D. thesis, many ques-
tions have been settled. Some of them have naturally arisen during the
research work and are closely related to the thesis, whereas other questions
are more collateral and could give birth to some new research hypotheses in
next future. Finally, we may consider the open problems that have not been
fully closed yet in this thesis, perhaps because they are too much complex
to be solved in a single thesis, or maybe becuase they should be considered
as independent questions to work with. All of them are:

- Even if some possibility results have been obtained, it is also true that
these results depend on the definitions adopted (e.g. transitivity, inde-
pendence of irrelevant alternatives, etc.). Changing a single definition
immediately provokes a change in the model and leads to a completely
open problem. Moreover, it is not much practical to try to prove the
possibility or the impossibility for each possible combination of defi-
nitions. For that reason, it should be seen if the definitions can be
grouped in a way that a single categorical theorem classifies the model
in terms of possibility and impossibility according to some property
classifying the definitions. For example, in [58], the authors prove the
possibility or the impossibility of a family of models depending on the
t-norm T defining the T -transitivity of the preferences. If T has 0 divi-
sors, there are aggregation rules, otherwise, there are not. However, it
has to be remarked that these authors do not use a Paretian property
and their results are not applicable in our case.

- In Chapter 4, we have studied the decomposition rules induced by t-
conorms. We have defined two types of decompositions, the strong type
and the weak type. Even if we have obtained many results about the
existence and the uniqueness, they have not been fully characterized.
For example, we have not obtained any result about the uniqueness of
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strong decompositions, and only sufficient conditions for the uniqueness
of weak decompositions have been achieved.

- In this thesis, we have defined an asymmetric fuzzy binary relation P
on a set X as a fuzzy relation which for every x, y ∈ X ”P (x, y) > 0⇒
P (y, x) = 0” is satisfied. However, there is some literature concerning
fuzzy preferences in which the asymmetry is defined as regards a t-
norm (see e.g. [97]). There, it is possible that P (x, y), P (y, x) > 0
occur at same time. As far as we know, there is no study of fuzzy
Arrovian aggregation models in which the strict preferences obey this
type of asymmetry depending on a t-norm.

6.3 Future Research

The presentation of a Ph. D. thesis does not use to be something that
concludes the research in a certain area. It provides a lot of new questions
and possible lines of research to explore. We can see below some ideas and
proposals for future research.

i In the proof of Theorem 5.4.6, we have controlled the fuzzy prefer-
ences by means of a device based on five crisp binary relations. It will
be interesting to develop a general procedure to control any type of
fuzzy preferences by means of some crisp device. Moreover, the ideal
point would be to get a construction, similar to the one described in
Remark 5.4.3, which would transform fuzzy aggregation models into
some suitable sort of crisp aggregation models. And then, we should
try to characterize a fuzzy model in terms of possibility using the crisp
model obtained by means of such device. Of course, this is an ambi-
tious idea inspired in Category Theory that, in case of being possible,
it would require various steps of development. The first one would be
trying to repeat a construction similar to the one given in Chapter 5,
but now for other fuzzy Arrovian models.

ii In the conference proceeding paper [38], we launched an idea that sug-
gests studying certain fuzzy Arrovian models by means of differential
topology as well as differential equations. In this paper, included in the
Appendix, it is exaplained how to classify the axioms in two categories,
namely the cardinal ones and the ordinal ones, and why a differential
aproach can be applied to models defined by means of cardinal axioms.

Our mathematical intuition suggests that ordinal axioms can be understood
by means of crisp relations, whereas cardinal axioms need something else.
We believe that in fuzzy models based on ordinal axioms it will be easier
to apply the strategy explained in point (i). However, in models based in
cardinal axioms, the strategy explained in point (ii) will be more effective.
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iii The Arrow’s Impossibility Theorem was originally stated in a way in
which the individual preferences were total preorders, while the social
preferences were choice functions. As we have seen in the preliminaries,
if we require a rational explanation to choice functions, they are equiv-
alent to total preorders (see Proposition 2.2.30). For that reason, in
posterior articles, many authors stated the impossibility theorem with
social preferences modelled by total preorders (see e.g. [67, 75, 109]).
In the existing literature, many authors have discussed what makes a
preference rational (see [60, 68, 69]). Many of them argue that a choice
function should be rational to be considered suitable or acceptable, but
others studied other possible conditions of rationality [92, 112, 115].
However, another factor that we may have to take into account is the
following one: when all these discussions took place (before 1980), com-
puters had limited possibilities. I mean, researchers had not so much
computational power and by this reason they should simplify, as much
as they can, the models they build and analyse.
Nowadays, computational power is much higher than twenty years ago
and it is relatively accessible to everyone. Now, we can model the pref-
erences using choice functions and discover all their versatility with a
computer’s help. We can start to consider aggregation models of choice
functions.
There are academic works arguing that collecting preferences using
choice functions is better than using rankings [41, 81, 98]. Besides,
there are studies in computer science allowing to obtain a choice func-
tion modelling the preferences of a single individual from a few data
[106, 107].
Now, with choice functions, more information about preferences can be
captured, processed and used. The new rules of aggregation that are
used now and will be used in the future need a mathematical frame-
work to be studied and compared. And, maybe more important, they
should have their effectiveness proved mathematically.
So, it would be interesting to retrieve the existing (if any) studies about
the aggregation of choice functions, in order to define axiomatically
models for the problems addressed by the Information & Technology
industry.

iv Finally, there is a new and still incipient and undevelopped idea, that I
think I should share. In [107], a preprint devoted to machine learning
and choice functions, the authors want to interpolate a choice function
c in a set X by means of the parameters t ∈ R and U : X×P(X)→ R
in a way that for every Q ⊆ X it holds true that:

c(Q) = {x ∈ Q : U(x,Q) > t}

Here, U is a context-dependent utility function, and x will be chosen
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in Q if it is desired more than a threshold t.
Due to computational reasons, the authors need the function U de-
pending on a constant number of variables from X, which is not an
arbitrary subset of X. For that reason, they factorize U by means of
k functions Uk : X ×Xk → R (with k = 0, . . . ,K) as follows:

U(x,Q) =
K∑
k=0

∑
x1,...xk∈Q

Uk(x, x1, . . . , xk),

where each Uk satisfies that for every permutation σ ∈ Sk and elements
x, x1, . . . , xk ∈ X, it holds true that Uk(x, x1, . . . , xk) =
U(x, xσ(1), . . . , xσ(k)).
If we consider the k = 1 case, we obtain that:

U(x,C) = U0(x) +
∑
y∈C

U1(x, y)

Notice that U0 is a utility function and U1 can be interpreted as a fuzzy
binary relation. Moreover, we know that utility functions are related to
total preorders (see Theorem 2.1.14). The last expression gives birth
to a nice idea, this is: total preorders are the zero-order factor of a
choice function whilst fuzzy binary relations constitute the first-order
factor. Then, we can understand preorders and fuzzy binary relations
as some approximations of a more complex object, namely a choice
function. In some sense, this idea reminds to the Taylor polynomial
expansion used to approximate differential functions.
I have not started yet to develop this idea. The first step will be
to search in the literature on the representation of choice functions,
starting, for example, from the works of Aizerman and Aleskerov [4].
The literature in machine learning used in the preprint where this
formula appears will also be valuable.
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Appendix

As announced in the presentation of this thesis, we pass now to comment
in this Appendix the articles that come from the thesis in a sense, as well
as some other aspects of our study and activity during the time (ca. three
years) along this Ph. D. Memory has been made.

Concerning the articles, some of them are directly related to some chapter
of the present thesis. Some other papers have, so-to-say, an intermediate
relation: we mean here that some central ideas of such manuscript could
have also appeared here in this memory, perhaps not as a decisive item, but,
instead, as a further motivation or helpful comment in Chapter 2 linking the
parts corresponding to Social Choice and Fuzzy Sets. Another paper tries
to develop some open problem pointed out here. Finally, there are papers
whose relationship with respect to the main basis of the present thesis is
scarce. Nevertheless, they appeared as by-products in the study of concepts
that were necessary for my formation and development of my skills along the
period that we call state of art in which we read and analyze antecedents
that then would play some potential role in our work.

We point out here that the chronology of acceptance and subsequent
publication of those papers may not coincide with the ordering in which
they will be presented in this Appendix. As a matter of fact, some paper
that was finished and submitted earlier has appeared latter than other papers
that were sent much after.

Also, I would like to remark here that, normally, when it is said that
a paper is directly and undoubtedly emanated from the thesis, a potential
reader of the present memory would think that the paper is, just, a chapter
of the thesis selected and published (perhaps almost word to word) as a
paper. Well, at this stage, I must say that this is not always the case, even
when we pay attention to papers directly related to this memory. On the
one hand, papers and chapters of the thesis are redacted in a different style
and manner. Papers are certainly much more specialized (and concise due
to length restrictions) than a thesis that could be potentially read or used
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by anybody, interested in (or just curious about) the study of some aspects
of this framework. Thus, in some cases the order has not been first thesis
then paper, but just the opposite: after having been accepted a paper that
was the cornerstone of some chapter of the present thesis, the corresponding
chapter was enlarged and modified by adding, generalizing and developing
there ideas that were not exposed in the paper. In that situation, the order
has been first paper, then thesis. Anyways, as aforementioned, the redaction
of thesis and chapters has been made, in a way, independently.

Articles that directly come from the thesis

As commented at several points in this memory, the main body of the present
Ph. D. thesis corresponds to Chapters 3, 4 and 5. From these chapters, two
papers have seen the light in high ranked journals, in the first quartile Q1 of
the section Mathematics in Web of Science. The order of my ideas, that is,
when they came to my mind, is the same as the one in the chapters of the
thesis.

Thus, Chapter 3 gave rise to the paper entitled "Arrow theorems in the
fuzzy setting", by A. Raventós-Pujol, M.J. Campión and E. Induráin, that
has recently been accepted for publication at the Iranian Journal of Fuzzy
Systems (see [110]). Thus, in that paper a theorem of possibility and a
theorem of impossibility were proved (see Theorems 3.3.2 and 3.4.1), and,
in particular, the result on impossibility features the merit of introducing a
new technique through the concepts of neat and naive preferences.

Figure A.1: Front page of "Arrow theorems in the fuzzy setting".

Chapters 4 and 5 are directly related to the paper entitled "Decomposition
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and Arrow-like aggregation of fuzzy preferences", by A. Raventós-Pujol, M.J.
Campión and E. Induráin, that has recently been published (2020) at the
journal Mathematics (MDPI) (see [111]).

Figure A.2: Front page of "Decomposition and Arrow-like aggregation of
fuzzy preferences".

Unlike what happens with the previous paper (the one accepted at the
Iranian Journal of Fuzzy Systems), where the redaction of Chapter 3 is, so-
to-say, prior to the redaction of the paper, this is not the case with this
second paper, published in Mathematics. A glance at both the paper and
the Chapters 4 and 5 immediately tells us that the results presented in the
thesis are more general than the ones that appeared in the paper. Indeed, the
techniques based in a pair consisting of a triangular norm T and a t-conorm
S are a clear extension of those that the paper contains. Thus, the results
in that paper are only a particular case of those presented in this memory.

Articles partially related to the contents of the thesis

At a second level, we comment here about some other papers that do not
correspond to a chapter of the thesis, and they have not been included as a
part of the contents of this memory. Nevertheless, they could have been used
more here in the thesis, perhaps as a further motivation in the Introduction,
or perhaps in Chapter 6 in the section of open problems or suggestions for
further research.
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In the paper entitled "Geometrical aggregation of finite fuzzy sets", by
M.J. Campión, R.G. Catalán, E. Induráin, I. Lizasoain, A. Raventós-Pujol,
and O. Valero, published in 2018 in the International Journal of Approximate
Reasoning (see [36]), it is explored how geometrical tools can be applied to
the aggregation of fuzzy sets.
If the universe X of a fuzzy subset µ is finite (|X| = k < ∞), then µ can
be understood as a point pµ ∈ [0, 1]k where each component of pµ is the
degree of belonging of one of the elements from X. By this reason, we can
use geometrical methods about points and figures in that unit hypercube in
order to fuse several fuzzy subsets of X into a single one. In this paper, the
authors explored a few geometrical techniques which can be applied in this
context, some of them inspired in existing methods from other areas (e.g.
Fermat and Weber points, Voronoi diagrams or set allocation) and some of
them completely new.

Figure A.3: Front page of "Geometrical aggregation of finite fuzzy sets"

Some of the ideas in "Geometrical aggregation of finite fuzzy sets" have
had continuity in subsequent works. For example, some of the geometrical
methods contained in this article were exposed in the International Sympo-
sium on Aggregation and Structures held in Valladolid in 2018. Moreover,
the paper we will comment below takes the strategy of translating fuzzy sets
into points and applies it to fuzzy Arrivian models.

In "Fusing fuzzy preferences in contexts of Social Choice: Towards a
topological structure", by M. J. Campión, E. Induráin and A. Raventós-Pujol,
accepted for presentation at the congress INFUS 2020 in Istanbul, Turkey,
and published in an issue of Proceedings (that will also appear reflected in
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the Web of Science) (see [38]), we directly go ahead on one of the open
problems suggested in Chapter 6, namely, the one concerning the use of
topological methods in contexts of aggregation of fuzzy preferences. There,
we introduce how sets of fuzzy preferences and aggregation functions can
be endowed with topological and differential structure and how some of the
fuzzy Arrovian axioms can be reformulated to a differential framework in
order to apply new techniques.

Figure A.4: Front page of "Fusing fuzzy preferences in contexts of Social
Choice: Towards a topological structure".

Articles unrelated to the contents of the thesis, but
issued as collateral work

When preparing the doctoral thesis, and in particular in the period of state
of art, reading many potentially interesting papers for the work to be done
then in my Ph. D. thesis, I was also able to publish some paper on items
that, even though they are almost unrelated to the contents of the memory,
the came as a by-product or a collateral work from the topics I was studying
at that stage.

Thus, in the paper entitled "A survey on the mathematical foundations
of axiomatic entropy: representability and orderings", by M.J. Campión, C.
Gómez-Polo, E. Induráin and A. Raventós-Pujol, published in 2018 in the
journal Axioms (see [37]), we analyze the numerical representability of or-
dered structures as the mathematical tool to understand well the concept of
entropy, central in Thermodynamics. In classic thermodynamics, the entropy
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defines an order relation in the set of thermodynamic states in which sponta-
neous transitions are only possible from lower to higher entropies. Here, the
entropy is a real function and, subsequently, the order relation in the space
of thermodynamic states is a total preorder. However, there is empirical
evidence that in many physical situations, the relation between thermody-
namical states defined by spontaneous transitions is not a total preorder. In
this article, we study some alternatives to the standard entropy function.
For instance, some of the intransitivities in thermodynamical spaces can be
modelled by an interval order, in that case using a pair of entropy functions
would represent the order relation defined by spontaneous transitions.

Figure A.5: Front page of "A survey on the mathematical foundations of
axiomatic entropy: representability and orderings"

Besides, in the paper whose title is "Topologies for semicontinuous Richter-
Peleg multi-utilities", by G. Bosi, A. Estevan and A. Raventós-Pujol, recently
published (2020) in the journal Theory and Decision (see [28], we worked with
representations of (non-necessarily total) preorders.
In the Theorem 2.1.14 the representability of total preorders is character-
ized. Only the total preorders which contain a countable dense subset are
representable by a real function. The non-representability of total preorders
have been largely studied, and it turned out that total non-representable to-
tal preorders have very specific features: they contain a lexicographic plain,
a long chain, an Aronszajn-like chain or a Souslin chain (see [17]). However,
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when the study is about non-total preorders, the situation is completely dif-
ferent. Non-total preorders are not representable by a real function since in
all representable relations every pair of elements are comparable.
For that reason, researchers looked for other types of real representations in
which the representability was possible. In this context, multi-utility arises.
The general idea behind multi-utility is representing preorders using many
real functions instead of a single one. Every preorder can be represented
by a family of functions, and now the questions are which are the preorders
which can be represented by a finite family or which is the minimum number
of utility functions needed to represent each preorder.

Figure A.6: Front page of "Topologies for semicontinuous Richter-Peleg
multi-utilities".

This article was a product of the stage in the Università degli studi di
Trieste in September 2018 (see Section A). Here, we studied aspects related
to the continuity of such representations and the topologies compatible with
the preorders.

Communications presented to scientific congresses

Apart from the aforementioned communication at INFUS 2020, I have also
attended to some other seminars, workshops, meetings or congresses that
have some relation to the topics studied in my Ph. D. thesis.

133



APPENDIX A. APPENDIX

Among such meetings, I will briefly refer to:

- International Symposium on Aggregation and Structures, held in Val-
ladolid, Spain in July 2018.

- École Thématique CNRS, Pluridisciplinary Analysis of Collective De-
cision Making, held in Caen, France in August 2019.

- XVI Encuentro de la Red Española de Elección Social, held in Múrcia,
Spain in November 2019.

- Intelligent and Fuzzy Systems, held in Izmir, Turkey in July 2020 but,
finally, online because of covid-19

- ByMat Conference, held online (because of covid-19) in December
2020.

In the International Symposium on Aggregation and Structures
(ISAS2018), we presented a conference entitled Aggregation vs. Disaggrega-
tion: A geometrical approach. Here, as we commented before, we exposed
some of the ideas from the paper Geometrical aggregation of finite fuzzy sets,
but we introduced a new idea: the disaggregation.
In mathematical Social Choice, the key question is to find procedures to
aggregate individual preferences into a social one. The converse problem
would start from the result of an aggregation, namely the social preference,
and then try to discover which were the original individual preferences (in-
puts) that gave rise to that final social output, provided that we know the
aggregation rules used as well as some criteria about how the agents defined
and stated their individual opinions or preferences.

The École Thématique CNRS, Pluridisciplinary Analysis of Col-
lective Decision Making was a summer school devoted to present to
young researchers tools from economics, experimental economics, game the-
ory, computer science and mathematics, for the analysis of collective decision
making, with an emphasis on voting rules, matching and fair division prob-
lems. It included a poster session in which I presented a poster entitled
"Independence of Irrelevant Alternatives in Arrow Theorems in the Fuzzy
Setting". This poster was closely related to some ideas from Chapter 5.
There, it was exposed to a general formulation of the fuzzy Arrovian models
and the variability in the Independence of Irrelevant Alternatives axiom. In
this poster was the launch of the idea of defining equivalence relations from
the independence of irrelevant alternatives and use this equivalence relation
to discretize the set of fuzzy preferences and aggregation functions (see Sec-
tion 5.3).
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Figure A.7: Fragmet from the book of abstracts of ISAS 2018

The Encuentro de la Red Española de Elección Social is cele-
brated annually in a different city in Spain. It gathers the researchers in
Social Choice from Spain to interchange knowledge and experiences, to or-
ganize common events and to support Ph. D. candidates. There, I exposed
entitled Unexpected thresholds from Independence of Irrelevant Alternatives
in Fuzzy Arrow Theorems where it was explained the main problems in the
generalization of the classic Arrovian model to the fuzzy framework and the
existing variability in term of possibility and impossibility results in fuzzy
Arrovian models as well as the impact of the discretization tool and pseud-
ofuzzy preferences that are exposed in the Chapter 5 of the present thesis.

In the Intelligent and Fuzzy Systems, we exposed the ideas con-
tained in Fusing fuzzy preferences in contexts of Social Choice: Towards a
topological structure. The congress had to be celebrated in Izmir, but, due
to covid-19 pandemic, its celebration was moved to a remote environment.

The ByMat is an international congress celebrated in Spain every year
devoted to young researchers in Mathematics. In the 2020 took place the
third edition and it was fully online because of the covid-19.
We presented a poster entitled "Why using topological and analytical methods
in aggregation of fuzzy preferences?". There, we joined some ideas contained
in the Chapter 5 of the present thesis plus some from the proceeding paper
Fusing fuzzy preferences in contexts of Social Choice: Towards a topological
structure [38], and we exposed why we should explore new methods to find
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Figure A.8: Poster session program from École Thématique CNRS, Pluridis-
ciplinary Analysis of Collective Decision Making

aggregation functions in the fuzzy setting (see first and second points in
section 6.3).

Other activities related to the Ph. D. thesis

To conclude, I will also comment here other activities I have made along the
period of elaboration of my Ph. D. thesis, such as:

i Teaching activity.

ii Periods working abroad.

Being a researcher does not mean just generate new knowledge, it also
means share it with society. Publishing articles and making conferences is
an interchange of knowledge between researchers, but there are other ways
to share the knowledge which are also important.
Teaching is one of the most important forms to share knowledge, and for
that reason, I have complemented my Ph. D. with teaching activities. I
have made many collaborations with some teachers from the Department of
Mathematics, in which I have assisted them in different courses. The nature
of the collaboration has not been the same in each assistance, and I have
learnt in each case different types of skills and strategies. Among these types
of collaboration, I have shared the supervision of free working sessions with
another professor, I have been in charge of lectures and I have lead practi-
cal sessions of problems. All these collaborations took place in subjects of
mathematics in engineering and economics degrees.
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During this period, I have made a few stays abroad. In September 2018 I
worked in the Università degli studi di Trieste, with Professor Gianni Bossi.
He is an expert in multi-utility with many publications in the area (see e.g.
[5, 29, 30]). I went to Trieste with Professor Asier Estevan. He is a fellow
from the same research group who obtained an Erasmus+ grant to lecture
in Trieste. In this stage, I worked on the problem of multi-utility represen-
tations and we started the collaboration that led to the paper "Topologies
for semicontinuous Richter-Peleg multi-utilities".

From January to April 2021 I was in the Universidad Nacional Autónoma
de México, with Professor Ángel Tamariz. He is a topologist working on, for
instance, paracompact spaces, metrizable spaces or rings of functions. Work-
ing in Mexico have produced considerable progress in the ideas exposed in
"Fusing fuzzy preferences in contexts of Social Choice: Towards a topological
structure" and I have achieved new knowledge on General Topology due to
some working sessions and a course on Extensions of Hausdorff Spaces (see
[108]). Additionally, I have participated in the Course seminar organized
by Professor José Carlos Gómez about Applied Topology in which I have
acquired basic notions about Topological Data Analysis (see [42]) and I have
seen multiple applications of this new area, some of them in Social Sciences.
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Glossary

0-divisor . 49
0-interval . 88
1-divisor . 49
1-interval . 88
α-cut . 47

aggregation fuzzy rule . 61
alternative . 24
Arrow’s impossibility theorem .

27
assignation . 75
asymmetric part . 13

binary relation . 11
antisymmetric — . 12
asymmetric — . 12
complete — . 12
fuzzy — . 55
S-connected — . 55
T -transitive — . 55
asymmetric — . 55
complete — . 56
connected — . 56
reflexive — . 55
restriction of a — . 57
symmetric — . 55
weakly transitive — . 55

negatively transitive — . 12
reflexive — . 12
restriction of a — . 12
symmetric — . 12
total — . 12
transitive — . 12

canonical projection . 106
characteristic function . 46
choice function . 25

rational — . 27
coalition . 38

globally decisive — . 39
locally decisive — . 39

complementary . 51
crisp discretization . 115
crisp set . 47
crisp spectrum . 106

decomposition of a binary rela-
tion . 14

strong — . 82
weak — . 83

decomposition rule . 110
decomposition rule . 82

— strongly induced by S and
T . 94

— weakly induced by S . 94
standard — . 93

dictator . 27
dictatorial social choice rule . 27,

35, 45, 109
disjoint union . 106

equivalence relation . 12
extremal domain . 109

fuzzy subset . 46

increasing map . 14



Glossary

independence of irrelevant alter-
natives . 26, 34, 109

cardinal — . 62
kernel — . 65
ordinal — . 64
support — . 65

intersection . 51

kernel . 47

majority rule . 17
manipulation . 45

negation . 48
nilpotent . 49

oligarchy . 39
order . 13
order isomorphism . 14
ordered set . 13

pairwise similarity . 108
partial order . 13
preference . 24

fuzzy — . 57
(T, S)-fair — . 67
S-connected — . 60
T -transitive — . 60
— of decomposition . 98
naive — . 73
neat — . 69
restriction of a — . 60
weakly transitive — . 60

pseudofuzzy — . 106
preorder . 12

preordered set . 12
profile . 24

rational explanation . 27
right-continuity . 87

separable preordered set . 15
social choice rule . 25
society . 24
strategy-proof . 44
strictly increasing map . 14
strongly Paretian . 30, 66
support . 47
symmetric part . 13

t-conorm . 47
Archimedean — . 50
nilpotent — . 49
strict — . 50

t-norm . 47
Archimedean — . 50
nilpotent — . 49
strict — . 50

totally preordered set . 13
triangular conorm . 47
triangular norm . 47

union . 51
universal domain . 26
universe . 46

voting rule . 44

weakly Paretian . 26, 34, 65, 109
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