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ABSTRACT

Background and objective: Fitting spatio-temporal models for areal data is crucial in many fields such as
cancer epidemiology. However, when data sets are very large, many issues arise. The main objective of
this paper is to propose a general procedure to analyze high-dimensional spatio-temporal areal data, with
special emphasis on mortality/incidence relative risk estimation.

Methods: We present a pragmatic and simple idea that permits hierarchical spatio-temporal models to
be fitted when the number of small areas is very large. Model fitting is carried out using integrated
nested Laplace approximations over a partition of the spatial domain. We also use parallel and distributed
strategies to speed up computations in a setting where Bayesian model fitting is generally prohibitively
time-consuming or even unfeasible.

Results: Using simulated and real data, we show that our method outperforms classical global models.
We implement the methods and algorithms that we develop in the open-source R package bigDM where
specific vignettes have been included to facilitate the use of the methodology for non-expert users.

Conclusions: Our scalable methodology proposal provides reliable risk estimates when fitting Bayesian

hierarchical spatio-temporal models for high-dimensional data.

© 2023 The Author(s). Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction

In recent decades, access to geospatial data through Geographi-
cal Information Systems (GIS) and other related technologies has
grown at a staggering rate. Modern geospatial data typically in-
volve large datasets collected from a variety of sources (databases
or servers) that may include information such as satellite im-
agery, weather data, census data, social network data and public
health data. Consequently, the development of new techniques and
computational algorithms to analyze massive spatial and spatio-
temporal datasets is of crucial interest in many fields such as re-
mote sensing, geoscience, ecology, crime research and epidemiol-
ogy among others.

Hierarchical spatial models including random effects [1,2] are
widely used in spatial statistics to provide reliable estimates of the
underlying geographical phenomenon and quantifying uncertainty
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in predictions at unobserved locations. See, for example, Sun et al.
[3] and Banerjee [4] for a detailed review of methods and scal-
able models for high-dimensional spatial and spatio-temporal data.
Gaussian processes (GPs) have been commonly used for the anal-
ysis of geostatistical (point-referenced) data in the spatial statis-
tics literature. However, traditional estimation of GPs has become
computationally intractable when analysing modern big datasets,
mainly due to computations involving matrix factorizations for
very large covariance matrices. During the last years, many ap-
proaches have been proposed to ensure scalability of large geosta-
tistical datasets (see, e.g., Heaton et al. [5] and Liu et al. [6] for re-
cent reviews and comparisons). Some other recent methods to deal
with massive datasets are described below. Appel and Pebesma
[7] provide an extension to the multi-resolution approximation ap-
proach [8] for spatio-temporal modelling of global datasets, where
a recursive partitioning scheme is considered so that inference
can be efficiently scaled in distributed computing environments.
Zammit-Mangion and Rougier [9] propose an approximate infer-
ence scalable algorithm for multi-scale process modelling by us-
ing the stochastic partial differential equation approach [10]. Both
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methods were applied to modelling and prediction of global sea-
surface temperature. In the geostatistical literature, many recent
works are being proposed to estimate GPs based on the so-called
Vecchia approximation[11]. This approximation can be regarded as
a special case of the Gaussian Markov random field approximations
[12] with a simplified neighbourhood structure that can be rep-
resented by directed acyclic graph (DAG) models. This representa-
tion leads to a sparse formulation of the precision matrix which
ensures that evaluating the likelihood of the GPs will be compu-
tationally scalable. Based on this approach, Finley et al. [13] pro-
pose alternative formulations of Bayesian nearest neighbour Gaus-
sian process models developed by Datta et al. [14]| to substan-
tially improve computational efficiency; Peruzzi et al. [15] develop
a meshed Gaussian process with a novel partitioning and graph
design based on domain tessellations while [16] propose a novel
sparse general Vecchia approximation algorithm which ensures
computational feasibility for large spatial datasets; Jurek and Katz-
fuss [17] present a fast and simple algorithm to compute their hier-
archical Vecchia approximation, and provide extensions to nonlin-
ear data assimilation with non-Gaussian data based on the Laplace
approximation.

Although there is an extensive literature developing scalable
methods and computational algorithms for analysing massive geo-
statistical data, only a few papers discuss scalable disease mapping
models for high dimensional areal data. Disease mapping is the
field of spatial epidemiology that deals with aggregated count data
from non-overlapping areal units focussing on the estimation of
the geographical distribution of a disease and its evolution in time
[18]. As outlined by Shen and Louis [19], the three main inferen-
tial goals in disease mapping are: (i) to provide accurate estimates
of mortality/incidence risks or rates in space and time, (ii) to un-
veil the underlying spatial and spatio-temporal patterns, and (iii)
to detect high-risk areas or hotspots. Since classical risk estima-
tion measures, such as the standardized mortality/incidence ratio,
are extremely variable when analysing rare diseases (with very few
cases) or low-populated areas, several statistical models have been
proposed during the last decades to obtain smooth disease risk es-
timates borrowing information from spatial and/or temporal neigh-
bours. Research into spatial and spatio-temporal disease mapping
has been carried out within a hierarchical Bayesian framework,
with generalized linear mixed models (GLMMs) playing a major
role. Although GLMMs including spatial and temporal random ef-
fects are a very popular and flexible approach to model areal count
data, these smoothing methods become computationally challeng-
ing (or even unfeasible) when analysing very large spatio-temporal
datasets. Guan and Haran [20] develop a method to reduce the
dimension of the spatial random effect by reparameterizing the
model based on random projections of the covariance matrix. In
addition, they show how to address confounding issues if explana-
tory variables are included in the model by simultaneously apply-
ing the restricted spatial regression approach [21]. This model is
similar to the one proposed by Hughes and Haran [22], where the
decomposition is performed based on the Moran operator. Datta
et al. [23] introduce a class of directed acyclic graphical autoregres-
sion (DAGAR) models as an alternative to the commonly used con-
ditional autoregressive (CAR) models for spatial areal data. Instead
of modelling the precision matrix of the spatial random effect, they
propose to model its (sparse) Cholesky factor using autoregressive
covariance models on a sequence of local trees created from the
directed acyclic graph derived from the original undirected graph
(spatial neighbourhood structure) of the areal units. As stated by
the authors, the Cholesky factor has the same level of sparsity as
the undirected graph ensuring scalability for analysing very large
areal datasets. An extension to deal with multivariate spatial dis-
ease mapping models has been developed by Gao et al. [24]. Very
recently, a scalable Bayesian spatial model has been proposed by
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Orozco-Acosta et al. [25] based on the “divide-and-conquer” ap-
proach so that local spatial CAR models can be simultaneously fit-
ted. This new methodology provides reliable risk estimates with a
substantial reduction in computational time.

The modelling approaches described above are limited to the
analysis of spatial count data. The main objective of this paper
is to propose a scalable Bayesian modelling approach to smooth
mortality or incidence risks in a high-dimensional spatio-temporal
disease mapping context by extending the methodology described
in Orozco-Acosta et al. [25]. Specifically, we adapt the modelling
scheme so that commonly used spatio-temporal models can be fit-
ted over different subdomains (partitions of the region of interest),
which allows non-stationary models to be defined, i.e., models that
induce different degree of smoothing over the areal units belong-
ing to each subdomain. From a theoretical point of view, both spa-
tial and/or temporal partitions of the data could be defined, how-
ever, in the disease mapping context the high-dimensionality of
the data is usually related to the estimation of relative risks at a
fine-scale spatial resolution. The main challenges of the methodol-
ogy presented in this work is not only to extend the “divide-and-
conquer” approach to deal with spatio-temporal models (which is
not trivial at all), but also to derive and implement specific algo-
rithms to perform scalable model estimation in both parallel or
distributed processing architectures.

The remainder of this article is organized as follows.
Section 2 poses the spatio-temporal CAR models considered in this
work. Section 3 introduces the new scalable Bayesian models and
describes a generic scheme of the main algorithms that have been
implemented in this work. Section 4 describes the implementa-
tion of our proposed methodology in the R package bigDM. In
Section 5, we conduct a simulation study based on a template of
almost 8000 municipalities of continental Spain and 25 time pe-
riods to compare the new scalable methods with previous pro-
posals. In addition, we provide a numerical simulation to evaluate
the computational gain offered by our modelling approach when
the number of small areas increases. In Section 6 we use the new
model proposal to analyze lung cancer mortality data in Spanish
municipalities. The paper ends with a discussion.

2. Background: Spatio-temporal models in disease mapping

Let us assume that the region under study is divided into con-
tiguous small areas labelled as i=1,...,n and data are available
for consecutive time periods labelled as t =1,..., T. For a given
area i and time period t, O; and E; denote the number of ob-
served and expected cases, respectively. To compute the number
of expected cases both direct and indirect standardization meth-
ods can be used, usually considering age and/or sex as standard-
ization variables. When using the indirect method, the number of
expected cases for area i and time t is calculated as

J
0 . .
EitzzNitﬁJ. fori=1,....,n;t=1,...,T,
=t

where 0; = i i Oi;j and N;j = an XTj Njj are the number of ob-
i=1t=1 i=1t=1

served cases and the population at risk in the j" age-and-sex
group, respectively. Then, the standardized mortality/incidence ra-
tio (SMR or SIR) is defined as the number of observed cases di-
vided by the number of expected cases. Although its interpreta-
tion is very simple, SMRs are extremely variable when analysing
rare diseases or very low-populated areas, as it is the case with
high-dimensional data. This makes necessary the use of statistical
models to smooth risks borrowing information from neighbouring
regions and time periods.
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Poisson mixed models are typically used for the analysis of
count data within a hierarchical Bayesian framework. Conditional
on the relative risk ry, the number of observed cases in the it" area
and time period t is assumed to be Poisson distributed with mean
Mit = Eitr,»[. That is,

Oj¢|ric ~ Poisson (s = EyTic),
log pir =log Ey + logry,

where logE;; is an offset. Depending on the specification of the log-
risks different models can be defined.

The non-parametric models based on CAR priors for spatial ran-
dom effects, random walk priors for temporal random effects, and
different types of spatio-temporal interactions described in [26] are
probably the most widely used models in space-time disease map-
ping. Slight modifications of these models are considered here, so
the log-risks are modelled as

logry =a +& + y: + 0y, (1)

where « is an intercept representing the overall log-risk, &; is a
spatial random effect with CAR prior distribution, y; is a tempo-
rally structured random effect that follows a random walk prior
distribution, and §; is a spatio-temporal random effect. All the
components of this model can be modelled as GMRFs and prior
densities can be written according to some structured matrices.

A modification of the Dean et al. [27] model proposed by
Riebler et al. [28], hereafter called BYM2 model, has been con-
sidered as the prior distribution for the spatial random effects
£=(&,...,&), so that

£ = \/1?(’/1 — AV + \/)Tgu)
3

where 7 is a precision parameter, A¢ € [0, 1] is a spatial smooth-
ing parameter, v is the vector of unstructured random effects
and u, is the scaled intrinsic CAR model with generalized vari-
ance equal to one. Note that the variance of £ is expressed as a
weighted average of the covariance matrices of the unstructured
and structured spatial components (unlike the CAR model pro-
posed by Leroux et al. [29] which considers a weighted combina-
tion of the precision matrices), i.e.,

& ~N(0,Q). with @ =7,'[(1 -2+ A:R]],

where I, is the n x n identity matrix, and R, indicates the gen-
eralised inverse of the scaled spatial structure matrix correspond-
ing to the undirected graph of the regions under study (see, e.g.,
Serbye and Rue [30]). Recall that the spatial structure matrix is de-
fined as Ry = Dy — W, where Dy = diag(w1,, ..., Wpy) and w;, =
>ojwij is the ith row sum of the binary adjacency matrix W =
(w;j), whose ijt" element is equal to one if areas i and j are de-
fined as neighbours (usually if they share a common border), and
it is zero otherwise.

For the temporally structured random effect y = (y1,...,yT)/.
random walks of first (RW1) or second order (RW2) prior distribu-
tions can be assumed as follows

y ~ N(O, [TyRy]7)7
where 7, is a precision parameter and Ry, is the T x T structure
matrix of a RW1/RW?2 (see [12], pp. 95 and 110).
Finally, for the space-time interaction random effect § =

(6115 -+ 0n1s - - ,8,7) the following prior distribution is
assumed

.,31'[,...

8 ~N(0,[TsRs]7),

where T; is a precision parameter and Ry is the nT x nT matrix ob-
tained as the Kronecker product of the corresponding spatial and
temporal structure matrices, where four different types of interac-
tions were originally proposed by Knorr-Held [26] (see Table 1).
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Table 1
Specification for different types of space-time interactions.
Spatial Temporal
Interaction Rs correlation correlation
Type 1 el - -
Type II R, ® I - v
Type 1l Ir ® R v -
Type IV R, ® R v v
Table 2

Identifiability constraints for the different types of space-time interaction effects in
CAR models [31].

Interaction Ry Constraints

n T n T
Type 1 Lol > &=0)y%=0 and Y ) 8 =0
i=1 t=1 i=1 t=1
n T T
Type II R, ®L > §=0,Y =0 and ) § =0 fori=1,..., n
i=1 t=1 t=1
n T n
Type III @R > §=0>y=0 and ) § =0 fort=1,..., T
i=1 t=1 i=1
T
. ; > 8 =0fori=1,..., n,
Type IV R, ®R; > =0 %=0 and '

n
> 8 =0fort=1,.., T.
i=1

In what follows, we will refer to Model 1 as the Global model.
These models are flexible enough to describe many real situa-
tions, and their interpretation is simple and attractive. However,
the models are typically not identifiable and appropriate sum-to-
zero constraints must be imposed over the random effects [31]. See
Table 2 for a full description of the identifiability constraints that
need to be imposed on each type of space-time interaction.

2.1. Model fitting via integrated nested Laplace approximations

Bayesian inference has traditionally been used to fit spatial and
spatio-temporal disease mapping models. The fully Bayesian ap-
proach provides posterior distributions of model parameters in-
stead of a single point estimate. However, these distributions
cannot usually be derived analytically and simulation techniques
based on Markov chain Monte Carlo (MCMC) methods have been
traditionally used for Bayesian inference [32]. Although these
simulation-based techniques are widely used, mainly due to the
development of free software to run MCMC algorithms such as
WinBUGS [33], JAGS [34], STAN [35] or NIMBLE [36], these meth-
ods tend to be computationally very demanding and large Monte
Carlo errors are usually present for complex spatio-temporal mod-
els [37]. An alternative method to improve the speed of these cal-
culations is to approximate the marginal posteriors of the model
parameters using integrated nested Laplace approximations (INLA)
[38]. The INLA technique is especially attractive for latent GMRFs
with sparse precision matrices and is being increasingly used in
applied statistics in general [39] and in the field of spatial statistics
in particular [40]. Recently, NIMBLE and R-INLA have been com-
pared in a simulation study to fit spatio-temporal disease mapping
models [41]. The results obtained are identical in terms of relative
risk estimates and nearly identical in terms of parameter estimates.
However, R-INLA is considerably faster than NIMBLE.

3. Methodology

There is no doubt that the use of spatio-temporal CAR models
allows accurate risk estimates to be obtained in reasonable compu-
tational times when the number of areal-units is relatively small.



E. Orozco-Acosta, A. Adin and M.D. Ugarte

Computer Methods and Programs in Biomedicine 231 (2023) 107403

Subdomain 1 Subdomain 2

Subdomain 4

Subdomain 3

Fig. 1. Toy example of a spatial partition into D = 4 subdomains. Light-blue areas represent those corresponding to the Disjoint models, while spatial adjacent areas are added
when considering the 1st/2nd-order neighbourhood models (blue and dark-blue areas, respectively). (For interpretation of the references to colour in this figure legend, the

reader is referred to the web version of this article.)

However, two main issues arise when analyzing very large spatio-
temporal datasets: (i) computational time and resources, and (ii)
model assumptions. Most of the smoothing methods proposed in
the literature (including CAR models) are built on the idea of spa-
tial/temporal correlation and generally use a covariance or pre-
cision matrix with dimension equal to the number of observa-
tions (spatial locations x time points), leading to prohibitive com-
putational times if (partial) matrix inversions are necessary dur-
ing the estimation process. In addition, a CAR model’s spatial-
dependence parameter is constant throughout the whole adjacency
graph. However, the larger a spatial domain is, the less likely is
that the data are stationary across the whole map.

With the objective of overcoming these problematic aspects,
we propose a scalable and non-stationary Bayesian modelling ap-
proach by extending the spatial models described in Orozco-Acosta
et al. [25] based on the idea of “divide-and-conquer” so that lo-
cal spatio-temporal models can be simultaneously fitted. Our mod-
elling approach consists of three main steps. First, the region of
interest is divided into D subdomains. Then, local spatio-temporal
models are fitted using a fully Bayesian approach based on INLA.
Finally, the results are merged to obtain posterior marginal es-
timates of the relative risks for each areal-time unit. Instead of
considering global random effects whose correlation structures are
based on the whole spatial/temporal neighbourhood graphs of the
areal-units, as is the case of the Global model described in Eq. (1),
we propose to divide the data into subdomains based on spatial
partitions so that models with different local correlation struc-
tures, that is, models inducing different amount of smoothing, are
defined. Then, extending the methodology described in Orozco-
Acosta et al. [25], Disjoint and k-order neighbourhood models are
defined for estimating spatio-temporal disease risks.

For the Disjoint model, a partition of the spatial domain 2 into
D subdomains is defined, so that 2 = UdD=1 24 where ;N % =0
for all j # k. If we denote as A;; the small area i in time period t, let
0, = {0y | Ay € 24} and E; = {E;; | Ai; € 9} represent the observed
and expected number of disease cases in each subdomain, respec-
tively. Then, D independent local spatio-temporal models similar to
those described in Section 2 are simultaneously fitted. Since each
areal-time unit A; belongs to a single subdomain, the final log-risk
surface logr = (logry, ..., logrp)’ is just the union of the posterior
marginal estimates of each spatio-temporal sub-model.

However, assuming independence between areal-time units be-
longing to different subdomains could be very restrictive and may
lead to border effects. To avoid this undesirable issue, we de-
fine the k-order neighbourhood model by adding neighbouring areal
units (based on spatial adjacency) to each partition. A toy exam-
ple of a spatial partition into four subdomains is represented in
Figure 1. Note that under this modelling proposal, some A; units
located at the borders of the partitions will be included in differ-
ent submodels. That is, ZdD=l ny > nT, where n, denotes the num-

ber of observations within the partition Z,. In consequence, the
final log-risk surface is no longer the union of the posterior es-
timates of the relative risks r; obtained from each submodel as
some areal-time units would have more than one estimated pos-
terior distribution. Two different merging strategies can be con-
sidered to properly combine their posterior estimates. Originally,
[25] proposed to compute mixture distributions of the estimated
posterior probability density functions with weights proportional
to the conditional predictive ordinates (CPOs[42];). Here, we also
investigate the strategy of using the posterior marginal risk esti-
mates of A;; corresponding to the original domain the i-th area be-
longed to. A full comparison in terms of risk estimation accuracy
and high/low risk area detection using these two merging strate-
gies is described in Section 5.

4. Software: Model implementation in the R package bigDM

We have implemented several scalable spatio-temporal disease
mapping models in the R package bigDM [43] (see https://github.
com/spatialstatisticsupna/bigDM). A generic scheme of the main al-
gorithms is described in Algorithms 1, 2 and 3. Since in the disease
mapping context the high-dimensionality of the data is usually re-
lated to a large number of small areas, we consider only purely
spatial partitions. These partitions could be based on administra-
tive divisions of the area of interest (such as provinces, states or lo-
cal health areas), or random partitions based on a regular grid over
the associated cartography. However, random partitions should be
carefully done, since small domains with large number of areas
with no observed cases could lead to wrong model estimates.

When fitting both the Disjoint and k-order neighbourhood
models, parallel or distributed computation strategies can be per-
formed to speed up computations by using the future package
[44]. If the plan=""sequential’’ argument is specified, the
models are fitted one at a time in the current R session (local ma-
chine). In contrast, if the plan="’cluster’’ argument is de-
fined, multiple models can be fitted in parallel on external R ses-
sions (local machine) or distributed in remote computing nodes.
When using this option, the identifications of the local/remote
workers where the models are going to be processed must be con-
figured through the workers argument. As is well known, the
communication between the “master node” and the rest of workers
affects the computational time, so the decision on how to config-
ure the processing architecture must be made carefully (depending
on the characteristics of the computations to be performed).

As described in the previous section, two different
merging strategies could be considered to properly com-
bine the posterior marginal estimates of the relative risks
when fitting the k-order neighbourhood models. If the
merge.strategy=’’mixture’’ argument is specified, mix-
ture distributions of the posterior probability density functions are
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Algorithm 1 Fit a scalable spatio-temporal model for high-
dimensional areal count data.

Inputs:

« Cartography file with count data corresponding to areal

units Ay, fori=1,...,n,and t=1,...,T.

Observed cases O; and expected cases Ej.

Prior distributions for the spatial (£), temporal (y) and

spatio-temporal (§) random effects.

W: binary adjacency matrix of the spatial areal units.

k: numeric value with the neighbourhood order.

plan: computation strategy used for model fitting (one

of either "sequential" or "cluster").

workers: IDs of the local or remote workers (only re-

quired if plan="cluster").

« merge.strategy: merging strategy to compute poste-
rior marginal estimates of relative risks. One of either
"mixture" Or "original" (default).

Step 1: Pre-processing the data
1: if w=NULL then
2: compute W from the cartography file.
3: Merge disjoint connected subgraphs.
4: Define formula object for INLA model according to the
prior distributions for £, y and §.

Step 2: Fitting submodels with INLA
1: Divide the spatial domain into D subdomains.
2: forde{1,...,D} do
: if x>0 then
add k-order neighbouring areas.
Compute the spatial adjacency matrix Wj.
Extract Oy = {O;|Ai € 2,4} and Ey = {E;:|Air € Z4}.
Define appropriate identifiability constraints.
if plan="sequential" then
fit INLA models sequentially in the current R ses-
sion (local machine).

© X N2Uuhw

se
11: fit INLA models in parallel on external R ses-
sions (local machine) or distributed in remote compute
nodes.

Step 3: Merging results
1: if plan="cluster" then

2. retrieve submodels to the central node.
3: if k>0 and merge.strategy="mixture" then
4

: compute mixture distributions for the posterior
probability density functions of each logr;. > Algorithm

5: if k>0 and merge.strategy="original" then

6: select the posterior marginal estimate of the areal-
unit corresponding to the original subdomain

7. Compute approximate DIC and WAIC values. >
Algorithm 3

Output:
 inla object with the fitted model.

computed for each logr; (see Algorithm 2). On the other hand, if
the merge.strategy=’’original’’ argument is specified,
the posterior marginal estimate of the areal-unit corresponding to
the original subdomain is selected.

In addition, approximations to model selection criteria such as
the deviance information criterion (DIC) [45] and the Watanabe-
Akaike information criterion (WAIC) [46], two widely used criteria
to compare models in a fully Bayesian setting, are also derived by
default when fitting the scalable models using the bigDM package.
Details about the computations of these approximations are given
in Algorithm 3 (see [47] for further details). Specific vignettes ac-

Algorithm 2 Compute mixture distributions for each logr;.

Inputs: inla submodel d € {1, ..., D} containing

« f4(x): posterior probability density function esti-
mates of the log-risk for areal-unit A;.

. cpog = Pr(0; = o;|0_;;): conditional predictive or-
dinate for areal-unit A;.

- p: number of equally spaced points at which the
density is evaluated (default to 75).

Parallel computation of mixture distributions
1. forief{l,...,n}and te{1,...,T} do
2: Compute m(i): number of submodels in which
the areal-unit A; has been estimated (note that

m(i) < D)
3 Compute normalized weights
CPO), , .
W= ", for j=1,...,m(3).
>_CPO;

j m(i)
4 Compute f(x) = > w;f;j(x) evaluated at p
j=1

points.

Output:
« Posterior marginal density estimates of log-risks.

companying the package have been included to facilitate the use
of the methodology for non-expert users. See https://emi-sstcdapp.
unavarra.es/bigDM/bigDM-3-fitting-spatio-temporal-models.html.

5. Simulation study

In this section, we present two simulation studies. The first
one compares the performance of our scalable model proposals
with the commonly used disease mapping models described in
Section 2 (denoted as Global models) in terms of risk estimation
accuracy and high/low risk area detection. The second one evalu-
ates the computing speed offered by our modelling approach when
using both parallel and/or distributed computation strategies as
the number of small areas increases.

5.1. Risk estimation in high-dimensional areal data

5.1.1. Data generation

The n =7907 municipalities of continental Spain and T =25
time periods are used as the simulation template. Under this tem-
plate, we generate a smooth risk surface by sampling from a three-
dimensional P-spline with 20 equally spaced knots for longitude
and latitude, and 6 equally spaced knots for time. The true risk
surfaces for the simulation study are shown on top of Figure 2. For
the scalable model proposals, we divide the data into D = 47 sub-
domains using the provinces of Spain to define a spatial partition,
as this is the setting for the real data analysis presented in the next
section. The simulated counts for each municipality and time point
are generated from a Poisson distribution with mean E;r;, where
the number of expected cases E;; is fixed at value 10 and r;; are the
true generated risks. We generate a total of 50 simulated datasets.

5.1.2. Results

We fitted four different spatio-temporal models to each simu-
lated dataset: the Global model (Section 2) and the Disjoint, 1st-
order neighbourhood and 2nd-order neighbourhood scalable model


https://emi-sstcdapp.unavarra.es/bigDM/bigDM-3-fitting-spatio-temporal-models.html

E. Orozco-Acosta, A. Adin and M.D. Ugarte

Algorithm 3 Computations of approximate DIC and WAIC values.

Inputs:
« Posterior marginal density estimates of the risks
for each A;.

« S: number of samples to draw (default to 1000).

Parallel computation:
1. forief{l,...,n}and te{1,...,T} do
2: Draw S samples from the posterior marginal
distribution of ry.
3 c Compute 65:
itTit.
4: ' léompute the deviance information criterion
DIC = 2D(9) — D(#), by approximating the mean

deviance D(6) and the deviance of the mean D(0)
as

posterior simulations of u; =

(/':IH

S
Z 21log(p(0]6°)),

D(@) ~ —21log(p(0|6)), with § =

s
26

s=1
where p(0|6) is the likelihood function of a Pois-
son distribution with mean 6.

5 Approximate Watanabe-Akaike
criterion as

n T
WAIC = -2 " "log

i=1 t=1

0| =

information
18
S Z p(Oi|6°)

s=1

n T
+2) ) " Var[log(p(0;6°))]

Output: =1 t=1

« Approximate DIC and WAIC values.

proposals (Section 3). For all these models, we consider a BYM2
prior for the spatial random effect, a RW1 prior for the tempo-
ral random effect and the four types of interactions originally pro-
posed by [26] for the spatio-temporal random effect.

Regarding model hyperparameters, improper uniform prior dis-
tributions are given to all the standard deviations (inverse square
root of the precision parameters), and uniform prior distributions
on the interval [0,1] are given to the spatial smoothing parameters
of the BYM2 prior. Finally, a vague zero mean normal distribution
with a precision close to zero (0.001) is given to the model inter-
cept. All the calculations are made on a single machine with a Intel
Xeon E5-2620 v4 processor and 256GB RAM (CentOS Linux release
7.3.1611 operative system), using the Gaussian approximation strat-
egy in R-INLA (stable version INLA_22.05.07) of R-4.1.3 and simul-
taneously running 12 models in parallel using the bigDM package.

We evaluate the model performance in terms of how well the
relative risk are estimated by computing the mean absolute rela-
tive bias (MARB) and mean relative root mean square error (MR-
RMSE) for each municipality defined as
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where 1y is the true generated risk, and F}t is the posterior median
estimate of the relative risk for areal unit i and time period t in
the [-th simulation. We also compute the Interval Score (IS) for the
95% credible interval of the risks, a proper scoring rule for quantile
predictions (see e.g., [48]) that combines both the length and the
empirical coverage of the credible interval which is defined as

ISoos5(r) = (u—-10)+ —(l -DIr <]+ —=

0.05 (r—wl[r > u],

2
0.05
where [I, u] is the 95% credible interval for the risk and I[-] denotes
an indicator function that penalizes the length of the credible in-
terval if the real risk (r) is not contained within that interval. For
all these criteria, lower values imply better model properties.

The results of the simulation study are summarized in Table 3,
where average values of Bayesian model selection criteria, risk es-
timation accuracy measures and computational time are displayed.
For the 1st/2nd-order neighbourhood models, we compare the
’’mixture’’ and ’’original’’ merging strategies. We no-
tice that it was computationally unfeasible to fit Type II and Type
IV interaction Global models, because of the huge dimension of
the spatio-temporal structure matrix (~ 4 x 10'° elements) and the
high number of identifiability constraints over the spatio-temporal
interaction (=~ 8000 constraints). In contrast, we were able to fit
our scalable model proposals reducing the RAM/CPU memory us-
age and computational time substantially. The computational time
for the Disjoint and k-order neighbourhood models are divided
into running time and merging time. For the Global models only
the running time is computed ( recall that these models are not
scalable). The running time refers to the elapsed time for all the
submodels (which can be fitted in both parallel and/or distributed
processing architectures) and the merging time corresponds to
the computation of how the posterior distribution of the log-risks
are combined (when necessary) and computation of approximate
DIC/WAIC values in the “master node”. As expected, the complex-
ity and computational time of the models increase as higher val-
ues of neighbourhood order are considered. On the other hand, the
merging time only increases as higher neighbourhood order mod-
els are considered, as the number of areal-units for which poste-
rior estimates must be combined increases. As is shown in Table 3,
the ’’original’’ merging strategy is less computationally de-
manding than using mixture distributions.

Scalable models with a completely structured space-time in-
teraction (Type IV interaction) perform better in this scenario in
terms of model selection criteria and risk estimation accuracy
measures, followed by Type III interaction models. The main reason
could be that in the true risk surface considered in this scenario,
the spatial pattern variability is greater than the temporal one.
Specifically, the percentages of variability of the overall risk ex-
plained by each pattern is about 70% spatial, 5% temporal and 25%
spatio-temporal. If the ’ *mixture’’ strategy is used to combine
the posterior marginal estimates of the relative risks in the border
areas (that is, areal-units that are estimated in more than one sub-
model), slightly better results are obtained with 1st-order neigh-
bourhood models in comparison with those considering 2nd-order
neighbours. However, if the ’’original’’ strategy is used to
combine the estimated risks from the different submodels, 2nd-
order neighbourhood models performs better for Type IIl and Type
IV interactions. As expected, the differences between models are
more clearly stated if we compute these measures only for those
areal-units located in the borders of the partition of the spatial do-
main (see Table A.1). At the bottom of Figure 2 we show the poste-
rior median estimates of relative risks for a randomly selected sim-
ulation obtained with 2nd-order neighbourhood and Type IV inter-
action model using the ’’original’’ merging strategy. As can
be seen, the values obtained are quite similar to those of the actual
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Fig. 2. Simulation study: true risk surfaces (top) and posterior median estimates of relative risks for a randomly selected simulation obtained with 2nd-order neighbourhood
and Type IV interaction model using the ’’original’’ merging strategy (bottom) for some selected years.

risk surface. Average values of posterior median estimates of rela- estimated relative risks. True positive rates (TPR or sensitivity) are
tive risks over the 50 simulated datasets are shown in Figure A.5. computed as the proportion of high true risks (r; > 1) that were

In summary, we remark that in terms of model selection cri- correctly classified as a high risk area, while true negative rates
teria, risk estimation accuracy and computational time, our sim- (TNR or specificity) are computed as the proportion of low true

ulation study shows that the scalable 2nd-order neighbourhood risks (ri; < 1) that were correctly classified as a low risk area. At
model clearly outperforms the classical Global models used in the same time, we are also interested in comparing the misclassi-
space-time disease mapping. fication errors of the models in terms of false positive rates (FPR),
We are also interested in evaluating the models in terms of i.e., the proportion of areas that are incorrectly classified as a high
their ability to detect true high and low risk areas by calculating risk area, and false negative rates (FNR), i.e., the proportion of ar-
true positive/negative rates and false positive/negative rates. For eas that are incorrectly classified as a low risk area.
each areal-time unit A;, a high (low) risk area is an area where Average values of TPR, FPR, TNR and FNR for the reference
the true risk r; is greater (less) than one. After fitting the model, threshold values of py =0.8,0.9 and 0.95 are shown in Table 4.
we classify an area as having high risk if the posterior probability For the 1st/2nd-order neighbourhood models, both ’ ’mixture’’
that r;; exceeds 1 is higher than a threshold value py, namely the and ’’original’’ merging strategies are compared. We note
exceedence probabilities P(r; > 1|0) > po. Conversely, we classify that our proposed scalable models outperform the Global mod-
a low risk area if the posterior probabilities that r; is below 1 is els in terms of high and low risk area detection. In particular, the
higher than py, i.e.,, P(rj; < 1|0) > pg. Notice that these probabili- first order neighborhood model ’’original’’ strategy (Type IV
ties are computed from the posterior marginal distributions of the interaction) performs the best in terms of TPR. The rest of the
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Table 3
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Simulation study: average values of mean deviance D(0), effective number of parameters (pp), deviance information criterion (DIC), Watanabe-Akaike information
criterion (WAIC), mean absolute relative bias (MARB), mean relative root mean square error (MRRMSE), Interval Score (IS) and computational time in minutes
(Trun: running time, T.merge: merging time). For the 1st/2nd-order neighbourhood models, both ’’mixture’’ and ’’original’’ merging strategies are

compared.
Model selection criteria Risk estimation accuracy Time
Model Interaction D(0) Pp DIC WAIC MARB MRRMSE IS T.run T.merge
Global Type | 201406 15987 217393 217832 0.0684 0.0782 0.3959 14
Type 1l - - - - - - - - -
Type III 194247 10683 204930 204666 0.0165 0.0387 0.2816 301
Type IV - - - - - - - - -
Disjoint Type | 198972 7563 206536 206516 0.0322 0.0434 0.2582 3 6
Type II 200225 5710 205934 205965 0.0281 0.0419 0.2231 34 6
Type Il 197112 7817 204929 204829 0.0203 0.0377 0.2404 7 6
Type IV 199103 5059 204162 204151 0.0153 0.0331 0.1950 64 6
merge.strategy="mixture”
1st order Type | 197900 8104 206005 205948 0.0303 0.0416 0.2550 3 18
neighbourhood Type Il 199211 6320 205531 205534 0.0261 0.0404 0.2239 53 18
Type III 196069 8366 204434 204297 0.0173 0.0352 0.2490 10 18
Type IV 198603 5243 203846 203823 0.0133 0.0311 0.1974 70 18
2nd order Type | 197325 8821 206146 206073 0.0312 0.0423 0.2614 4 32
neighbourhood Type II 198631 7070 205701 205689 0.0266 0.0413 0.2341 124 32
Type Il 195532 8986 204518 204353 0.0173 0.0356 0.2593 16 32
Type IV 198477 5397 203874 203848 0.0134 0.0312 0.2008 136 32
merge.strategy="“original”
1st order Type | 198937 7435 206373 206356 0.0322 0.0427 0.2529 3 8
neighbourhood Type 1I 199954 5836 205790 205813 0.0276 0.0414 0.2215 53 8
Type III 196811 7712 204523 204424 0.0182 0.0357 0.2395 10 8
Type IV 198976 4885 203861 203846 0.0137 0.0312 0.1911 70 8
2nd order Type | 198881 7592 206472 206461 0.0332 0.0432 0.2524 4 9
neighbourhood Type II 199640 6247 205887 205905 0.0278 0.0421 0.2259 124 9
Type Il 196473 7891 204364 204253 0.0173 0.0348 0.2419 16 9
Type IV 198897 4870 203767 203751 0.0133 0.0305 0.1903 136 9

scalable models including the disjoint model (Type IV interaction)
behave very similarly. In addition, if we compute these measures
only for the areal-units located in the borders of the partition of
the spatial domain (see Table A.2 and Table A.3) models with the
’’original’’ merging strategy show again better results. In
general, similar values of TPR and TNR are obtained for 1st and
2nd order neighbourhood models using both merging strategies. In
terms of false positive and false negative rates, although slightly
better results are obtained when the ’’mixture’’ strategy is
used, very low values are obtained in all cases.

In conclusion, our simulation study shows that, even when gen-
erating the true risk surfaces using a model that differs from those
used to analyze the data, our scalable model proposals outperform
the classical Global models in terms of risk estimation accuracy,
detection of high and low risk areas and avoidance of false alarms.
For practitioners, we recommend the use of k-order neighbourhood
models with an ’’original’’ merging strategy.

5.2. Numerical simulation

In this section we want to evaluate the computational gain
offered by the scalable modelling approach against the Global
model as the number of small areas increases. Specifically, we
simulate a regular grid map with number of areas equal to n =
256, 1024 and 4096, while the number of time points have been
fixed to T = 25 to imitate the real data analysis. For each template,
spatially structured (CAR), temporally structured (RW1) and com-
pletely structured spatio-temporal (Type IV) random effects are
generated from the corresponding structure matrices to define a
log-risk surface (see Eq. (1)). Finally, we simulate counts for each
areal-unit from a Poisson distribution as described in the previ-
ous section. To fit the scalable models, a 4 x 4 regular grid is used

to define the partition of the spatial domain, so that a total of
D = 16 local spatio-temporal models are fitted. These models are
distributed over 4 machines with 4 models running in parallel for
each machine using the bigDM package.

In Fig. 3, we show the total runtime of the different models
when varying the number of spatial areas. As we increase the di-
mension of the spatial domain, the Global model quickly becomes
computationally prohibitive. For n =256 areas the total running
time is about 80 minutes, while for n = 1024 areas the compu-
tational time exceeds 120 hours. For larger area sizes considered
here, computation fails due to very high RAM memory usage. On
the other hand, we can fit the Disjoint and k-order neighbourhood
models for n = 256 areas in total running times between 2-6 min-
utes, for n = 1024 areas in times between 6-36 minutes, and for
n = 4096 areas in running times between 5-16 hours.

6. Data analysis: Lung cancer mortality in Spain

We illustrate and compare all the approaches described in this
paper by modelling the spatio-temporal evolution of male lung
cancer mortality data in the n = 7907 municipalities of continental
Spain (excluding Balearic and Canary Islands and the autonomous
cities of Ceuta and Melilla) during the period 1991-2015. According
to recent studies [49], lung cancer was the leading cause of cancer
deaths among the male population and the second cause among
the female population in Europe in 2018, representing 24.8% and
14.2% of all cancer deaths, respectively. It also was the leading
cause of cancer related deaths in Spain for both sexes in 2017, rep-
resenting 19.5% of cancer mortality [50]. One of the main causes
is that Spain is a country with a traditionally high tobacco con-
sumption, with a smoking rate of over 32% of the population at
the beginning of the century [51].



Table 4
Simulation study: average values of true/false positive rates and true/false negative rates for the reference threshold values of py = 0.8,0.9 and 0.95, based on posterior exceedence probabilities P(r; > 1|0) and P(r;; <
1]0), respectively. For the 1st/2nd-order neighbourhood models, both ’’mixture’’ and ’’original’’ merging strategies are compared.

True Positive Rate True Negative Rate False Positive Rate False Negative Rate
Model Space-time interaction po=0.8 po =09 po = 0.95 po=0.8 po=0.9 Po =0.95 po=0.8 po =09 po =0.95 po =0.8 po=0.9 po = 0.95
Global Type | 0.5932 0.4349 0.3212 0.6902 0.5453 0.4249 0.0142 0.0024 0.0004 0.0282 0.0130 0.0069
Type II - - - - - - - - - - - -
Type III 0.7414 0.6211 0.5226 0.8122 0.6937 0.5892 0.0025 0.0003 0.0000 0.0044 0.0006 0.0001
Type IV - - - - - - - - - - - -
Disjoint Type | 0.7742 0.6706 0.5836 0.8368 0.7520 0.6660 0.0119 0.0043 0.0018 0.0181 0.0074 0.0032
Type Il 0.8021 0.7160 0.6411 0.8557 0.7864 0.7209 0.0111 0.0038 0.0014 0.0182 0.0078 0.0036
Type Il 0.7764 0.6721 0.5868 0.8403 0.7509 0.6705 0.0045 0.0009 0.0002 0.0080 0.0019 0.0005
Type IV 0.8256 0.7449 0.6754 0.8747 0.8065 0.7408 0.0048 0.0011 0.0003 0.0079 0.0020 0.0006
merge.strategy="mixture”
1st order Type | 0.7685 0.6601 0.5688 0.8345 0.7421 0.6531 0.0088 0.0026 0.0009 0.0148 0.0054 0.0021
neighbourhood Type I 0.7941 0.7028 0.6235 0.8531 0.7751 0.7039 0.0082 0.0024 0.0007 0.0147 0.0055 0.0023
Type 1l 0.7684 0.6602 0.5710 0.8397 0.7413 0.6529 0.0027 0.0004 0.0001 0.0051 0.0009 0.0002
Type IV 0.8208 0.7382 0.6681 0.8762 0.8040 0.7349 0.0033 0.0006 0.0001 0.0056 0.0012 0.0003
2nd order Type | 0.7605 0.6451 0.5480 0.8296 0.7272 0.6327 0.0074 0.0017 0.0004 0.0138 0.0046 0.0019
neighbourhood Type Il 0.7833 0.6860 0.6004 0.8480 0.7611 0.6816 0.0069 0.0018 0.0005 0.0142 0.0050 0.0020
Type Il 0.7614 0.6503 0.5573 0.8363 0.7305 0.6347 0.0024 0.0003 0.0001 0.0050 0.0008 0.0002
Type IV 0.8172 0.7336 0.6633 0.8756 0.8012 0.7294 0.0031 0.0006 0.0001 0.0057 0.0012 0.0002
merge.strategy="original”
1st order Type | 0.7736 0.6698 0.5832 0.8406 0.7557 0.6699 0.0111 0.0037 0.0014 0.0179 0.0071 0.0029
neighbourhood Type II 0.7992 0.7113 0.6354 0.8573 0.7859 0.7186 0.0099 0.0032 0.0010 0.0174 0.0072 0.0032
Type 1II 0.7749 0.6707 0.5863 0.8447 0.7532 0.6699 0.0034 0.0006 0.0001 0.0063 0.0013 0.0003
Type IV 0.8260 0.7461 0.6782 0.8798 0.8117 0.7462 0.0037 0.0008 0.0002 0.0064 0.0014 0.0003
2nd order Type | 0.7688 0.6623 0.5753 0.8405 0.7533 0.6662 0.0109 0.0033 0.0011 0.0181 0.0070 0.0029
neighbourhood Type Il 0.7910 0.6994 0.6210 0.8546 0.7793 0.7080 0.0092 0.0027 0.0008 0.0172 0.0070 0.0031
Type Il 0.7717 0.6671 0.5824 0.8449 0.7501 0.6636 0.0027 0.0004 0.0001 0.0054 0.0010 0.0002
Type IV 0.8245 0.7445 0.6775 0.8812 0.8124 0.7462 0.0033 0.0006 0.0001 0.0059 0.0012 0.0003
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Fig. 3. Numerical simulation: computational time (in log10 scale) vs number of small areas for the Global model and our scalable modelling proposals.
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Fig. 4. Maps of posterior median estimates of relative risks r;; (top) and posterior exceedence probabilities P(r; > 1|0) (bottom) for the 1st-order neighbourhood model
considering a BYM2 conditional autoregressive prior for space, RW1 prior for time and Type IV interaction for the spatio-temporal effect.
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Table 5

Lung cancer observed deaths, expected deaths and standardized mortality ratios (SMR) for the provincial capital municipalities during the period

1991-2015.
Municipality ~ Obs. Exp. SMR Municipality Obs. Exp. SMR Municipality =~ Obs. Exp. SMR
Avila 381 467.2 0.815  Salamanca 1568 1621.7 0.967  Alicante 2899 2634.2 1.101
Segovia 443 5334 0.831 Palencia 760 785.0 0.968 Barcelona 18161 16434.4 1.105
Burgos 1335 1572.0 0.849  Girona 644 663.5 0971  Almeria 1491 13244 1.126
Vitoria 1795 20535 0.874 Lugo 886 903.0 0981 A Corufla 2693 2385.2 1.129
Logrofio 1098 1231.8 0.891 San Sebastidn 1750 1781.0 0.983 Zaragoza 6875 6083.2 1.130
Guadalajara 576 644.9 0.893  Madrid 28750  29048.5  0.990  Santander 2049 1786.6 1.147
Cuenca 405 452.6 0.895  Valladolid 3034 3060.3 0.991  Sevilla 6605 5667.2 1.165
Jaén 784 876.3 0.895  Tarragona 1063 1066.8 0.996  Valencia 8261 7046.9 1.172
Soria 322 357.2 0.901 Pamplona 1837 1804.1 1.018  Ciudad Real 610 513.7 1.187
Albacete 1103 12085 0.913  Murcia 3048 2982.6 1.022  Oviedo 2450 2026.9 1.209
Ourense 1020 1104.3 0.924 Pontevedra 669 646.7 1.034 Malaga 5122 4213.2 1.216
Zamora 618 668.4 0.925  Toledo 613 579.6 1.058  Caceres 839 653.6 1.284
Granada 1940 20947 0.926  Lérida 1164 1094.9 1.063  Huelva 1447 1089.6 1.328
Teruel 298 318.0 0.937  Cordoba 2767 2591.8 1.068  Badajoz 1445 1055.5 1.369
Huesca 449 472.7 0.950  Castellén 1427 1320.7 1.080  Cadiz 1637 1164.4 1.406
Le6n 1406 14555 0.966  Bilbao 4053 3702.6 1.095
Table 6

Model selection criteria and computational time (in minutes) for models fitted using the simplified Laplace approximation strategy of INLA

and the ’’original’’ merging strategy.

Model Interaction D(0) Pp DIC WAIC T.run T.merge T.total
Global Type | 144680 2984 147664 147696 663 - 663
Type 1 - - - - - -
Type III 144467 2968 147435 147458 3846 3846
Type IV - - - - - - -
Disjoint Type | 143154 3999 147154 147161 10 6 16
Type II 143175 3801 146976 147045 218 6 224
Type 111 143101 4015 147116 147161 22 6 27
Type IV 143131 3753 146884 146965 259 6 264
1st order Type | 143269 3824 147094 147112 14 8 22
neighbourhood Type Il 143255 3671 146926 146997 548 8 557
Type III 143497 3562 147058 147123 34 8 42
Type IV 143370 3458 146828 146910 636 8 644
2nd order Type | 143500 3603 147103 147138 19 10 28
neighbourhood Type II 143366 3566 146932 147009 1740 10 1750
Type III 143731 3331 147062 147130 59 10 68
Type IV 143523 3307 146830 146912 1879 10 1889

D(#): mean deviance, pp: effective number of parameters DIC: deviance information criterion, WAIC: Watanabe-Akaike information crite-
rion T.run: running time, T.merge: merging time, T.total: running + merging time

A total of 378,720 lung cancer deaths (corresponding to Inter-
national Classification of Diseases-10 codes C33-C34) were regis-
tered for the male population in the municipalities of continen-
tal Spain during the period 1991-2015 (that account for around
26% of all malignant tumours for the target population during our
study period), where the number of observed deaths per areal-
time unit varies from 0 to 1247 (with a mean value of 1.9). The
number of expected cases was computed using the indirect (in-
ternal) standardization method with 5-year age groups as stan-
dardization variable. The number of expected deaths per areal-time
unit varies from 0 to 1332 (with a mean value of 1.9). A brief sum-
mary of the number of observed deaths, expected deaths and stan-
dardized mortality ratios for the provincial capital municipalities
during the whole period is displayed in Table 5.

For the Disjoint and 1st/2nd-order neighbourhood models pre-
sented in this section, we distributed the models over 7 machines
with Intel Xeon E5-2620 v4 processors and 256GB RAM on each
machine (CentOS Linux release 7.3.1611 operative system), using
the simplified Laplace approximation strategy in R-INLA (stable
version INLA 22.05.07) of R-4.1.3 and simultaneously running 5
models in parallel on each machine using the bigDM package.
Again, it was not possible to fit Type Il and Type IV interaction
Global models using a single machine with the described charac-
teristics. Results in terms of model selection criteria and computa-
tional time are shown in Table 6. For the scalable models only the

1

results regarding the ’ original’’ merging strategy are shown,
since the simulation study shows that this procedure outperforms
the ’’mixture’’ strategy in terms of risk estimation accuracy
and high/low risk area detection.

It can be seen that both DIC and WAIC model selection crite-
ria support Type IV and Type II interaction effects, which precisely
are those that cannot be fitted with the Global model. Besides
the computational gain, the scalable model proposals are better
supported by fit measures. In particular, 1st-order neighbourhood
models show slightly better performance. Maps with the posterior
median estimates of relative risks and posterior exceedence prob-
abilities P(r; > 1|0) obtained with the 1st-order neighbourhood
model considering a Type IV interaction for the spatio-temporal
random effect are plotted in Fig. 4. The estimated risk surfaces are
consistent with those described by [52], where the geographical
pattern of lung cancer mortality data in Spain at municipality level
was analyzed using spatial models.

7. Conclusions

The use of spatial and spatio-temporal hierarchical models for
regional data are crucial in areas such as cancer epidemiology,
since they allow one to obtain reliable incidence or mortality risk
estimates of cancer in small areas, avoiding the huge variability of
classical risk estimation measures such as the standardized mor-



E. Orozco-Acosta, A. Adin and M.D. Ugarte

tality ratios or the crude rates. Research in this area has been
very fruitful in recent decades and numerous statistical models
have been proposed to study the geographic distribution of can-
cer and its evolution in time, as well as the underlying spatio-
temporal patterns. However, the scalability of these models, i.e.,
their use when the number of areas increases significantly, has not
been studied in depth yet. For that reason, the pragmatic, sim-
ple, and useful methodology proposed in this paper aims to pro-
vide alternative modelling approaches to disease mapping models
commonly used when analysing high-dimensional spatio-temporal
data.

Despite the enormous expansion of modern computing power
and the development of new software and estimation techniques
to make fully Bayesian inference, dealing with massive data is still
computationally challenging. Our proposal is based on the idea of
“divide-and-conquer” so that local spatio-temporal models can be
simultaneously fitted. Adapting this idea to the context of disease
mapping is appropriate when the number of small areas is large
for three main reasons: (1) it is a natural and simple strategy, (2)
the larger the spatial domain is, the less likely it is that the data
are stationary across the whole map, and (3) it provides a scalable
modelling scheme that substantially reduces the RAM/CPU mem-
ory usage and computational time.

Our simulation study indicates that the proposed methodol-
ogy provides reliable risk estimates with a substantial reduction
in computational time. Futhermore, we observe that our model
proposals perform better in detecting high/low risk areas, by ob-
taining higher true positive and true negative rates than when
considering the usual spatio-temporal CAR models, avoiding false
alarms. Regarding the merging strategy of the areas belonging to
different subdomains, we compare the use of mixture distributions
to combine the posterior marginal density functions against using
the posterior marginal estimate of the areal-unit corresponding to
the original subdomain. Our simulation study shows that the lat-
ter strategy (denoted as the ’’original’’ merging strategy) re-
duces computational time while providing better results in terms
of risk estimation accuracy and true positive/negative rates. On the
other hand, in some cases it may not be sufficient to use first-order
neighbours to avoid the boundary effect caused by the division of
the whole study region into smaller subdomains. We have addi-
tionally analyzed the advantages of our scalable model proposal
in terms of computational complexity as the number of small ar-
eas increases. Our numerical simulation study shows a substantial
reduction in computational time in comparison with the Global
models. Finally, lung cancer mortality data in the municipalities of
Spain during the period 1991-2015 have been analyzed to illus-
trate the new model proposals, using the administrative division
of continental Spain into 47 provinces to define the partition of
the spatial domain. Doing so, we are able to fit a CAR model that
accounts for both spatial and temporal dependence by including
completely structured space-time interaction random effects (com-

Table A1
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monly denoted as Type IV interaction), which was computationally
unfeasible to fit when considering non-scalable models.

The methods and algorithms proposed in this work are im-
plemented in the open-source R package bigDM (https://cran.
r-project.org/web/packages/bigDM/index.html). This package al-
lows the user to adapt the modelling scheme to their own process-
ing architecture by performing parallel and/or distributed compu-
tation strategies to speed up computations by using the future
package. Model fitting and inference is carried out using INLA
methodology through R—INLA, as is now a well-known Bayesian
approximation technique, computationally efficient and easy for
practitioners to handle. Very recently, promising research in a hy-
brid approximate method that uses the Laplace method with a
low-rank Variational Bayes correction to the posterior mean has
been released [53,54]. This new approximation technique has been
shown to provide accurate results with computational efficiency
and scalability superior to the classic integrated nested Laplace ap-
proximations. Recent versions of the bigDM package (> = 0.5.1)
are compatible with this new avenue for Bayesian inference with
INLA by including the inla.mode=°‘compact’’ argument in
its main functions. For further details, see the reference manual of
the package.

Finally, we are currently working on extending our Bayesian
modelling proposal to ecological regression models that take
into account the spatial and/or spatio-temporal confounding is-
sues between fixed and random effects [55], as well as to high-
dimensional multivariate disease mapping models in which several
diseases are jointly analyzed [56].
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Appendix A

Simulation study: average values of mean absolute relative bias (MARB), mean relative root mean square error (MRRMSE) and Interval
Score (IS) for the 1st/2nd-order neighbourhood models computed only for the border areas.

merge.strategy="mixture”

merge.strategy="original”

Model Interaction MARB MRRMSE IS MARB MRRMSE IS

1st order Type | 0.0304 0.0430 0.2733 0.0375 0.0471 0.2656

neighbourhood Type Il 0.0264 0.0410 0.2394 0.0318 0.0446 0.2305
Type 11l 0.0178 0.0369 0.2759 0.0211 0.0389 0.2405
Type IV 0.0141 0.0322 0.2140 0.0154 0.0326 0.1906

2nd order Type 1 0.0323 0.0438 0.2734 0.0359 0.0454 0.2576

neighbourhood Type 1I 0.0276 0.0422 0.2432 0.0298 0.0435 0.2287
Type Il 0.0181 0.0369 0.2715 0.0181 0.0356 0.2409
Type IV 0.0141 0.0320 0.2083 0.0138 0.0308 0.1900
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Table A2

Simulation study: average values of true and false positive rates for the reference threshold values of p, = 0.8,0.9 and 0.95, based on
posterior exceedence probabilities P(r; > 1|0). Results for the 1st/2nd-order neighbourhood models computed only for the border
areas.

True Positive Rate

merge.strategy="mixture” merge.strategy="original”
po=0.8 po=0.9 po = 0.95 po=0.8 po=0.9 po = 0.95
1st order Type | 0.7598 0.6490 0.5494 0.7789 0.6848 0.6024
neighbourhood Type II 0.7864 0.6939 0.6104 0.8051 0.7255 0.6549
Type 1II 0.7609 0.6513 0.5545 0.7849 0.6901 0.6106
Type IV 0.8122 0.7302 0.6599 0.8313 0.7591 0.6972
2nd order Type | 0.7601 0.6459 0.5442 0.7745 0.6757 0.5916
neighbourhood Type I 0.7840 0.6889 0.6023 0.7973 0.7121 0.6379
Type III 0.7657 0.6583 0.5636 0.7836 0.6875 0.6071
Type IV 0.8185 0.7384 0.6703 0.8312 0.7572 0.6950

False Positive Rate

merge.strategy="mixture” merge.strategy="original”
po=0.38 po=0.9 po=0.95 po=0.8 po=0.9 po =0.95
1st order Type | 0.0054 0.0011 0.0002 0.0142 0.0052 0.0021
neighbourhood Type Il 0.0053 0.0012 0.0003 0.0119 0.0043 0.0015
Type III 0.0021 0.0003 0.0000 0.0045 0.0009 0.0002
Type IV 0.0027 0.0004 0.0001 0.0044 0.0009 0.0002
2nd order Type | 0.0062 0.0013 0.0003 0.0125 0.0042 0.0016
neighbourhood Type II 0.0060 0.0015 0.0004 0.0100 0.0031 0.0010
Type III 0.0024 0.0004 0.0001 0.0029 0.0005 0.0001
Type IV 0.0029 0.0005 0.0001 0.0031 0.0006 0.0001

Table A3

Simulation study: average values of true and false negative rates for the reference threshold values of po = 0.8, 0.9 and 0.95, based on
posterior exceedence probabilities P(r; < 1|0). Results for the 1st/2nd-order neighbourhood models computed only for the border
areas.

True Negative Rate

merge.strategy="mixture” merge.strategy="original”
Dpo=0.8 po=0.9 Po =0.95 po=0.8 po=0.9 po = 0.95
1st order Type I 0.8063 0.6923 0.5954 0.8291 0.7431 0.6580
neighbourhood Type 1 0.8337 0.7359 0.6523 0.8499 0.7768 0.7084
Type Il 0.8182 0.6983 0.5943 0.8367 0.7427 0.6576
Type IV 0.8618 0.7774 0.6984 0.8753 0.8060 0.7405
2nd order Type | 0.8139 0.7008 0.6030 0.8331 0.7470 0.6622
neighbourhood Type 1I 0.8388 0.7424 0.6571 0.8507 0.7751 0.7043
Type Il 0.8293 0.7148 0.6109 0.8445 0.7494 0.6622
Type IV 0.8725 0.7938 0.7178 0.8824 0.8137 0.7476

False Negative Rate

merge.strategy="mixture” merge.strategy="original”
po=0.8 po=0.9 po =0.95 po=0.8 po=0.9 po = 0.95
1st order Type | 0.0111 0.0029 0.0007 0.0225 0.0091 0.0036
neighbourhood Type II 0.0108 0.0029 0.0007 0.0209 0.0091 0.0042
Type 1II 0.0040 0.0005 0.0001 0.0084 0.0019 0.0004
Type IV 0.0043 0.0007 0.0001 0.0073 0.0016 0.0004
2nd order Type | 0.0124 0.0030 0.0007 0.0199 0.0071 0.0025
neighbourhood Type Il 0.0123 0.0032 0.0009 0.0176 0.0066 0.0027
Type Il 0.0047 0.0007 0.0001 0.0055 0.0010 0.0002
Type IV 0.0052 0.0009 0.0002 0.0055 0.0011 0.0002
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Fig. Al. Simulation study: true risk surfaces (top) and average values of posterior median estimates of relative risks for 2nd-order neighbourhood and Type IV interaction
model using the ’’original’’ merging strategy (bottom) for some selected years.
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