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apartado para agradecer a todas las personas que han compartido conmigo
todos estos años y que de alguna manera han puesto su granito de arena
en que esta tesis sea una realidad.

En primer lugar, gracias a mi directora de tesis Silvia Dı́az. Su apoyo ha
sido crucial para que yo acabara esta tesis doctoral, gracias por esa alegŕıa
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Summary

The interest in eye tracking systems is growing significantly nowadays. Al-
though this technology may seem new, the study of eye movements al-
ready begun in the late 19th century and the first video-based eye trackers
emerged in the early 1980s. Eye trackers have been mainly restricted to
research and to people with disabilities, but in recent years, the use of
this technology is expanding. Eye tracking systems can change the way
we interact with everyday devices. The aim of this thesis is to facilitate
the general use of this technology. To this end, the eye trackers have to
be cheap, accurate and allow the user to move the head freely. There is
a great interest in estimating gaze with a single webcam, as nearly every
device includes one, and in reducing the number of infrared lights. Howe-
ver, webcam-based eye tracking results in new challenges to solve such as
a wider field of view and a lower image quality. In this thesis, the accuracy
and robustness of existent gaze estimation methods that rely on a camera
and two infrared lights are evaluated for a large range of head movement
using a webcam. One of the main sources of error in gaze estimation is the
accuracy of feature detectors, therefore, the impact of the camera charac-
teristics in the feature detection errors has been analyzed. The advantage
of using a webcam is that the large field of view permits capturing both
eyes. The use of binocular data is exploited to design new gaze estimation
methods. Most of the existent gaze estimation methods rely on at least two
infrared lights to provide robustness to head movement. In this thesis, gaze
estimation methods that only require a camera and a single infrared light
while maintaining acceptable robustness to head movement are proposed
and evaluated. Gaze estimation methods that do not require infrared light
are also presented and investigated. Furthermore, Gaussian processes are
proposed as an alternative to polynomial regressions.





Resumen

El interés en los sistemas de eye tracking está creciendo significativamente
en la actualidad. Aunque la tecnoloǵıa de eye tracking puede parecer nueva,
el estudio del movimiento del ojo ya empezó a principios del siglo XIX y los
primeros sistemas de eye tracking basados en video-oculograf́ıa surgieron
a principios de los años ochenta. Los eye trackers han estado limitados
principalmente a la investigación y a las personas con discapacidad, pero
en los últimos años el uso de esta tecnoloǵıa se está expandiendo. Los
sistemas de eye tracking pueden cambiar la forma de interactuar con los
dispositivos cotidianos. El objetivo de esta tesis es facilitar el uso general
de esta tecnoloǵıa. Con este fin, los eye trackers tienen que ser baratos,
precisos y permitir al usuario mover la cabeza libremente. Hay un gran
interés en estimar la mirada con una sola cámara web, ya que casi todos
los dispositivos incluyen una, y en reducir el número de luces infrarrojas.
Sin embargo, el eye tracking basado en una cámara web supone nuevos
desaf́ıos tales como un campo de visión más amplio y una calidad de imagen
inferior. En esta tesis, la precisión y robustez de métodos de estimación de
la mirada existentes basadas en una cámara y dos luces infrarrojas son
evaluadas para un rango amplio de movimiento de cabeza cuando se utiliza
una cámara web. Una de las principales fuentes de error en la estimación
de la mirada es la precisión de los detectores de caracteŕısticas, por ello
se analiza el impacto de las caracteŕısticas de la cámara en los errores de
detección de caracteŕısticas. La ventaja de usar una cámara web es que
el gran campo de visión permite capturar ambos ojos. El uso de datos
binoculares es explotado para diseñar nuevos métodos de estimación de la
mirada. La mayoŕıa de los métodos de estimación de la mirada existentes
se basan en al menos dos luces infrarrojas para proporcionar robustez al
movimiento de cabeza. En esta tesis, se proponen y evalúan métodos de
estimación de la mirada que sólo requieren de una cámara y una sola luz
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infrarroja manteniendo una robustez aceptable al movimiento de cabeza.
También se presentan e investigan métodos de estimación de la mirada que
no requieren luz infrarroja. Además, se proponen los procesos gaussianos
como una alternativa a las regresiones polinomiales.
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Introduction





1

Introduction

The interest in eye tracking systems and the variety of application domains
is growing significantly. However, not everybody has seen and used an eye
tracker or even heard about it. Although this technology may seem new,
the study of eye movements had already begun in the late 19th century.
The first interactive eye trackers were presented around 1990 [1, 2] and
nowadays, there are a large number of commercial solutions.

Eye tracking refers to the set of technologies that allows monitoring
of the point where an individual is looking at. There are types of eye
tracking systems that are intrusive such as electro-oculography (EOG) [3]
and systems based on electrical coils embedded in contact lenses [4] which
were commonly used in early eye movement research, and are still used
for clinical and psycho-physiological research. Nowadays, video-oculography
(VOG) [5] is the most popular technique, both for research and for other
purposes because they are usually quick to setup and minimally invasive.
These systems capture eye images with one or more cameras, from 30 to
1000 or more times per second. They locate the eye in the camera image and
estimate gaze based on features extracted from the eye image and, some-
times, the head. Usually, one or more infrared (IR) light sources illuminate
the eye because they provide quality to the image without disturbing the
user. The IR light sources are frequently used as head reference for gaze
estimation.

Eye tracking systems have a great number of applications in various
commercial products and research domains, from marketing [6], web de-
sign [7] and advertising [8], to medical research [9] and psychology [10]. In
these cases, the eye tracker is used as an evaluation or assessment tool.
Lately, eye tracking has also been introduced in the automotive world [11]
to assess when a driver is feeling sleepy in order to prevent accidents. The
other main application of an eye tracker is as an interactive tool [12] in
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the field of human computer interaction. Although the accuracies achieved
with existent eye trackers are still far from the accuracy achieved with a
mouse, these systems allow people with disabilities to control the computer
with their gaze [13], providing a means of communication. More recently,
the area of video games and medicine have also become interested in eye
movements as an interactive input. Gaze estimation has great potential in
scenarios where the interaction with a display is desired but hands are oc-
cupied doing other tasks, as it may occur in an operating theater during
surgery. There are other potential applications such as scrolling in mobile
devices and attention aware-interfaces.

Until recently, eye trackers have mainly been used in research [9, 10],
usability studies [6, 7, 8] and as communication or control systems by people
with physical disabilities [13]. The context and aim of this thesis is to
contribute to extend the use of eye tracking systems to everyday devices.
The approach taken is to tackle the problem of achieving good quality gaze
estimation from cameras used in everyday devices, with as few geometry
and setup constraints as possible. One of the main obstacles to applying eye
tracking successfully in these devices is the limitations of existing hardware,
i.e., to use a single webcam to track gaze, as many devices already include
a webcam among their components. When used in a laboratory setting, eye
trackers are often based on high quality cameras with a narrow field of view
(FoV) that captures the image of the eye region. The main challenges and
disadvantages that using a webcam-based eye tracker implies is a larger
FoV and a lower image quality. However, the potential advantage is that
both eyes are always visible.

Alongside the interest to estimate gaze with a webcam, comes one to
restrict the number of IR light sources not only to reduce the cost of the
hardware and the energy consumption, but also to reduce the IR light
directed at the eye for safety reasons [14]. The IR lights also limit the
range of movement of the user in front of the eye tracker as the reflections
need to be present in the eye images captured in order to calculate the
point of gaze from the eye features. Another disadvantage of using IR light
sources is that there is a lot of stray IR light outdoors, and hence dealing
with outdoor light is a major limitation of many eye tracking systems [5],
including those intended for mobile use. In the best case, if IR light sources
are removed completely, the eye tracker could be used outdoors.

Normally, the movement of the head while using an eye tracker is a
constraint. Restricting head movement (HM) makes sense in a lab scenario
but if the eye tracker is to be used in a daily task, it is important that the
user feels comfortable and free to move naturally. Therefore, another step
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towards everyday use of eye tracking is to develop gaze estimation methods
that are as robust to HM as possible.

1.1 Overview of gaze estimation methods

Gaze can be defined as gaze direction or point of regard (PoR). The gaze can
be described as a function G of several variables related to the eye rotation,
the head pose and the setup geometry data. The different gaze estimation
methods that exist are an approximated function of G and depending on
how this approximation is done, various sources of error are implied. Gaze
estimation based on VOG can be defined as the process that infers gaze
from eye image information and possibly setup geometry data and head
pose.

The hardware setup of the eye tracking system plays an important role
in gaze estimation. It mainly consists of one or more acquisition systems
and one or more sources of illumination. The type and number of cameras
used, the type and number of light sources employed, and the location of
each of the elements may vary. Some systems are composed of just one video
camera and one light [15]. Other systems are composed of one camera and
multiple IR light sources [16]. Others employ multiple cameras and multiple
light sources [17]. There are also cameras with pan and tilt heads to track
the eyes of the user [18, 19]. The source of illumination used can be visible
light [20] or near IR light [12].

With few exceptions, all gaze estimation methods require some form of
calibration in order to determine the parameters of their models. Typical
calibration procedures are hardware calibration and user calibration. The
hardware calibration is required to determine the intrinsic camera param-
eters (camera calibration) and the geometrical arrangement of the various
components, i.e., camera, monitor and illuminators (geometric calibration).
A fully-calibrated system is a system where the hardware is calibrated, and
often of fixed geometry. The user calibration is used to determine parame-
ters of the eye model and/or the eye-gaze mapping functions. Some calibra-
tion procedures are only accomplished once, and some need to be carried
out at the start of every session. Some systems allow specific user cali-
brations to be stored and reused without recalibration at the next session
(e.g. [19]).

There are three main types of gaze estimation methods: model-based
(geometric), interpolation-based (regression-based), and mixed methods.
The latter combines both of the other approaches. There are also other ways
of classifying gaze estimation methods. Gaze estimation methods that use
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local features such as pupil centers, eye corners, contours and reflections
are named feature-based methods. Appearance-based methods learn the
mapping between the eye appearance and the gaze from the entire eye
image. A thorough review of these methods can be found in the work by
Hansen and Ji [5].

1.1.1 Model-based methods

Model-based methods rely on the geometry of the framework, i.e., the came-
ra and screen positions, the screen size and the user characteristics and their
geometry to build a mathematical model that relates the gaze with the sys-
tem and user parameters. Geometry-based methods are feature-based me-
thods that use use projective geometry, camera models, and eye physiology
as inputs to construct gaze estimation functions. The unknown parame-
ters of the model are calibrated by means of hardware and user calibration
procedures. As several works report [21, 5], one camera and two IR light
sources are the minimal hardware needed to estimate gaze robustly in the
presence of HM. Geometrically, one calibration point is needed for user
calibration [22]. Recently, there is an interest to implement model-based
methods that do not require the glints produced by the IR light [23, 24].

The advantages of model-based methods are that they provide better
knowledge of the system behavior and that they provide the possibility of
obtaining 3D gaze information. However, they have two drawbacks: they
are difficult to build and they generally require hardware calibration [17].
Some model-based methods do not require hardware calibration but are
limited to 2D gaze information (screen) [25, 26]. Generally, model-based
methods estimate the gaze direction. The PoR can be estimated from the
gaze direction by intersecting it with the monitor or object observed.

1.1.2 Regression-based methods

Regression-based methods, which can also be named interpolation-based,
have been widely used as gaze estimation methods due to their simplicity.
They do not require a calibrated hardware setup or deep information about
system geometry and their performance present acceptable accuracy values.
The disadvantage of these methods is that they provide much less infor-
mation about the intrinsic behavior of the system. Moreover, these type of
methods are assumed to provide acceptable accuracies in the calibration
position, but this accuracy usually decreases as the user moves away from
the calibration position.
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Regression-based methods model the relation between the image data
and the gaze (generally, PoR) via a regression. Regression-based methods
that use local features (feature-based) and the eye appearance (appearance-
based) are presented.

Feature-based methods

Feature-based methods rely on local features such as pupil centers, eye
corners and glints, that are directly or indirectly related to gaze. In the
case of regression-based methods they use these features to create vectors
that are mapped to gaze via a regression function. The regression function
is usually a polynomial function [27, 28, 12], but it can also use machine
learning techniques such as Gaussian processes [29], neural networks [30, 31]
or support vector machines [32] .

Polynomial regression-based methods, also named polynomial regre-
ssions, are largely used in many commercial systems and research proto-
types and this thesis is mainly focused on the study of such regression-based
methods. Although they provide much less information about the intrinsic
behavior of the system, they are simpler to construct compared to model-
based methods. Furthermore, Ramanauskas et al. [33] have shown that the
accuracy achieved with mathematical models and polynomial regressions
can be very similar.

The most popular mapping feature is based on a combination of the
pupil center and the first purkinje image. The IR light sources produce
reflections in the various surfaces of the eye and results in purkinje images
captured by the camera(s) [34]. The first purkinje image corresponds to
the corneal reflection (glint). It is assumed that the pupil center-corneal
reflection (pc-cr) vector, also called pupil-glint vector, which is the vector
that joins the pupil center and the glint in the image, changes with eye
movements and stays the same for reduced HM.

It is accepted that polynomial regressions provide acceptable accuracies
in the calibration position (static scenario), but have certain difficulties
to work in a dynamic scenario, where the user moves freely. Morimoto and
Mimica [12] described the limitations of the pc-cr vector, specially along the
z-axis, i.e., away from the screen and the camera. Cerrolaza et al. [35, 36]
highlight the need to normalize the pc-cr vector to achieve robustness to
HM. They propose the Euclidean distance between the two glints of the eye
(inter-glint distance) to provide robustness to HM in the z-axis. For this
normalization factor, systems with two IR lights sources are needed.

In the last years, new prototypes have appeared using binocular data,
i.e., combining information of both eyes to estimate gaze [37, 38, 39]. All



8 1 Introduction

these studies calculate the gaze estimation of one eye independently of the
other.

Recently, there is an aim to remove the IR light and base the gaze estima-
tion on a single webcam. Some researchers propose polynomial regressions
based on the iris centers and the eye corners [40, 41, 39].

Appearance-based methods

Appearance-based methods, which can also be called holistic methods or
image template methods, involve two phases: a training phase or calibration
phase and a classification or regression phase. In the calibration, these me-
thods have to infer the relevant features from the entire eye image, therefore
a high number of images is required. When working with a fixed head pose
(static scenario), the appearance-based methods need to learn the mapping
between the eye appearance and the gaze. When working under free-head
motion (dynamic scenario), the change in appearance due to head pose also
has to be learned because the appearance when gazing the same direction
will be different.

Most of the existent appearance-based methods only work for a static
head pose. Some of the current appearance-based methods use neural net-
works [42, 43, 44, 45, 46], k-nearest neighbors [47], adaptive linear re-
gression [48, 49], appearance manifold models [50, 51] and Gaussian pro-
cesses [52, 53, 54, 55, 56] among others. In general, the alignment of the eye
cropped images and the HM perpendicular to the camera is a big issue to ad-
dress. There are methods that try to cope with the image alignment [48, 49],
achieving higher accuracies.

1.1.3 Mixed methods

This type of methods is a combination of model-based and regression-based
methods. They are regression-based methods that mainly use the geometry
of the setup and head pose to compensate for the HM. You can find different
approaches within feature-based methods that use IR light [57, 58, 59], but
the reason for most of the methods to use such a combination is to remove
the IR light sources [60, 61]. There are also appearance-based methods that
use head pose information [62, 63, 64, 65, 66, 67, 68]. The appearance of
the eye changes for different poses while looking at the same gaze angle and
this change needs to be learned.
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1.2 Research questions

There are various research questions that are addressed in this thesis and
they are presented below:

1.2.1 Gaze estimation with a webcam

There is an increasing interest in estimating gaze with a webcam. The main
challenges and disadvantages that using a webcam-based eye tracker implies
is a lower image quality and a larger FoV. Most existent gaze estimation
methods rely on features such as the pupils and the glints; and one of
the main sources of error in gaze estimation is the accuracy of the feature
detectors in the processing of the eye image [16]. The larger FoV of a
webcam, as well as the lower resolution of the image sensor itself, results
in a lower image resolution of the eye images. How does this affect the
accuracy of feature detectors and consequently, gaze estimation methods?
The fact that the FoV is larger also allows the user to move within a large
space. How do the existent polynomial regressions cope with this larger
range of HM?

1.2.2 A good way to describe performance of eye trackers

Recently, there is a great interest in standardizing the way to evaluate
eye tracker systems [69]. Most of the commercial eye trackers and the re-
searchers give the mean and standard deviation (SD) gaze estimation error
as a measure of the accuracy and precision of their eye trackers. It is well
known that the accuracy of eye trackers is not always uniform within the
screen area, specially for regression-based methods, and that the gaze errors
are also affected by the HM. Is the mean and SD of the gaze estimation
error a good way to represent the performance of an eye tracker? How is
the gaze estimation error distribution and behavior within the screen of
polynomial regressions?

1.2.3 Binocular information and reducing IR lights

The advantage of using a webcam is that the larger FoV permits capturing
both eyes. Previous research has demonstrated that the normalization of
the mapping features in polynomial regressions helps to increase the robust-
ness to HM. The existence of binocular information allows to explore new
normalization factors, as well as computing the average estimation of both
eyes [38, 39]. Can binocular data help to construct a more robust polyno-
mial regression for gaze estimation? Does the average eye outperform the
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single eye estimates in terms of accuracy? There is an aim to restrict the
number of IR light sources for different reasons. Does binocular data allow
to reduce the number of IR light sources? Does the second eye allow to
develop a model-based method that only requires one IR light source?

1.2.4 Eliminating the IR light

There is a significant impetus to remove the IR illumination entirely for sev-
eral reasons previously explained. Ferhat et al. [70] survey previous work on
remote, visible light gaze trackers. There are already polynomial regressions
for gaze estimation that use the pupil/iris center and the eye corners of the
eyes instead of the glints. Are eye corners a good substitute to glints? Are
these polynomial regressions robust to HM? If the head pose is available,
is it possible to construct a model that is robust to HM?

1.2.5 Alternative to polynomial regressions

Polynomial regressions are the most popular regression-based method ap-
plied to gaze estimation. Are polynomial regressions the best option? Are
there any other alternatives? Previous research has demonstrated that the
grade of the polynomial does not affect the accuracy of gaze estimation
methods [35, 36]. However, Blignaut et al. [71, 72] has recently proposed a
polynomial mapping function that outperforms the complete second degree
polynomial mapping function. Why?

1.3 Objectives

The objectives of this thesis are to evaluate how existent gaze estimation
methods outperform when a webcam is used instead of a high resolution
camera and to propose new gaze estimation methods which rely on a camera
or webcam and in the minimum number of IR light sources as possible.
These new methods should equal or improve the accuracy and robustness
to HM of existent methods. The aim is to explore solutions that reduce the
number of lights to one and to eliminate all the IR lights. When the two
eyes are visible, the use of binocular data should be investigated.

1.4 Overview

The thesis is divided into four main parts:
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• Part I introduces the thesis with an overall introduction, it presents
the research questions and finishes with the objectives and overview of
the thesis.

• Part II describes the framework of the thesis.
• Part III consists of two chapters. The first chapter presents the design

issues that appear in webcam-based eye tracking systems and gives a set
of guidelines to facilitate the process of designing an eye tracker. The
second chapter evaluates and studies existent methods when a camera
with a wider FoV is used and a large range of HM is possible. It analyzes
the robustness of the methods to HM and how the accuracy of the feature
detectors affect the gaze estimation accuracy.

• Part IV consists of the evaluation and study of new methods. In Chap-
ter 5, new polynomial regressions based on two IR light are developed
and analyzed. Different mapping features are investigated based on
binocular data. Chapter 6 focus on gaze estimation methods based on a
single IR light. Thanks to binocular data, a polynomial regression based
on a single IR light is built that achieves comparable accuracies and
robustness to HM as the ones with two IR lights. Also a model-based
method is proposed that using the information of both eyes allows to
remove the second glint. In Chapter 7, gaze estimation methods that do
not require IR light are implemented and studied. The eye corners are
evaluated as possible substitute of the glints in polynomial regressions,
but it is demonstrated that eye corners and glints are not equivalent.
Then, the use of the head pose is explored as a way to provide polynomial
regressions with robustness to HM. In Chapter 8, Gaussian regressions
are proposed as an alternative to polynomial regressions.

• Part V includes the conclusions and future work.

Several parts of this thesis have been published in peer-reviewed confer-
ence proceedings and as journal publications. A list of these publications is
given in Appendix A.
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Fig. 2.1. Methodology steps

This chapter presents the methodological framework of this thesis. The
methods used to evaluate gaze estimation approaches are described and
discussed. The methodology follows three steps (see Figure 2.1): data ac-
quisition, data processing, and data evaluation. Firstly, the primary tools
used are introduced. Following that, data processing and evaluation pro-
cesses are detailed.

2.1 Data acquisition

Figure 2.1 outlines the major steps in the methodology - beginning with
Data Acquisition. A study can be based on real data and/or on simulated
data, therefore, there are two types of data depending on their origin. While
real data can be obtained from real eye movement recordings, requiring the
recruitment of human participants, simulated data can be generated quickly
with a simulation framework.

The content of the acquired data can vary depending on its source and
on the gaze estimation algorithms that are going to be evaluated. In ge-
neral, eye tracking feature information and ground truth gaze data are
provided. Ground truth data usually contains onscreen target locations.
Possible tracking features include the pupil centers, the glint centers, the
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Fig. 2.2. Chin rest [73] used to fix the heads of the subjects.

eye corners and the head poses. If the source system is a monocular system,
data for one eye only is provided. If no IR light is present in the system, the
glint centers are not available. These data, regardless of their origin (real
or simulated), can be divided into two types depending on their use:

• Calibration data:
These data are obtained from a user calibration routine and are used
to calibrate the different gaze estimation methods. Usually, the data are
acquired at a certain position of the user, related to the screen and the
camera, called the calibration position. The user calibration is a simple
procedure where the user has to look at different known points, for some
fixed period, from a grid called calibration grid.

• Test data:
These data are obtained from a user calibration at the same calibration
position or at another position. The grid used in these cases is termed a
test grid and ideally contains known targets at screen coordinates others
than those used in the calibration grid. These data are used to test and
evaluate the various gaze estimation methods.

Other information about the setup geometry may also be included, such as
the characteristics and the relative position of the hardware components
among others. This type of information is not always required by the gaze
estimation algorithms, but it is often relevant for comparison purposes.

It is very common to use a chin rest during calibration and test data
acquisition. The chin rest (see Figure 2.2) is a sophisticated structure used
to stabilize the head of the users, to avoid HM during the calibration and
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Fig. 2.3. Eye tracking system.

test procedures. It is also useful to control the user’s position relative to
the hardware. This can help to reach more valid conclusions. Some gaze
estimation methods require a chin rest to achieve acceptable accuracies,
but usually, the chin rest is considered an external hardware component.
It is more commonly used for research purposes, when finer details of eye
movements are important.

In this thesis, there are three main tools that have been used to carry
out the different studies and evaluations: the eye tracking system SHAKTI,
a webcam acquisition system and a simulation framework. The webcam
acquisition system was developed for this thesis and the other two tools
were already available [35, 74]. To adapt these tools to the present needs,
some extensions and modifications were implemented. These different tools
are presented below.

2.1.1 SHAKTI

SHAKTI is the eye tracking system mainly used to acquire data from real
test subjects in this thesis. This system was developed at the Public Uni-
versity of Navarre, it is based on VOG and it requires a video camera and
two IR light sources (see Figure 2.3). It is the result of many years of re-
search and has already been used in other experiments [35, 75]. It permits
the user to control the computer in real time with the eyes and it was
developed to facilitate communication in people with physical disability.
The eyes become the new mouse; the cursor follows the gaze of the user
and by blinking, or keeping the eyes focused on one point for a defined (or
user-customized) period of time, the click function is activated. The system
requires a user calibration to work accurately. SHAKTI includes the option
of saving images captured by the camera and collecting the data in log files
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Fig. 2.4. Captured images by SHAKTI.

for later analysis. Often, commercial eye tracking systems don’t offer this
capability, but thanks to this option, SHAKTI can be used for research
purposes.

The eye tracking system hardware consists of a computer monitor, a
video camera, and two IR light sources. The camera is located under the
monitor and the IR light sources are positioned on both sides of the screen,
as depicted in Figure 2.3. The screen is a 17-inch (340x270 mm) color
monitor, set at a screen resolution of 1280x1024 pixels; the video camera is
a standard industrial camera with a 35mm focal length, a 1/3" sensor set to
a resolution of 1024x768 pixels and a frame rate of 30 fps which captures
BW IR images from the user (see Figure 2.4). The IR light sources are
located approximately 9.2 cm from the bottom of the screen. They operate
at 890 nm, within the performance range of the camera; they don’t distract
the user as they are imperceptible to the human eye and they are safe, i.e.,
not harmful to the eye [76].

The eye tracking system software, written in C++ and C#, is respon-
sible of the eye tracking and gaze estimation. The main input to these mo-
dules are the images captured by the camera that are visualized in Figure
2.4. In the image on the left, only one eye is visible, but, in the image on
the right, both eyes are present. Currently, the software is only designed to
operate with one eye (monocular system). However, the main modification
that has been implemented in this thesis is the extension of the capability
of the original system to detect the features of both eyes (binocular sys-
tem). The implementation of an efficient software to detect the features of
the two eyes is out of the scope of this thesis, therefore, a simple solution
has been adopted. The image is divided at the horizontal center into two
separated sub images, assuming that each sub image contains one eye. This
approach works when using a focal length of 35 mm, but it would not al-
ways work if a smaller focal length is used. For each of the input images,
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Fig. 2.5. Grid point visualization with SHAKTI. The size increases gradually to attract
the user’s attention. To signal that the frame capture ended, the point changes colors.

the pupil and glint centers are detected in real time. The feature detectors
applied are based on a blob search by area, elongation and compactness.
A blob is a region of an image where all the pixels are very alike and the
blobs that contain the pupil and the glints have a certain range of area,
elongation and compactness. A detailed explanation of the image process-
ing algorithms can be found in the work of Goni et al. [77]. Furthermore,
SHAKTI bases the gaze estimation on a polynomial regression based on
the average normalized vector proposed by Cerrolaza et al. [35, 36]. The
eye tracking system SHAKTI can be used with a free-head with the limita-
tion that the user’s eye has to be within the FoV of the camera, however,
it is very common to use a chin rest (see Figure 2.2) when the data are
going to be used for research purposes. In the following sections, the user
calibration, as well as the coordinate systems and units used by the system
are presented in more detail.

User calibration

The user calibration procedure is a simple process wherein the users are
asked to sit down and look at the different points that appear randomly on
the screen. For most of the gaze trackers, a user calibration is required to
calibrate the parameters of the gaze estimation model. By carrying out a
user calibration, the eye tracking system SHAKTI can be adapted to any
particular user. The data obtained from the user calibration are used to
solve, using least squares, the unknown generic coefficients of the polyno-
mial regression [35, 36] applied by SHAKTI. Furthermore, it also gives the
option of using the user calibration for research purposes as it is possible to
save the calibration data in log files, including the images captured by the
camera. The calibration data saved in log files include feature coordinates
of both eyes and corresponding grid points. The managing of extra log files
was added to store the data of the second eye. SHAKTI provides different
grids for calibrating and testing.

With the objective to attract the user’s attention and to keep focus
on the grid point, in SHAKTI user calibration, the point first appears
as a small dot and the size increases gradually as shown in Figure 2.5.
When the grid point images have been captured, the grid point changes



20 2 Methodological framework

19 433 847 1,261

19

347

676

1,005

pixels

p
ix
el
s

Fig. 2.6. SHAKTI calibration grid of 4x4 points.

colors, to indicate that the user can relax. Moreover, in order to ensure a
successful calibration, SHAKTI provides different mechanisms. During the
calibration procedures, SHAKTI pops out a capture error window, when
the eye features are not detected on more than 60% of the available frames
per point, i.e., on 18 frames of the 30 frames that the system acquires per
point. The user has the option of repeating the point, ignore it or abort the
whole procedure. In the original software, this condition was only checked
for one of the eyes; when working with two eyes, the condition needs to
be met for both eyes. At the end of the calibration, a window shows the
data quality of each grid point with a color code. The quality information
is based on the variance of the gaze estimates that are calculated for all the
valid frame feature data that correspond to the same grid point. The user
has the option of repeating any of the points, if the variance is considered
too high. This quality measurement has also been implemented for the
second eye.

In this thesis, the user calibration procedure that SHAKTI offers was
used for research purposes. As already mentioned, SHAKTI provides diffe-
rent grids for calibrating and testing. For calibration, the 4x4 grid shown
in Figure 2.6 was used. This is a typical grid used for calibration. With
this grid, it is possible to provide enough observations to solve any of the
gaze estimation methods evaluated in this thesis. The calibration procedure
takes place at the calibration position; this position may vary from experi-
ment to experiment and it will always be specified. For testing, the 8x8 test
grid shown in Figure 2.7 was used. The data obtained with this procedure
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Fig. 2.7. SHAKTI test grid of 8x8 points.

are used to test and evaluate the different gaze estimation methods that
have been previously calibrated with the 4x4 grid. The test procedure can
be carried out in the same calibration position or another position. Depend-
ing on the experiment, not only the calibration position but also different
positions are evaluated; this information will always be detailed. Note that
the calibration and test grids are different; this is important to provide a
good evaluation of the gaze estimation methods.

Coordinate systems and units

Data representation is not unique and different systems can represent data
in different ways. The fact of existing different ways to represent data is not
a problem; however, to be able to work with the data and to compare it with
other data coming from other systems and other formats, it is important
to specify some aspects of the data representation that is used.

When working with coordinates in general, it is essential to have infor-
mation about the coordinate system used as reference, otherwise, it can
be confusing and lead to errors. The data that SHAKTI outputs, i.e., the
feature image coordinates and the ground truth gaze points, are 2D data.
The origin of the screen reference system is on the upper left corner of the
screen and the origin of the image reference system is on the upper right
corner of the image. Both reference coordinate systems are represented in
Figure 2.8. Another important aspect of data representation is the units
used. The output data in SHAKTI are given in pixels.
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Fig. 2.8. SHAKTI screen and image coordinate systems.

2.1.2 Webcam acquisition system

A webcam acquisition system has been developed in this thesis to perform
calibration and test procedures to evaluate gaze estimation methods. The
system itself is not an eye tracking system; therefore, it serves only as an
acquisition tool. The system consists of a computer monitor and a video
camera. The system does not use any kind of IR illumination and it is
not bound to a specific hardware. Therefore, different hardware setups are
possible, using different screens and cameras.

In this thesis, a particular hardware setup has been used which is shown
in Figure 2.9. The camera is located under the monitor. The screen is a 22-
inch (470x300 mm) color monitor, set at a screen resolution of 1650x1050
pixels; the video camera is a QuickCam Pro 9000 webcam from Logitech
with a 3.7 mm focal length, a 1/4" sensor set to a resolution of 1600x1200
pixels and a frame rate of 5 fps which captures RGB images from the user.
In Figure 2.9, an image captured by the webcam is shown; the chin rest
used to fix the user’s head is visible, as it is within the FoV of the camera.
This didn’t occur with the video camera used in the eye tracking system
SHAKTI.

The webcam acquisition software is implemented in MATLAB and it
is basically a recording tool that does not depend on a certain hardware.
First, through a user calibration that is explained later, images are captured
and the known gaze points are saved as ground truth data. Then, these
images are processed offline to detect the features required to calibrate
and test the different gaze estimation algorithms. For each of the input
images, the iris centers and the eye corners are detected. The iris center
detector applied is based on image topography and multi resolution; it
detects the most stable valley over different resolutions. The eye corner
detector combines the same topography and multi resolution approach with
eyelid curve extraction. These methods are based on the work of Wang et
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Fig. 2.9. Webcam acquisition hardware setup and example of a captured image.

Fig. 2.10. Grid point design of the webcam acquisition system. For each grid point, the
turquoise point appears and once the software has finished recording, the grid point color
changes to yellow to indicate that the test subject can relax.

al. [78] and a detailed explanation of the image processing algorithms can
be found in the work of Ponz et al. [79] and Villanueva et al. [80]. All
the different feature coordinates detected are saved in log files that are
later used for gaze estimation evaluation. Furthermore, it is also possible to
hand-mark the different features with a simple software tool implemented
in MATLAB. Below, the calibration procedure is detailed.

User calibration

The user calibration procedure, as already explained, is a simple process
wherein the test subjects are asked to sit down and look at the different
points that appear on the screen. In this webcam acquisition system, the
test subject is required to participate more actively as usual. The procedure
starts with a beep and then, a turquoise point like the one in Figure 2.10
appears on a black screen. Only when looking at that grid point, the test
subject has to mouse click so that the acquisition software starts recording
the frames corresponding to that grid point. The number of recorded frames
per grid point depends on the camera and the settings. Once the software
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Fig. 2.12. Webcam acquisition screen and image coordinate systems.

has finished recording, the grid point color changes to yellow (see Figure
2.10) to indicate that the test subject can relax. Then, a new grid point
appears and the process continues until all the grid points are shown. After
the last calibration grid point, all the captured images are saved. The image
saving process in MATLAB for images is relatively slow, therefore, it is
carried out at the end of the calibration procedure, to prevent waiting
times between grid points, which can be tiring for the test subjects.

The calibration grid used consists of a 4x4 grid and the grid points are
not fixed but are adjusted to the screen length. The resulting calibration
grid that is used with the hardware setup in Figure 2.9 is the one represented
in Figure 2.11. Note that the units used for the grid points is in pixels and
that the pixel size is 0.29 mm.
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Fig. 2.13. Simulation framework eye model.

Coordinate systems and units

The origin of the screen reference system and the image reference system
are on the upper left corner of the screen. Both reference coordinate systems
are represented in Figure 2.12. The output data, i.e., the feature coordinates
and gaze ground truth data, are given in pixels.

2.1.3 Simulation framework

An open-source software framework developed by Böhme et al. [74] has
been used in this thesis to evaluate different gaze estimation methods. The
framework is implemented in MATLAB and released under a GPL license.
It permits to simulate a complete eye tracking environment and it outputs
the pupil and glint positions in the image plane. Böhme et al. [74] believe
that simulation can be a powerful tool for answering questions concerning
gaze tracking systems and that it is a fair comparison tool. They demon-
strate the use of the simulation framework by implementing and comparing
two remote eye tracking systems. Moreover, there are also other researches
that have used the framework in their work [35, 38].

The framework models the components of an eye tracking system to con-
struct a hardware setup composed of different cameras and light sources.
The camera is modeled using the pin-hole camera model and the light is
modeled as a point light source that radiates in all directions. The system
can use one eye (monocular system) or two eyes (binocular system). Figu-
re 2.13 shows the eye model used. The eye is considered a spherical cap with
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the cornea surface modeled as a sphere with center in ccornea and corneal
radius rcornea; the pupil is modeled as a circle with center cpupil, pupil ra-
dius rpupil and distance between the pupil and cornea centers hcornea. The
cornea and pupil centers lie on the optical axis of the eye and there is a
certain angular offset between the optical and visual axes with horizontal
and vertical components (α, β). In the eye model, the cornea reflection and
the refraction are considered and the eyeball is rotated following Listing’s
law. The parameters of the eye, such as the radius of the cornea rcornea, the
distance between the pupil and cornea centers hcornea and the angular offset
between the optical and visual axes, can be adjusted to simulate the eyes of
different people. The eye model has limitations; some of the limitations are
that the cornea is considered a sphere but actually it is closer to an ellipsoid
and that the pupil shape is considered circular, but it is approximately cir-
cular; the refraction in the cornea and the aqueous humour have different
refractive indexes that are not considered and the possible occlusion by the
eyelids is also not included. You can find more details about the models
and their limitations in other research work [81, 74].

The simulation framework was modified and enhanced to adapt to the
needs of this thesis. First of all, it was enhanced to work for two eyes.
Although it is possible to use two eyes in the current simulator, there is
only one eye definition and the differences between the right and left eyes
need to be considered. In the work of Hennessey and Lawrence [38], this
issue was already reported. In their work, they show some results based on
real data where there is an improvement in gaze estimation accuracy when
averaging the point of gaze estimates of the right and left eyes. However,
they did not manage to achieve the same results with simulated data as they
used the same identical eye model for the right and left eyes. The fovea of
the eyes is located at the temporal side, so angular offsets with opposite sign
have to be applied to each eye. Another enhancement to the framework was
to include the eye corners in the eye model. This permits the evaluation of
gaze estimation methods that are based on the eye corners. The eye corners
are assumed to be fixed for a certain head position. Furthermore, a function
was added to create a camera with any focal length, sensor size and image
resolution since the simulator only provides a function to create a camera
object with default properties. The focal length and sensor size are in mm
and the image resolution in pixels.

By default, the simulator assumes a camera without noise and perfect
image processing algorithms. However, it also gives the possibility to add
a random error to the position of the features to simulate a more realistic
scenario. In this thesis, a characterization of the errors to detect the pupil
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centers and the glints is carried out with synthetic and real features. These
errors can be caused by many factors, but the main source of error con-
sidered is the pixelization. The result of this study is that the noise can
be characterized with a Gaussian noise with zero mean and SD 0.1 pixels
when IR light is used. This value is closer to a realistic value than not
applying any noise and it has already been used in other works such as in
Guestrin and Eizenman’s work [82].

The physiological eye parameters that are used by default in the soft-
ware framework are taken from a standard eye. Below, the most important
parameter values are given:

• corneal radius (rcornea): 7.98mm
• pupil radius (rpupil): 3 mm
• distance between cornea and pupil center (hcornea): 4.44 mm
• distance between cornea and eye centers: 4.35mm
• angular offset between optical and visual axes (α,β): (2◦,6◦)
• refraction coefficient: 1.376
• distance between eyes: 70 mm
• distance between eye corners: 30 mm

In this thesis, different simulated eye tracking setups have been imple-
mented to analyze and evaluate different gaze estimation methods and to
answer several research questions. In general, the real hardware setups are
reproduced with the simulation framework for a better analysis. Having e-
quivalent setups in the real and simulated environments permits to compare
results and extract more valid conclusions. The advantage of the simulated
environment is that it is very versatile as no real test subjects are involved.

Coordinate systems and units

In the simulation framework, there is a global coordinate system and a local
coordinate system for the screen, the camera, the image plane, the eyes and
the head. There is also a local coordinate system for the HM which origin
is positioned in the center of the screen. All the coordinate systems are
related to the global coordinate system by a rotation and a translation. To
transform the element coordinate system to the global coordinate system,
the transform matrix (Tr) is used:

Tr = R ·T, (2.1)

where R is the rotation matrix and T the translation matrix. The transla-
tion matrix is:
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Fig. 2.14. Coordinate systems of the simulation framework.

T =


1 0 0 tox
0 1 0 toy
0 0 1 toz
0 0 0 1

 , (2.2)

where (tox, toy, toz) is the position vector of the element in the global coor-
dinate system. The rotation matrix is:

R =


R11 R12 R13 0
R21 R22 R23 0
R31 R32 R33 0
0 0 0 1

 . (2.3)

The rotation matrix is composed of three basic rotation matrices that rotate
the vectors by a certain angle about the x-, y-, or z-axis using the right
hand rule:
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R = Rz(α) ·Ry(β) ·Rx(γ), (2.4)

where α, β and γ are the yaw, pitch and roll angles, respectively. The basic
rotation matrices are described below:

Rx(γ) =


1 0 0 0
0 cosγ −sinγ 0
0 sinγ cosγ 0
0 0 0 1

 , (2.5)

Ry(β) =


cosβ 0 sinβ 0
0 1 0 0

−sinβ 0 cosβ 0
0 0 0 1

 , (2.6)

Rz(α) =


cosα −sinα 0 0
sinα cosα 0 0
0 0 1 0
0 0 0 1

 . (2.7)

These rotation matrices can be applied to coordinate systems that follow
the right hand rule. Although Böhme et al. [74] report that all the co-
ordinate systems are right handed, this is not completely true. The eye
coordinate system is left handed, therefore, the rotation matrices have to
be adapted accordingly. In Figure 2.14, all the coordinate systems are rep-
resented.

2.2 Data processing

In general, the raw data that has been acquired are filtered and used to
calibrate and test the different gaze estimation methods. For the data pro-
cessing of every test subject, the workflow is identical and it can be seen in
the diagram represented in Figure 2.15. The different parts of the workflow
are detailed below:

Data reading

First, the output data obtained from the data acquisition (the calibration
and test data) are read. The functions responsible for data reading for the
real data and the simulated data are different since the input data are in
two distinct formats.



30 2 Methodological framework

DATA
READING

DATA
FILTERING

CALIBRATION

PoR
ESTIMATION

ERROR
CALCULATION

Fig. 2.15. Data processing workflow.

Data Filtering

Once the data are read, they are filtered to reject possible outliers. For
the simulated data used in this thesis, this stage is not required. Although
test subjects usually use a chin rest for testing purposes to provide quality
to the data, experimental data can have other issues; outliers may occur
when the test subject is blinking or when a reflection in the eye is wrongly
detected as a glint. For this filtering, the Mahalanobis distance is used to
select the 60% of the n images available for each point as it was done in [35].

Each processed image xi, can be considered as an m-dimensional vector
containing the m mapping features of the image:

xi = (xi1 , xi2 , · · · , xim)
T , i = 1, . . . , n, (2.8)

where xi1 , xi2 , · · · , xim are the m mapping features of the i-th image. The
mean x̄ and the mxm covariance matrix S are calculated as follows:

x̄ =
1

n

n∑
i=1

xi, (2.9)
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S =
1

n

n∑
i=1

(xi − x̄) (xi − x̄)T . (2.10)

The Mahalanobis distance is calculated as:

Di =

√
(xi − x̄)T ST (xi − x̄). (2.11)

A distance is obtained for each of the n images, allowing to sort the different
images in terms of its distance from the mean. This distance is the criterion
for filtering the images, by taking the 60% of the images with the lowest
Mahalanobis distance.

For the next processes in the workflow, the functions are common for
both the real data and the simulated data.

Calibration

A user calibration is usually required for gaze trackers to start estimating
the PoR. The calibration data, which have been acquired in the calibra-
tion position, are used to calibrate the parameters of the gaze estimation
methods.

PoR estimation

After the calibration process is completed, the gaze estimation methods
are ready to estimate the PoR at the calibration position and other test
positions. For every test point, an estimation of the PoR for all the available
observations per gaze point and a mean estimation is calculated. The SDs
are also computed. For the simulated data when using a camera without
noise the mean estimation corresponds to the PoR of the single observation
available. In the case of a binocular system, there is one estimate per eye
and one for the average eye.

Error calculation

Finally, the last process of the workflow corresponds to the error calculation.
Let us define the gaze estimation error in the screen (ge) as the difference
between the estimated PoR and the known grid point coordinates:

ge =
∣∣PoR−PoR

∣∣ , (2.12)

where ge (gex, gey) is the ge in mm or pixels, PoR
(
PoRx, PoRy

)
is the

estimated PoR in mm or pixels and PoR (PoRx, PoRy) the known grid
point coordinates using the same units as its estimate. Note that in this
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case the errors are computed separately for each axis. To describe the errors
jointly, the Euclidean gaze estimation error (geED) can be used:

geED = ‖ge‖ . (2.13)

Another way of describing the existent gaze estimation error is the angular
gaze estimation error (GAE). The GAE is defined as the angle between
the estimated visual direction and the visual direction required to look at
the correspondent grid point. This measure of the error is very popular,
but it is only possible to calculate correctly when working with model-
based methods or gaze estimation methods that provide gaze directions.
Therefore, an approximation of this error is widely used, the approximated
GAE (GAE), which is computed with the following equation:

tanGAE =
ge

working distance
, (2.14)

where GAE
(
GAEx, GAEy

)
is the GAE in degrees and ge (gex, gey) is

the ge. The working distance is the distance from the user to the screen.
The ge and the working distance in the same units, mm or pixels. From
now on, the GAE will be designated as GAE.

The gaze estimation errors can be calculated for each position, for all
available observations per gaze point and the mean estimation. And in the
case of a binocular system, a gaze estimation errors per eye and for the
average eye can be obtained. In addition, a mean error is calculated, which
is representative for the average error in the whole test grid. The errors
that are used for evaluation are explained in more detail in Section 2.3.

2.3 Data evaluation

Data evaluation is the last step of the study methodology. In general, there
is usually a static and a dynamic analysis. These two analysis are carried
out in order to evaluate both the accuracy and the tolerance to HM of
the studied gaze estimation methods. For the static scenario, only data
measured in the calibration position are considered, and for the dynamic
analysis data from different positions are used. Other types of evaluations
are carried out and they will be detailed separately for each of the studies.

The data that is used for evaluation may vary depending on the nature
of the study and from method to method, but the gaze estimation errors,
in general, play a very important roll. Therefore, these are explained here
in detail. In the previous section, the basic calculation of the ge was de-
scribed. Usually, for each point of the calibration and test grids, a number



2.3 Data evaluation 33

of observations are captured. Therefore, a gaze estimation error per point
p (gep) is calculated based on the observations available:

gep =
1

n

n∑
i=1

∣∣PoRi −PoRi

∣∣ , (2.15)

where gep
(
gepx , gepy

)
is the gep in mm or pixels, PoRi is the estimated

PoR in mm or pixels and PoRi the known grid coordinates of the i-th
observation with i ∈ {1 · · ·n} using the same units as its estimate and n
the total number of observations per point. The geED per point p (geEDp)
is computed with the norm of gep. Its units can also be mm or pixels.

In addition, a mean ge (mean ge) is defined, which is representative
for the average error in the whole test grid. The mean ge is obtained by
averaging all the gaze estimation errors over a grid and gives information
about the global behavior of a gaze estimation method. It is defined as:

mean ge =
1

m

m∑
p=1

gep, (2.16)

where mean ge (mean gex,mean gey) is the mean geED, gep is the ge of
the p-th test point with p ∈ {1 · · ·m} and m the total number of points
in the grid. The mean geED (mean geED) is computed with the norm of
mean ge. The units of mean ge and mean geED can be mm or pixels.

The maximum gaze estimation error is also commonly used to reflect
the worst expected performance of a system. This is the highest error over
the test grid. The maximum ge (max ge) is defined as:

max ge = max
p

gep (2.17)

where max ge is the max ge, gep is the ge of the p-th test point with
p ∈ {1 · · ·m} and m the total number of points in the grid. The maximum
geED (max geED) is computed with the norm of max ge. The units of
max ge and max geED can be mm or pixels.

The GAEp, the mean GAE and the max GAE are calculated in the
same way. Another value that is also useful for evaluation is the SD.





Part III

Analysis of existent gaze estimation methods





3

Design of an eye tracker based on a webcam:
issues and guidelines

One of the goals of this thesis is to analyze and study gaze estimation
methods that use a webcam. Today, commercial webcams provide images
with resolutions comparable to the ones obtained with the usual industrial
cameras employed in high performance eye trackers. However, webcam-
based eye tracking has other difficulties to solve such as a wider FoV and a
lower image quality. Although webcams are improving their quality in terms
of resolution and ambient light tolerance rapidly, their lenses are usually of a
lower quality and their focal length is smaller than the ones in commercial
eye tracking systems. Figure 3.1 permits to compare an image captured
by an industrial camera with focal length 35 mm and a webcam with focal
length 3.7 mm. In this chapter, the analysis focuses on eye tracking systems
based on a single camera. Firstly, the impact of the camera characteristics
in the range of HM and the accuracy of feature detectors are analyzed.
Lastly, some guidelines are given to facilitate the process of designing and
eye tracker. Part of this work has already been published [83, 84].

Fig. 3.1. Industrial camera and webcam input.
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A

2 A

f2 f

Fig. 3.2. Field of view for two focal lengths, f and 2f; the range area of head movement
at a certain distance is 2A and A, respectively. [84]

3.1 Range of head movement

The range of HM of a user in front of the camera is limited by the camera
used in the eye tracking system. A large range of HM is required to achieve
systems that allow users to move freely. This is an extended goal of the eye
tracking community. Most of the current remote eye tracking systems are
not prepared for large HM because the user escapes from the FoV of the
camera. They use cameras with a narrow FoV to obtain high resolution im-
ages of the eyes which permit accurate and precise gaze estimation (below
1 degree). A typical focal length used is 35 mm. With these cameras, the
range of HM is limited to a few centimeters. This limitation can be consid-
ered as a weakness, as it makes eye tracking systems difficult to be widely
used in applications for the general public and not just to be restricted to
people with disabilities or to usability and research studies.

To enlarge the range of HM, the FoV of the camera needs to be wider.
The FoV of the camera depends on the sensor size, the focal length of the
lens and the camera distance:

FoV =
sensor size

focal length
· camera distance, (3.1)

where FoV(FoVx, FoVy) is the FoV of the camera. The sensor size, the
focal length and the camera distance are given inmm. For the same sensor
size, if the focal length decreases to half of its value, the FoV increases twice,
as it can be calculated with Equation 3.1 and seen in Figure 3.2. The camera
distance also affects the FoV. Three different working distances are defined:
the minimum working distance is 45 cm, the standard working distance is
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Fig. 3.3. Horizontal field of view as a function of the focal length for a sensor format of
1/3” and three different camera distances.

55 cm and the maximum working distance is 65 cm. In Figure 3.3, the FoVx

as a function of the focal length for the three defined distances can be seen.
For this graph, a typical sensor format of 1/3” (sensor size: 4.8x3.6 mm)
was selected and focal lengths from 36 mm down to 3 mm were considered.
In this figure, the camera distances correspond to the working distances.

Given a desired range of HM and a camera distance, the focal length
and the sensor size can be calculated; and given a certain camera, the range
of HM and camera distance can be determined.

3.2 Characterization of the accuracy of feature detectors

The accuracy of feature detectors is something very relevant in feature-
based methods, for both model-based and regression-based methods. Most
gaze estimation methods based on features use pupil center and glint po-
sitions in the image to estimate the PoR, therefore, the accuracy and the
precision of these feature detectors are going to affect directly the accuracy
and the precision of the gaze estimation. The error in the position of these
features can be caused by many factors such as the camera characteris-
tics (the focal length, the lens and the image resolution), the noise, the
ambient light influence, the partial occlusions and the image processing al-
gorithms among others. All these effects can be encompassed in the feature
detection noise. In this section, the impact of the camera characteristics
in the accuracy of feature detectors is analyzed with the main objective of
characterizing the feature detection error (fde). The main source of error
considered is the pixelization.
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Fig. 3.4. Eye area in the 3D space A(Ax, Ay) which measures approximately 40x20 mm.
For a sensor size of 4.8x3.6 mm, a resolution of 1024x768 pixels, a camera distance of 55
cm and a focal length of 35 mm, the image eye area a(ax, ay) has 543x272 pixels. [84]

As the focal length decreases and the format and the image resolution
stay constant, the main effect that arises is that given any distance in the
3D real world, its representation in the image plane has a lower number of
pixels. This implies that the size in pixels of both features (the pupil and
the glints), as well as the range of movements of the features in the image
plane is reduced.

Let us define the eye area as the rectangular area containing all the
components of the eye needed for the feature detectors (see Figure 3.4).
This area measures approximately 40x20 mm in the real world. To project
this area from the camera coordinate system (3D space) to the image plane
(2D space), the following equation is used:

a =
focal length

camera distance
· image resolution

sensor size
·A, (3.2)

where a(ax, ay) is the image eye area in pixels andA(Ax, Ay) is the eye area
in the 3D space in mm with width Ax and height Ay. The camera distance
and the focal length of the camera are given in mm, the sensor size in
mm and the image resolution in pixels. For an A of 40x20 mm defined
in Figure 3.4 and a sensor format of 1/3”, a resolution of 1024x768 pixels,
a camera distance of 550 mm and a focal length of 35 mm, a is 543x272
pixels. As the focal length decreases down to 3 mm, a will decrease linearly.
For the same eye area A, if the focal length decreases to half of its value,
the image eye area a decreases by half.

The eye density is defined as the image eye area resolution per mm:

da =
a

A
, (3.3)

where da(dax , day) is the eye density in pixels/mm, a(ax, ay) is the image
eye area in pixels and A(Ax, Ay) is the eye area in the 3D space in mm.
Note that for different combinations of focal length, image resolution, sensor
format and camera distance, the same eye density can be achieved.
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The term ‘fde’ is used to describe the error to estimate the position of
the features (pupil center, glints, etc). As this error depends on the feature,
a different error can be defined for each type of feature such as the pupil
detection error (pde) and the glint detection error (gde). The fde in the eye
image (fde) is usually measured in mm. The pde in the eye image (pde)
can be computed as:

pde = pc− pc, (3.4)

where pde (pdex, pdey) is the pde in pixels, pc
(
pcx, pcy

)
is the estimated

pupil center position in pixels and pc (pcx, pcy) is the perfect pupil center
position in pixels. In the same way, the gde in the eye image gde can be
computed as:

gde = cr− cr, (3.5)

where gde (gdex, gdey) is gde in pixels, cr (crx, cry) is the estimated glint
center position in pixels and cr (crx, cry) is the perfect glint center position
in pixels. The fde can be related to the feature detection error in the 3D
space (FDE) by the following formula:

FDE =
A

a
· fde, (3.6)

with FDE (FDEx, FDEy) and A(Ax, Ay) in mm and both the a(ax, ay)
and fde (fdex, fdey) in pixels. The pupil detection error in the 3D space
(PDE) and the glint detection error in the 3D space (GDE) are related to
the pde and gde in the same way.

The feature size (the pupil and glint sizes) can vary from user to user
and this has an effect in the fde. The fde fdeaf

for a certain feature area
af is fixed, independently of the feature area Af that it represents. This
assumption is valid, for example, when considering only the pixelization as
source of error. In this case, the fdeaf

can be represented as a function of
af , fde = f(af ). For a user with a certain feature area Af in the 3D space,
the fde fdeAf

can be obtained as:

fdeAf
= f (Af · da) , (3.7)

with fdeAf

(
fdeAfx

, fdeAfy

)
in pixels,Af (Afx, Afy) inmm and da(dax , day)

in pixels/mm. The fde FDEAf
for a certain feature area Af can be related

to the fdeAf
with Equation 3.6.

In this section, a study has been carried out to relate the fde to calcu-
late the pupil centers and the glints to the eye density. For this analysis,
real images and synthetic feature images have been considered. Firstly, the
procedures used in each case are explained in detail and the results of both
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analysis are compared. Then, the fde is characterized and a re-size of the
images is evaluated to increase the feature detection accuracy. Finally, pre-
liminary gaze estimation errors are given.

3.2.1 Feature detection error study with real images

The objective of this study is to analyze the impact of the camera charac-
teristics in the pde and gde with real images. The error in the estimation
of the features can be caused by many factors, but the fundamental error
that has been analyzed here is the pixelization. Other sources of error such
as partial occlusions caused by the eyelids or undesired light reflections are
left for further research. With real images it is difficult to isolate one source
of error and as it can be seen later in the evaluation section, the overlapping
of the glints is difficult to avoid.

To characterize the fde as a function of the eye density, experiments with
three test subjects (s1, s2 and s3) are carried out. For this experimental
evaluation, the eye tracking system SHAKTI presented in Section 2.1.1 has
been used. Hence, a camera with focal length 35 mm, resolution 1024x768
pixels and sensor size 4.8x3.6 mm is used. Calibration procedures with
the three test subjects at a working distance of 55 cm with their heads
on a chin rest were conducted with a 4x4 calibration grid (see Figure 2.6)
and a 8x8 test grid (see Figure 2.7) in a screen of size 338x270 mm and a
resolution of 1280x1024 pixels. In this setup, the camera distance coincides
with the working distance. In total, 1200 images have been captured, 15
frames per grid point. To acquire images with different focal lengths for
every test subject can be a tedious task. Instead, the image resolution of
the captured image is reduced applying a bilinear interpolation with the
scale factors 0.75, 0.5, 0.25, 0.17 and 0.1.

In Figure 3.5 and Figure 3.6, real scaled pupils and glints are represented.
Figure 3.5 shows real eye images of the test subject s1 with different scale
factors. For each scale factor, the same A of 12x12 mm is shown, thus,
the number of pixels changes. In Figure 3.6, each row shows a set of real
glints of the test subject s2 for a different scale factor, starting in scale 1
above and finishing with scale 0.17 below. The eye area in the 3D space
represented is 2x2 mm. Both figures show how the image quality of the
pupil and the glints decreases as the image eye area resolution decreases.
Table 3.1 shows the values of the image resolution in pixels and the eye
density in pixels/mm for the different scale factors applied. The eye density
can be computed with Equation 3.3. The features have been detected for
each of the image resolutions.
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Fig. 3.5. Real eye images of the test subject s1 with different scale factors. For each
scale factor, the same eye area in the 3D space of 12x12 mm is shown.
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Fig. 3.6. Real glint images of the test subject s2 with different scale factors for the same
eye area in the 3D space of 2x2 mm. Each row shows a set of glints for a different scale
factor.

scale factor image resolution (pixels) da (pixels/mm)

1 1024x768 13.58

0.75 768x576 10.18

0.5 512x384 6.79

0.25 256x192 3.39

0.17 174x131 2.31

0.1 102x77 1.36

Table 3.1. Image resolution and eye density for different scale factors, a fixed focal
length of 35 mm and a camera distance of 55 cm.

The feature detectors were implemented in MATLAB based on a blob
search by area, elongation and compactness. A blob is a region of an image
where all the pixels are very alike and the blobs that contain the pupil
and the glints have a certain range of area, elongation and compactness. A
similar approach was used in the work of Goni et al. [77]. The formulas of
elongation and compactness factor used are below:

elongation =
minor axis length

major axis length
, (3.8)
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Cropped BW Area Elongation Compactness

Fig. 3.7. Pupil detection process (above) and glint detection process (below) for the test
subject s2: First, the cropped eye area image is binarized with a double thresholding,
then a filtering by area, elongation and compactness is applied.

compactness factor =
area

perimeter2
. (3.9)

The process to detect the pupil centers and the glints is very similar.
The particularities are detailed later. First, the original image is cropped
to an area of interest to facilitate the search task. Then, the filtering is ap-
plied to a black and white image obtained by a binarization with a double
thresholding. The threshold values are optimized for the highest image res-
olution, where no scale is applied. In this case, the eye density is da = 13.58
pixels/mm (see Table 3.1). To detect the features at other eye densities,
the area thresholds are multiplied by the following factor:

factora =

(
drefa

da

)2

, (3.10)

where da is the current eye density of the images and drefa is the eye density
of the optimized threshold values. In some cases it has been necessary to
tune the threshold values of a certain scale factor by hand. This has been
done because the main objective here is to characterize and analyze the fde
based on the camera characteristics, and the effects of other factors such
as illumination and occlusion have been minimized.

The pupil is the first feature to be detected. In Figure 3.7, the process
that takes place to detect the pupil of the test subject s2 is illustrated.
First of all, the eye in the original image is detected and the region of
the eye is cropped. Then, the eye area image is binarized with a double
thresholding. After that, a filtering by area, elongation and compactness
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Fig. 3.8. Improved pupil detection process for the test subject s2. The center of each
row and column of the pupil blob is estimated excluding the rows and columns that are
in contact with the glints. Two lines are adjusted and the intersection is taken as the
improved pupil center.

is applied. The pupil center is the centroid of the resulting blob. Once the
pupil center has been detected, these coordinates are used to crop an image
that contains the glints. Figure 3.7 also shows the similar process that takes
place to detect the glints of the test subject s2. When the glint candidates
are more than two blobs, the distance between the coordinate y of the blobs
is used to filter them. The glint centers are the weighted centroids of the
two resulting blobs. The pupil center is further optimized with a similar
method as in Goni et al. [77]. The center of each row and column of the
pupil blob is estimated excluding the rows and columns that are in contact
with the glints. Two lines are adjusted and the intersection is taken as the
improved pupil center (see Figure 3.8).

Error calculation

When working with real test subjects and images, there is not any informa-
tion of the perfect feature coordinates. In this case, the estimated feature
coordinates in the highest resolution available, i.e., 1024x768 pixels, are
re-scaled to every resolution and used as ground truth values. For images,
MATLAB uses a spatial coordinate system called intrinsic coordinate sys-
tem. With this system, the intrinsic coordinates of the center point of any
pixel are the same as the column and row indexes for that pixel. This means
that the upper left corner of the image is located at coordinates (0.5, 0.5)
and not (0, 0). The formula to re-scale the coordinates from the original
image (x, y) to another scale factor sf (xsf , ysf ) is the following:

(xsf , ysf ) = ((x, y)− 0.5) · scale factor + 0.5. (3.11)

The fde for a certain scale factor sf is then approximated with the appro-
ximated fde (fde) as the difference between the estimated feature coordi-
nates in that scale factor and the computed ground truth values. The pde
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can be approximated as:

pdesf = pcsf − pcrefsf , (3.12)

where pdesf
(
pdex, pdey

)
sf

is the approximated pde (pde) in pixels for

scale factor sf , pcsf is the estimated pupil center position in pixels for

scale factor sf and pcrefsf is the re-scaled estimated pupil center position in
pixels of the highest resolution available (scale factor 1) to scale factor sf .
In the same way, the gde can be approximated with:

gdesf = crsf − crrefsf , (3.13)

where gdesf
(
gdex, gdey

)
sf

is the approximated gde (gde) in pixels for scale

factor sf , crsf is the estimated glint center position in pixels for scale factor

sf and crrefsf is the re-scaled estimated glint center position in pixels of the
highest resolution available to scale factor sf . The approximated PDE and
GDE (PDEsf and GDEsf ) can be calculated using the pdesf and gdesf
and Equation 3.6.

In the next section, the study with synthetic features is explained and
then, the results of both studies are presented in Section 3.2.3.

3.2.2 Feature detection error study with synthetic images

In this study, the accuracy of the feature detectors is analyzed with syn-
thetic images. The idea is to characterize theoretically the fde that exists
as a function of the eye density. The main source of error that has been an-
alyzed is the pixelization, which directly depends on the camera character-
istics and the camera distance. Another error that has also been considered
in the detection of the pupils is the overlapping of the glints. The reason
for taking into account this other source of error is that with the real eye
images, the implemented pupil detector is sensitive to the overlapping of
the glints with the pupils. Other sources of error such as partial occlusions
caused by the eyelids or undesired light reflection have not been considered
in the analysis. First, the synthesization of the features is explained in de-
tail; then, how the pupil and glint centers are detected; and finally, which
errors have been considered.

The features that are synthesized are the pupils and the glints. The eye
simulator from Böhme et al. [74] has been used to obtain the necessary
data to synthesize them. The same experimental setup from the previous
section has been reproduced with a camera with resolution 1024x768 pixels
and sensor size 4.8x3.6 pixels/mm. Usually, the two IR light sources are
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Fig. 3.9. IR light sources in the real setup.

sim1 sim2 sim3

s1 s2 s3

Fig. 3.10. Three synthetic pupils and three real pupils of three real test subjects for a
focal length of 35 mm and an image resolution of 1024x768 pixels.

simulated as single point lights. But this time, for synthesization purposes,
each of the IR light sources are implemented as an array of 8 point lights
arranged in a circle, which is more similar to the real setup (see Figure 3.9).
As the real test subjects can have different pupil sizes, three simulated
test subjects (sim1, sim2 and sim3) with different pupil sizes have been
implemented to evaluate if they have an effect on the fde. Figure 3.10
represents different synthetic pupils for focal length 35 mm. These can be
compared with real pupils of the three real test subjects which also appear
in the same figure. The three simulated test subjects have a corneal radius
of 7.98mm and a distance between the pupil and cornea centers of 4.44mm.
The simulated test subjects are positioned at a fixed working distance of 55
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focal length (pixels) da (pixels/mm)

35 13.58

26 10.08

17 6.59

9 3.49

6 2.33

3 1.16

Table 3.2. Eye density for different focal lengths, a fixed image resolution of 1024x768
pixels and a camera distance of 55 cm.

Fig. 3.11. Synthetic pupils of the simulated test subject sim3 (left) and real pupils of
the test subject s3 (right) looking at the 16 calibration grid points. The same eye area
in the 3D space of 12x12 mm is shown.

cm and calibration procedures with the same grids as in the experimental
setup are simulated. The screen is also 338x270 mm big with a resolution
of 1280x1024 pixels. In this fde study, a calibration procedure has been
simulated for different focal lengths from 35 mm down to 3 mm, instead of
modifying the image resolution as in the previous study with real images.
Table 3.2 shows the values of the eye density in pixels/mm for different
focal lengths. The eye density can be computed with Equation 3.3. The
procedures to create the pupils and the glints are detailed below.

The pupil and the glints have been synthesized by considering them
as isolated objects in the image to analyze the impact of the pixelization.
In total, data of 80 pupils and 160 glints have been saved, 1 pupil and 2
glints per grid point, from the 4x4 and 8x8 grids. Synthetic pupils of the
simulated test subject sim3 and real pupils of the test subject s3 looking
at the 16 calibration grid points are shown in Figure 3.11. The forms are
very similar.
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The features have been synthesized for every focal length. The procedure
is very similar for both features, each one based on different data output
from the simulator. To synthesize the pupils, the 23 pixels of the pupil
boundary are used; and to synthesize the glints, the 8 pixels of the glint
boundary coming from the 8 IR light sources which are arranged in a circle
are used. The pixels of the feature boundaries that the simulator outputs
are fitted to an elliptical expression. Given the quadratic form of an ellipse:

ax2 + 2bxy + cy2 + 2dx+ 2fy + g = 0, (3.14)

the unknown parameters a, b, c, d, f , g are determined with a fast and
accurate ellipse fitting technique based on least squares. These estimated
parameters are used to compute the center of the ellipse, the semi-major
and semi-minor axes and the angle of rotation. The center of the ellipse
(x0,y0) is given by

x0 =
cd−bf
b2−ac

,

y0 =
af−bd
b2−ac

,

(3.15)

the semi-major axis (a′) and semi-minor axis (b′) are

a′ =

√
2(af2+cd2+gb2−2bdf−acg)

(b2−ac)

[√
(a−c)2+4b2−(a+c)

] ,

b′ =

√
2(af2+cd2+gb2−2bdf−acg)

(b2−ac)

[
−
√

(a−c)2+4b2−(a+c)

] ,
(3.16)

and the angle of rotation is

φ =



0 for b = 0 and a < c;

π
2 for b = 0 and a > c;

1
2cot

−1
(
a−c
2b

)
for b 6= 0 and a < c;

π
2 + 1

2cot
−1
(
a−c
2b

)
for b 6= 0 and a > c,

(3.17)

which corresponds to the counterclockwise angle of rotation from the x-axis
to the major axis. Once all these parameters of the ellipse are available, the
synthetic feature image can be constructed. For each pixel, 400 points are
sampled and each point is checked to see if it lies within the ellipse. The
value of every pixel is the sum of the number of sampled points that belong
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35 26 17 9 6 3

Fig. 3.12. Synthetic pupils of the simulated test subject sim2 with different focal lengths
in mm for an eye area in the 3D space of 12x12 mm.

35

26

17

9

6

3

Fig. 3.13. Images of synthetic glints with different focal lengths for the same eye area
in the 3D space of 2x2 mm. Each row shows a set of glints for a different focal length.

to the ellipse. Given an arbitrary pixel in the camera image (px,py), it is
translated and rotated as follows:

Px = (px − x0) cosφ+ (py − y0) sinφ,

Py = − (px − x0) sinφ+ (py − y0) cosφ,
(3.18)

where (Px,Py) are the translated and rotated pixel coordinates, (px, py)
are the coordinates of an arbitrary pixel in the camera image, (x0, y0) the
center of the ellipse coordinates and φ the angle of rotation. The condition
that the pixel coordinates have to fulfill to lie within the ellipse is that:

P 2
x

a′
+

P 2
y

b′
≤ 1, (3.19)

where (Px, Py) are the translated and rotated pixel coordinates, a′ is the
semi-major axis and b′ is the semi-minor axis. Figure 3.12 shows the result-
ing synthetic pupils for the simulated test subject sim2 for different focal
lengths. The images of the synthetic pupils in this figure can be compared
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Fig. 3.14. Synthetic features of the simulated test subject sim2 (left) and real features
of the test subject s1 (right) when looking at the 16 calibration points.

with the real pupils in Figure 3.5, as they show the same eye area in the
3D space of 12x12 mm and correspond to similar eye densities (check Ta-
ble 3.1 and 3.2). Figure 3.13 shows images of synthetic glints with different
focal lengths for the same A of 2x2 mm. Each row shows a set of glints for
a different focal length (35, 26, 17, 9, 6, 3) starting in 35 mm above and
finishing with 3 mm below. The image quality of the glints decreases as the
eye density decreases. Furthermore, the forms of the glints for the different
focal lengths are very similar to the forms of the real glints shown in Figu-
re 3.6 that correspond to similar eye densities. Figure 3.14 shows synthetic
features of the simulated test subject sim1 and real features of the test
subject s1 when looking at the 16 calibration points. There is overlapping
of the glints with the pupils when looking at certain points.

Once the features have been synthesized, they can be detected. The
features have been detected for each of the focal lengths. Two methods
have been implemented to detect the pupils. The first method is applied
to evaluate the fde due to pixelization only and it considers the pupil and
the glints as isolated objects. The process to detect the pupil centers and
the glint centers is very similar. The images are first cropped for efficiency
purposes and then binarized with the graythresh function from MATLAB
based on Otsu’s method [85], which chooses the threshold that minimizes
the intraclass variance of the black and white pixels. In this case, a blob
search by area, elongation and compactness is not necessary as there is
only one blob in the image. The feature coordinates are the blob weighted
centroids. The second method considers the overlapping of the glints with
the pupils, therefore, it applies a similar method as in the real case, based
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on the work from Goni et al. [77]. Starting from the binarized image, the
center of each row and column of the pupil blob is estimated excluding the
rows and columns that are in contact with the glints. The pupil center is the
intersection of the two adjusted lines. In the next section, the calculation
of the different errors is detailed.

Error calculation

For the detection of the synthetic features, two different errors are calcu-
lated, the fde and the fde. This time, it is possible to compute the fde
because the information of the perfect coordinates is provided by the sim-
ulator.

The fde for a certain focal length f is calculated as the difference be-
tween the estimated feature coordinates in that focal length and the ground
truth values obtained from the simulator for that focal length. The pde can
be computed as:

pdef = pcf − pcf , (3.20)

where pdef (pdex, pdey)f is the pde in pixels for focal length f , pcf is the
estimated pupil center position in pixels for focal length f and pcf is the
perfect pupil center position in pixels for focal length f . In the same way,
the gde can be computed as:

gdef = crf − crf , (3.21)

where gdef (gdex, gdey)f is the gde in pixels for focal length f , crf is the
estimated glint center position in pixels for focal length f and crf is the
perfect glint center position in pixels for focal length f .

To calculate the fde, the estimated feature coordinates in the highest
focal length, i.e., 35 mm, are translated to every focal length and used as
ground truth values. The formula to transform the coordinates from the
original image (x, y) to another focal length f (xf , yf ) is the following:

(xf , yf ) =

(
(x, y)− 0.5− img res

2
+

img res

2
·
fref
f

)
· f

fref
+0.5, (3.22)

where img res is the image resolution and fref the highest focal length. The
terms 0.5 are used because MATLAB uses an intrinsic coordinate system
for images and the upper left corner of the image is located at coordinates
(0.5, 0.5) and not (0, 0).

The fde for a certain focal length f is then approximated as the dif-
ference between the estimated feature coordinates in that focal length and
the computed ground truth values. The pde can be approximated as:
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pdef = pcf − pcreff , (3.23)

where pdef
(
pdex, pdey

)
f
is the pde in pixels for focal length f , pcf is the

estimated pupil center position in pixels for focal length f and pcreff is the
transformed estimated pupil center position in pixels of the highest focal
length available which is used as reference to focal length f . In the same
way, the gde can be approximated as:

gdef = crf − crreff , (3.24)

where gdef
(
gdex, gdey

)
f
is the gde in pixels for focal length f , crf is the

estimated glint center position in pixels for focal length f and crreff is the
transformed estimated glint center position in pixels of the highest focal
length available to focal length f .

3.2.3 Results and evaluation

The results of the fde error studies with real and synthetic eye images are
evaluated in this section. The evaluation is based on three real test subjects
(s1, s2 and s3) and three simulated test subjects (sim1, sim2 and sim3).
As already explained in the previous sections, three different pupil sizes that
correspond to the pupil sizes of the real test subjects have been synthesized
(see Figure 3.10). The simulated test subject sim1 has the smallest pupil
size and sim3 the biggest one. Moreover, two pupil detector methods (m1,
m2) have been implemented for the synthetic features; m1 considers the
pupil as an isolated feature and it is only affected by the pixelization; and
m2 is similar to the pupil detector applied in the real pupils and it is also
sensitive to the overlapping of the glints.

First of all, the absolute pde and gde are presented and discussed and
the results of the two studies are compared. Then, the fde is characterized
and a re-size of the images is evaluated to increase the feature detection
accuracy. Finally, some preliminary gaze estimation errors are given.

Results and comparison

In this section, the results of the fde study with real and synthetic images
are presented. Both the pde and the gde have been analyzed. First, the
absolute fde values as a function of the eye density are shown. Then, the
approximate absolute fde are used to compare the real and the synthetic
results.
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Fig. 3.15. Mean absolute horizontal pupil detection error in the 3D space in µm as a
function of the horizontal eye density in pixels/mm for three simulated test subjects
using the methods m1 and m2 to detect the pupils.

Feature detection error

For the study with real images, the fde could not be obtained since the
perfect feature coordinates were not available. Therefore, only results based
on the synthetic images are evaluated.

The pde is evaluated as a function of the eye density for three different
simulated test subjects when using the methods m1 and m2 to detect the
pupils. Figure 3.15 shows the mean abs PDEx in µm as a function of the
horizontal eye density in pixels/mm. The mean abs PDEy and the SD
values are not shown because they are very similar to the mean abs PDEx

and they do not add extra information. As this happens for the other errors
too, the vertical components of the errors and the SD values are not shown
in the next figures. The relation between the mean abs PDEx and the eye
density is almost inversely proportional for the three test subjects and the
two methods. The mean absolute pde increases as the resolution of the eye
area decreases, as expected. This increase is even steeper as the eye density
gets smaller. In Figure 3.15, the graph on the right shows only the eye
densities over 3 pixels/mm to see that part with more detail. It helps to
see more clearly how the eye density affects the different pupil sizes and the
two applied pupil detectors. If the errors obtained with methodsm1 andm2
for the three test subjects are compared, it can be observed that the errors
are generally higher when applying method m2. This is reasonable because
with method m2 both sources of error (the pixelization and the overlapping
of the glints) are considered. The difference between errors increases as the
eye density decreases. According to the curves in Figure 3.15 where method
m1 is applied, the size of the pupil does not greatly influence the effect of the
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Fig. 3.16. Mean absolute horizontal glint detection error in the 3D space in µm as a
function of the horizontal eye density in pixels/mm for a simulated test subject.

pixelization. The effect starts to be more visible for horizontal eye densities
below 4 pixels/mm. However, when considering both the pixelization error
and the overlapping of the glints (method m2), the differences for the three
test subjects is evident for all the eye density values. These differences get
wider with lower values of the eye density, affecting the smaller pupils the
most. In the range from 3 to 13 pixels/mm represented in the right graph
of Figure 3.15) this is already clear, but in the range of 1 to 3 pixels/mm
shown on the left graph, the blue dashed line gets extremely high. For small
pupil sizes, there is a point where the glint or glints occupy a greater part
of the pupil and a proper pupil center detection is not possible with method
m2. Data from the test subject sim1 corresponding to focal length 3 (eye
density 1.16 pixels/mm) have been removed from Figure 3.15 and the next
figures, for this same reason.

The gde is also evaluated as a function of the eye density. Figure 3.16
represents the mean abs GDEx in µm as a function of the horizontal eye
density in pixels/mm for a simulated test subject. Only one test subject
is shown because the glints are synthesized in the same way for the three
simulated test subjects. In this figure, the same inverse proportionality as
in the previous figure can be observed. This time, as the glints are con-
siderably smaller than the pupils, the mean abs GDE values are higher;
although the increase in the error is more notable below 2.3 pixels/mm,
the mean error achieved for an eye density of around 3 pixels/mm (see
right graph of Figure 3.16) is already over 30 µm. The mean abs PDEx for
that same density when using method m1 was just below 15 pixels/mm.
The method m1 is the one considered for comparison because it considers
only the pixelization.
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Fig. 3.17. Mean absolute approximated horizontal pupil detection error in the 3D space
in µm as a function of the horizontal eye density in pixels/mm for three real test subjects
and three simulated test subjects using the method m2 to detect the pupils.

The figures shown until now are based on data from 80 pupils and 160
glints. With more data, the graphs would be smoother. In the next section
more data are used for the error characterization.

Approximated feature detection error

The approximated fde values are used for comparison between errors ob-
tained with the synthetic and real images. This is necessary because the
perfect feature coordinates are not available in the case of the real eye im-
ages. Only the method m2, the one that takes into account the overlapping
of the glints, is used for this comparison.

The mean abs PDEx in µm as a function of the horizontal eye density
in pixels/mm for three real test subjects and three simulated test subjects
using the method m2 to detect the pupils is represented in Figure 3.17. The
curves of the mean abs PDEx corresponding to the simulated test subjects
are very similar to the ones of the mean abs PDEx shown in Figure 3.15.
This happens because the value of the mean abs PDEx for the highest
resolution, the one used as reference to compute the approximated errors,
is very low (around 1.8 µm). In Figure 3.17, the curves of the simulated test
subjects have a very similar tendency to the ones of the real test subjects
that have a similar pupil size. Based on the synthetic and real data, it can
be concluded that the pupil size influences the effect of the pixelization and
the overlapping of the glints. Figure 3.17 shows how the errors are higher
for the test subject s1 with the smallest pupil size, followed by the test
subjects s2 and s3 and this also happens with the synthetic data. The test
subjects s2 and s3 are closer to the synthetic data than the test subject
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Fig. 3.18. Mean absolute approximated horizontal glint detection error in the 3D space
in µm as a function of the horizontal eye density in pixels/mm for three real test subjects
and a simulated test subject.

s1. The latter test subject is very affected by the overlapping of the glints,
especially at lower eye densities. It must be kept in mind that the control
over the environment conditions and sources of error in the real eye images
is limited. The real pupils get affected, not only by the pixelization and the
overlapping of the glints, but also by other sources of error such as partial
occlusions caused by the eyelids or undesired light reflections among others.
The differences between the synthetic and real curves are mainly caused by
all these other effects that are not modeled in the simulated test subjects.

Figure 3.18 shows the mean abs GDEx in µm as a function of the hori-
zontal eye density in pixels/mm for three real test subjects and a simulated
test subject. The curve of the mean abs GDEx is also very similar to the
one in Figure 3.16. In this case the value of the mean abs GDEx is 3.34
µm. The curves of the mean abs GDEx in Figure 3.18 are very similar for
all the real test subjects and they are also similar to the simulated values.
This makes sense, as the synthetic glints closely resemble the real ones. If
the GDE values are compared with the PDE values for the synthetic data
when method m1 is applied, these are generally higher. This is consistent
since the glints are smaller than the pupils. The mean GDE values rise
drastically below a certain value of the eye density. This happens when the
features are so small, that they are composed of a few pixels.

The fact that the approximated curves are similar for the real and
simulated test subjects does not mean that their fde values are similar.
The mean abs FDE curve can be approximated with the mean absFDE,
adding the value of the mean abs FDE at the highest resolution. Unfor-
tunately, this value is not available for the real data. From these results,
it can be concluded that both the real and synthetic data are affected by
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Fig. 3.19. Aleatory grid of 475 points.

the pixelization and the overlapping of the glints in the same way when the
eye density changes. In the next chapter, existent gaze estimation methods
are evaluated and a study is carried out to assess the impact of the fde
in the gaze estimation accuracy. In that study, which is also based on the
real and synthetic data from this one, it will be possible to analyze how
similar the real and synthetic fde values are. In the next section, the fde is
characterized.

Feature detection error characterization

One of the main objectives of the previous studies that have been carried
out in this chapter with real and synthetic images is to characterize the fde.
For this reason, it is important to determine the error distribution shape
as well as the mean and the SD values of the fde. In the previous section,
the error has been quantified with absolute error values, but now, the fde
values with sign are used. Until now, the synthetic results were based on
data from 80 pupils and 160 points, coming from the grids used with the
real test subjects. These are not enough data for a good approximation of
the error distribution. Therefore, features have been synthesized using a
bigger grid size (see the aleatory grid of 475 points represented in Figu-
re 3.19). A calibration procedure with so many grid points would be a hard
task to perform with real people; this type of flexibility that the simulated
environment provides is a great advantage.
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Fig. 3.20. Discrete probability distribution of the horizontal pupil detection error in
the eye image using the methods m1 and m2 to detect the pupils and of gdex for the
simulated test subject sim2 for the different focal lengths. To compute the densities 475
aleatory grid points have been used.

Given that the error to characterize is a measurement error, a Gaussian
distribution with zero mean can be expected. This assumption is validated
with both synthetic and real data.

Firstly, the Gaussian distribution of pde and gde is validated with syn-
thetic data. The discrete probability distributions of pdex using the methods
m1 and m2 to detect the pupils and gdex for the simulated test subject
sim2 are shown in Figure 3.20. In this figure, the pdex and the gdex discrete
probability distributions for different focal lengths are represented based on
475 aleatory grid points. The pdex discrete probability distributions of the
other simulated test subjects, as well as the pdey and gdey values are not
shown because they present a similar distribution shape. In general, the
curves of the fde follow a Gaussian distribution with approximately zero
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Fig. 3.21. Discrete probability distribution of the approximated horizontal pupil detec-
tion error and the glint detection error in the eye image for the test subject s2 for the
different scale factors. To compute the densities 1200 pupils and 2400 glints have been
used.

mean and certain deviation. In the case of the pde, the mean is translated
slightly to the right. This could be due to the limited number of samples
and a bigger number than 475 samples might be necessary to converge to
a zero mean. The shape of the error distribution of the gdex for the lowest
focal length is no longer so similar to a Gaussian distribution. When the
number of pixels in the features gets too small, the error distribution shape
begins to look more like a uniform distribution. Looking at the three graphs
in Figure 3.20, the shape of the error distribution is narrow for the higher
focal lengths and flattens as the focal length decreases. In the case of the
gdex, the error distribution of focal length 9 mm in blue does not follow this
exact order. If more samples were to be used, the relation between the gde
and the eye density would be smoother. However, it must be remembered
that the real impact is described by the FDE and not the fde; the values
of fde are multiplied by the inverse of the eye density.

Secondly, the Gaussian distribution of the pde and gde is validated with
real data. In the case of the real data, 15 frames were captured per grid
point, adding up to 1200 frames (1200 pupils and 2400 glints). Figure 3.21
shows the discrete probability distribution of the pdex and the gdex for
the test subject s2 for the different scale factors. The discrete probability
distributions of the pdey and the gdey present a similar shape and the dis-
tribution shape is also very similar for all the other test subjects. Based
on Figure 3.21, the fde follows a Gaussian distribution with approximately
zero mean for both the pupils and the glints. The shape of the error distri-
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Fig. 3.22. Mean and SD horizontal pupil detection error in the eye image in pixels as
a function of the horizontal eye density in pixels/mm for three simulated test subjects
using the methods m1 and m2 to detect the pupils.
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Fig. 3.23. Mean and SD horizontal glint detection error in the eye image in pixels as a
function of the horizontal eye density in pixels/mm for a simulated test subject.

bution is narrow for the higher focal lengths and flattens as the focal length
decreases, as it happened with the synthetic data. Note that the discrete
probability distribution for scale factor 0.1 (eye density 1.36 pixels/mm) is
not shown because the glints were so small that the glint detection method
did not manage to detect them for many of the frames. Although further
improvements of the glint detection are possible, it is out of the scope of
this study to implement the optimal image processing algorithms.

After validating the distribution of the fde, the error characterization
is accomplished with synthetic data. Both, the pde and the gde are charac-
terized with a Gaussian noise with mean and SD values that depend on the
eye density. Figure 3.22 and 3.23 represent the mean and SD values of the
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pdex and the gdex, respectively. The pdey and gdey values are not shown
because they are very similar to the pdex and the gdex. Figure 3.22 shows
themean pdex and the SD pdex in pixels as a function of the horizontal eye
density in pixels/mm for three simulated test subjects using the methods
m1 and m2 to detect the pupils. These graphs show how the SD of the pde
is almost constant below 0.1 pixels for a wide range of eye density values
and how below a certain value, the SD begins to increase. This explains the
behavior of the PDE graphs that were shown previously; how the relation
between the PDE was almost inversely proportional and how the increase
was steeper for lower eye densities. Remember that the PDE is related
to the pde with the eye density (see Equation 3.6). Figure 3.23 represents
the mean gdex and the SD gdex in pixels as a function of the horizontal
eye density in pixels/mm for a simulated test subject. The behavior of the
gde is similar to the pde. The SD gde values are slightly higher than the
SD pde, but they are also below 0.1 pixels for most of the eye densities.

Considering the values of the SD that have been obtained with the syn-
thetic study, the value of 0.5 pixels that was used in the previous published
research work [83, 84] can be regarded as over-estimated. The feature de-
tection error that it has been characterized only considers as main sources
of error the pixelization and the overlapping of the glints. The SD value of
0.1 pixels is certainly a realistic value that has already been used in other
works such as in Guestrin and Eizenman’s work [82]. However, further a-
nalysis should be done to investigate other sources of error.

Re-size to increase feature detection accuracy

The fde has been characterized and it has been shown that the lower eye
densities are the ones to suffer the most from the pixelization noise and
the overlapping of the glints. When working with images captured by a
webcam, low resolution images can be expected, where the eye density
is low. Fu et al. [86] propose a re-size of the images with a 2D bilinear
interpolation to improve the accuracy of the feature detectors. The re-size
of an image increases artificially the eye density of the image, therefore, an
accuracy improvement can be expected. This improvement is demonstrated
in this section with synthetic pupils and glints. The features have been
re-sized with a factor 8 before applying the feature detection algorithms.
Figure 3.24 shows the SD pdex and the SD gdex in pixels as a function
of the horizontal eye density in pixels/mm for the simulated test subject
sim1 with and without re-size. The method m2 was used to detect the
pupils. The simulated test subject sim1 is chosen because it is the test
subject with the smallest pupil size and the most affected by the fde. The
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Fig. 3.24. SD horizontal pupil and glint detection error in the eye image in pixels as a
function of the horizontal eye density in pixels/mm for the simulated test subject sim1
with and without re-size. The method m2 was used to detect the pupils.
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graphs in Figure 3.24 demonstrate that a re-size improves the accuracy of
the feature detectors.

Preliminary gaze estimation errors

In this section, preliminary gaze estimation errors are calculated from the
pde values using a simple eye model. If the simple eye model of Figure 3.25
is considered, a preliminary angular gaze estimation error (ε) can be calcu-
lated with the following relation:

tan ε =

∣∣PC−PC
∣∣

h
=

PDE

h
, (3.25)

where ε(εx, εy) is the ε in degrees, PC is the 3D pupil center, PC is the
estimated 3D pupil center, PDE is the PDE and h is the distance between
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Fig. 3.26. Preliminary mean horizontal angular gaze estimation error in degrees as a
function of the horizontal eye density in pixels/mm for three simulated test subjects
with methods m1 and m2 to detect the pupils.

the pupil and cornea centers which is set to 4.44 mm. The εED is computed
with the norm of ε. Its units are also degrees. The resulting mean εx in
degrees as a function of the horizontal eye density in pixels/mm for three
simulated test subjects with the methods m1 and m2 to detect the pupils
are shown in Figure 3.26. The mean εy and the SD values are not shown
because they are very similar. The εED values obtained are consistent with
the fde values; the higher fde values, higher mean εx. The preliminary
angular gaze estimation accuracy decreases as the eye density is reduced
and the effect of the pixelization and the overlapping of the glints affects
more the users with a smaller pupil size.

3.3 Design guidelines

In this section, some guidelines are given that can facilitate the process of
designing an eye tracker. These are general guidelines that can be parti-
cularized to any gaze estimation method. In this case, they are based on
preliminary gaze estimation errors that are not related to any gaze estima-
tion method in particular.

In the previous sections, the fde has been characterized as a function
of the eye density and values of ε have been given as a function of the
eye density. The ε can be then related to the fde directly. This way, the
FDE becomes a parameter of the design and the gaze estimation accuracy
does not depend on any specific design parameters. Figure 3.27 represents
the mean εED in degrees as a function of the mean abs PDEx in µm
for three simulated test subjects using the methods m1 and m2 to detect
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Fig. 3.27. Preliminary mean Euclidean angular gaze estimation error in degrees with the
mean absolute horizontal pupil detection error in the 3D space in µm for three simulated
test subjects using the methods m1 and m2 to detect the pupils.

the pupils. This relation has been created using the data from Figure 3.26
and Figure 3.15. The PDE was chosen to create the graphs. All the lines
represented in the graphs follow approximately the same path. From these
results, it can be determined that the relation between the GAE and the
FDE is directly proportional. The gaze estimation accuracy represented in
Figure 3.27 does not depend on any specific design parameters. If a cer-
tain gaze estimation error is desired, any specific detector that achieves the
required FDE can be used. The requirements of a particular feature detec-
tor, given the FDE, will depend on the characteristics of the eye tracking
setup, i.e., on the eye density (see Equation 3.6). If the eye density is low, it
is more challenging to implement the adequate feature detector to achieve
high gaze estimation accuracies. Furthermore, given a particular feature
detector with for example a SD fde of 0.1 pixels, it requires certain eye
density to provide the required FDE (see Equation 3.6). Based on this the
characteristics of the eye tracking setup can be designed. The eye density
is independent of a particular hardware setup in such a way that different
combinations of focal length, image resolution, sensor format and camera
distance can give the same eye density. The eye density is determined by
all these parameters with Equation 3.3. From a design point of view, a gaze
estimation error can be chosen and then, the setup can be designed as long
as the necessary eye density is obtained. Depending on the requirements of
the eye tracking system to be designed, the parameters that determine the
hardware setup can be different.

As an example, the necessary pixel size for a certain focal length is given
to achieve different εED. Let us define the pixel sizex as:
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Fig. 3.28. Combinations of focal length and pixel size to achieve a certain preliminary
mean Euclidean angular gaze estimation error for the simulated test subject sim1 using
the method m2 to detect the pupils at a camera distance of 55 cm.

pixel sizex =
sensor sizex

image resolutionx
, (3.26)

where pixel sizex is given in mm/pixel, the sensor sizex is given in mm
and the image resolutionx is given in pixels. The pixels considered here
are square pixels, therefore, the pixel sizey can also be computed from the
y coordinates in the same way. Given a certain standard camera distance,
different combinations of focal length and pixel size can be used to achieve
a certain mean gaze estimation accuracy. The data from from Figure 3.26
of the simulated test subject sim1 using method m2 to detect the pupils
and the Equations 3.2 and 3.26 are used to create the graph shown in
Figure 3.28. This graph shows the different possible combinations of focal
length and pixel size, for a camera distance of 55 cm to achieve a mean εED

of 0.10◦, 0.15◦, 0.20◦, 0.31◦, 0.56◦, 1.02◦ and 1.96◦. For smaller focal lengths,
the required pixel size is very small; so small that nowadays it is not feasible.

The data from Figure 3.27 and Equations 3.2, 3.6 and 3.26 can be used
to design an eye tracking system with a large range of HM with a certain
gaze estimation accuracy.



4

Evaluation and study of existent gaze estimation
methods when using a webcam

The evaluation and study of the existent gaze estimation methods are very
relevant in this thesis. It is important to evaluate thoroughly the eye track-
ing systems which are used to assess what the strengths and the weaknesses
are; it can help to propose enhancements or give ideas to build new ones. In
this chapter, the analysis focuses on the accuracy and the robustness to HM
of gaze estimation methods. In general, to test an eye tracking system is not
an easy task, as it can be time-consuming and very tiring for the test sub-
jects. Thanks to the contribution of researchers such as Villanueva [87] and
Böhme et al. [74], who have studied the geometry of eye tracking systems,
it is possible to simulate the user studies necessary to evaluate many of the
eye tracking systems that exist; this permits to give answers to different
research questions. Some of the limitations of eye trackers are well-known
before hand, but with the software framework from Böhme et al. [74] they
can be analyzed in depth.

The main methods which are analyzed are: three regression-based me-
thods and one model-based method. These methods are described in detail
in the first section. In the following sections, different matters related to the
performance of eye tracking systems are analyzed. First of all, the impact
of the fde in the gaze estimation accuracy as a function of the new defined
eye density is studied. The eye density was defined in Section 3.2. This
study is based on the data and the results from Section 3.2 about accuracy
of feature detectors. Then, a static and dynamic analysis are carried out
to evaluate and compare the different presented methods. These analysis
are based on simulated data and to approximate better the errors in a real
situation, a Gaussian noise with zero mean and SD 0.1 pixels is added to
the feature coordinates. Although in other research studies comparison be-
tween gaze estimation methods can be found, they are usually limited to a
certain range of HM. In this work, thanks to the software framework from
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Fig. 4.1. Tracking features: the pupil and glint centers.

Böhme et al. [74], the range of HM analyzed is very large. To end with,
a good way to describe the performance of eye trackers is discussed. The
mean and SD gaze estimation errors are generally used to characterize the
accuracy and precision of gaze estimation methods; and the question is if
these values are enough to describe their performance. Also, the gaze esti-
mation error behavior within the display of the evaluated gaze estimation
methods is analyzed.

4.1 Evaluated methods

This thesis is mainly focused on the study of regression-based methods, par-
ticularly polynomial regressions. They are simpler to construct compared to
model-based methods and they achieve similar accuracies as model-based
methods [33]. A thorough evaluation of polynomial regressions is carried
out and the accuracies are compared with a basic model-based method.
These methods are explained in detail below.

4.1.1 Polynomial regressions

Polynomial regressions are largely used in many commercial systems and
research prototypes. One of the main advantages of polynomial regressions
is that they do not require a hardware calibration. Regressions based on
polynomial functions describe the PoR as a function of image features and
a set of unknown coefficients which are determined with a user calibration.
The coefficients are calculated by a numerical fitting process such as the
least squares method. Multiple regressions are used when there is more
than one explanatory variable, which is the case of estimating the PoR.

The PoR calculation is done using two polynomial functions, one for
calculating the x coordinate and the other one for the y coordinate, so that
each coordinate (PoRx, PoRy) is mapped independently. These polynomial
functions, when applied to gaze estimation, are generally called polynomial



4.1 Evaluated methods 69

Fig. 4.2. Monocular eye tracking system diagram: the captured image is processed to
find the eye. The tracking features (TF ) are detected. Then, the mapping features (F )
are computed and an estimation of the PoR is performed.

mapping functions and they represent the mapping between the screen co-
ordinates and the mapping features (F ). The mapping features are derived
from the tracking features (TF ), which are the extracted eye features. Typi-
cal eye features are the pupil centers and the glint centers (see Figure 4.1).
In Figure 4.2, a monocular eye tracking system diagram is represented. The
captured image is processed first to find the eye. The tracking features are
detected and then the mapping features are computed to estimate the PoR.
In monocular systems, only information of one eye is used.

There are three fundamental aspects to design a polynomial mapping
function for gaze estimation: the degree of the polynomial, the number of
terms and the selection of the mapping features to use as input. The general
expression of the polynomial mapping system used is:

PoRxi = kx0 + kx1fxi1
+ kx2fxi2

+ · · ·+ kxpfxip

PoRyi = ky0 + ky1fyi1 + ky2fyi2 + · · ·+ kytfyit ,

(4.1)

where PoRxi and PoRyi represent the i-th observation of the PoR in screen
coordinates with i = 1, . . . , n, fxi1

, fxi2
, . . . , fxip

and fyi1 , fyi2 , . . . , fyit are
the i-th observations of the mapping features and kx0 , kx1 , . . . , kxp and
ky0 , ky1 , . . . , kyt are the parameters or regression coefficients which are un-
known and to be determined with a user calibration. As it can be observed
in Equation 4.1, the mapping features to estimate the coordinate x and y
of the PoR do not necessarily have to be the same. Each coordinate can
depend on a different set of independent variables. When working with a
binocular system, there is a mapping system per eye. Equation 4.1 can also
be written in matrix form as:

PoRx = Kx · Fx,

PoRy = Ky · Fy,
(4.2)
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where PoRx and PoRy represent the PoR in screen coordinates and Fx and
Fy are the mapping feature or input variable matrices. Kx and Ky are the
coefficient matrices which are unknown and to be determined with a user
calibration. When the set of mapping features is the same to estimate the
coordinate x and y of the PoR, the system representation can be simplified
to:

PoR = K · F, (4.3)

where PoR(PoRx, PoRy) represents the PoR in screen coordinates and F
is the mapping feature or predicted variable matrix. K is the coefficient
matrix which is unknown and to be determined with a user calibration.

The method used for the determination of the regression coefficients is
the method of least squares. A data set of observations is required to be
able to apply this method: {PoRxi , PoRyi , fxi1

, . . . , fxip
, fyi1 , . . . , fyit}

n
i=1.

To obtain this observation data set a user calibration is needed. This is
a procedure where the user has to look at different known points from a
calibration grid. The data obtained from this procedure are used to solve the
unknown generic coefficients, i.e., Kx and Ky of the polynomial expressions
by using least squares. Depending on the number of mapping features used,
a minimum of points (equal to the number of unknowns) is required to be
able to solve the regression equations completely.

As it has already been mentioned, polynomial regressions are largely
used. In many commercial systems and research prototypes, a complete
second degree polynomial mapping function [12] is employed:

(
PoRx

PoRy

)
= K



1
vx
vy
v2x
v2y
vxvy

 , (4.4)

where PoRx and PoRy represent the PoR in screen coordinates, vx and vy
are the mapping features and K is the coefficient matrix which is unknown
and to be determined with a user calibration. This polynomial mapping
function is used in this chapter to compare the gaze estimation methods
because it is widely applied and because it is claimed that the degree of
the polynomial and the number of terms does not significantly affect the
system accuracy [35, 36].

The other important aspect to design a polynomial mapping function
is the mapping features. Three different mapping features have been eval-
uated. The general designation for the mapping features used is v and the
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mapping features that rely on the glints are designated with ϑ. The most
basic mapping feature vB

(
vBx , vBy

)
is based on the pupil center:

vB = pc, (4.5)

where pc (pcx, pcy) represents the image coordinates of the pupil center.
This mapping feature is only valid at the calibration position and it is not
used in practice as it is not very robust. Nevertheless, it is analyzed.

The most popular mapping feature is based on a combination of the
pupil center and the glints, the pc-cr vector:

ϑ0i = pc− cri, (4.6)

where ϑ0i is the pc-cr vector based on the glint i with i ∈ {1, 2},
pc (pcx, pcy) represents the image coordinates of the pupil center and
cri
(
crix , criy

)
represents the image coordinates of the glint i (see Figu-

re 4.1).
Gaze estimation algorithms that require calibration usually lose accu-

racy as the user moves from the position where the calibration takes place.
Morimoto and Mimica [12] showed that the pc-cr vector is not robust to
HM in the different axes and that the HM perpendicular to the screen and
the camera affect the accuracy the most. Cerrolaza et al. [35, 36] propose
the normalization of the pc-cr vector with the inter-glint distance to provide
robustness to HM. This normalization factor requires a system with two IR
light sources. The proposed mapping feature by Cerrolaza et al. [35, 36] is:

ϑai =
pc− cri

‖cr1 − cr2‖
, (4.7)

where ϑai is the normalized pc-cr vector based on the glint i with i ∈
{1, 2}, pc (pcx, pcy) represents the image coordinates of the pupil cen-
ter, cri

(
crix , criy

)
represents the image coordinates of the glint i and

‖cr1 − cr2‖ is the inter-glint distance. Hennessey and Lawrence [38] also
propose a scaling correction based on a multiple glint and point-pattern
matching to provide this robustness. However, this normalization factor
requires a system with more than two IR light sources. Considering the
mapping feature ϑai , the average normalized pc-cr vector ϑa proposed by
Cerrolaza et al. [35, 36] is the average of the mapping features ϑa1 and ϑa2 :

ϑa =
1

2
(ϑa1 + ϑa2) , (4.8)

where ϑa1 is the mapping feature ϑai corresponding to cr1 and ϑa2 is the
mapping feature ϑai corresponding to cr2.

After having explained the polynomial regressions in detail, the model-
based method chosen for comparison is presented.



72 4 Evaluation and study of existent gaze estimation methods when using a webcam

Fig. 4.3. Eye model. The cornea is considered as a sphere with center in C and corneal
radius rc. The pupil is a circle with center PC and the distance between the pupil and
cornea centers is h. The angular offset between the optical and visual axes is (α, β).

4.1.2 Model-based method

The evaluated model-based method is based on a 3D model of the eye and
3D models of all the components of a fully-calibrated eye tracking system.
In a fully-calibrated system, there is knowledge of the setup geometry, i.e.,
the relative positions of the camera, the screen and the IR light sources are
known. Usually, a hardware calibration is required to calculate the relative
positions of the components, but these distances are considered known in
this work. The camera is modeled with the pin-hole camera model and the
eye model used (see Figure 4.3) is similar to the eye model used by other
researchers [17, 82, 16, 88].

The cornea is considered as a sphere with center in C and corneal radius
rc. The pupil is a circle with center PC and the distance between the pupil
and cornea centers is h. Both the cornea center C and the pupil center
PC belong to the optical axis of the eyeball. The values of rc and h are
subject specific and they are parameters of the eye model. The optical axis
is different from the line of sight (LoS). The visual axis which connects the
fovea and the cornea center can be considered as a good approximation
of the LoS. The fovea is a small area with a diameter of approximately
1.2◦ located in the retina which is composed of a very high density of
cones. These cones provide high detailed visual discrimination. There is
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an angular offset between the optical and visual axes with horizontal and
vertical components which are subject specific. The vertical component α is
smaller and it is considered known and set to 2◦. The horizontal component
β is a parameter of the model. The values of the three parameters of the
eye model, rc, h and β are estimated with a one-time user calibration.

There are different steps to estimate the PoR. First, the cornea center
C is estimated based on the positions of the glints cr1 and cr2 and the
estimated corneal radius rc. Then, the pupil center PC is estimated based
on the cornea center C and the estimated distance between the pupil and
cornea centers h. Once these two values are available, the optical axis can
be defined as the vector from the center of the cornea C to the center of
the pupil PC. The visual axis is computed using the estimated angular
offset β and finally, the PoR is the intersection between the visual axis
and the screen plane. Below, the cornea center estimation, the pupil center
estimation and the rc, h and β calibration are explained in more detail.

Cornea center estimation

The cornea center C can be estimated from the image positions of the
glints cr1 and cr2, the positions of the light sources L1 and L2, the corneal
radius rc and the origin of the camera coordinate system O. The corneal
radius rc is estimated with a user calibration and it will be explained later.
According to the law of reflection, the light source Li with i ∈ {1, 2}, the
incident ray, the reflected ray and the normal vector of the reflection surface
at the incident point CRi of light i are coplanar. For each light source i,
the incident ray contains Li and CRi, the reflected ray contains CRi, O
and cri and the normal vector contains the cornea center C. In conclusion,
Li, CRi, C, O and cri are coplanar.

The method which has been used to estimate the cornea center is the
one from Hennessey et al. [16]. It defines an auxiliary coordinate system
(X̂i, Ŷi, Ẑi) for each of the light sources in such a way that all these coplanar
points lie in the X̂i − Ẑi plane. To transform the points from the world
coordinate system to the auxiliary coordinate system, the rotation matrix
Ri is applied. In this auxiliary coordinate system, the cornea center Ĉi can
be defined as a function of a single unknown parameter. The geometry of
the system in the auxiliary coordinate system is represented in Figure 4.4.
In this auxiliary coordinate system, the cornea center Ĉi can be defined as
a function of a single unknown parameter, the CRix , as follows:



74 4 Evaluation and study of existent gaze estimation methods when using a webcam

âi
ái

f /2if /2i

o

hi

 ||L  - O||i
iY

Ù

icr
Ù

iZ
Ù

iCR
Ù

iX
Ù

iC
Ù

Fig. 4.4. Geometry of the system in the auxiliary coordinate system.

 Ĉix

Ĉiy
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CRix − rc · sin

(
αi−βi

2

)
0

CRix · tanαi + rc · cos
(
αi−βi

2

)
 (4.9)

where

cosαi =
(O− cri) · (Li −O)

‖O− cri‖ · ‖Li −O‖
, (4.10)

and

tanβi =
CRix · tanαi

Lix − CRix

. (4.11)

The cornea centers Ĉ1 and Ĉ2 are then transformed back to the world
coordinate system:

Ci = R−1
i · Ĉi, (4.12)

resulting in a set of three equations and four unknowns per light source i.
In the world coordinate system, the cornea center is unique so

C1 = C2. (4.13)

This last constraint means three more equations, resulting in 9 equations
and 8 unknowns. C is solved numerically applying a gradient descent algo-
rithm.
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Pupil center estimation

For the pupil center estimation, a very simple method has been imple-
mented. In this method, the pupil in the image consists of a simple pro-
jection of the 3D pupil. Assuming affine projection, the center of the pupil
in the image plane pc is the image point of the 3D pupil center PC. The
center of the pupil pc is back-projected resulting in a ray with origin pc
which contains the origin of the camera coordinate system O and the pupil
center PC. Adding the constraint that the distance between the pupil and
cornea centers is h:

‖C−PC‖ = h, (4.14)

the PC can be obtained from the intersection with a sphere of radius h
around the cornea center C.

rc, h and β calibration

The model parameters can be estimated with a one-time user calibration.
The user calibration procedure is similar to the one from Villanueva and
Cabeza [88] which consists of a user looking at certain known positions
on the screen. Given the values of the model parameters, the PoR can be
estimated. The values of rc, h and β are solved numerically applying a
gradient descent algorithm that minimizes the difference between the PoR
(PoR) and the estimated PoR (PoR). Although the number of points
required to calibrate rc, h and β is only one [22], the more points, the
higher the accuracy. In this work, the same number of calibration points
has been used for all the evaluated gaze estimation methods.

4.2 Study of the impact of the feature detection noise in
gaze estimation accuracy

The accuracy of feature detectors is something very relevant in feature-
based methods, for both model-based and regression-based methods, be-
cause it highly affects the gaze estimation accuracy. The framework from
Böhme et al. [74], which is frequently used in the eye tracking field [38, 36],
does not consider the error that occurs when detecting the different fea-
tures. It does permit to introduce certain noise in the camera but the feature
detection noise is not characterized, i.e., there is no knowledge of the error
distribution shape and the mean and SD values. The feature detection noise
was analyzed in Section 3.2 based on real and synthetic features and the
results show that the accuracy of feature detectors depends on the camera
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characteristics and the camera distance. The fde was characterized as a
function of the eye density. This is a new term which was defined as the
image eye area resolution per mm with Equation 3.3 in the previous chap-
ter. The results show that the distribution of the feature detection noise
can be approximated with a Gaussian noise with zero mean and certain SD
that depends on the eye density.

The impact of the camera characteristics in the accuracy of gaze esti-
mation methods in terms of the feature detection noise is analyzed in this
section. There are four gaze estimation methods that are evaluated and that
were introduced in the previous section: three polynomial regressions and
one model-based method. All the methods include IR light, consequently,
both the pde and the gde are considered.

First of all, the feature detection noise characterization is examined
and validated for one of the polynomial regressions under study. Besides
analyzing the impact of the feature detection noise in the gaze estimation
accuracy of the method, the main aim is to validate the approximation
of the feature detection noise with a Gaussian noise with zero mean and
certain SD. Once the validation has been performed, the feature detection
noise can be added to the simulated eye tracking system by applying the
Gaussian noise to the perfect feature coordinates. To end with, the impact
of the feature detection noise in the gaze estimation accuracy is analyzed
for all the methods under analysis.

4.2.1 Analysis and validation of the previous feature detection
error characterization

This section analyzes and validates the characterization of the accuracy of
feature detectors as a function of the eye density which was presented in
Section 3.2. In order to do this, one of the polynomial regressions under
study, the one based on the mapping feature ϑa has been chosen. The
mapping function used is a complete second degree polynomial for both
PoR components.

The analysis is based on the same real and synthetic features as in
Section 3.2. The image synthetization is explained in detail in Section 3.2.2.
There are three test subjects (s1, s2, s3) and three simulated test subjects
(sim1, sim2, sim3); s1 and sim1 with the smallest pupil sizes and s3 and
sim3 with the biggest ones. For the synthetic pupils, two pupil detector
methods (m1, m2) have been implemented; the method m1 considers the
pupil as an isolated feature and it is only affected by the pixelization; and
the method m2 is similar to the pupil detector applied in the real pupils
which is also sensible to the overlapping of the glints. The hardware setup
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Fig. 4.5. Mean horizontal angular gaze estimation error in degrees as a function of the
horizontal eye density in pixels/mm for three simulated test subjects using the methods
m1 and m2 to detect the pupils.

used is the same in the simulated and real environment and it is based on
the eye tracking system SHAKTI. As a reminder, it consists of a camera
with resolution 1024x768 pixels and sensor size 4.8x3.6 pixels/mm. The
screen is 338x270 mm big with a resolution of 1280x1024 pixels. The 4x4
calibration and 8x8 test grids are shown in Figure 2.6 and 2.7. The working
distance is 55 cm. For any further details, check Section 3.2.

Firstly, the gaze estimation accuracy of all the simulated test subjects
is evaluated as a function of the eye density and compared with the pre-
liminary gaze estimation errors from Section 3.10. Secondly, a comparison
between the effect of using the methods m1 and m2 in the gaze estima-
tion accuracy is carried out for one of the simulated test subjects. Thirdly,
the gaze estimation accuracy when using the synthetic features using the
method m2 to detect the pupils is validated with real data. Finally, the fde
characterization with a Gaussian noise with zero mean and certain SD is
validated for one of the simulated test subjects.

In the previous chapter, preliminary gaze estimation errors as a func-
tion of the eye density were given based on a simple eye model. These
preliminary gaze estimation errors can be now compared with the gaze es-
timation errors obtained when applying the polynomial regression based
on the mapping feature ϑa. Both errors were computed with the pde based
on the synthetic data, but for the gaze estimation errors of the polyno-
mial regression, the gde values are also used. Figure 4.5 shows the resulting
mean horizontal GAE (mean GAEx) in degrees as a function of the hori-
zontal eye density in pixels/mm for three simulated test subjects with the
methods m1 and m2 to detect the pupils. The mean GAEy and the SD
values are not shown because they are very similar. From now on, if the
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Fig. 4.6. Mean Euclidean gaze estimation error in mm as a function of the horizontal
eye density in pixels/mm for the simulated test subject sim1 using the methods m1 and
m2 to detect the pupils.

SD values are not shown is because they are similar. The relation between
the gaze estimation error and the eye density is approximately inversely
proportional for all the curves. The obtained mean GAE increases when
the fde gets bigger; this happens when the resolution of the eye area de-
creases. For a fixed image resolution and sensor format, this means that the
accuracy of the gaze estimation decreases significantly as the focal length
decreases. The preliminary gaze estimation errors shown in Figure 3.27 also
present the same type of curves, but the values of mean GAEx in Figure 4.5
are in general higher than the values of εx. These differences are due to the
fact that the preliminary errors consider only the pde, and the mean GAEx

takes into account both the pde and the gde. Note also that the preliminary
gaze estimation errors are based on a simplified eye model.

To compare the effect of using the methods m1 and m2 to detect the
pupils, the data of only one of the simulated test subjects are used. Figu-
re 4.6 represents the mean geED in mm as a function of the horizontal eye
density in pixels/mm for the simulated test subject sim1 using the me-
thods m1 and m2 to detect the pupils. The effect of the pixelization error
and the overlapping of the glints is most visible for low eye densities; the
gaze estimation errors are higher when using the method m2 than when
using the method m1. Below 1.9 pixels/mm, the errors are extremely high.
The values of mean geED of the simulated test subjects sim1 and sim2 for
the minimal eye density are excluded from the graph for this reason. Ho-
wever, after approximately 3 pixels/mm, there are slight differences and
after approximately 7 pixels/mm, these sources of error can be ignored.
From now on, the method considered to detect the synthetic pupil centers
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Fig. 4.7. Mean Euclidean gaze estimation error in mm as a function of the horizontal
eye density in pixels/mm for three test subjects and three simulated test subjects using
the method m2 to detect the pupils.

is the method m2 as it is more realistic and the gaze estimation errors
approximate better the actual values.

A validation of the gaze estimation errors based on synthetic features
is performed with real data. Figure 4.7 shows the mean geED in mm as a
function of the horizontal eye density in pixels/mm for three test subjects
and three simulated test subjects using the method m2 to detect the pupils.
The errors of the real data are generally higher than the errors obtained
with the synthetic data. Some differences could be expected, given that the
only sources of errors that have been considered are the pixelization and the
overlapping of the glints. With this graph, it is clear that there are other
sources of error that also affect the accuracy of gaze estimation errors that
should also be taken into account. These possible effects such as partial
occlusions caused by the eyelids or undesired light reflection are left for
further research. The mean geED values of the test subject s1 represented
in Figure 4.7 are in general higher than the errors of the other test subjects.
The reason is that the pupils of that test subject are the smallest and the
pupil centers are harder to detect accurately. For the eye density of 3.4
pixels/mm in particular, the pupil detector has issues with the overlapping
of the glints. A more accurate pupil detector could be implemented that
computes an adaptive pupil center [77] instead of excluding the rows and
columns that are in contact with the glints.

Although the errors are lower with the synthetic subjects, the curves
are relatively similar. The fde does not affect the gaze estimation errors
significantly for a wide range of focal lengths. However, below an eye den-
sity of approximately 2 pixels/mm, the gaze estimation methods based on
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the glints do not work properly because the glints are too small. For the
smallest eye density considered, the glint detector applied in the study was
not capable of detecting the real glints accurately. Therefore, the values
of mean geED corresponding to the real test subjects for that particular
eye density are not shown. Although further improvements of the glint de-
tection are possible, it is out of the scope of this study to implement the
optimal image processing algorithms. A possible solution would be to use
bigger IR light sources which have a bigger reflecting surface.

The approximation of the feature detection noise with a Gaussian noise
with zero mean and certain SD is validated with the simulated test subject
sim2 using the method m2 to detect the pupils. For this simulated test
subject, the gaze estimation errors are calculated for three cases: one us-
ing synthetic features using the method m2 to detect the pupils, another
applying a Gaussian noise to the feature coordinates and the other one as-
suming perfect feature detectors. The SD of the Gaussian noise with zero
mean that is applied to the feature coordinates is taken from the fde char-
acterization which was carried out in Section 3.2.3. The mean pdex and
the SD pdex (see Figure 3.22) and the mean gdex and the SD gdex (see
Figure 3.23) from Section 3.2.3 are used. Instead of using a different SD for
the horizontal and vertical component, the average of both is taken. For
this analysis, 15 frames per grid point are used as in the real case. Figu-
re 4.8 represents the mean geED and the SD geED in mm as a function
of the horizontal eye density in pixels/mm for the three cases. The values
show that the mean geED for the case that uses the synthetic features are
slightly higher; and for values of eye density lower than 2 pixels/mm, these
differences are even higher. However, the curves are approximately similar.
The SD geED values using a Gaussian noise are much lower than the ones
using the synthetic features, resembling the ones assuming perfect feature
detectors. The reason of these differences is that the Gaussian distribution
of the fde does not have a zero mean but it approximates to a zero mean.
This can be seen in Figure 3.22 and Figure 3.23. Therefore, the use of the
Gaussian noise with zero mean results in a more accurate gaze estimation.
However, if these errors are compared with the ideal curves, the use of a
Gaussian noise with zero mean and certain deviation is a better approxima-
tion to the real situation than not applying any noise at all. From now on,
the feature detection noise is added to the simulated eye tracking system
by applying this Gaussian noise to the perfect feature coordinates.
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Fig. 4.8. Mean and SD Euclidean gaze estimation error in mm as a function of the
horizontal eye density in pixels/mm for the simulated test subject sim2 with synthetic
features using the method m2 to detect the pupils, applying a Gaussian noise to the
feature coordinates and assuming perfect feature detectors.

4.2.2 Impact of the feature detection noise in the different gaze
estimation methods

The impact of the feature detection noise in the gaze estimation accuracy
is finally analyzed for all the methods under analysis: the three polynomial
regressions based on the mapping features vB, ϑ01 and ϑa and the model-
based method. Figure 4.9 depicts the mean geED and the SD geED in
mm as a function of the horizontal eye density in pixels/mm of the four
existent gaze estimation methods for the simulated test subject sim2. The
solid lines represent the errors when a Gaussian noise is applied to the
feature coordinates and the dashed lines represent the errors when perfect
feature detectors are assumed.

The analysis is first focus in the polynomial regressions. When consid-
ering the ideal case where perfect feature detector are considered, the three
polynomial regressions perform very similarly and the errors are approxi-
mately constant. When looking at the solid lines that represent the errors
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Fig. 4.9. Mean and SD Euclidean gaze estimation error in mm as a function of the
horizontal eye density in pixels/mm of the four existent gaze estimation methods for the
simulated test subject sim2 applying a Gaussian noise to the feature coordinates and
assuming perfect feature detectors.

when a Gaussian noise is applied to the feature coordinates, the curves show
that the gaze estimation errors when using the polynomial regression based
on the mapping feature vB has the lowest errors compare to the other two
polynomial regressions. This makes sense since this mapping feature is only
based on the pupil centers and the other two are based on the pupils and
the glints. Furthermore, the errors of the polynomial regressions based on
the mapping features ϑ01 and ϑa are very similar, which is coherent because
they are based on the same tracking features. The polynomial regression
based on the mapping feature ϑa has slightly higher errors because it uses
the same mapping feature ϑ01 normalized with the inter-glint distance. In
conclusion, the polynomial regressions based on the mapping features ϑ01

and ϑa are affected by the fde as a function of the eye density, while the
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Fig. 4.10. Mean and SD angular gaze estimation error in degrees as a function of the
horizontal eye density in pixels/mm of the four existent gaze estimation methods for the
simulated test subject sim2 with synthetic features using the method m2 to detect the
pupils and applying a Gaussian noise to the feature coordinates.

polynomial regression based on the mapping feature vB is barely affected
by the fde. Figure 4.10 represents the same data as Figure 4.9 but instead of
using the mean geED in mm it uses the mean GAEED in degrees. In this
graph the errors when applying perfect feature detectors are not consid-
ered. The errors in Figure 4.10 can be compared with the graph presented
in the work of Sesma-Sanchez et al. [84]. The form of the curves are very
similar but the error values are lower in Figure 4.9. The reason why these
differences exist is because the SD used in the work from Sesma-Sanchez et
al. [84] was 0.5 pixels which is certainly higher than the ones applied here.

Focusing the analysis in the model-based method, when considering
the ideal case (dashed lines), the error values for the model-based method
are around 2 mm lower than the polynomial regressions. Considering the
model-based method when a Gaussian noise is applied to the feature coor-
dinates and comparing it to the two polynomial regressions which also rely
on the pupils and the glints, the errors are nearly 1-2 mm lower in general.
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This can be due to different reasons; one of them is that all the parameters
of the eye model are calibrated with the 4x4 calibration grid and therefore,
the model adjusts to the existent errors very well. Nevertheless, it can be
concluded that the model-based model is also affected by the fde as a func-
tion of the eye density. If the model-based method is compared with the
polynomial regression based on the mapping feature vB, the model-based
method presents lower errors for high eye density values, but below an eye
density of 5 pixels/mm, the errors of the polynomial regression based on
the pupils are lower. This is reasonable, as the polynomial regression based
on the mapping feature vB is only affected by the pde.

From now on, the Gaussian noise that is added to the feature coordinates
has a SD of 0.1 pixels. Although the gaze estimation errors would be higher
in a scenario with real test subjects, the aim of applying a Gaussian noise
with zero mean and the characterized SD is to approximate better the
errors in a real situation.

4.3 Static and dynamic analysis

The different methods under study have been presented and the impact of
the fde in the gaze estimation accuracy as a function of the new defined eye
density has been studied. In this section, a static and a dynamic analysis
are carried out to evaluate and compare the different presented methods.
Both analysis are important. Depending on the applications and the target
group, a static scenario can be enough. Sometimes, when working with
cameras with a large FoV, the robustness to the HM is essential.

4.3.1 Static analysis

For this type of evaluation, the test subject calibrates the system for a cer-
tain position and uses the system in the same calibration position. During
the procedures, the head is assumed to stay still. This analysis is carried
out with simulated and real data. The real data from three test subjects
(s1, s2 and s3) have been acquired with the eye tracking system SHAKTI.
These real data come also from the study carried out in the previous sec-
tion 3.2.1 for the characterization of the accuracy of feature detectors. The
framework from Böhme et al. [74] has been used to reproduce this same
hardware setup. More details of this setup can be found in Section 2.1.1.
The working distance used for this analysis is 55 cm, which can be consid-
ered a standard distance to use a desktop computer. The mapping function
used is the complete second degree.
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gex (mm) gey (mm) geED (mm)

Method Mean SD Max. Mean SD Max. Mean SD Max.

vB 1.8 0.9 3.5 1.3 0.9 2.9 2.4 0.8 3.5

ϑ01 1.7 0.9 3.4 1.3 0.7 2.8 2.4 0.7 3.5

ϑa 1.7 0.8 3.3 1.3 0.8 2.8 2.3 0.7 3.4

geo 0.5 0.4 1.8 0.4 0.3 1.7 0.6 0.4 1.8

Table 4.1. Mean, SD and maximum gaze estimation error in mm of the three different
polynomial regressions based on the mapping features vB , ϑ01 and ϑa and the model-
based method at the calibration position. The errors are based on simulated data applying
a Gaussian noise with zero mean and SD 0.1 pixels to the feature coordinates.

The evaluation has been first performed with simulated data. Table 4.1
contains the mean geED, the SD geED and the max geED in mm. The
performance of the evaluated gaze estimation algorithms (the three poly-
nomial regressions based on the mapping features vB, ϑ01 and ϑa and
the model-based method) is good in general. The gaze estimation errors
obtained from the simulated data are very similar for all the polynomial
regressions. The model-based method can approximate better the behav-
ior of the eye, providing much lower errors. This could be expected, as it
models the geometry of the eye. Still, the gaze estimation errors are very
low, far below 0.5 degrees, for all the evaluated methods. Such a good
performance is reasonable, considering that the calibration procedure opti-
mizes the performance of the gaze estimation algorithms for the calibration
position in particular. However, a loss of accuracy is expected when the
user moves away from the calibration position. The robustness to HM is
evaluated later in the next section.

For the evaluation of the polynomial regressions, real data have been
considered as well. These real data can not be used to evaluate the model-
based method as this type of method requires an extra hardware calibration.
Table 4.2 shows the mean geED, the SD geED and the max geED for the
three test subjects.

One aspect to remark from the results in this table is that the errors are,
in general, higher than the results which appear in Table 4.1 coming from
the simulated data. To obtain the simulated data a Gaussian noise with
zero mean and SD 0.1 pixels has been applied to the feature coordinates;
however, this noise considers only the pixelization and the overlapping of
the glints as sources of error.

Apart from that, what is most striking of Table 4.2 is that the errors of
the polynomial regression based on the mapping feature vB are very high.
The errors of the polynomial regressions based on the mapping features ϑ01

and ϑa are very similar and they are not as high. The reason for these high
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gex (mm) gey (mm) geED (mm)

Test subject Method Mean SD Max. Mean SD Max. Mean SD Max.

s1

vB 216.1 71.1 488.2 326.9 180.2 842.5 411.8 145.7 853.4

ϑ01 7.0 4.6 17.0 8.8 6.5 24.7 12.0 6.7 27.4

ϑa 3.7 2.6 11.3 4.4 3.2 14.0 6.2 3.6 18.0

s2

vB 8.0 5.7 24.8 28.0 11.4 60.2 29.7 11.3 63.9

ϑ01 2.1 1.6 6.5 3.0 1.8 7.5 4.0 1.8 8.3

ϑa 2.8 1.7 7.1 3.7 2.0 8.5 5.0 2.1 11.1

s3

vB 25.1 11.9 84.0 66.3 16.1 95.0 72.2 14.6 98.0

ϑ01 3.7 2.4 10.2 3.3 2.0 8.1 5.4 2.3 10.9

ϑa 3.6 2.3 8.1 3.4 2.2 9.8 5.4 2.4 10.8

Table 4.2. Mean, SD and maximum gaze estimation error in mm of the three different
polynomial regressions based on the mapping features vB , ϑ01 and ϑa at the calibration
position for the three real test subjects.

errors is that the real test subjects, despite the chin rest, do not remain in
a static position; in fact, they move when looking at the different points
of the calibration and test grids. According to this, the test subject s1 is
the one moving the most during the data acquisition, since it is the user
with the highest errors for the polynomial regression based on the mapping
feature vB. This HM can be appreciated in Figure 4.11 which represents
the mapping features vB, ϑ01 and ϑa when the user looks at the calibration
and test grid points. The graphs on the left show the simulated mapping
features and the graphs on the right show the mapping features of the test
subject s2. When looking at the simulated data, the pupil centers (vB)
have a similar pattern as the grid points and it is relatively easy to map
each mapping feature value to a grid point. This is not the case for the
real test subject; the pupil centers from the test subject s1 follow a pattern
which resembles the grid points, but not as well organized as the simulated
data. This disorder appears because the real test subject is moving while
looking at the different grid points. The mapping feature vB is not robust
to HM; no matter how small the movement is, it highly affects the gaze
estimation performance.

The HM does not affect the mapping features ϑ01 and ϑa so much. This
can also be appreciated in Figure 4.11. The mapping features from both
types of data follow the grid patterns. This time, the mapping features
coming from real data, manage to compensate the existent HM thanks to
the use of the glints as reference. This is consistent with the results from
Cerrolaza et al. [35, 36]. In their work, they demonstrated that the use of
the pc-cr vector provides a valid mapping feature in scenarios where the
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Fig. 4.11. Mapping features vB ϑ01 and ϑa when the user looks at the calibration
and test grid points. On the left, the simulated mapping features and on the right, the
mapping features of the test subject s2 are represented.

user does not move away from the screen. The normalized and average
normalized pc-cr vectors are an improved version of the pc-cr vector with
the aim to provide robustness to HM perpendicular to the screen and the
camera. As it has already been mentioned, the robustness to HM is evalu-
ated in the next section. Note that the mapping feature ϑa is the average
between the mapping features ϑa01

and ϑa02
, which makes it a more stable

mapping feature.
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4.3.2 Dynamic analysis

The robustness to HM is important for certain applications. It can be es-
sential when working with cameras with a large FoV. For this type of eval-
uation, the test subject calibrates the system for a certain position and
uses the system in other test positions. In other research studies there are
already comparisons between different gaze estimation methods, but they
are usually limited to a certain range of HM. In this work, the range of
HM analyzed is very large thanks to the software framework from Böhme
et al. [74].

The hardware setup from SHAKTI is reproduced with the framework
from Böhme et al. [74] but with a different camera with a focal length of
6 mm and a resolution of 1600x1200 pixels to allow a greater range of
HM. The mapping function used is the complete second degree polynomial
mapping function. For more details on the setup used see Section 2.1.1. The
test subjects calibrate 55 cm away from the screen at the position (0,0,55)
cm in the HM coordinate system (see Figure 2.14), which is located in the
center of the screen. See Section 2.1.3 for more detailed information about
all the coordinate systems used. The range of HM chosen is 20 cm in each
axis, taking as origin of the movement the calibration position. Considering
the HM coordinate system, a range of HM in the x-axis of [-10,10] cm, in
the y-axis of [-10,10] cm and in the z-axis of [45,65] cm, is investigated.
To approximate better the errors in a real situation, a Gaussian noise with
zero mean and SD 0.1 pixels is added to the feature coordinates.

First of all, an analysis of the three polynomial regressions is carried out
based on the mapping features that they use. It is studied how the three
mapping features (vB, ϑ01 and ϑa) react to the HM in the different axes.
Figure 4.12 represents the pupil centers (vB) when the user looks at the
8x8 test grid and moves the head 20 cm in steps of 2 cm in each of the
three axes separately. Each color in the graph represents the coordinates of
the mapping feature vB in pixels when the user looks at one of the 64 test
grid points. There are 11 points with the same color corresponding to the
11 different head positions. The three graphs in Figure 4.12 demonstrate
that the mapping feature vB is affected by any kind of HM. This makes
sense because the pupil center image positions depends totally on the pupil
positions in the 3D world. Each of the columns in the x-axis HM graph
represents the 64 grid points. These grid points move horizontally to the
right and left with the HM. In the graph representing the y-axis HM, one
row represents the 64 grid points which move in diagonal along with the
HM. Note that the camera is not parallel to the screen because it is focusing
the eyes of the user. If the camera was parallel to the screen, the 64 points
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Fig. 4.12. Pupil centers (vB) when the user looks at the 8x8 test grid and moves the
head 20 cm in steps of 2 cm in each of the three axes separately. Each color in the graph
represents the coordinates of the mapping feature vB in pixels when the user looks at
one of the 64 test grid points.There are 11 points with the same color corresponding to
the 11 different head positions.

in the graph would just move up and down with the y-axis HM. Finally, in
the graph representing the z-axis HM, the 64 grid points are more visible;
they also move in diagonal with the HM.

Figure 4.13 displays the same type of graph but for the mapping features
ϑ01 and ϑa. The graphs in this figure show that the HM in the x-axis and
y-axis does not affect the mapping features ϑ01 and ϑa so much. The glint
used to create the difference vector compensates for the parallel HM. In
the graphs that represent the x-axis and y-axis HM, the 64 grid points can
be easily distinguished. However, the HM in the z-axis affects the mapping
feature ϑ01 greatly. The points that are less affected by the perpendicular
HM are the ones that are approximately in front of the pupil. When the
users get further away from the screen, the position of the pupil does not



90 4 Evaluation and study of existent gaze estimation methods when using a webcam

v01x

v 0
1
y

x-axis

ϑax

ϑ
a
y

x-axis

v01x

v 0
1
y

y-axis

ϑax

ϑ
a
y

y-axis

v01x

v 0
1
y

z-axis

ϑax

ϑ
a
y

z-axis

Fig. 4.13. Mapping features ϑ01 and ϑa when the user looks at the 8x8 test grid and
moves the head 20 cm in steps of 2 cm in each of the three axes separately.

move to look at the same grid points that are approximately in front of
them. The graphs in Figure 4.13 also show that the mapping feature ϑa is
not only quite robust to parallel HM as the mapping feature v01 thanks to
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Fig. 4.14. Mean horizontal and vertical gaze estimation error in mm of the polynomial
regression based on the mapping feature ϑ01 for a range of head movement of 20 cm in
each of the three axis.

the glint, but also robust to perpendicular HM. The mapping feature ϑa

is the mapping feature ϑ01 normalized with the inter-glint distance which
helps to compensate for the perpendicular HM. In the graph representing
the z-axis HM, the mapping feature ϑa is not as affected by the HM as
much as the other methods. The y-axis HM graph also shows that the
mapping feature ϑa is not as affected to HM as the mapping feature ϑ01 .
This is because the camera is tilted looking at the user’s eyes, so when a
user moves in the y-axis, he also moves perpendicularly to the camera.

With this mapping feature analysis, the influence of the HM in the
three mapping features vB, ϑ01 and ϑa has been visualized. The ideal
vector to achieve a system totally tolerant to HM has to remain constant
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Fig. 4.15. Mean and maximum Euclidean angular gaze estimation error in degrees of the
polynomial regression based on the mapping feature ϑ01 for a range of head movement
of 20 cm in each of the three axis.

when the user looks at the same grid point while moving in the different
axes. This ideal vector is not easy to accomplish. Based on the mapping
feature analysis that has been carried out, a polynomial regression based
on the mapping feature ϑa can be considered a very good option for gaze
estimation. Moreover, it should be taken into account that the HM that
has been considered in the analysis is large (20 cm).

Now that the effect of the HM in the mapping features has been studied,
the real impact in the gaze estimation errors can be analyzed. Themean gex
and themean gey inmm of the polynomial regression based on the mapping
feature ϑ01 for a range of HM of 20 cm in each of the three axis can
be seen in Figure 4.14. Graphs are shown for the x-z, y-z and x-y HM
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Fig. 4.16. Mean horizontal and vertical gaze estimation error in mm of the polynomial
regression based on the mapping feature ϑa for a range of head movement of 20 cm in
each of the three axis.

combinations. Furthermore, Figure 4.15 shows the mean geED and the
max geED in degrees of the polynomial regression based on the mapping
feature ϑ01 for the same range of HM as Figure 4.14. Graphs are also
shown for the x-z, y-z and x-y HM combinations. The polynomial regression
based on the mapping feature ϑ01 is tolerant to HM in the x-axis and y-
axis, as the graphs show. However, it is evident that the HM in the z-axis
affects the accuracy of the polynomial regression greatly, achieving high
gaze estimation errors, up to 60 mm.

The polynomial regression based on the mapping feature ϑa is more
robust to perpendicular HM as Figure 4.16 shows. This figure represents
the mean gex and the mean gey in mm of the polynomial regression based
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Fig. 4.17. Mean and maximum Euclidean angular gaze estimation error in degrees of
the polynomial regression based on the mapping feature ϑa for a range of head movement
of 20 cm in each of the three axis.

on the mapping feature ϑa for a range of HM of 20 cm in each of the three
axis. The HM which most affects the accuracy is the one in the z-axis and
the one that affects the least is in the y-axis, as it can be seen in Figure 4.16.
This is coherent with the ϑa analysis in Figure 4.13. Moreover, when the
user moves to the right, the errors achieved are higher than when they
move to the left. The mean GAEED and the max GAEED in degrees of
the polynomial regression based on the mapping feature ϑa are represented
in Figure 4.17. These graphs can be used for comparison to other gaze
estimation methods, as most of the time the errors are given in degrees.

Finally, the gaze estimation errors of the model-based method are pre-
sented. The mean gex and the mean gey for the model-based method for
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Fig. 4.18. Mean horizontal and vertical gaze estimation error in mm of the model-based
method for a range of head movement of 20 cm in each of the three axis.

a range of HM of 20 cm in each of the three axis are shown in Figure 4.18.
Graphs are shown for the x-z, y-z and x-y HM combinations. At first glance,
it can be observed that the model-based method is much more robust than
the HM studied. The HM that most affects the method is the perpendicular
movement. Figure 4.19 represents the mean geED and the max geED for
the model-based method for the same range of HM as Figure 4.18. The
mean GAEED are in all positions below 0.5◦. Considering that the hard-
ware calibration is assumed ideal, this result could be expected. From a
theoretical point of view, geometry-based methods outperform polynomial
regressions. However, they are not easy to apply in a real setup and are
reported to be very sensible to noise [87]. In any case, the accuracy of the
polynomial regression based on the mapping feature ϑa holds for a certain
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Fig. 4.19. Mean and maximum Euclidean angular gaze estimation error in degrees of
the model-based method for a range of head movement of 20 cm in each of the three axis.

range of HM with an accuracy of up to 1◦, approximately 11 mm. The high-
est mean errors (above 15 mm) are reached when the user is positioned on
the near left side (above 2◦) and far right side (nearly 1.5◦).

In this study, only the gaze point of the right eye has been estimated.
The effect of a binocular system is analyzed in further chapters to see if the
performance of the regression-based method as the user moves away from
the calibration position improves.

4.4 A good way to describe the performance of eye trackers

It is well known that the accuracy of eye trackers is not always uniform
within the screen area, specially for regression-based methods. Most of the
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eye trackers companies and researchers give the mean and SD of the gaze
estimation error as a measure of the accuracy and precision of their eye
trackers. Recently, there is a great interest in standardizing the way to
evaluate eye tracking systems [69]. Is the mean and SD of the gaze estima-
tion error a good way to represent the performance of an eye tracker? How
is the gaze estimation error distribution and behavior within the screen of
polynomial regressions? These are research questions that are approached
in this section.

As Blignaut [72] states, a good average accuracy is not always accept-
able. There are many factors which can affect the accuracy such as the hard-
ware setup, the camera characteristics (type of lens, focal length, camera
resolution) and the user’s position among others. The same gaze estimation
method with different setup characteristics can vary the accuracy. All these
types of data should also be given when describing the performance of an
eye tracker to enable comparison to other setups and methods.

When talking about eye tracker accuracies usually the mean values play
an important roll, but a good point to discuss among the eye tracking
community would be if the values that really matter for human computer
interaction are the maximum values. If a system works properly in mean
is not very useful. If an application is to be build to work with a certain
eye tracker, the required values to design the interface are the maximum
error values. For this reason, in this thesis, the mean and maximum values
are always given, as well as a detailed description of the hardware setup,
camera characteristics and the origin of the data.

4.4.1 Gaze estimation error behavior within the display

The error behavior within the display is analyzed here for the different
methods under study. Morimoto and Mimica [12] was one of the first to
show how the the gaze estimation error for the pc-cr vector technique is
not uniform along the screen. Figure 4.20 visualizes with a bubble chart
the distribution of the mean geED along the screen of the polynomial re-
gressions based on the mapping features ϑ01 and ϑa when perfect feature
detectors are considered. The mean errors for every grid point of the 8x8
test grid are represented with a bubble where the radio of each bubble is
proportional to the mean geED in mm for that specific point. In this bub-
ble chart in particular, the error values are multiplied by 10 so that they
are visible. The bubble charts show, as Morimoto and Mimica [12] did, that
the distribution of the error is not uniform. The two bubble charts of the
mapping features ϑ01 and ϑa are very alike showing that the distribution of
the errors is similar for the different considered polynomial regressions. The



98 4 Evaluation and study of existent gaze estimation methods when using a webcam

Ideal ϑ01 Ideal ϑa

Fig. 4.20. Bubble charts of the mean Euclidean gaze estimation error of the polynomial
regressions based on the mapping features ϑ01 and ϑa when perfect feature detectors are
considered. In these bubble charts, the error values are multiplied by 10 so that they are
visible.

Ideal geo Noisy geo

Fig. 4.21. Bubble charts of the mean Euclidean gaze estimation error of the model-based
method when perfect and noisy feature detectors are considered. On the left graph, the
error values are multiplied by 10 and on the right graph by 2.5 so that they are visible.

bubble chart of the polynomial regression based on the mapping feature vB

is not represented but it also shows the same distribution.
The bubble charts of the mean geED of the model-based method when

perfect and noisy feature detectors are considered are shown in Figure 4.21.
On the left graphs, perfect feature detectors are considered and on the right
graphs, the fde has been approximated with a Gaussian noise with zero
mean and SD 0.1 pixels. On the left graph, the error values are multiplied
by 10 and on the right graph by 2.5 so that they are visible. The distribution
of the error when perfect feature detectors are applied is different from
the ones of the polynomial methods. However, with noisy detectors, the
distribution is not very clear and it is very similar to the other methods as
it will be seen next.
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Noisy ϑ01 Real ϑ01

Noisy ϑa Real ϑa

Fig. 4.22. Bubble charts of the mean Euclidean gaze estimation error of the polynomial
regressions based on the mapping features ϑ01 and ϑa when noisy feature detectors and
real data are considered. In these bubble charts, the error values are multiplied by 2.5 so
that they are visible.

Figure 4.22 shows the bubble charts of the gaze estimation error of the
polynomial regression based on the mapping features ϑ01 and ϑa when
noisy feature detectors and real data are considered. On the left graphs,
the fde is approximated with a Gaussian noise with zero mean and SD
0.1 pixels and on the right graphs, real data from the test subject s2 are
used. In all these bubble charts that are represented, the error values are
multiplied by 2.5 so that they are visible. The distribution is very clear
when considering perfect feature detectors. However, this is not the case
when the fde values are taken into account.





Part IV

Analysis of new gaze estimation methods





5

Polynomial regressions based on IR light and
binocular data

The use of IR light is very common in gaze estimation algorithms as the
active illumination not only provides high eye image quality, but also the
glints are widely used as head reference points. The most popular mapping
feature is the pc-cr vector, which can be further normalized and averaged
when using two IR light sources. The different variations of the pc-cr vector
were studied in Chapter 4 and the average normalized pc-cr vector ϑa was
proven to be the best alternative mapping feature for scenarios where the
users can move their head freely. Although polynomial regressions have
already been widely studied, the use of binocular data has not been deeply
exploited yet. This chapter is focus on polynomial regressions based on IR
light that use binocular data.

In the last years, new prototypes have appeared using binocular data,
i.e., combining information of both eyes to estimate gaze. Some authors
include the second eye in model-based techniques to be able to estimate
the point of gaze in the 3D space [37]. Other works explore adding the gaze
estimation of the second eye to calculate the estimated PoR as the average
of both eyes, reporting more accurate gaze estimations [38, 39, 89]. Shao
et al. [39] also report achieving higher tolerance to HM in the final system.
Cui and Hondzinski [90] perform an exhaustive analysis with a specific
head mounted video-based eye tracker to study the way to achieve the
best accuracy by using the dominant eye or the average of both eyes. The
conclusion of their study is that two eyes systems equal or improve single
eye systems. However, all these studies calculate the gaze estimation of one
eye independently of the other. In this chapter, in addition to computing
the average of both eyes to estimate gaze, the features of both eyes are also
combined for each single eye gaze estimation.

The main objective of this chapter is to exploit the extra information of
the second eye to design new polynomial regressions that improve the accu-



104 5 Polynomial regressions based on IR light and binocular data

Fig. 5.1. General eye tracking system diagram: the captured image is processed to find
each of the eyes. For each eye, the tracking features are detected. Then, the mapping
features are computed and a estimation of the PoR is carried out for each eye (single
system), to be finally averaged (average system). [91][PoR en vez de POR]

racy and the HM tolerance of an eye tracking system. A binocular approach
of the pc-cr vector is taken, in which new mapping features are proposed.
A thorough analysis and evaluation of the different mapping features was
carried out with both real and simulated data for a static scenario and a
dynamic scenario. Part of these results have already been published [91].
Furthermore, thanks to the simulation framework, the evaluation of the
proposed methods was extended to a larger range of HM.

The analysis is based on the work of Cerrolaza et al. [35, 36]. Different
polynomial regressions are analyzed and compared for different test sub-
jects and different positions with real and simulated data. The work from
Cerrolaza et al. [35, 36] was limited to one eye, but in this case, the existence
of the features of the second eye permits to design new mapping features
that were not possible with monocular data. Important conclusions are ob-
tained in terms of hardware configuration, mapping feature and polynomial
mapping function. Moreover, the fact of using the average of both eye gaze
estimates is also evaluated and compared to the gaze estimate of a single
eye. Before continuing, it is important to introduce the following concepts:

• Single System: It is a system that uses the gaze estimation of one eye,
i.e., the left or right eye (see Figure 5.1). For the gaze estimation of that
eye, information of the other eye can also be used.

• Average System: It is a system composed of two single systems; the re-
sulting gaze estimation is a combination of the separate gaze estimation
of both eyes (see Figure 5.1).

In Figure 5.1, a general eye tracking system diagram is presented. The
captured image is processed to find each of the eyes. For each eye, the
tracking features are detected. Then, the mapping features are computed
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and an estimation of the PoR is carried out for each eye (single system), to
be finally averaged (average system).

When working with a binocular system, there is a mapping system per
eye. The mapping system in matrix form is defined as:

PoReye
X = Keye

X · Feye
X ,

PoReye
Y = Keye

Y · Feye
Y ,

(5.1)

where PoReye
X and PoReye

Y are the PoR in screen coordinates of eye eye with
eye ∈ {left, right} and Feye

X and Feye
Y are the mapping feature or input

variable matrices of eye eye. Keye
X and Keye

Y are the coefficient matrices of
eye eye which are unknown and to be determined. When the set of mapping
features is the same to estimate the coordinate x and y of the PoR, the
system representation can be simplified to:

PoReye = Keye · Feye, (5.2)

where PoReye represents the PoR in screen coordinates of eye eye with
eye ∈ {left, right} and Feye is the mapping feature or predicted variable
matrix of eye eye.Keye is the coefficient matrix of eye eye which is unknown
and to be determined with a user calibration.

Below, the binocular study is described first. After that, the study
methodology is explained. The evaluation of the proposed methods has
also been extended to a larger range of HM, but its methodology is not
detailed here because it is the same as the one in Section 4.3.2. Finally, the
results and evaluation are presented.

5.1 Binocular study

The word binocular comes from the fact that polynomial regressions based
on features of both eyes have been analyzed. In comparison with the mono-
cular study, where the gaze estimation was based on the features of a single
eye, the added features of the second eye provide two new possibilities. On
the one hand, the gaze estimation of each eye can now depend on combined
features of both eyes and on the other hand, the final gaze estimation can
be the average of the gaze estimations of the right and left eyes.

In this study, different aspects of an eye tracking system have been
analyzed. These aspects are related to the hardware configuration of the eye
tracking system, the considered mapping features, the polynomial mapping
functions used and of course, the fact of using a single system or an average
one. The different aspects or variables considered in the study are described
below.
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rightcr1

rightpc
left

pc
le f tc r1

le f tc r2
rightcr2

Fig. 5.2. Tracking features: these are the features, extracted from both eyes that will be
used to compute the mapping features. The eye features used in this study are the pupil
centers and the glint centers produced by the IR light sources. [91]

Hardware configuration

Two hardware configurations have been evaluated:

• Configuration I : with one IR light source.
• Configuration II : with two IR light sources.

Mapping features

Given that the normalization of pc-cr vectors has been proven to give ro-
bustness to HM perpendicular to the screen and the camera [35, 36], only
normalized mapping features are considered in this study. Furthermore,
special interest has been given to test and analyze other normalization fac-
tors based on the additional information provided by the tracking features
of the extra eye. The tracking features available in the binocular system
can be seen in Figure 5.2. The normalized pc-cr vector and the average
normalized pc-cr vector proposed by Cerrolaza et al. [35, 36], which were
presented in Section 4.1.1 in Equations 4.7 and 4.8, are taken as reference
to create the new mapping features. The proposed mapping features are
essentially the same, but replacing the normalization factors. For the eye
tracking systems with configuration I, the mapping feature proposed is the
normalized vector ϑeye

nfi
based on the glint i with i ∈ {1, 2} of eye eye with

eye ∈ {left, right} and the normalization factor nf :

ϑeye
nfi

=
pceye − creyei

nf
, (5.3)

where pc (pcx, pcy)
eye represents the image coordinates of the pupil center

of eye eye, cri
(
crix , criy

)eye
represents the image coordinates of the glint i of

eye eye and nf is the normalization factor. For the eye tracking systems with
configuration II, the mapping feature proposed is the average normalized
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vector ϑeye
nf of eye eye with eye ∈ {left, right} and nf as normalization

factor:

ϑeye
nf

=
1

2

(
ϑeye
nf1

+ ϑeye
nf2

)
, (5.4)

where ϑeye
nf1

and ϑeye
nf2

are the normalized vectors of eye eye corresponding
to cr1 and cr2, respectively.

Two normalization factors are proposed: the pupil distance and the glint
distance. These are compared to the well-known inter-glint distance. Below,
the three normalization factors applied are defined:

• Inter-glint distance (a): The inter-glint distance igd is the Euclidean
distance between the two glints in an eye in the image. This normal-
ization factor proposed by Cerrolaza et al. [35, 36] has been analyzed
in previous studies [35, 36] and has been proven to work well. The use
of this distance to normalize is only possible for configuration II where
two glints are present per eye. The distance is defined as:

igdeye = ‖creye1 − creye2 ‖ , (5.5)

where igdeye is the inter-glint distance of eye eye with eye ∈ {left, right},
creye1 and creye2 are the two glints of eye eye (see Figure 5.2).

• Pupil distance (b): The pupil distance pd is the Euclidean distance be-
tween the pupil centers from both eyes in the image. Information of both
eyes is needed for the gaze estimation. The distance is defined as:

pd =
∥∥∥pcright − pcleft

∥∥∥ , (5.6)

where pd is the pupil distance and pcright and pcleft are the pupil center
of the right and left eye, respectively (see Figure 5.2).

• Glint distance (c):
The glint distance gd is the Euclidean distance between the glints in
the image belonging to different eyes but coming from the same IR light
source. Information of the other eye is needed. The distance is defined
as:

gdi =
∥∥∥crlefti − crrighti

∥∥∥ , (5.7)

where gdi is the glint distance of the IR light source i with i ∈ {1, 2}
and crlefti and crrighti are the two glints produced by the IR light source
i in the left and right eye, respectively. (see Figure 5.2). In the case of
configuration I, only one IR light source is used and for configuration II,
the resulting glint distances from both IR light sources are averaged:

gd =
1

2
(gd1 + gd2) , (5.8)
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where gd is the average glint distance and gd1 and gd2 are the glint
distance of IR light source 1 and 2, respectively.

Note that the existence of extra information from the second eye gives
the possibility to provide normalization to the configuration I where only
one glint per eye is available, which was not possible when working with a
monocular system.

Taking into account the normalization factors presented, some mapping
features considered are: ϑeye

a , ϑeye
b1

and ϑeye
c1 .

Polynomial mapping function

Three different polynomial mapping functions have been tested. The first
one is one proposed by Cerrolaza et al. [35, 36] and the other two are
the complete second and third degree polynomial mapping functions. The
mapping functions are listed below:

• Optimized third degree polynomial (op):

PoReye
x = [kx0 + kx1ϑx + kx2ϑ

3
x + kx3ϑ

2
y]

eye,

PoReye
y = [ky0 + ky1ϑx + ky2ϑy + ky3ϑ

2
xϑy]

eye,
(5.9)

where PoReye
x and PoReye

y are the PoR in screen coordinates of eye eye
with eye ∈ {left, right}, ϑeye

x and ϑeye
y are the mapping features of eye

eye and keyex0 · · · keyex3 and keyey0 · · · keyey3 are the coefficients of eye eye which
are unknown and to be determined with a user calibration. Note that
there is one equation for the vertical axis and one for the horizontal axis.

• Complete second degree polynomial (2):

(
PoRx

PoRy

)eye

= Keye



1
ϑx

ϑy

ϑ2
x

ϑ2
y

ϑxϑy



eye

, (5.10)

• Complete third degree polynomial (3):
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(
PoRx

PoRy

)eye

= Keye



1
ϑx

ϑy

ϑ2
x

ϑ2
y

ϑxϑy

ϑ3
x

ϑ3
y

ϑ2
xϑy

ϑxϑ
2
y



eye

, (5.11)

where PoReye
x and PoReye

y are the PoR in screen coordinates of eye eye
with eye ∈ {left, right}, ϑeye

x and ϑeye
y are the mapping features of eye

eye and Keye is the coefficient matrix of eye eye which is unknown and
to be determined with a user calibration.

As it can be seen in Equations 5.9 to 5.11, there is one polynomial system
per eye. These two systems are to be calibrated independently during the
same calibration session and each of them provides an estimation of the
PoR.

Average system versus single system

The PoR can be estimated with the PoRleft or PoRright for single systems
and with the average between the PoRleft and the PoRright for average
systems (see Figure 5.1):

PoRavg =
1

2

(
PoRleft +PoRright

)
. (5.12)

In this study, 15 different polynomial regressions are tested as a result of
the combination of the different normalization factors proposed, the type of
polynomial mapping function and the hardware configuration used. Each
polynomial regression is denoted as XY Z, where X ∈ {a, b, c} depends
on the normalization factor (inter-glint distance, pupil distance, glint dis-
tance), Y ∈ {op, 2, 3} depends on the type of polynomial mapping func-
tion (optimized third degree, complete second degree, complete third de-
gree) and Z ∈ {I, II} depends on the hardware configuration (one IR light
source, two IR light sources).

For configuration I, only the new normalization factors b and c can be
applied, resulting in 6 polynomial regressions. For a two IR light sources are
required. For configuration II, all normalization factors are possible, there-
fore, 9 polynomial regressions are studied. Table 5.1 classifies the studied
polynomial regressions.
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a b c

I

op − bopI copI

2 − b2I c2I

3 − b3I c3I

II

op aopII bopII copII

2 a2II b2II c2II

3 a3II b3II c3II

Table 5.1. Studied polynomial regressions: combination of the different normalization
factors, the type of polynomial mapping function and the hardware configuration used.

5.2 Study methodology

The binocular study is based on real and simulated data. The reason to
consider both environments is to validate the results obtained from the
real data and to understand better possible errors that may arise. The
real data were acquired with the eye tracking system SHAKTI and the
simulated data with the eye simulator framework from Böhme et al. [74].
For this study in particular, both systems were extended to work with two
eyes. SHAKTI and the simulation framework were already presented in
Section 2 and more details about them can be found in Section 2.1.1 and
2.1.3, respectively.

The experimental setup of this study can be seen in Figure 5.3. It con-
sists of a 17-inch color monitor set at a screen resolution of 1280x1024
pixels and a standard industrial camera with a 35 mm focal length and
a 1/3" sensor located under the monitor 5 cm from the screen, oriented
towards the user’s face. The video camera which is set to a resolution of
1024x768 pixels captures BW IR images of the user’s eyes. At either side of
the screen, there is one IR light source at exactly 9.2 cm from the bottom
of the screen. The calibration position, which corresponds to position 2, is
68 cm away from the screen and the three test positions that have been
considered (position 1, 2 and 3), are 65, 68 and 71 cm away from the screen.
The 4x4 grid and 8x8 grid shown in Figure 2.6 and in Figure 2.7 are used as
calibration grid and test grid, respectively. For each grid point, 30 images
are acquired.

The acquisition of real data is based on six test subjects and a chin
rest is used to regulate the distance to reduce the degrees of freedom of
the resulting data and to allow valid conclusions. For the acquisition of the
simulated data, the experimental setup is accurately reproduced with the
software framework. A camera without noise and perfect image processing
algorithms is assumed, therefore, the simulated results will have lower errors
than the experimental results. However, the behavior of the different gaze
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Fig. 5.3. Experimental setup: On the left, the frontal view of a VOG system with a
monitor, two IR light sources and a camera. On the right, a test subject with the head
on a chin rest looking at the screen. The input of the eye tracking system is the eyes
image captured by the camera. [91]

estimation methods, in terms of accuracy and robustness to HM, is expected
to be the same in both environments.

The data obtained from the acquisition procedures are filtered and pro-
cessed off-line and the 15 polynomial regressions under study are calibrated
and tested. The evaluation of the different polynomial regressions is done
in terms of the accuracy and the HM robustness. To this end, both a static
and a dynamic scenario have been analyzed. Only the HM perpendicular to
the screen were analyzed since other authors such as Morimoto and Mim-
ica [12] report that the movements in the other axes involve relatively low
errors.

To facilitate the analysis, a mean user is computed based on the infor-
mation of the six test subjects; the PoR and the errors of the mean user
are calculated as the average of the PoRs and the average of the errors of
the six test subjects.

For the evaluation, two main parameters are used, the mean geED and
the max geED. These two parameters have been obtained for the test grid
in each of the considered positions and for the six test subjects sk with
k ∈ {1 · · · 6}, the simulated user and also for the mean user. For the mean
user, the mean geED is not other than the average mean geED of the
six test subjects. The maximum geED is approximated with the average
maximum geED, obtained by averaging the maximum geED of the six
test subjects. The GAE is also used and can be computed from the ge as
indicated in Equation 2.14.
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A user interface application in MATLAB was specially implemented
for the evaluation. Tables and graphs representing the errors were built
in to facilitate the visualization and the analysis of data. This application
allows to choose different viewing options such as test subject, polynomial
regression, grid and user position among others.

5.3 Results and evaluation

A thorough analysis of different mapping features based on binocular data
has been carried out to exploit the extra information of the second eye.
This has been done with the aim to design new polynomial regression me-
thods that improve the accuracy and the HM tolerance of an eye tracking
system. The binocular study and its methodology have been already de-
scribed in detail. The results and evaluation of the binocular approach and
the extension to a larger range of HM are presented in this section.

5.3.1 Binocular approach

Two types of analysis have been carried out in this binocular approach, a
static and dynamic analysis in order to evaluate both the accuracy and the
tolerance to HM. Both analysis are based on real and simulated data. In
some applications it is enough to have a high accuracy only in the calibra-
tion position, while in other applications robustness to HM is a requirement.
For the static analysis, only the calibration position (position 2) has been
considered. It is assumed that regression-based functions provide acceptable
accuracies in the calibration position. This will be proven for the different
polynomial regressions under study by evaluating how they perform when
the user stays in the same position for calibrating and testing. The accu-
racy achieved for the calibration position decreases as the user moves away
from this position. The purpose of the dynamic analysis is to evaluate the
robustness of the different gaze estimation methods to the HM. In order
to test how the accuracy is affected by the HM, the accuracies of the same
methods for two other positions are analyzed. One of them 3 cm closer to
the screen (position 1) and the other one 3 cm further away (position 3).
Four different aspects of an eye tracking system have been analyzed:

• The normalization factor applied to the pc-cr vectors (a, b, c)
• The number of IR light sources (configuration I, II)
• The type of polynomial mapping function (op, 2, 3)
• Comparison between an average system versus a single system
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Position 2

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

bopI 5.9 14.3 6.2 14.8 4.7 12.0

copI 5.8 14.2 6.3 14.9 4.7 12.0

b2I 5.3 14.5 5.5 15.2 4.1 11.4

c2I 5.2 14.4 5.6 15.3 4.1 11.3

b3I 5.5 14.2 5.3 14.6 4.1 10.5

c3I 5.4 14.1 5.4 14.7 4.1 10.4

aopII 5.7 13.4 5.5 14.4 4.4 10.9

bopII 5.6 13.2 5.5 13.4 4.3 10.4

copII 5.6 13.2 5.5 13.4 4.3 10.2

a2II 5.6 13.6 5.3 14.2 4.4 10.6

b2II 5.1 12.8 5.0 13.1 3.9 9.3

c2II 5.2 12.7 5.1 13.1 3.9 9.3

a3II 5.2 12.2 5.1 15.2 4.0 10.5

b3II 5.1 11.7 4.8 13.4 3.8 9.2

c3II 5.1 11.7 4.9 13.4 3.8 9.3

Table 5.2. Mean and maximum Euclidean gaze estimation error in mm of the 15 poly-
nomial regressions at the calibration position for the mean user.

Static Analysis

For the static analysis, data obtained from position 2, where the calibration
took place, have been considered. The mean geED and the max geED in
mm of the 15 polynomial regressions at the calibration position for the
mean user can be seen in Table 5.2. From these gaze estimation error
values, it is difficult to affirm that one of the polynomial regressions is
better than the other ones because the differences between errors do not
exceed 0.9 mm in most of the cases. Taking into account that these errors
are calculated as the average of the six test subject’s errors, a statistical
analysis based on the data of the six test subjects was considered before
reaching any conclusion. Each polynomial regression was compared to the
other polynomial regressions with a one-way analysis of variance (ANOVA).
The errors shown in Table 5.2 are the mean geED and the maximum geED

of the mean user, but for the ANOVA analysis, the data of each test subject
were considered to be independent observations of the compared polynomial
regressions.

The purpose of a one-way ANOVA is to find out whether data from sev-
eral groups disturbed by a normal distributed error have a common mean.
The test works by evaluating whether the hypothesis that both groups have
the same mean is true or not. Based on the means and variances of each
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Position 2

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

bopI 3.7 7.1 3.1 5.6 3.3 6.3

copI 3.7 7.2 3.1 5.6 3.3 6.3

b2I 1.8 2.6 1.8 2.6 1.8 2.6

c2I 1.8 2.6 1.8 2.6 1.8 2.6

b3I 0.1 0.2 0.1 0.2 0.1 0.2

c3I 0.1 0.2 0.1 0.2 0.1 0.2

aopII 3.4 6.0 3.4 6.0 3.1 5.7

bopII 3.4 6.0 3.4 6.0 3.1 5.7

copII 3.4 6.0 3.4 6.0 3.1 5.7

a2II 1.8 2.5 1.8 2.5 1.8 2.5

b2II 1.8 2.6 1.8 2.6 1.8 2.6

c2II 1.8 2.6 1.8 2.6 1.8 2.6

a3II 0.1 0.2 0.1 0.2 0.1 0.2

b3II 0.1 0.2 0.1 0.2 0.1 0.2

c3II 0.1 0.2 0.1 0.2 0.1 0.2

Table 5.3. Mean and maximum Euclidean gaze estimation error in mm of the 15 poly-
nomial regressions at the calibration position for the simulated user.

group an F value is computed:

F =
n1n2 (E {X1} − E {X2})2

n1V ar {X1}+ n2V ar {X2}
. (5.13)

F is compared to a reference value from the F (k − 1, n − k)-distribution,
where k is the number of groups and n the total number of observations. For
this evaluation a reference value of 5% probability of error in the hypothesis
verification is chosen. If the computed value is larger than the reference
value, the hypothesis is not true and, therefore, the means are different.
The distribution used in the following evaluation is F (14, 75). The result
of the ANOVA for the average eye is F = 0.49 and p = 0.93 � 0.05. For
the right eye, the result is F = 0.25 and p = 0.99 � 0.05 and for the left
eye F = 0.57 and p = 0.88 � 0.05. Similar results are reached for the
three cases. This means that there are no significant differences between
the polynomial regressions with confidence levels of 93%, 99% and 88% for
the average eye, right eye and left eye, respectively.

Regarding the simulated data, the higher the degree of the polynomial
mapping function, the better the results. Table 5.3 shows the mean geED

and the max geED in mm of the 15 polynomial regressions at the calibra-
tion position for the simulated user. The complete third degree polynomial
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Position 2

s1 s2 s3 s4 s5 s6

Comparison F p F p F p F p F p F p

Right vs. Avg. 38 � 0.05 197 � 0.05 14 � 0.05 55 � 0.05 17 � 0.05 153 � 0.05

Left vs. Avg. 43.2 � 0.05 12 � 0.05 44 � 0.05 71 � 0.05 162 � 0.05 12 � 0.05

Right vs. Left 2.9 0.1 118 � 0.05 12 � 0.05 8 0.009 104 � 0.05 43 � 0.05

Table 5.4. One-way ANOVA analysis of each of the 6 test subjects to compare the
performance in the calibration position of the right eye versus the average eye, the left
eye versus the average eye and the right eye versus the left eye.

provides the best results with a mean error of about 0 mm, and the opti-
mized third degree polynomial the worst results with a mean error of about
3 mm. Keeping in mind that the simulations carried out assume a camera
without noise and perfect image processing algorithms, it is not a surprise
that these differences are not appreciated with real data. In some cases, a
slight improvement can be observed, but it is not statistically significant as
the ANOVA analysis has shown.

No polynomial regression has been found which outperforms the other
ones for all the test subjects. The conclusion of the analysis is therefore, that
for the calibration position, there are no significant differences between the
polynomial regressions considered. Using one or two IR light sources, nei-
ther the normalization factor applied nor the type of polynomial mapping
function used affects the accuracy of the eye tracking system.

Regarding the use of an average system, i.e., obtaining the estimated
PoRavg by averaging the PoRleft and PoRright, a statistical analysis has
also been carried out. A one-way ANOVA analysis has been performed for
each test subject using the data from all the polynomial regressions. For
each test subject, three comparisons have been completed, the right eye
versus the average eye, the left eye versus the average eye and the right eye
versus the left eye. Table 5.4 shows the results of the different ANOVAs.
The F statistic used is F (1, 28). In the first two rows, the results of the
comparison between a single system versus an average system can be ob-
served. In each case, the value of p is below 0.05, which indicates significant
differences. Therefore, as expected, the mean geED values obtained for an
average system are significantly different to the errors achieved when using
the left or right eye only. Furthermore, the average eye is the one achieving
the lowest mean geED, lower than the left eye and lower than the right
eye, for all the test subjects. Based on the experimental data, it can be
concluded that for the calibration position using the average eye improves
the gaze estimation accuracy of using the estimate of just one eye. A similar
conclusion was reached by Cui [90]. The simulated data corroborates this
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Fig. 5.4. Mean Euclidean gaze estimation error in mm of the polynomial regression bopI
of the right, left and average eye at the calibration position for the 6 test subjects.

conclusion. The last row of Table 5.4 shows the results of the comparison
between the right eye and the left eye for the six test subjects. For the test
subjects s1 and s4, the hypothesis that the mean geED of both eyes are
equal is satisfied since the p-value is higher than 0.05. But for the other test
subjects, the mean geED are significantly different. The simulated data do
not show any difference in the mean geED from one eye or the other, so
the source of this error must be the image processing algorithms.

Figure 5.4 shows the mean geED in mm of the polynomial regression
bopI of the right, left and average eye at the calibration position for every
test subject. In this error representation, it is possible to see graphically
on the one hand, how the average eye outperforms the single eye systems,
having a lower error for all the test subjects; and on the other hand, how
the left eye has higher gaze estimation errors for some test subjects and
lower errors for others. The average eye provides the most stable system.

Since the behavior of the different polynomial regressions is equivalent
in a static scenario, it makes sense to choose the simplest system. The
simplest system would be a system with a single IR light source that uses the
polynomial mapping function with the fewest terms (optimized third degree
polynomial) and the pupil distance or the glint distance as normalization
factor. Furthermore, an average setup would provide a higher accuracy and
stability to the final system. A good example would be an eye tracking
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system based on the polynomial regression bopI . If this system is used in a
static scenario, themean geED and themean GAEED provided are 4.7mm
and 0.39◦, respectively; this accuracy is comparable to the results observed
by Hennessey and Lawrence [37] and Cerrolaza et al. [35, 36].

Dynamic analysis

In the dynamic analysis another important aspect of an eye tracking system
performance is measured as well as the accuracy: the tolerance of the system
to HM. When a user of an eye tracking system based on a regression-based
methods moves away from the calibration position, the level of accuracy de-
creases. Thus, the aim of this study is to reduce this effect and implement
more robust systems. In this study, data from three different positions were
recorded and evaluated. Only the HM perpendicular to the screen have
been analyzed since other authors such as Morimoto and Mimica [12] re-
port that the HM in the other axes involve relatively low errors. The four
different aspects of an eye tracking system are evaluated separately: the
normalization factor applied to the pc-cr vectors, the hardware configura-
tion (I or II ), the polynomial mapping function and the average system
versus single system.

Normalization factor

Three normalization factors are evaluated for a dynamic scenario: the inter-
glint distance, the pupil distance and the glint distance. Although no signif-
icant differences between the different normalization factors could be found
for a static scenario, a dynamic scenario is more challenging and is one of
the weaknesses of polynomial regressions. The results will show that there
is one normalization factor that clearly optimizes the performance of the
gaze estimation in terms of robustness to HM perpendicular to the screen:
the inter-glint distance.

A comparison between all the normalization factors only makes sense for
eye tracking systems with configuration II (two IR light sources), since the
inter-glint distance is not feasible for systems with one IR light source. The
polynomial regressions based on the inter-glint distance (aopII , a2II , a3II)
and the polynomial regressions based on the other normalization factors
(bopII , copII , b2II , c2II , b3II , c3II) are compared in terms of mean geED

and the max geED in Table 5.5. This table shows the gaze estimation errors
of the 15 polynomial regressions at position 1 and 3 for the mean user. The
mean geED of the polynomial regressions based on the inter-glint distance
are generally lower. The outperformance of the inter-glint distance over the
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Position 1

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

bopI 10.7 23.2 13.5 31.2 11.0 24.1

copI 10.7 23.1 13.6 31.6 11.1 24.1

b2I 10.4 22.2 13.4 27.8 10.8 22.2

c2I 10.5 22.3 13.5 28.3 10.9 22.5

b3I 10.4 22.0 13.2 28.3 10.8 22.4

c3I 10.5 21.8 13.3 28.8 10.8 22.4

aopII 6.4 14.0 7.0 17.1 5.4 12.1

bopII 10.2 21.7 10.6 24.8 9.3 21.2

copII 10.3 21.7 10.7 25.0 9.3 21.3

a2II 6.9 13.6 6.9 15.6 5.7 12.2

b2II 10.2 18.6 10.5 22.9 9.1 18.5

c2II 10.3 18.8 10.6 23.1 9.1 18.5

a3II 6.4 12.8 6.6 15.2 5.0 11.1

b3II 9.8 20.5 10.2 23.6 8.9 19.2

c3II 9.9 20.7 10.3 23.8 8.9 19.3

Position 3

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

bopI 9.0 22.3 10.0 20.9 8.6 18.3

copI 9.0 22.2 10.1 21.2 8.6 18.3

b2I 8.8 22.1 9.2 21.6 8.0 18.9

c2I 8.8 22.2 9.2 21.7 8.0 19.0

b3I 8.9 21.7 9.1 21.7 8.1 19.4

c3I 8.9 21.8 9.2 21.9 8.1 19.4

aopII 7.2 21.4 6.4 16.9 5.4 15.0

bopII 7.5 19.1 7.3 16.7 6.1 13.4

copII 7.5 19.3 7.3 16.8 6.1 13.4

a2II 7.5 20.0 6.3 16.5 5.6 14.6

b2II 7.3 18.3 6.6 17.1 5.6 13.5

c2II 7.3 18.5 6.6 17.2 5.7 13.5

a3II 7.1 19.5 5.9 16.3 4.9 13.9

b3II 7.5 18.8 6.7 16.7 5.9 14.0

c3II 7.5 19.0 6.7 16.8 5.9 14.0

Table 5.5. Mean and maximum Euclidean gaze estimation error in mm of the 15 poly-
nomial regressions at positions 1 and 3 for the mean user.

other two normalization factors is more notable in position 1. In position
1, the error values of the polynomial regressions aopII , a2II and a3II are
approximately 4 mm lower and in position 3 nearly 1 mm lower.

The main advantage of the pupil and glint distance, is that they can be
applied to eye tracking systems with a single IR light source. Thanks to
these normalization factors, the robustness to HM of eye tracking systems
with such a hardware configuration is increased. Although these systems
based on a single IR light source are not as accurate as the systems that use
the inter-glint distance as normalization factor, they can still be used for
certain application. At first glance, from the error values shown in Table 5.5,
the gaze estimation errors of polynomial regressions based on the pupil
distance and the glint distance are very similar. Furthermore, note that
when not using the inter-glint distance as normalization factor, the gaze
estimation accuracy decreases faster when the user gets closer to the screen
than when the user moves further away from it.

A multivariate analysis of variance (MANOVA) was carried out with the
data of the six test subjects to confirm that there are significant differences
between the gaze estimation errors of the polynomial regressions based on
the inter-glint distance and the ones based on the other normalization fac-
tors. While a simple one-way ANOVA tests for the differences in the means



5.3 Results and evaluation 119

Position 1

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

bopI 11.9 19.3 11.1 19.7 11.5 19.3

copI 11.9 19.3 11.1 19.7 11.5 19.3

b2I 10.6 18.1 10.2 17.7 10.4 17.9

c2I 10.6 18.1 10.2 17.7 10.4 17.9

b3I 10.0 19.7 9.5 19.1 9.8 19.4

c3I 10.0 19.7 9.5 19.1 9.8 19.4

aopII 5.6 9.0 5.6 9.0 3.9 7.1

bopII 9.9 14.7 9.9 14.7 9.9 14.0

copII 10.0 14.6 9.9 14.7 9.9 14.0

a2II 3.7 6.1 3.7 6.1 1.9 3.2

b2II 8.8 13.1 8.8 13.1 8.8 13.1

c2II 8.8 13.1 8.8 13.1 8.8 13.1

a3II 3.6 4.1 3.6 4.1 1.1 1.9

b3II 7.6 13.6 7.6 13.6 7.6 13.6

c3II 7.6 13.6 7.6 13.6 7.6 13.6

Position 3

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

bopI 8.1 16.5 7.4 16.1 7.7 15.7

copI 8.1 16.5 7.4 16.0 7.7 15.7

b2I 8.6 17.2 8.1 16.8 8.4 17.0

c2I 8.6 17.2 8.1 16.8 8.4 17.0

b3I 9.0 17.5 8.6 17.0 8.8 17.2

c3I 9.0 17.5 8.6 17.0 8.8 17.2

aopII 3.9 7.2 3.9 7.2 2.7 4.6

bopII 4.8 14.6 4.8 14.6 4.6 12.7

copII 4.8 14.7 4.8 14.6 4.6 12.7

a2II 3.9 5.9 3.9 5.9 2.1 4.0

b2II 6.0 12.4 6.0 12.4 6.0 12.4

c2II 6.0 12.4 6.0 12.4 6.0 12.4

a3II 3.6 4.1 3.6 4.1 1.1 1.7

b3II 6.9 12.2 6.9 12.2 6.9 12.2

c3II 6.9 12.2 6.9 12.2 6.9 12.2

Table 5.6. Mean and maximum Euclidean gaze estimation error in mm of the 15 poly-
nomial regressions at positions 1 and 3 for the simulated user.

between two or more groups, a MANOVA allows to compare the multivari-
ate means of several groups. In the dynamic analysis, three variables are
evaluated: the mean geED in position 1, 2 and 3. Each group is defined by
one polynomial regression and the observations are the data of each one of
the six test subjects. Besides confirming the significant difference between
the polynomial regressions based on the inter-glint distance and the ones
based on the other normalization factors, the statistical analysis reported
no significant differences between the polynomial regressions based on the
pupil distance and those using the glint distance.

Table 5.6 represents the mean geED and the max geED in mm of the 15
polynomial regressions at position 1 and 3 for the simulated user. The gaze
estimation errors also show that the polynomial regressions based on the
inter-glint distance outperformed the other polynomial regressions. For the
simulated data, the gaze estimation errors of the polynomial regressions
based on the inter-glint distance at position 1 are approximately 6 mm
lower and in position 3 between 2 mm and 5 mm lower. The most remark-
able difference is again in position 1. Here, the errors of the polynomial
regressions based on the pupil distance and the glint distance are also very
similar.
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Fig. 5.5. User trajectories of the polynomial regressions bopII and copII for the average
eye for the test subjects s2 and s5.

All these results can be explained from a graphical point of view us-
ing user trajectories. A user trajectory is a graph that represents the PoR
displacement with the HM in a vector form. For each of the 64 test grid
points, the average estimated PoR of a test subject is represented for the
three positions and the three points are joined by two directional arrows.
The user trajectory can be created for the right eye, the left eye and the
average eye. Figure 5.5 shows the user trajectories of the polynomial re-
gressions bopII and copII for the average eye for the test subjects s2 and
s5. These user trajectories correspond to polynomial regressions that use
the optimized third degree polynomial mapping function, configuration II
and the pupil distance and the glint distance as normalization factors. The
trajectories of two different test subjects are shown to demonstrate that
they are user independent, i.e., they are similar for all the users. The user
trajectories only depend on the polynomial regression used, therefore, the
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Fig. 5.6. Mean user and simulated user trajectories of the polynomial regressions bopII
and copII for the average eye.

mean user trajectory can be used as representative of the user trajecto-
ries of the six test subjects. The advantage of the mean user trajectory is
that it is smoother and it shows only systematic errors; the random errors
are filtered by averaging the user trajectories of all the test subjects. The
mean user trajectory and simulated user trajectory of the polynomial re-
gressions bopII and copII for the average eye are represented in Figure 5.6.
The trajectories based on simulated data are similar to the ones based on
experimental data. In general, the simulated results are consistent with the
experimental results. A comparison of the results confirms that the sim-
ulation framework works correctly and that the conclusions reached are
coherent and valid.

All the user trajectories shown until now follow the same pattern: the
arrows represented in the graphs are directed approximately to the center
of the screen and they are similar independently of the normalization factor
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Fig. 5.7. Mean user and simulated user trajectories of the polynomial regression aopII
for the average eye.

used, the pupil distance or the glint distance. Based on the gaze estimation
errors, the statistical analysis and the trajectories, the pupil distance and
the glint distance can be regarded as equivalent.

The other result that can be demonstrated graphically is the outperfor-
mance of the inter-glint distance as normalization factor. Figure 5.7 shows
the mean user and simulated user trajectories of the polynomial regression
aopII for the average eye. The improvement is obvious when comparing
these with the previous trajectories of the polynomial regressions bopII and
copII . The user trajectories of Figure 5.7 do not follow a fixed direction.
It is clear that normalizing the pc-cr vector with the inter-glint distance
results in a more robust system to HM.

When the user moves the head respect to the camera and the screen,
there are two effects that occur to the pc-cr vector. The first one is that
the pc-cr vector changes when the user moves respect to the camera. If
the user approaches the camera, the pc-cr vector increases and if the user
goes further away it decreases. The second effect is caused by the relative
position of the user to the screen; the pc-cr vector changes because the
required rotation of the pupil to look at the same point varies. The inter-
glint distance changes with the distance as an effect of being further away
from the camera, but it also changes as the user moves nearer or away
from the screen. The relative position of the IR light sources to the eyes
changes as the user moves and this aspect is the one that makes the inter-
glint distance more appropriate for normalization. In the case of the pupil
distance or the glint distance, only the effect of being further away from
the camera is present. Normalizing the pc-cr with these distances improves
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the robustness of the system compared to a system without normalization,
but it is not as accurate as a system that uses the inter-glint distance as
normalization factor.

In summary, after a detailed analysis of the different normalization fac-
tors (the inter-glint distance, the pupil distance and the glint distance),
two important conclusions are reached. On the one hand, the inter-glint
distance outperforms the other two normalization factors which have been
tested, providing a system with a high robustness to HM. On the other
hand, the pupil distance and the glint distance are equivalent. Thus, the
gaze estimation errors of the polynomial regression based on the glint dis-
tance are not shown in the next tables.

Number of IR light sources

Two hardware configurations have been analyzed: one with one IR light
source and the other one with two IR light sources. The results obtained
for the static scenario tell us that the simplest system with one IR light
source is enough to achieve satisfactory accuracy and precision when the
user does not move. It is necessary to analyze if the hardware configuration
with one IR light is sufficient to work on a dynamic scenario where the user
moves away from the calibration position or two IR lights are required.

The results show that the eye tracking systems with configuration II
(two IR lights sources) outperform the ones with configuration I, which only
have a single IR light source. The main reason for this is that the inter-glint
distance cannot be applied in the latter systems. However, configuration I
can also be used for certain applications.

Another aspect that can be assessed is the fact of using one or two IR
light sources. With this objective, polynomial regressions that are based on
the same polynomial mapping function and the same normalization factor,
but different hardware configurations (I, II) are compared. The polyno-
mial regressions based on the inter-glint distance are not considered for
this analysis, since the inter-glint distance is not available for eye tracking
systems with configuration I. Tables 5.5 and 5.6 indicate that the gaze es-
timation errors of configuration I are higher than those for configuration
II. The available symmetry when using two glints improves the robustness
of the system to HM; this result can be proven graphically based on the
user trajectories shown in Figure 5.8. This figure shows the mean user and
simulated user trajectories of the polynomial regressions bopII and bopI
for the average eye. The arrows represented in the user trajectories of the
polynomial regressions bopII are directed approximately to the center of
the screen due to the available symmetry. This effect does not happen in
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Fig. 5.8. Mean user and simulated user trajectories of the polynomial regressions bopII
and bopI for the average eye.

configuration I, in which the symmetry is lost because there is only one
glint to calculate the normalized pc-cr vectors. In the user trajectories of
the polynomial regressions bopI , the arrows tend to head to the left, which
corresponds to the left side of the screen where the IR light source is lo-
cated. The improvement of configuration II with respect to configuration I
was also confirmed with a MANOVA, which reported significant differences
between both hardware configurations.

From the results shown, the eye tracking systems that use polynomial
regressions based on the pupil distance and the glint distance achieve higher
gaze estimation errors when using one IR light source than when using two
IR light sources. However, this result cannot be generalized because the
user trajectories depends to some extent on the hardware setup used. This
could be observed in Figure 5.8 and it can be demonstrated graphically with
user trajectories that use IR light sources located in different positions. The



5.3 Results and evaluation 125

240 560 880 1,200

192

448

704

960

pixels

p
ix
el
s

Left IR light source

240 560 880 1,200

192

448

704

960

pixels

p
ix
el
s

Right IR light source

Fig. 5.9. Mean user trajectories of the polynomial regression bopI for the average eye
based on the IR light source located in opposite positions. The arrows point to the left,
for the eye tracking system with the IR light source on the left and to the right for the
one with the IR light source on the right.

mean user trajectories of the polynomial regression bopI for the average eye
based on the IR light source located in opposite positions are represented
in Figure 5.9. The arrows point to the left for the eye tracking system with
the IR light source on the left and to the right for the one with the IR light
source on the right. In both cases, the arrows are directed approximately to
the position in the screen where the IR light sources are located. This also
happens in the user trajectories of the other polynomial regressions that are
based on the pupil distance and the glint distance. It can be expected that
locating the IR light source in a more centered position, for example below
the screen, would provide the eye tracking system with similar accuracies
as the one with two IR light sources. The analysis of other hardware setups
with the IR light source located in other positions is left for further research.

It can be concluded, based on both the experimental and simulated data,
that eye tracking systems with configuration II are more appropriate for
applications in which HM is expected. However, configuration I can also
be used for certain applications because thanks to the binocular data, ac-
ceptable gaze estimation errors can be achieved. With the new proposed
mapping features based on the pupil distance and the glint distance as nor-
malization factors, the eye tracking systems with configuration I improve
their performance reaching mean gaze estimation errors below 1◦.

Table 5.7 shows the mean GAEED in degrees of the 15 polynomial re-
gressions at the three positions for the mean user. The errors in degrees
are given to enable comparison with other publications. In this table, it is
possible to see that the mean GAEED of the polynomial regressions based
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Position 1 Position 2 Position 3

Right E. Left E. Avg. E. Right E. Left E. Avg. E. Right E. Left E. Avg. E.

bopI 0.94 1.19 0.97 0.49 0.53 0.39 0.72 0.81 0.70

b2I 0.92 1.18 0.95 0.44 0.47 0.35 0.71 0.74 0.65

b3I 0.92 1.17 0.95 0.46 0.45 0.35 0.72 0.74 0.65

aopII 0.57 0.62 0.47 0.48 0.46 0.37 0.58 0.52 0.44

bopII 0.90 0.94 0.82 0.47 0.47 0.36 0.60 0.59 0.49

a2II 0.61 0.61 0.50 0.47 0.45 0.37 0.61 0.51 0.45

b2II 0.90 0.93 0.80 0.43 0.43 0.33 0.59 0.53 0.46

a3II 0.57 0.58 0.44 0.44 0.43 0.34 0.57 0.48 0.40

b3II 0.87 0.90 0.78 0.43 0.41 0.32 0.60 0.54 0.47

Table 5.7. Mean Euclidean angular gaze estimation error in degrees of 9 of the polyno-
mial regressions at the three positions for the mean user.

Position 1 Position 2 Position 3

Right E. Left E. Avg. E. Right E. Left E. Avg. E. Right E. Left E. Avg. E.

bopI 1.05 0.98 1.01 0.31 0.26 0.28 0.65 0.60 0.62

b2I 0.93 0.90 0.91 0.15 0.15 0.15 0.69 0.66 0.67

b3I 0.88 0.84 0.86 0.01 0.01 0.01 0.73 0.69 0.71

aopII 0.49 0.49 0.34 0.29 0.29 0.26 0.32 0.32 0.21

bopII 0.88 0.88 0.87 0.29 0.29 0.26 0.39 0.39 0.37

a2II 0.33 0.33 0.17 0.15 0.15 0.15 0.31 0.31 0.17

b2II 0.77 0.77 0.77 0.15 0.15 0.15 0.48 0.48 0.48

a3II 0.32 0.32 0.10 0.01 0.01 0.01 0.29 0.29 0.09

b3II 0.67 0.67 0.67 0.01 0.01 0.01 0.56 0.56 0.56

Table 5.8. Mean Euclidean angular gaze estimation error in degrees of the 15 polynomial
regressions at the three positions for the simulated user.

on the inter-glint distance and the average eye corresponding to configura-
tion II are mostly below 0.5 degrees. The mean GAEED for configuration
I are generally higher, but below 1◦, which is considered as an acceptable
gaze estimation error [14]. Table 5.8 shows the mean GAEED in degrees of
the 15 polynomial regressions at the three positions for the simulated user.
The simulated errors are consistent with the experimental data.

Type of polynomial mapping function

The type of mapping function (optimized third degree, complete second
degree or complete third degree) has also been analyzed. In the static ana-
lysis, no significant differences were found. Tables 5.7 and 5.8 show that the
mean GAEED differences of the polynomial regressions based on the diffe-
rent types of polynomial mapping functions for the three positions are very



5.3 Results and evaluation 127

240 560 880 1,200

192

448

704

960

pixels

p
ix
el
s

copII (mean user)

240 560 880 1,200

192

448

704

960

pixels

p
ix
el
s

c2II (mean user)

240 560 880 1,200

192

448

704

960

pixels

p
ix
el
s

c3II (mean user)

Fig. 5.10. Mean user trajectories of the polynomial regressions copII , c2II and c3II for
the average eye.

small. A MANOVA was carried out and it reported no significant differ-
ences in the gaze estimation accuracy between the three types of polynomial
mapping functions tested for the three positions. Furthermore, the mean
user trajectories in Figure 5.10 show that the HM affects the gaze estima-
tion errors of the three polynomial regressions in the same systematic way.
This figure shows the mean user trajectories of the polynomial regressions
copII , c2II and c3II for the average eye. The three polynomial regressions
are based on the glint distance and two IR lights, but on different types
of polynomial mapping function. The simulated user trajectories are not
shown, but they have the same behavior.

The conclusion is that there are no advantages to use the complete poly-
nomial mapping functions; thus, the mapping functions with fewer terms
can be chosen to reduce the number of calibration points. This is consistent
with the results reported by Cerrolaza et al. [35, 36].
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Fig. 5.11. Mean user trajectories of the polynomial regression bopII of the right, left
and average eye.

Average system versus single system

The last parameter to consider is the use of an average system. In the static
analysis, the conclusion was that the average eye improves the accuracy
of using the estimate of just one eye. It is evaluated whether or not this
conclusion holds when the users move their head. Figure 5.11 shows the
mean user trajectories of the polynomial regression bopII of the right and
left eye (single systems) and of the average eye (average system). This is an
example of how the user trajectory of the average eye is related to the user
trajectories of the right and left eye. It is interesting to see how, for an eye
tracking system that uses the polynomial regression bopII , the arrows of the
right and left eye trajectories point to the right and to the left, respectively;
and the arrows from the average eye trajectory point to the center.
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Position 1

s1 s2 s3 s4 s5 s6

Eye Comparison F p F p F p F p F p F p

Right vs. Avg. 8.1 < 0.05 0,04 0.8 0.9 0.3 0.04 0.8 0.2 0.7 4.35 < 0.05

Left vs. Avg. 32.1 � 0.05 5.1 < 0.05 0.3 0.6 4.6 < 0.05 7.2 < 0.05 3.5 0.07

Right vs. Left 15.5 � 0.05 6.9 < 0.05 0.1 0.7 6.7 < 0.05 10.7 < 0.05 0.1 0.7

(a) position 1

Position 3

s1 s2 s3 s4 s5 s6

Eye Comparison F p F p F p F p F p F p

Right vs. Avg. 0.03 0.9 3.4 0.07 36.1 � 0.05 5.0 < 0.05 14.4 � 0.05 33.7 � 0.05

Left vs. Avg. 6.07 < 0.05 0.0007 1.0 25.8 � 0.05 0.004 0.9 72.2 � 0.05 0.1 0.7

Right vs. Left 9.3 < 0.05 3.8 0.06 1.7 0.2 7.9 < 0.05 15.5 � 0.05 22.2 � 0.05

(b) position 3

Table 5.9. One-way ANOVA analysis of each of the 6 test subjects to compare the
performance in the positions 1 and 3 of the right eye versus the average eye, the left eye
versus the average eye and the right eye versus the left eye.

For the dynamic scenario, a similar statistical analysis to the one used
for the static scenario has been carried out: a one-way ANOVA analysis per
test subject that uses the data of all the polynomial regressions for positions
1 and 3. For each test subject, three comparisons have been completed, the
right eye versus the left eye, the right eye versus the average eye and the
left eye versus the average eye for positions 1 and 3. Table 5.9 shows the
results of the different ANOVAs. This time, based on the results of the
statistical analysis of the different test subjects, the average eye is not
always better for all the polynomial regressions. However, for most of the
test subjects, the result of the statistical analysis is that the average eye
is at least better than one of the single eyes (right or left eye); and if this
is not the case, the differences are statistically insignificant. In conclusion,
the average eye estimate generally provides a similar or higher level of
gaze estimation accuracy than the estimate of just one eye. This same
conclusion was also reached by Cui [90]. This affirmation is generally true
under the condition that the gaze estimation error differences between the
right and left eyes are not very high. If the mean gaze estimation error of
one eye is very low with respect to the other eye, the average error may
result in higher errors than the gaze estimation of the most accurate eye.
Figure 5.12 shows the mean geED in mm of the polynomial regression
aopII of the right, left and average eye at the three positions for the six
test subjects. In this figure, the average eye, for this particular polynomial
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Fig. 5.12. Mean Euclidean gaze estimation error in mm of the polynomial regression
aopII of the right, left and average eye at the three positions for all users.

regression, outperforms the single eye in terms of the mean geED for the
test subjects s1, s3, s4 and s6 in the three positions and for the test subject
s5 in position 2. However, for the test subject s5, in positions 1 and 3, the



5.3 Results and evaluation 131

errors are very similar. This also occurs for the test subject s2 in position
1, but for positions 2 and 3, there is an example of what can happen when
the gaze estimation error differences between the right and left eyes are
high; the average eye outperforms the right eye but not the left one. This is
consistent with the conclusion that using the average eye equals or improves
the accuracy of using the estimate of just one eye under the condition that
the gaze estimation error differences between the right and left eyes are
not very high. Although there is no statistical evidence showing that using
two eyes makes the system more robust to HM, it can be affirmed that the
average eye provides a more stable gaze estimation. Figure 5.12 shows, as
it happened in the static scenario, that sometimes the right eye has higher
errors than the left eye and sometimes it is the other way round.

For the dynamic scenario, the optimal system would be one with two
IR light sources that uses the optimized third degree polynomial mapping
function (which is the one with the fewest terms), the inter-glint distance
as normalization factor and a binocular setup.

In summary, after having analyzed the four different aspects (the nor-
malization factor, the number of IR light sources, the type of polynomial
mapping function and the average versus single setup) for the dynamic
scenario, the conclusions are:

• Eye tracking systems with configuration II are more appropriate for
applications where HM is expected.

• Using the complete polynomials as mapping functions does not bring
any advantages.

• The inter-glint distance outperforms the pupil distance and the glint
distance.

• The pupil distance and the glint distance are equivalent.
• In general, using the average eye equals or improves the accuracy of

using the estimate of just one eye. This affirmation is generally true
under the condition that the gaze estimation error differences between
the right and left eyes are not very high.

• The average eye provides a more stable gaze estimation.

In addition to the conclusions presented, some interesting results have
been observed. There is a gaze estimation pattern, depending on both the
distance from the user to the screen and the screen point that the user
is looking at. This implies that for a particular user position, looking at
a specific point of the screen can have higher gaze estimation errors than
when looking at another point in another part of the screen. This error
pattern or error distribution within the screen depends on the hardware
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setup used. These systematic errors are more obvious in systems working
with the pupil distance and the glint distance as normalization factors.

5.3.2 Extension to a larger range of head movement

In the binocular approach, different polynomial regressions have been eval-
uated for a limited range of HM of 6 cm in the z-axis. Thanks to the sim-
ulation framework from Böhme et al. [74], the evaluation can be extended
to a larger range of HM and to the three axes. The hardware setup and
the range of HM chosen is the same one as in Section 4.3.2: the SHAKTI
hardware setup but with a camera of focal length 6 mm and resolution
1600x1200 pixels. The test subjects calibrate 55 cm away from the screen
at the position (0,0,55) cm in the HM coordinate system (see Figure 2.14).
Taking the calibration positions as origin of the movement, the test subject
moves 20 cm in each axis. The range of HM considering the HM coordinate
system is [-10,10] cm in the x-axis, [-10,10] cm in the y-axis and [45,65]
cm in the z-axis. To approximate better the errors in a real situation, a
Gaussian noise with zero mean and SD 0.1 pixels is added to the feature
coordinates.

This larger range of HM evaluation is done for the polynomial regre-
ssions based on the mapping features ϑa and ϑb1 . The polynomial regres-
sion based on the mapping feature ϑc1 is not considered in this study be-
cause normalizing with the glint distance it is equivalent to normalizing
with the pupil distance. The mapping feature ϑb is also excluded because
it has been demonstrated that for eye tracking systems with configuration
II, the inter-glint distance is a more appropriate normalization factor. The
mapping function used is the complete second degree polynomial mapping
function to be consistent with Section 4.3.2 and because it is out of the
scope of this section to assess which mapping function works better.

The main objective of this range of HM extension is to evaluate two
aspects: on the one hand how the polynomial regression based on the map-
ping feature ϑb1 performs when the user moves in the different axes for a
large range of HM; and on the other hand, how the average systems that
use the polynomial regressions based on the mapping features ϑa and ϑb1

perform in comparison to the single system now that the range of HM is
larger.

Firstly, a single system based on the mapping feature ϑb1 is evaluated
and compared to the single system based on the mapping feature ϑa, which
was already analyzed in Section 4.3.2. Then, the average system is ap-
proached.
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Fig. 5.13. Mapping feature ϑright
b1

when the user looks at the 8x8 test grid and moves
the head 20 cm in steps of 2 cm in each of the three axes separately.

Single system

The polynomial regression based on the mapping feature ϑa was already
evaluated for a large range of HM in Section 4.3.2. However, the polynomial
regression based on the mapping feature ϑb1 has not yet been analyzed for

a large range of HM. Figure 5.13 represents the mapping feature ϑright
b1

when the user looks at the 8x8 test grid and moves the head 20 cm in
steps of 2 cm in each of the three axes separately. For more details about
this type of graph refer to Section 4.3.2 where this graph was first shown
and explained. The graphs in Figure 5.13 show that the mapping feature
ϑb1 is robust to the HM in the x and y-axis. The graphs representing the
head moves in these two axes are very similar to the ones of the mapping
feature ϑa shown in Figure 4.13. The glint used to create the difference
vector compensates for the parallel HM. However, the pupil distance is not
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Fig. 5.14. Mean horizontal and vertical gaze estimation error in mm of the polynomial
regression based on the mapping feature ϑb1 for a range of head movement of 20 cm in
each of the three axis.

as good normalization factor as the inter-glint distance to compensate the
perpendicular movements.

With the information of how the mapping feature ϑb1 gets affected by the
HM in the different axes, it is possible to have an idea of the real impact
in the gaze estimation errors. Figure 5.14 shows the mean gex and the
mean gey in mm and Figure 5.15 shows the mean geED and the max geED

in degrees of the polynomial regression based on the mapping feature ϑb1

for a range of HM of 20 cm in each of the three axis. Graphs are shown
for the x-z, y-z and x-y head movement combinations. The polynomial
regression based on the mapping feature ϑb1 is tolerant to HM in the x
and y-axis. However, it is evident that the perpendicular HM affects the
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Fig. 5.15. Mean and maximum Euclidean angular gaze estimation error in degrees of the
polynomial regression based on the mapping feature ϑb1 for a range of head movement
of 20 cm in each of the three axis.

polynomial regression greatly, achieving high gaze estimation errors, up to
30 mm and 5 degreees. The dynamic analysis carried out in Section 5.3.1
already showed that the mapping feature ϑb1 was affected by the HM in
the z-axis more than the mapping feature ϑa. A lower performance could
be therefore expected when the HM space is enlarged. Furthermore, the
average system based on the mapping feature ϑb1 does not improve greatly
the robustness of this method to perpendicular HM, as it will be seen next.

Average system

In this section, the objective is to evaluate how well an average system
performs compared to a single system. When the range of HM is limited
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Fig. 5.16. Mapping features ϑleft
a , ϑleft

b1
, ϑavg

a and ϑavg
b1

when the user looks at the 8x8
test grid and moves the head 20 cm in steps of 2 cm in the z-axis.

to 6 cm in the z-axis, the results have shown that the average eye equals
or improves the accuracy of using the estimate of just one eye. The aim is
to see if this holds when the HM is extended to the three axes and for a
range of HM of 20 cm. Figure 5.16 represents the mapping features ϑleft

a ,
ϑleft
b1

, ϑavg
a and ϑavg

b1
when the user looks at the 8x8 test grid and moves the

head 20 cm in steps of 2 cm in the z-axis. The mapping features ϑavg
a and

ϑavg
b1

are obtained by averaging the coordinates of the mapping features ϑa

and ϑb1 coming from the left and right eye. The mapping featues ϑavg
a and

ϑavg
b1

are not exactly the vectors used in the mappings of this study, but
it can give an idea of the performance of the average system. The average
gaze estimation which is used averages the estimated PoR of both eyes. The
mapping feature ϑavg

a significantly improves the performance of a single eye
when moving in the z-axis. This is not the case of the mapping feature ϑavg

b1
.
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Fig. 5.17. Mean horizontal and vertical gaze estimation error in mm of the polynomial
regression based on the mapping feature ϑa and the average eye for a range of head
movement of 20 cm in each of the three axis.

The mapping features in the other axes are not shown, since the average
system does not improve the accuracies of the single system.

Figure 5.17 shows the mean gex and the mean gey in mm and Figu-
re 5.18 shows the mean geED and the max geED in degrees of the polyno-
mial regression based on the mapping feature ϑa and the average eye for a
range of HM of 20 cm in each of the three axis. Graphs are shown for the
x-z, y-z and x-y head movement combinations. If these figures from the av-
erage eye are compared to the ones from the right eye which were shown in
Figure 4.16 and 4.17, it is clear that the average eye outperforms the single
eye gaze estimation. The average eye greatly improves the accuracy of the
polynomial regression based on the mapping feature ϑa when a HM in the
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Fig. 5.18. Mean and maximum Euclidean angular gaze estimation error in degrees of
the polynomial regression based on the mapping feature ϑa and the average eye for a
range of head movement of 20 cm in each of the three axis.

z-axis is involved. This can be seen in the graphs where errors for the HM in
the x-z and y-z planes are represented. This improvement is higher as the
user gets away from the calibration position, i.e., when the user gets nearer
or further to the screen. In the graph where the x-y plane head movement
is shown, there is not a significant enhancement of the performance, as it
was expected.

Figures 5.19 and 5.20 show the same type of graphs, but for the mapping
feature ϑb1 . This vector is not as robust to z-axis HM as the mapping
feature ϑa. The graphs that represent the HM in the x-z and y-z planes
reach mean errors of up to 20 mm for the mapping feature ϑb1 and the
average eye. The errors for the mapping feature ϑa and the average eye
are up to 6 mm. When comparing these figures of the mapping feature
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Fig. 5.19. Mean horizontal and vertical gaze estimation error in mm of the polynomial
regression based on the mapping feature ϑb1 and the average eye for a range of head
movement of 20 cm in each of the three axis.

ϑb1 and the average eye with the ones of the right eye which were shown
in Figure 5.14 and 5.15 in this same section, it can be concluded that the
average system outperforms the single system. This is coherent with the
conclusions reached in the binocular approach that, in general, using the
average eye equals or improves the accuracy of using the estimate of just
one eye.

With this extension to a larger range of HM, it has been demonstrated
again the outperformance of the inter-glint distance as normalization factor.
The polynomial regressions based on the mapping feature ϑa provide an eye
tracking system with robustness to HM. Although the mapping features
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Fig. 5.20. Mean and maximum Euclidean angular gaze estimation error in degrees of
the polynomial regression based on the mapping feature ϑb1 and the average eye for a
range of head movement of 20 cm in each of the three axis.

ϑb1 and ϑc0 are not so robust, the advantage is that they can be applied to
systems with a single IR light source.



6

New Head-free gaze estimation methods based on
a single IR light source

An exhaustive analysis of different polynomial regressions for gaze estima-
tion based on binocular data and IR light including different normalization
factors was carried out in the previous chapter. The results demonstrate
the outperformance of the inter-glint distance as normalization factor to
provide robustness to HM. However, the study resulted in new ideas to
develop normalization factors comparable to the inter-glint distance, which
only rely on a single IR light source. These new ideas to create polynomial
regressions that provide systems based on a camera and a single IR light
source with a robustness to HM comparable to systems with two IR lights
are presented and evaluated in Section 6.1. Furthermore, if polynomial gaze
estimation methods that permit to reduce the hardware to a camera and
one IR light source exist, then a model-based method which works with the
same hardware can also be expected. The system setup has been geomet-
rically analyzed and a model-based method is proposed and evaluated in
Section 6.2.

Until now, the gaze estimation methods based on IR light that provide
certain robustness to HM have always been based on two IR light sources.
According to Guestrin and Eizenman [82], systems composed of just one
video camera and one light can only estimate the PoR if the head is com-
pletely stationary. Therefore, this is an important achievement.

6.1 Polynomial regressions based on one IR light source

In this section, three new normalization factors are proposed to build map-
ping features that provide systems based on a camera and a single IR light
source with a robustness to HM comparable to systems with two IR light
sources. The resulting polynomial regressions have been developed and eval-
uated with the same data as in the binocular study of the previous chapter.
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This new study can be considered as an extension of the previous one where
the same aspects of an eye tracking system have been analyzed. The ma-
jor novelty here is that three new normalization factors are considered:
the modified pupil distance, the squared pupil distance and the squared
glint distance. Moreover, another polynomial mapping function proposed
by Blignaut [71] is included. This polynomial mapping function has been
reported to achieve the highest accuracy in a recent polynomial regression
comparison carried out by Blignaut [72], therefore, it has been considered
necessary its inclusion in the new study.

First, the extension of the binocular study is presented with a detailed
explanation of the calculation of the modified pupil distance and the idea
behind the squared distances. Then, as the study methodology is the same
as in the previous chapter (see Section 5.2 for details), the results and the
evaluation are shown directly. The hardware setup independence of the
modified pupil distance is also evaluated. Furthermore, thanks to the sim-
ulation framework, the evaluation of the proposed polynomial regressions
was extended to a larger range of HM.

6.1.1 Extension of binocular study

In this study, the same aspects of an eye tracking system as in Section 5.1
have been analyzed. These aspects are related to: the hardware configu-
ration of the eye tracking system, the considered mapping features, the
polynomial mapping functions used and of course the fact of using a single
system or an average one. The different aspects considered are described
below.

Hardware configuration

Two hardware configurations have been evaluated: configuration I (with
one IR light source) and configuration II (with two IR light sources).

Mapping Features

The mapping features are similar to the ones used in the previous binocular
study. The normalized mapping features used for configuration I (ϑeye

nfi
) and

configuration II (ϑeye
nf ) were defined in Equation 5.3 and 5.4, respectively.

Three normalization factors are proposed to provide robustness to HM: the
modified pupil distance, the squared pupil distance and the squared glint
distance. The three of them need information of both eyes and these are
compared to the well-known inter-glint distance. Below, the three normal-
ization factors proposed are defined:
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• Modified pupil distance (d): The modified pupil distance mpd is a func-
tion based on the pupil distance. The inter-glint distance outperforms
the pupil and glint distances, but it is not available for eye tracking
systems with configuration I. Hence, the idea is to approximate it with
a function based on the pupil distance. The modified pupil distance is
defined as:

mpd = f(pd), (6.1)

where f is an approximation function and pd the pupil distance.
• Squared pupil distance (e): The square pupil distance spd is the squared

Euclidean distance between the pupil centers of both eyes in the image.
The distance is defined as:

spd = pd2, (6.2)

where spd is the squared pupil distance and pd is the pupil distance.
• Squared glint distance (f): The squared glint distance sgd is the squared

Euclidean distance between the glints in the image belonging to different
eyes but coming from the same IR light source. The distance is defined
as:

sgd = gd2, (6.3)

where spd is the squared glint distance and gd is the glint distance.

Taking into account the normalization factors presented, some mapping
features considered are: ϑeye

a , ϑeye
d1

, ϑeye
e1 and ϑeye

f1
.

Polynomial mapping function

The polynomial mapping functions used in this study are the same ones
as in the previous study: the optimized third degree polynomial, the com-
plete second degree polynomial and the complete third degree polynomial.
Moreover, another polynomial mapping function proposed by Blignaut [71]
is also included in this study. This mapping function is added because it has
been reported to give the highest accuracy compared to other existent poly-
nomial mapping functions as Blignaut [72] claims in a recent comparison
study. The mapping function is:

• Optimized fourth degree polynomial (4):

PoReye
x = [kx0 + kx1ϑx + kx2ϑy + kx3ϑxϑy + kx4ϑ

2
x

+kx5ϑ
2
xϑy + kx6ϑ

2
x + kx7ϑ

3
xϑy]

eye,

PoReye
y = [ky0 + ky1ϑx + ky2ϑy + ky3ϑxϑy + ky4ϑ

2
x

+ky5ϑ
2
y + ky6ϑ

2
xϑy]

eye,

(6.4)
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a d e f

I

op − dopI eopI fopI

2 − d2I e2I f2I

3 − d3I e3I f3I

4 − d4I e4I f4I

II

op aopII − − −
2 a2II − − −
3 a3II − − −
4 a4II − − −

Table 6.1. Studied polynomial regressions: combination of the different normalization
factors, type of polynomial mapping function and hardware configuration used.

where PoReye
x and PoReye

y are the PoR in screen coordinates of eye eye
with eye ∈ {left, right}, ϑeye

x and ϑeye
y are the mapping features of eye

eye and keyex0 · · · keyex7 and keyey0 · · · keyey6 are the coefficients of eye eye which
are unknown and to be determined with a user calibration. Note that
there is one polynomial equation for the vertical axis and one for the
horizontal axis.

Average system versus single system

The PoR can be estimated with the PoRleft or PoRright for single systems
and as the average between the PoRleft and the PoRright for average
systems.

In the study, 16 different polynomial regressions are tested as a result of
the combination of the different normalization factors proposed, the type of
polynomial mapping function and the hardware configuration used. Each
polynomial regression is denoted as XY Z, where X ∈ {d, e, f} depends
on the normalization factor applied (modified pupil distance, squared pupil
distance, squared glint distance), Y ∈ {op, 2, 3, 4} depends on the type of
equation (optimized third degree, complete second degree, complete third
degree, optimized fourth degree) used and Z ∈ {I, II} depends on the
hardware configuration (one IR light source, two IR light sources).

For configuration I, the normalization factors d, e, f are applied, result-
ing in 12 polynomial regressions. For configuration II, although all nor-
malization factors are possible, only 4 polynomial regressions are studied
because the normalization factor d will only be tested for configuration I.
The normalization factor d is not tested for configuration II because the
inter-glint distance is already available. The different polynomial regressions
are shown in Table 6.1.
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Calculation of the modified pupil distance

The modified pupil distance has been proposed based on the results of the
original binocular study (see Section 5.1 for details). Since the inter-glint
distance works better as normalization factor than the pupil distance and
the glint distance, the idea of the modified pupil distance is to approximate
the inter-glint distance based on the pupil distance. The advantage of this
new proposed normalization factor is that it can be used in eye tracking
systems with configuration I where only one IR light source is present and
the inter-glint distance is not available.

In this work, only a simulated approximation is considered in order to
avoid a complicated user calibration. This implies that the gaze estimation
errors are likely to be higher than when taking an approximation of the
inter-glint distance based on real data. The advantage is that it is user-
independent. The proposed modified pupil distance based on the simulated
data is applied to the real data to assess if this is a valid solution. This
solution may seem simple at first glance, but several aspects need to be
analyzed before considering it as acceptable. Other researchers have also
applied successfully this same approach of learning a correction through
simulation [92]. However, they did not evaluate if the solution was inde-
pendent of the hardware setup. An important aspect to take into account
is the dependence of this solution on the hardware setup, i.e., the position
of the IR light sources and the position of the camera. The relation between
the inter-glint distance and the pupil distance is not exactly linear with the
distance to the camera and the screen. Therefore, another important aspect
to evaluate is how this solution depends on the simulated range of HM. To
be able to analyze this, the following setups are simulated:

• Setup A: The camera and the IR light sources are positioned as in the
experimental setup. The inter-glint distance approximation is based on
a range of HM in the z-axis of [65, 71] cm. As a reminder, the position
1, 2 and 3 from the study corresponds to 65, 68 and 71 cm away from
the screen, respectively.

• Setup B : The camera and the IR light sources are positioned as in the
experimental setup. The inter-glint distance approximation is based on
a range of HM in the z-axis of [60, 66] cm.

• Setup C : The camera is 5 cm further away from the screen and the IR
light sources are 4.32 cm higher than in the experimental setup. The
inter-glint distance approximation is based on a range of HM in the
z-axis of [60, 66] cm.
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Fig. 6.1. The pupil distance versus the inter-glint distance (blue crosses) and the appro-
ximated modified pupil distance (blue line) for setup A.

Setup b m

A 0.05704 -23.55

B 0.06196 -27.66

C 0.06041 -28.35

Table 6.2. Linear approximation coefficients of the modified pupil distance for the di-
fferent setups.

For each setup, a test with the 8x8 test grid (see Figure 2.7) is simulated
for 11 positions within the range of HM considered. For each position, the
average of the 64 pupil distances and the inter-glint distances is computed.
A linear regression is carried out to obtain the coefficients of the linear a-
pproximation based on these values. Figure 6.1 shows the relation between
the pupil distance and the inter-glint distance, as well as the linear appro-
ximated inter-glint distance for setup A. The modified pupil distance is
approximated with the estimated inter-glint distance:

mpd = d̄ = b+m · pd, (6.5)

where mpd is the modified pupil distance, d̄ is the estimated inter-glint dis-
tance function, b and m are the y-intercept and the slope of function d̄ and
pd is the measured pupil distance. The modified pupil distance calculated
for setup A can be called the optimal mpd. Table 6.2 shows the coefficients
of the linear approximation of the three setups.

Why squared distances?

The idea behind the squared distances is that there are two aspects which
require normalization when the user moves away from the calibration po-
sition: the relative position to the camera and the relative position to the
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Fig. 6.2. Image area of an object A for the camera distance used for calibration wdref
(aref ) and a certain camera distance wdi (ai). When the object gets nearer to the camera,
the size of the object in the image plane increases.

screen. The inter-glint distance is able to compensate both aspects, but it
is not available for eye tracking systems with a single IR light source. Ho-
wever, both aspects can be normalized separately with a 3D fixed distance
such as the pupil distance or the glint distance. In fact, the distance used
to compensate each aspect does not need to be the same. For simplicity,
the same one is used in this work, which results in a squared distance. To
understand better the two aspects that require normalization, these are
explained in more detail below.

Relative position to the camera

When the user moves away from the calibration position, he moves closer
or further from the camera and this has an effect in the size in pixels of the
pc-cr vector. In general, the size of a 3D object in the image plane increases
when the distance between the camera and the object gets smaller, as shown
in Figure 6.2. This means that the pc-cr vector also gets affected by the
relative distance of the user to the camera and changes its image size,
affecting the gaze estimation accuracy dramatically. When the user gets
closer to the camera, the vector increases and when the user gets further
away from the camera it decreases. The pc-cr vector in the calibration
position pc-crref changes with the distance to the camera in the following
way:

pc-cri =
camera distanceref
camera distancei

· pc-crref , (6.6)

where pc-cri is the pc-cr vector in pixels for a certain position i, pc-crref is
the pc-cr vector in pixels at the calibration position, the camera distancei
and camera distanceref are the distance from the user to the camera for po-
sition i and for the calibration position, respectively. The camera distancei
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Fig. 6.3. Image area of an object B for the calibration distance wdref (bref ) and a
certain working distance wdi (bi). When the object gets nearer to the eye, the size of
the object in the image plane increases, as well as the required angle of view ϕi.

and the camera distanceref are both given in mm. The solution to this ef-
fect is to normalize with a fixed 3D distance such as the pupil distance or
the glint distance. The normalization with the pupil distance is as follows:

pc-cri
pdi

=
pc-crref
pdref

, (6.7)

where pc-cri and pdi are the pc-cr vector and the pupil distance in pixels
for a certain position i, pc-crref is the pc-cr vector in pixels at the cali-
bration position and pdref is the image pupil distance in pixels at the cal-
ibration position which is constant. And the normalization with the glint
distance is as follows:

pc-cri
gdi

=
pc-crref
gdref

, (6.8)

where pc-cri and gdi are the pc-cr vector and the glint distance in pixels
for a certain position i, pc-crref is the pc-cr vector in pixels at the cal-
ibration position and gdref is the image glint distance in pixels at the
calibration position which is constant. Both distances, the pupil distance
and the glint distance can be used to normalize the pc-cr vector. The result
is a normalized pc-cr vector which value is constant when the user looks at
the same point in the screen.

Relative position to the screen

When the user moves away from the calibration position, he also moves
respect to the screen. The human eye can be compared to a camera in
such a way that, as it happens to the camera, a 3D object also changes
sizes in the image plane with the distance from the user to the screen (see
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Fig. 6.4. Relation of the pupil range with the required angle of view. The required angle
of view ϕref and ϕi leads to a pupil range of prref and pri, respectively. The bigger the
angle, the bigger the pupil range. The spherical surface of the eye is approximated with
a planar surface.

Figure 6.2). Moreover, the required angle of view also changes. To look at
a certain point in the screen, the necessary eye movement changes with
the distance from the eye to that point. When the user gets closer to the
screen and looks at a corner of the screen, the pupil needs to move more
than when he is positioned at the calibration position. On the contrary,
when moving further away from the screen, the pupil needs to move less.
These eye movement differences affect the pc-cr vector and also needs to
be normalized. Figure 6.3 shows how the required angle of view to see
the screen from the calibration distance ϕref changes with the distance to
the eye. This relation can be described, according to Figure 6.3, with this
expression:

tanϕi

tanϕref
=

bi

bref
, (6.9)

where ϕi is the required angle of view at a certain working distance i, ϕref

is the required angle of view at the calibration position and bi and bref are
the eye image screen area in pixels for the position i and the calibration
position, respectively. Furthermore, as it is shown in Figure 6.4, the pupil
range is also modified when the required angle of view changes:

pri =
tanϕi

tanϕref
· prref , (6.10)

where pri is the pupil range at a certain working distance i, prref is the
pupil range at the calibration position and ϕi and ϕref are the required
angle of view for the position i and the calibration position, respectively.
Note that the spherical surface of the eye is approximated with a planar
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surface. In this work, it is considered that the effect that takes place in the
pc-cr vector when the relative distance from the eye to the screen varies is
the same as the effect in the pupil range. Thus, with this approximation
and using Equation 6.9, the pc-cr vector for a certain working distance i
can be related to the pc-cr vector in the calibration position:

pc-cri =
bi
bref

· pc-crref . (6.11)

Taking into account that the human eye works in a similar way as a camera,
the following equation can be used to project an object area from the 3D
space to the 2D eye image plane:

b =
focal length

working distance
· image resolution

sensor size
·B, (6.12)

where b(bx, by) is the eye image object area in pixels and B(Bx, By) is
the object area in the real 3D space in mm with width Bx and height
By. The working distance and the focal length of the eye are given in
mm, the sensor size in mm and the image resolution in pixels. The
standard European adult eye can be considered to have a focal length of
approximately 22 mm as Hunt et al. [93] reports. Furthermore, the screen
area in the eye image plane when the eye is located at a certain working
distance i (bi) and at the calibration position (bref ) can be related by the
equation below:

bi

bref
=

working distanceref
working distancei

, (6.13)

where bi is the eye image screen area in pixels for a certain position i,
bref is the eye image screen area in pixels at the calibration position, the
working distancei and the working distanceref are the distance from the
user to the screen for position i and for the calibration position, respectively.
The relation described in Equation 6.13 is independent of the eye charac-
teristics, i.e., the focal length, the sensor size and the image resolution;
it only depends on the working distances. Substituting Equation 6.13 in
Equation 6.12, the relation in Equation 6.6 is obtained. This Equation 6.6
was used to describe what happens with the pc-cr vector when the user
moves relative to the camera, but it can also be used to describe the situ-
ation when the user moves relative to the screen. The only differences are
the camera distance and the working distance. These distances may differ
if the camera and the screen are not close to each other.

Usually, the camera and the screen are very close to each other, therefore,
the change in the eye movement caused by the relative position to the
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Fig. 6.5. Comparison between normalization factors: a, e, f . The represented values are
the normalization factor at a certain position i (mean nfi) divided by the same normal-
ization factor at the calibration position (mean nfref ). The mean values are computed
as the average normalization factor over the 64 grid point values.

screen affects the pc-cr vector approximately in the same way as the relative
position to the camera. The pupil distance or the glint distance in the
camera image plane can be used to normalize the effect of the relative
position to the screen as in Equation 6.7 and 6.8.

With this explanation, it has been clarified in detail why the squared
distances are proposed as normalization factors. Figure 6.5 shows a com-
parison between all the different normalization factors. The represented
values are the mean normalization factor mean nfi divided by the mean
normalization factor at the calibration position mean nfref . The mean val-
ues are computed as the average normalization factor over the 64 grid point
values. The figure shows how the squared pupil distance and the squared
glint distance are very similar to the inter-glint distance. This is already a
good foresight of the results and evaluation that are presented in the next
section.

6.1.2 Results and evaluation

A thorough analysis of the new mapping features based on binocular data
has been carried out to exploit the extra information of the second eye. This
time it has been done with the aim to design new polynomial regressions
that permit to reduce the hardware to a camera and one IR light source
while maintaining the robustness to HM. The results and evaluation of the
binocular approach extension and the extension to a larger range of HM
are presented below.
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Position 2

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

dopI 5.9 14.5 6.2 14.8 4.7 12.2

eopI 6.1 14.7 6.5 14.8 4.8 12.1

fopI 6.0 14.6 6.6 15.1 4.8 12.0

d2I 5.3 14.6 5.5 15.1 4.1 11.5

e2I 5.3 14.6 5.5 15.1 4.1 11.5

f2I 5.2 14.3 5.6 15.4 4.1 11.3

d3I 5.6 14.1 5.3 14.5 4.2 10.7

e3I 5.3 14.6 5.5 15.1 4.1 11.3

f3I 5.3 14.4 5.6 15.4 4.2 11.2

d4I 5.5 15.0 5.3 13.4 4.0 11.2

e4I 5.4 14.9 5.5 14.3 4.1 11.1

f4I 5.3 14.6 5.6 14.6 4.1 10.9

aopII 5.7 13.4 5.5 14.4 4.4 10.9

a2II 5.6 13.6 5.3 14.2 4.4 10.6

a3II 5.3 12.5 5.1 14.5 4.0 10.3

a4II 5.2 13.5 5.0 14.3 4.0 10.2

Table 6.3. Mean and maximum Euclidean gaze estimation errors in mm of the 16
polynomial regressions at the calibration position for the mean user.

Binocular approach extension

The main objective of this extended binocular approach is to evaluate if
the proposed normalization factors are able to provide robustness to HM to
eye tracking systems with one IR light source. The same different aspects
of the eye tracking system as in the original binocular approach are consid-
ered: the normalization factor applied to the pc-cr vectors, the hardware
configuration (I or II ), the type of polynomial mapping function and the
comparison between an average system versus a single system. Two types
of analysis have also been carried out, a static analysis and a dynamic a-
nalysis, to evaluate both the gaze estimation accuracy and the tolerance to
HM. Both analysis are based on real and simulated data.

First of all, the polynomial regressions based on one IR light source
are analyzed and compared to the polynomial regressions based on two IR
light source for a static scenario and a dynamic scenario. For the static
analysis, only the calibration position (position 2) has been considered.
For the dynamic analysis, two other positions are analyzed. One of them 3
cm closer to the screen (position 1) and the other one 3 cm further away
(position 3). Finally, the hardware setup independence of the modified pupil
distance is analyzed.
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Position 2

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

dopI 3.6 7.1 3.1 5.6 3.3 6.2

eopI 3.6 7.1 3.1 5.7 3.3 6.2

fopI 3.6 7.1 3.1 5.6 3.3 6.3

d2I 1.8 2.6 1.8 2.6 1.8 2.6

e2I 1.8 2.6 1.8 2.6 1.8 2.6

f2I 1.8 2.6 1.8 2.6 1.8 2.6

d3I 0.1 0.2 0.1 0.2 0.1 0.2

e3I 1.4 2.6 1.4 2.6 1.4 2.5

f3I 1.4 2.6 1.4 2.6 1.4 2.5

d4I 0.8 1.6 0.8 1.6 0.8 1.6

e4I 1.4 2.6 1.4 2.6 1.4 2.6

f4I 1.4 2.6 1.4 2.6 1.4 2.5

aopII 3.4 6.0 3.4 6.0 3.1 5.7

a2II 1.8 2.5 1.8 2.5 1.8 2.5

a3II 0.1 0.2 0.1 0.2 0.1 0.2

a4II 0.8 1.6 0.8 1.5 0.8 1.5

Table 6.4. Mean and maximum Euclidean gaze estimation errors in mm of the 16
polynomial regressions at the calibration position for the simulated user.

Static Analysis

For the static analysis, data obtained from position 2 have been considered.
The mean geED and the max geED in mm of the 16 polynomial regressions
at the calibration position for the mean user are shown in Table 6.3. The
results show that the gaze estimation accuracies achieved are comparable
for all the polynomial regressions. This is consistent with the results of
the original binocular study (see Section 5.3.1). A statistical analysis was
carried out where each polynomial regression was compared to the other
regression methods with a one-way ANOVA. The data of each test subject
were considered to be independent observations of the compared polyno-
mial regressions. The F (15, 80) was the distribution used; a reference value
of 5% probability of error in the hypothesis verification was chosen as in
the original binocular study. According to the ANOVA results, there are
no significant differences between the different polynomial regressions with
confidence levels of 96% (F = 0.45), 100% (F = 0.28) and 90% (F = 0.56),
for the average eye, the right eye and the left eye, respectively.

Regarding the simulated data, Table 6.4 shows no differences between
the polynomial regressions based on the squared pupil distance and the
squared glint distance. According to these data, the optimized fourth de-
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Fig. 6.6. The mean Euclidean gaze estimation errors in mm of the polynomial regression
dopI for the right, left and average eye at the calibration position for the 6 test subjects.

gree polynomial proposed by Blignaut [71] achieves better results than the
complete second degree and the optimized third degree polynomials as re-
ported by Blignaut [72]. However, it does not achieve better results than
the complete second degree polynomial. In any case, the differences in the
gaze estimation performance are not large enough to be noticed within real
data. Note that in the simulations a camera without noise and perfect im-
age processing algorithms are considered. Although slightly improvements
can be observed in Table 6.3, they are not statistically significant as the
ANOVA analysis has shown.

The outperformance of the polynomial mapping functions of higher de-
gree and the one proposed by Blignaut [71] is more evident when the non-
linear behavior of the eye movement is more present. This happens when a
wider range of gaze angles is evaluated. In this binocular study, the range of
evaluated gaze angles is limited because the working distances are relative
far from the 17-inch screen. The effect of the non-linearity in polynomial
regressions is analyzed in more depth in Chapter 8. In that chapter the
non-linearities of the eye behavior are demonstrated to be an important
aspect to take into account when evaluating regression-based methods.

Based on the experimental and simulated data, it can also be concluded
as in the original binocular study that for the calibration position using the
average eye improves the accuracy of using the estimate of just one eye.
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Position 1

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

dopI 6.3 14.5 7.0 18.2 5.2 12.5

eopI 6.4 15.3 7.2 18.0 5.4 13.1

fopI 6.4 15.4 7.4 18.6 5.4 13.3

d2I 6.2 13.5 5.9 15.2 4.6 10.6

e2I 6.2 13.8 6.2 15.9 4.8 11.0

f2I 6.2 13.7 6.4 16.3 4.8 11.0

d3I 6.3 14.4 5.7 14.3 4.6 10.4

e3I 6.3 13.9 6.2 15.7 4.8 11.1

f3I 6.2 13.7 6.5 16.2 4.9 11.2

d4I 6.3 13.7 5.8 14.7 4.7 11.0

e4I 6.3 13.4 6.2 15.7 4.8 11.4

f4I 6.2 13.4 6.4 15.8 4.9 11.4

aopII 6.4 14.0 7.0 17.1 5.4 12.1

a2II 6.9 13.6 6.9 15.6 5.7 12.2

a3II 6.4 12.9 6.6 14.6 5.1 11.2

a4II 6.5 12.5 6.6 14.8 5.2 11.3

Position 3

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

dopI 7.8 22.2 8.0 21.0 6.3 16.0

eopI 7.5 20.8 7.4 18.2 5.8 14.3

fopI 7.4 20.9 7.6 18.4 5.9 14.5

d2I 7.4 20.0 7.6 18.0 5.8 14.1

e2I 7.0 18.8 6.7 16.3 5.2 12.7

f2I 6.9 18.8 6.8 16.7 5.2 12.9

d3I 7.5 20.6 7.4 17.4 5.7 15.6

e3I 6.9 18.8 6.7 16.2 5.1 12.7

f3I 6.9 18.9 6.8 16.7 5.2 13.0

d4I 7.6 19.6 7.3 17.5 5.7 14.3

e4I 7.1 18.5 6.6 15.8 5.2 12.4

f4I 7.0 18.7 6.8 16.0 5.3 12.6

aopII 7.2 21.4 6.4 16.9 5.4 15.0

a2II 7.5 20.0 6.3 16.5 5.6 14.6

a3II 7.1 18.9 5.9 16.3 4.9 13.7

a4II 7.2 20.0 5.9 16.0 5.1 13.8

Table 6.5. Mean and maximum Euclidean gaze estimation errors in mm of the 16
polynomial regressions at positions 1 and 3 for the mean user.

Figure 6.6 shows the mean geED in mm of the polynomial regression dopI
for the right, left and average eye at the calibration position for the 6 test
subjects.

Dynamic Analysis

The purpose of a dynamic analysis is to evaluate the robustness of the
different gaze estimation methods to HM. Although no significant differ-
ences between the different polynomial regressions could be found for a
static scenario, the real challenge exists when the user moves away from
the calibration position. With this analysis, the performance of the pro-
posed normalization factors (the modified pupil distance, the squared pupil
distance and the squared glint distance) can be really assessed and they can
be compared to the inter-glint distance. For this analysis, data from two
other positions are used, one of them 3 cm closer to the screen (position 1)
and the other one 3 cm further away (position 3).

Table 6.5 shows the mean geED and the max geED in mm of the 16
polynomial regressions at positions 1 and 3 for the mean user. In position
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Position 1

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

dopI 5.8 10.4 6.4 10.8 5.4 9.4

eopI 5.9 9.8 5.2 8.6 4.1 7.5

fopI 5.9 9.9 5.2 8.5 4.1 7.5

d2I 3.7 6.0 5.0 8.6 3.7 6.4

e2I 3.8 6.2 3.7 6.2 2.0 3.3

f2I 3.8 6.2 3.7 6.1 2.0 3.3

d3I 2.8 4.0 4.6 6.8 2.9 4.5

e3I 3.7 6.2 3.5 6.1 1.8 3.0

f3I 3.7 6.2 3.5 6.1 1.8 3.0

d4I 3.1 5.1 4.8 8.1 3.1 5.7

e4I 3.7 6.2 3.6 6.2 1.8 3.1

f4I 3.7 6.2 3.6 6.2 1.8 3.0

aopII 5.6 9.0 5.6 9.0 3.9 7.1

a2II 3.7 6.1 3.7 6.1 1.9 3.2

a3II 3.6 4.1 3.6 4.1 1.1 1.9

a4II 3.6 5.1 3.6 5.1 1.3 1.9

Position 3

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

dopI 2.9 6.6 4.1 9.6 2.5 6.6

eopI 4.2 6.7 4.0 8.6 2.8 5.9

fopI 4.2 6.6 4.0 8.5 2.8 5.8

d2I 2.7 4.5 4.3 5.9 2.3 4.1

e2I 3.9 6.0 3.8 5.9 2.1 4.0

f2I 3.9 6.0 3.8 5.9 2.1 4.0

d3I 2.7 3.5 4.2 5.5 2.2 2.9

e3I 3.8 5.9 3.7 5.9 1.9 3.1

f3I 3.8 5.9 3.7 5.9 1.9 3.1

d4I 2.6 4.0 4.2 6.2 2.2 3.4

e4I 3.7 5.9 3.6 5.8 1.9 3.1

f4I 3.8 5.9 3.6 5.8 1.9 3.1

aopII 3.9 7.2 3.9 7.1 2.6 4.6

a2II 3.9 5.9 3.9 5.9 2.1 4.0

a3II 3.6 4.1 3.6 4.1 1.1 1.7

a4II 3.7 5.0 3.7 5.0 1.4 2.5

Table 6.6. Mean and maximum Euclidean gaze estimation errors in mm of the 16
polynomial regressions at positions 1 and 3 for the simulated user.

1, the maximum error differences when comparing the polynomial regre-
ssions based on the different normalization factors with the same type of
polynomial mapping functions is 1.1 mm for position 1 and 0.9 mm for
position 3. If the mean geED of the polynomial regressions based on the
modified pupil distance, the squared pupil distance and the squared glint
distance are compared to the ones based on the inter-glint distance, it can
be confirmed that the objective of the proposed normalization factors has
been achieved. The optimal mpd and the squared distances make eye track-
ing systems with one IR light source (configuration I ) comparable to the
systems with two IR light sources (configuration II ). The advantage of the
squared pupil and squared glint distance is that they are independent of the
hardware setup. However, in the case of the optimal mpd, knowledge of the
hardware setup is required. The evaluation of the modified pupil distance
in terms of hardware setup independence is carried out later.

A statistical analysis is completed to assess if the gaze estimation error
differences that appear are significant. A MANOVA has been carried out
with the data of the six test subjects with three variables: the mean geED

in position 1, 2 and 3. The statistical analysis reported no significant differ-
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Position 1 Position 2 Position 3

Right E. Left E. Avg. E. Right E. Left E. Avg. E. Right E. Left E. Avg. E.

dopI 0.56 0.61 0.46 0.50 0.52 0.40 0.63 0.65 0.51

eopI 0.56 0.63 0.47 0.51 0.54 0.40 0.60 0.60 0.47

d2I 0.55 0.52 0.41 0.45 0.46 0.35 0.60 0.61 0.46

e2I 0.55 0.55 0.42 0.45 0.46 0.35 0.56 0.54 0.42

d3I 0.55 0.51 0.41 0.47 0.45 0.35 0.60 0.59 0.46

e3I 0.55 0.55 0.42 0.45 0.47 0.35 0.56 0.54 0.41

d4I 0.56 0.51 0.41 0.46 0.45 0.34 0.61 0.59 0.46

e4I 0.55 0.55 0.43 0.46 0.46 0.35 0.57 0.54 0.42

aopII 0.57 0.62 0.47 0.48 0.46 0.37 0.58 0.52 0.44

a2II 0.61 0.61 0.50 0.47 0.45 0.37 0.61 0.51 0.45

a3II 0.56 0.58 0.45 0.44 0.43 0.34 0.57 0.48 0.40

a4II 0.57 0.58 0.46 0.44 0.42 0.34 0.58 0.48 0.41

Table 6.7. Mean Euclidean angular gaze estimation error in degrees of 12 of the poly-
nomial regressions at the three positions for the mean user.

ences between the gaze estimation errors when using the different normal-
ization factors for the right, left and average eye. Therefore, the proposed
normalization factors successfully manage to compensate the HM with only
a single IR light source.

The mean geED and the max geED of the 16 polynomial regressions
at positions 1 and 3 for the simulated user are represented in Table 6.6.
These also show that the gaze estimation accuracies are similar to all the
polynomial regressions. The proposed normalization factors are comparable
to the inter-glint distance. In the case of simulated data, the gaze estimation
errors of the polynomial regressions based on the inter-glint distance in
position 1 are maximum 1.8 mm lower than the other methods and in
position 3, maximum 1.1 mm lower. Once more, no differences between the
squared pupil distance and the squared glint distance are appreciated. For
this reason, these two normalization factors can be considered equivalent.
This result could be expected as in the original binocular study the pupil
and glint distances were demonstrated to be equivalent. From now on, the
results that involve the squared glint distance are not shown in the tables.

Table 6.7 and 6.8 show themean GAEED in degrees of 12 of the polyno-
mial regressions at the three positions for the mean user and the simulated
user, respectively. The errors in degrees are given to enable comparison
with other publications. The mean GAEED for both configuration I and
II for the average eye are below 0.5 degrees. The simulated errors are
consistent with the experimental data.
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Position 1 Position 2 Position 3

Right E. Left E. Avg. E. Right E. Left E. Avg. E. Right E. Left E. Avg. E.

dopI 0.51 0.56 0.48 0.31 0.26 0.28 0.23 0.33 0.20

eopI 0.52 0.46 0.36 0.31 0.26 0.28 0.34 0.32 0.23

d2I 0.33 0.44 0.32 0.15 0.15 0.15 0.22 0.35 0.18

e2I 0.33 0.32 0.18 0.15 0.15 0.15 0.31 0.31 0.17

d3I 0.25 0.41 0.25 0.01 0.01 0.01 0.21 0.34 0.18

e3I 0.32 0.31 0.16 0.12 0.12 0.12 0.30 0.30 0.15

d4I 0.27 0.42 0.27 0.07 0.07 0.07 0.21 0.34 0.17

e4I 0.33 0.31 0.16 0.12 0.12 0.12 0.30 0.29 0.15

aopII 0.49 0.49 0.34 0.29 0.29 0.26 0.32 0.32 0.21

a2II 0.33 0.33 0.17 0.15 0.15 0.15 0.31 0.31 0.17

a3II 0.32 0.32 0.10 0.01 0.01 0.01 0.29 0.29 0.09

a4II 0.32 0.32 0.12 0.07 0.07 0.07 0.29 0.30 0.11

Table 6.8. Mean Euclidean angular gaze estimation error in degrees of 12 of the poly-
nomial regressions at the three positions for the simulated user.

To compare the average systems with the single systems, a similar sta-
tistical analysis has also been carried out as in the original binocular study.
The results show that there are significant differences in the three positions
between using the average eye and using the left or right eyes for all the
test subjects but one. In all these cases, the average eye is the one achieving
the lowest mean geED. For the test subject s5 in position 1, the average
eye performs better than the left eye, but as accurate as the right eye. The
conclusion reached is the same as in the original binocular study: using the
average eye provides a similar or higher level of accuracy than when using
the estimate of just one eye. The average eye provides a more stable gaze
estimation than a single eye.

Graphically, it can also be proven that a robust eye tracking system with
a single IR light source comparable to a system with two IR light sources
can be developed based on the optimal mpd, the squared pupil distance and
the squared glint distance. This can be appreciated in Figure 6.7 where the
mean user and simulated user trajectories of the polynomial regressions
dopI , eopI and fopI are represented. The trajectories shown are similar to
the user trajectories of the polynomial regression aopII , which were illus-
trated in Figure 5.7. These trajectories do not follow a fixed direction; it
is clear that the eye tracking system is more robust to HM as a result of
using all these normalization factors.
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Fig. 6.7. Mean user trajectories of the polynomial regressions dopI , eopI and fopI .

Hardware setup dependence of the modified pupil distance

The dependence of the proposed modified pupil distance on the hardware
setup and on the simulated range of HM needs to be evaluated. The hard-
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Position 2

Right Eye Left Eye Avg. Eye

Eq. Setup Mean Max. Mean Max. Mean Max.

dopI A 5.9 12.4 6.6 12.4 4.6 10.2

dopI B 5.9 12.5 6.6 12.6 4.6 10.3

dopI C 5.9 12.6 6.6 12.9 4.6 10.6

d2I A 4.4 12.7 4.8 12.6 3.5 9.6

d2I B 4.4 12.7 4.8 12.5 3.5 9.6

d2I C 4.5 12.7 4.8 12.3 3.5 9.6

d3I A 4.9 10.7 4.9 12.8 3.5 7.3

d3I B 4.9 10.8 4.9 12.7 3.6 7.6

d3I C 5.0 10.9 4.9 12.5 3.6 7.7

Table 6.9. Mean and maximum Euclidean gaze estimation errors in mm of the polyno-
mial regressions based on the modified pupil distance at the calibration position for the
mean user. Three different simulated setups (A, B, C) are considered to approximate the
modified pupil distance.

ware setup refers to the position of the IR light sources and the position
of the camera. To this end, the modified pupil distance was obtained for
three different setups (A, B, C), which were described in Section 6.1.1. This
evaluation is carried out with real data in a static scenario and a dynamic
scenario. The polynomial regressions based on the optimized fourth degree
polynomial are not included in this analysis since they did not show any
accuracy improvement and they are not relevant here.

Table 6.9 shows the mean geED and the max geED in mm of the poly-
nomial regressions based on the modified pupil distance at the calibration
position for the mean user. Three different simulated setups (A, B, C) are
considered to approximate the modified pupil distance. For the calibration
position (static scenario), the polynomial regressions based on the modified
pupil distance provide similar gaze estimation errors, regardless of which
setup was used for its calculation.

For the dynamic scenario where the users move away from the calibra-
tion positions, the results show that the proposed modified pupil distance
depends on the position of the IR light sources and the camera, as it was
expected. Table 6.10 represents the mean geED and the max geED in mm
of the polynomial regressions based on the modified pupil distance appro-
ximated with three simulated setups (A, B, C) at positions 1 and 3 for
the mean user. The polynomial regressions based on the modified pupil
distance approximated with a hardware setup different from the real one
provide higher errors. This can be observed when comparing the errors
from setup A and setup C in Table 6.10. Consequently, for achieving op-
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Position 1

Right Eye Left Eye Avg. Eye

Eq. S Mean Max. Mean Max. Mean Max.

dopI A 5.9 14.8 7.5 18.5 5.5 13.1

dopI B 6.2 15.3 7.8 18.8 5.9 13.5

dopI C 6.5 15.6 8.3 19.6 6.5 13.7

d2I A 5.1 13.0 5.5 14.0 4.0 11.4

d2I B 5.7 13.7 5.7 14.5 4.6 11.6

d2I C 6.2 14.7 6.1 14.9 5.2 11.7

d3I A 5.0 13.9 5.1 13.2 3.6 9.8

d3I B 5.3 15.2 5.1 13.8 4.0 10.0

d3I C 5.6 16.3 5.4 14.3 4.5 11.1

Position 3

Right Eye Left Eye Avg. Eye

Eq. S Mean Max. Mean Max. Mean Max.

dopI A 8.9 22.1 7.5 22.0 5.4 12.9

dopI B 9.9 25.1 9.0 23.1 6.5 16.1

dopI C 11.0 27.7 10.8 25.5 7.8 19.7

d2I A 7.8 18.7 6.3 15.4 4.7 12.3

d2I B 8.7 20.9 8.3 19.7 5.9 16.3

d2I C 9.8 22.9 10.4 24.8 7.4 20.3

d3I A 8.3 18.2 6.2 15.9 4.8 14.8

d3I B 9.4 20.6 8.1 21.8 6.2 19.3

d3I C 10.4 22.6 10.3 26.8 7.7 23.3

Table 6.10. Mean and maximum Euclidean gaze estimation errors in mm of the poly-
nomial regressions based on the modified pupil distance at positions 1 and 3 for the
mean user. Three different simulated setups (A, B, C) are considered to approximate the
modified pupil distance.

timal results, the modified pupil distance needs to be calculated based on
a similar hardware setup as the real setup, i.e., similar position of the IR
light sources and the camera. This is the reason why the modified pupil
distance calculated under these conditions is called the optimal mpd.

The modified pupil distance is calculated with setup B to test how the
fact of using a different range of HM from the experimental one affects
the accuracy of the proposed polynomial regressions. In this setup, only
the range of HM was modified from the experimental one, from [65,71] to
[60,66] cm. Table 6.10 shows that the gaze estimation errors for the setup
B are also higher compared to the optimized setup (setup A), but not as
much.

In conclusion, the modified pupil distance based on a simulated appro-
ximation is dependent on the hardware setup, as well as on the range of
HM in a lower grade. This means, that the simulated correction proposed
by Huang et al. [92] is also likely to depend on the hardware setup. With
this analysis, it is corroborated that the procedure to learn corrections by
simulation is feasible and a good option when the hardware setup is known.

Extension to a larger range of head movement

In the binocular approach extension, different polynomial regressions have
been evaluated for a limited range of HM of 6 cm in the z-axis. This eval-
uation has been extended to a larger range of HM and to the three axes
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thanks to the simulation framework from Böhme et al. [74]. The SHAKTI
hardware setup is used but with a different camera that has a focal length
of 6 mm and a resolution of 1600x1200 pixels. The range of HM chosen is
the same one as in Sections 4.3.2 and 5.3.2. The calibration takes place 55
cm away from the screen at the position (0,0,55) cm in the HM coordinate
system (see Figure 2.14). The range of HM considering the HM coordinate
system is [-10,10] cm in the x-axis, [-10,10] cm in the y-axis and [45,65] cm
in the z-axis. The test subject moves 20 cm in each axis. To approximate
better the errors in a real situation, a Gaussian noise with zero mean and
SD 0.1 pixels is added to the feature coordinates.

This larger range of HM evaluation is done for the polynomial regressions
based on the mapping feature ϑe1 . The polynomial regressions based on
the mapping feature ϑf1 is not considered in the study because normalizing
with the squared glint distance it is equivalent to normalizing with the
squared pupil distance. The polynomial regression based on the mapping
feature ϑd1 is also excluded because normalizing with the modified pupil
distance it is comparable to the squared pupil and squared glint distances,
but with the disadvantage that it is hardware dependent. The polynomial
equation used is the complete second degree polynomial to be consistent
with Sections 4.3.2 and 5.3.2. It is also out of the scope of this chaper to
assess which polynomial mapping function works better.

The main objective of this range of HM extension is to evaluate two
aspects: on the one hand how the polynomial regressions based on the
mapping feature ϑe1 performs when the user moves in the different axes
for a large range of HM; and on the other hand, how these polynomial
regressions perform in comparison to the single system for a larger range
of HM. Furthermore, The performance of the polynomial regressions based
on the mapping feature ϑe1 is compared to the one based on the mapping
feature ϑa.

Firstly, a single system based on the mapping feature ϑe1 is evaluated
and compared to the single system based on the mapping feature ϑa which
was already analyzed in Section 4.3.2. Then, the average system based
on the mapping feature ϑe1 is approached and compared to the average
system based on the mapping feature ϑa which was already analyzed in
Section 5.3.2.

Single system

The first analysis carried out is based on the mapping feature ϑe1 . Figu-

re 6.8 represents the mapping feature ϑright
e1 when the user looks at the 8x8

test grid and moves the head 20 cm in steps of 2 cm in each of the three
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Fig. 6.8. Mapping feature ϑright
e1 when the user looks at the 8x8 test grid and moves the

head 20 cm in steps of 2 cm in each of the three axes separately.

axes separately. For more details about this type of graph refer to Sec-
tion 4.3.2 where it was first shown and explained. The graphs in Figure 6.8
are comparable to the graphs of the mapping feature ϑa in Figure 4.13.
This is consistent with the dynamic analysis of Section 6.1.2. It is clear
from the graphs that the trajectories of the mapping feature ϑe1 when the
user moves in the x and z-axis are very similar to the trajectories of the
mapping feature ϑa. One of the differences is that the mapping feature ϑe1

is more affected by the y-axis head movement than the mapping feature
ϑa. This is more obvious at the left side of the figure.

The analysis of how the mapping feature ϑe1 gets affected by the HM
in the different axes can give an idea of the impact in the gaze estimation
accuracy. Figure 6.9 shows the mean gex and the mean gey in mm of the
polynomial regression based on the mapping feature ϑe1 for a range of HM
of 20 cm in each of the three axis. Graphs are shown for the x-z, y-z and
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Fig. 6.9. Mean horizontal and vertical gaze estimation error in mm of the polynomial
regression based on the mapping feature ϑe1 for a range of head movement of 20 cm in
each of the three axis.

x-y head movement combinations. Clearly, the error increases when the
user moves away from the calibration position. The errors in mean gex are
in general more affected by the large HM than the mean gey. This also
happens when the mapping feature ϑa is used (seen in Figure 4.16). The
error distribution for the x-z movement is very similar to the one from the
mapping feature ϑa. Although the error is slightly lower for the mapping
feature ϑe, the mean gey gets higher errors when the user moves nearer and
to the right of the screen. It should be noted that the graphs are based on
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Fig. 6.10. Mean and maximum Euclidean angular gaze estimation error in degrees of the
polynomial regression based on the mapping feature ϑe1 for a range of head movement
of 20 cm in each of the three axis.

the right eye. Regarding the y-z axes movement, the level of the error is also
similar. The main difference relies on the error distribution. Themean gex is
anti-symmetric in both y and z-axes for the mapping feature ϑe1 , however, it
is symmetric for the mapping feature ϑa. In the case of the x-y movement,
they are also very similar, but the mean gex is more symmetric when
using the mapping feature ϑe1 . Figure 6.10 shows the mean geED and the
max geED in degrees of the polynomial regression based on the mapping
feature ϑe1 to be able to compare with other publications. In general, it can
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Fig. 6.11. Mapping features ϑleft
e1 and ϑavg

e1 when the user looks at the 8x8 test grid and
moves the head 20 cm in steps of 2 cm in the z-axis.

be affirmed that the performance of the polynomial regression based on the
mapping features ϑe1 and ϑa are comparable. Consequently, to reduce the
hardware to a single IR light source is possible without losing robustness
to HM.

Average system

The objective of this section is to evaluate how well the average system
based on the mapping feature ϑe1 performs and compare it to the average
system based on the mapping feature ϑa. The results from Section 6.1.2
have shown that the average eye equals or improves the accuracy of using
the estimate of just one eye. These results were based on a limited range of
HM (6 cm in the z-axis). The aim is to see if this holds when the movement
is extended to the three axes and for a range of HM of 20 cm. Figure 6.11
represents the ϑleft

e1 and ϑavg
e1 when the user looks at the 8x8 testing grid

and moves in z-axis. The graphs corresponding to the HM in the other
axes are not shown because the average system is similar to the single
system and does not bring any improvement. The mapping feature ϑavg

e1 is
obtained by averaging the coordinates of the mapping feature ϑe1 coming
from the left and right eye. The mapping feature ϑavg

e1 is not exactly the
vector used in the mappings of this study, but it can give an idea of the
performance of the average system. As already mentioned, the average gaze
estimation which is used averages the estimated PoR of both eyes. The
graphs in Figure 6.11 show that the average eye significantly improves the
performance of a single eye when moving in the z-axis. The robustness of
the average mapping features when the user moves in the z-axis results in a



6.1 Polynomial regressions based on one IR light source 167

10

x-axis (
cm)
 5 0 -5

-10 
65
 

60
 

55
z-axis (cm)

 
50
 

45

0

3

6

m
ea

n
 g

e
x
 (

m
m

)

10

x-axis (
cm)
 5 0 -5

-10 
65
 

60
 

55
z-axis (cm)

 
50
 

45

0

3

6

m
ea

n
 g

e
y
 (

m
m

)
10

y-axis (
cm)
 5 0 -5

-10 
65
 

60
 

55
z-axis (cm)

 
50
 

45

0

3

6

m
ea

n
 g

e
x
 (

m
m

)

10

y-axis (
cm)
 5 0 -5

-10 
65
 

60
 

55
z-axis (cm)

 
50
 

45

0

3

6

m
ea

n
 g

e
y
 (

m
m

)

10

x-axis (
cm)
 5 0 -5

-10 
10
 

5
 

0
y-axis (cm)

 
-5
 

-10

0

3

6

m
ea

n
 g

e
x
 (

m
m

)

10

x-axis (
cm)
 5 0 -5

-10 
10
 

5
 

0
y-axis (cm)

 
-5
 

-10

0

3

6

m
ea

n
 g

e
y
 (

m
m

)

Fig. 6.12. Mean horizontal and vertical gaze estimation error in mm of the polynomial
regression based on the mapping feature ϑe1 and the average eye for a range of head
movement of 20 cm in each of the three axis.

higher accuracy of the average system respect to the single one. Figure 6.12
shows the mean gex and the mean gey in mm of the polynomial regression
based on the mapping feature ϑe1 and the average eye for a range of head
movement of 20 cm in each of the three axis. Graphs are shown for the x-z,
y-z and x-y head movement combinations. If these figures coming from
the average eye are compared to the ones from the right eye which were
shown in Figure 6.9, the outperformance of the average system is clear.
As it happens with the mapping feature ϑa, the improvement is mostly
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Fig. 6.13. Mean and maximum Euclidean angular gaze estimation error in degrees of
the polynomial regression based on the mapping feature ϑe1 and the average eye for a
range of head movement of 20 cm in each of the three axis.

for the movements in the z-axis and in the mean gex. The robustness to
HM in the x and y-axis also improves with the average eye respect to the
single eye. This can be observed for example in the mean gey graph for x-z
head movement, where the average eye provides a more symmetric error
distribution, lowering the error when the user moves nearer and to the right
of the screen. This can also be seen in the mean gex graph for x-y head
movement, the error of the average eye is lower when the head of the user is
at -10 cm. Figure 6.13 shows the mean geED and the max geED in degrees
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to be able to compare with other publications. The average eye outperforms
the single eye for polynomial regressions based on the mapping feature ϑe1 .
The errors achieved with mapping features ϑa and ϑe1 are comparable.

The results show that, even when a larger range of HM is considered,
the accuracy that can provide a system based on the mapping feature ϑe1

that uses a single IR light source is comparable to the one given by a sys-
tem based on the mapping feature ϑe1 that uses two IR light sources. This
means that the hardware can be reduced to a single IR light source while
maintaining the robustness to HM. It has also been shown that an average
system outperforms a single system and this outperformance is more no-
table when the user moves further away from the calibration position. This
is coherent with the conclusion from the previous study where a shorter
range of movement of 6 cm in the z-axis was considered. The average eye
works better or the same as the single eye for positions which are nearer to
the calibration position.

It has been demonstrated that it is possible to estimate gaze in a robust
way with a single IR light source when binocular data are available. The
main advantage of this outcome is that one of the IR light sources can be
removed. But this is not the only advantage, if the IR light source is kept,
the polynomial regressions based on a single IR light source can be used
to provide more robustness to the eye tracking system. The two IR light
sources can be used to calibrate three different polynomial regressions for
each eye, one using the mapping feature ϑa and two IR lights, and the other
two using the mapping feature ϑe1 and one of the IR light (each one based
on a different IR light). In practice, when the two eyes and the two IR
light sources are available, the system would use the mapping feature ϑa

and the average eye; when an eye is lost, it would use the one eye estimate;
and when one of the IR light sources is lost, it would use the polynomial
regression based on the mapping feature ϑe1 corresponding to the IR light
source available. The result would be a very robust system.

6.2 Model-based method based on one IR light source

In the previous section, the proposed polynomial regressions based on
binocular data permit to reduce the hardware of the eye tracking system
to a camera and one IR light source while maintaining the robustness to
HM. Until now, the gaze estimation methods based on IR light that provide
certain robustness to HM have always been based on two IR light sources.
Therefore, this is an important achievement. In the case of model-based
methods based on IR light, it has been reported that a minimum of two IR
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light sources is required to work under free-head movement [87, 21, 5]. In
the proposed polynomial regressions, one IR light source can be removed
thanks to the extra information that the second eye provides. Based on
these results, it can be expected that a model-based method also exists for
an eye tracking system with a camera and one IR light source. To this end,
the system setup has been geometrically analyzed and the outcome is that
a gaze estimation model can be designed using the relation between the
geometry of both eyes.

To begin with, the proposed model-based method is presented, then
the gaze estimation accuracy is evaluated in a simulated environment for
a static scenario and a dynamic scenario. The method is compared with
the polynomial regressions based on one IR light and with the monocular
model-based method that requires two IR lights.

6.2.1 Proposed model-based method

The proposed model-based method is based on the geometry of the eyes
and the different components of the eye tracking system that are fully-
calibrated. This model is based on the model-based method that was eval-
uated in Chapter 4 and presented in Section 4.1.2. The camera is mod-
eled with the pin-hole camera model and in this case, a two eye model is
required. The single eye model is the same as the one that was already
represented in Figure 4.3, which is similar to the eye model considered by
other researchers [17, 82, 16, 88]. In Figure 6.14, the model of the single
eye can be observed. The cornea is considered as a sphere with center in
Ceye and corneal radius reyec and the pupil as a circle with pupil radius reye.
Note that the sub-index is used to denote the eye we are referring to, i.e.,
eye ∈ {left, right}. The pupil center PCeye is located at a distance heye of
the cornea center and both points belong to the optical axis of the eyeball.
The angular offset between the optical axis and the visual axis is (αeye,
βeye). The value of αeye is considered known and set to 2◦. The parameters
of both individual eye models are reyec , heye and βeye. The parameter that
is new in the two eye model is the distance between the cornea centers
Dcorneas. All these parameters, 7 in total, are estimated with a one-time
user calibration.

While in the model-based method based on two IR light sources, the
estimation of the PoR is carried out in different steps, in this case, all the
necessary values (the cornea centers Cright and Cleft and the pupil centers
PCright and PCleft) to compute the PoR, are estimated simultaneously.
This is done based on the image positions of the glints crright and crleft

coming from the unique IR light source, the position of the light source L,
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Fig. 6.14. Eye model. The single eye model is the same as the one that was already
represented in Figure 4.3.

the two corneal radius rrightc and rleftc , the origin of the camera coordinate
system O, the distance between the cornea centers Dcorneas, the estimated
distance between the pupil and the cornea centers hright and hleft and the
calibrated angular offset βeye. For the determination of all these values, the
assumption that the visual axis of both eyes intersects the same PoR is
used. Next, the PoR estimation and the calibration of the 7 model param-
eters are explained in more detail.

PoR estimation

To estimate the PoR, a system of equations is constructed with 9 equations
and 8 unknowns. The system of equations is partially similar to the one
used in the model-based method that relies on two IR light sources from
Section 4.1.2. However, the use of the constraint that the visual axis of
both eyes intersects the same PoR makes the estimation of the PoR and
the different parameters only possible until the end, instead of being able
to do it in steps. The construction of the system of equations is explained
below.

According to the law of reflection, the light source L, the incident and
reflected ray and the normal vector of the reflection surface at the incident
point CReye are coplanar. The incident ray contains L and CReye, the
reflected ray contains CReye, O and creye and the normal vector contains
the cornea center Ceye. In conclusion, L, CReye, Ceye, O and creye are
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Fig. 6.15. Geometry of the system in the auxiliary coordinate system.

coplanar. The method proposed to estimate the cornea centers is based on
the one from Hennessey et al. [16]. It also defines an auxiliary coordinate
system (X̂eye, Ŷeye, Ẑeye), in this case for each eye, in such a way that all
these coplanar points lie in the X̂eye − Ẑeye plane. To transform the points
from the world coordinate system to the auxiliary coordinate system, the
rotation matrix Reye is applied. In Figure 6.15, the geometry of the system
in the auxiliary coordinate system can be seen. In this auxiliary coordinate
system, the cornea center Ĉeye and the incident point ĈReye can be defined
as a function of a single unknown parameter, the ĈR

eye
x , as follows:

 Ĉeye
x

Ĉeye
y

Ĉeye
z

 =


ĈR

eye
x − reyec · sin

(
αeye−βeye

2

)
0

ĈR
eye
x · tanαeye + reyec · cos

(
αeye−βeye

2

)
 (6.14)

and  ĈR
eye
x

ĈR
eye
y

ĈR
eye
z

 =

 ĈR
eye
x

0

ĈR
eye
x · tanαeye

 (6.15)

where

cosαeye =
(O− creye) · (L−O)

‖O− creye‖ · ‖L−O‖
, (6.16)

and

tanβeye =
ĈR

eye
x · tanαeye

Lx − ĈR
eye
x

. (6.17)
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Fig. 6.16. Two geometrical constraints used in this model-based method based on a
single IR light source, the constant distance between the cornea centers Dcorneas and the
assumption that the two visual axes intersect in the same PoR.

The cornea centers Ĉright and Ĉleft are then transformed back to the world
coordinate system:

Ceye = R−1
eye · Ĉeye, (6.18)

resulting in a set of three equations and four unknowns per eye. In the
monocular model-based method proposed by Hennessey et al. [16], a set
of three equations and four unknowns per light source are also obtained.
In the monocular case, the cornea center in the world coordinate system
is unique, giving three more equations, resulting in a set of 9 equations
and 8 unknowns, which can be solved numerically. In the binocular case,
the cornea center is not unique as it belongs to different eyes, however,
the distance between the cornea centers Dcorneas in the world coordinate
system can be considered constant, therefore,∥∥∥Cright −Cleft

∥∥∥ = Dcorneas. (6.19)

This constraint means one more equation, resulting in 7 equations and
8 unknowns. Only one more equation is needed to solve the system of
equations. The last constraint used is that the visual axis of both eyes
intersects the same PoR. Figure 6.16 shows the two geometrical constraints
used in this model-based method based on a single IR light source, the
constant distance between the cornea centers Dcorneas and the assumption
that the two visual axes intersect in the same PoR.
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To calculate the PoR, the pupil center is required. For the pupil center
estimation, a very simple method has been implemented. In this method,
the pupil in the image consists of a simple projection of the 3D pupil.
Assuming affine projection, the center of the pupil in the image plane pc
is the image point of the 3D pupil center PCeye. The center of the pupil
pceye is back-projected resulting in a ray with origin pceye that contains
the origin of the camera coordinate system O and the pupil center PCeye.
Adding the constraint that the distance between the pupil and the cornea
centers is heye:

‖Ceye −PCeye‖ = heye, (6.20)

the PC can be obtained from the intersection with a sphere of radius h
around the cornea center C.

With the cornea centers Ceye and the pupil centers PCeye, the optical
axis can be defined as the vector from the center of the cornea Ceye to
the center of the pupil PCeye. The visual axis is then computed using
the estimated angular offset βeye and finally the PoR is the intersection
between the visual axis and the screen plane. It is assumed that the PoR of
the right and left eye, PoRright and PoRright, intersect in the same point
of the screen:

PoRright = PoRleft. (6.21)

This last constraint means two more equations, resulting in 9 equations and
8 unknowns. All the values of the different parameters are solved numeri-
cally applying a gradient descent algorithm.

Parameter calibration

The 7 model parameters (rrightc , rleftc , hright, hright, βright and βleft) can be
estimated with a one-time user calibration. The user calibration procedure
is similar to the one from Villanueva and Cabeza [88]. It consists of a user
looking at certain known positions on the screen. Given the values for the
model parameters, the PoR can be estimated. The values of rc, h and β are
solved numerically applying a gradient descent algorithm that minimizes
the difference between the PoR (PoR) and the estimated PoR (PoR).

Although the number of points required to calibrate rrightc , rleftc , hright,
hright, βright and βleft is one [22], the more points, the higher the accuracy.
In this work, the same number of calibration points for all the evaluated
methods have been used.
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gex (mm) gey (mm) geED (mm)

Method Mean SD Max. Mean SD Max. Mean SD Max.

geo two lights 0.14 0.12 0.57 0.42 0.23 0.83 0.47 0.23 1.01

geo one light 2.23 1.09 4.28 1.43 1.00 3.71 2.76 1.25 4.97

interp one light 3.31 2.08 6.75 1.70 0.98 5.07 3.95 1.87 6.77

Table 6.11. Mean, SD and maximum gaze estimation error in mm of the proposed
model-based method, the model-based method that requires two IR lights and the poly-
nomial regression based on one IR light for the calibration position. The errors are based
on simulated data considering perfect feature detectors.

6.2.2 Results and evaluation

The proposed model-based method has been presented and it has been
detailed from a mathematical point of view. The method has been imple-
mented in Matlab using the software framework from Böhme et al. [74].
The hardware setup from SHAKTI is reproduced but using a different ca-
mera with a focal length of 6 mm and a resolution of 1600x1200 pixels to
allow a greater range of HM and the proposed method has been evaluated
for a static scenario and a dynamic scenario. The calibration position is at
a centered position, 55 cm away from the screen. The method is compared
with a polynomial regressions based on one IR light and with a monocular
model-based method that requires two IR lights. The polynomial regression
is a second degree polynomial based on the mapping feature ϑe1 which was
proposed in the previous Section 6.1 and the model-based method is the
one considered in Section 4.1.2. For this analysis, perfect feature detectors
are considered.

Static analysis

In the static analysis, the calibration position is considered. Table 6.11
shows the mean geED, the SD geED and the max geED of the proposed
model-based method, the polynomial regressions based on one IR light and
the model-based method based on two IR lights. The table shows that
the errors achieved with the proposed model-based method are lower than
the polynomial regression. However, the performance of this method does
not reach the accuracy of the model-based method that requires two IR
lights. For a static scenario, usually all the gaze estimation methods are
acceptable; the real challenge is when the user moves.
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Fig. 6.17. Mean horizontal and vertical gaze estimation error in mm of the proposed
model-based method based on one IR light, the model-based method that requires two IR
lights and the polynomial regression based on one IR light for a range of head movement
of 15 cm in the x- and z-axes.

Dynamic analysis

The objective of the dynamic analysis is to evaluate the robustness to HM
of the proposed model-based method and to compare it with the other two
methods. Until now, it had been reported that a minimum of two IR lights
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Fig. 6.18. Mean horizontal and vertical gaze estimation error in mm of the model-based
method on a single IR light source for a range of head movement of 15 cm in the x- and
z-axes.

is required to work under free-head movement [87, 21, 5] when one camera
is used. The results in Figure 6.17 and 6.18 show that the proposed model-
based method manages to cope with HM. It has been demonstrated that
it is possible to estimate gaze in a robust way with a model-based method
that uses a single IR light source, when binocular data are available. This
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is an important achievement of this thesis. Figure 6.17 shows the mean gex
and the mean gey in mm and Figure 6.18 shows the mean geED and the
max geED in degrees of the three gaze estimation methods for a range of
head movement of 15 cm in the x- and z-axes. The error graphs of the
proposed model-based method can be compared with the other graphs.
The model-based method outperforms the polynomial regression in both
accuracy and robustness to HM and it is as robust to HM as the model-
based method which uses two IR lights. However, the accuracy is not as
high as this one. After analyzing the model, the conclusion is that the error
values can be improved by optimizing the implementation of the proposed
model. The analysis with noisy features and other combinations of HM also
need to be investigated.



7

Gaze estimation methods without IR light

Low cost eye tracking is a current challenging research topic for the eye
tracking community. Gaze estimation based on a webcam and without IR
light is a desired goal to broaden the applications of eye tracking systems.
Webcam-based eye tracking results in new challenges to solve such as a
wider FoV and a lower image quality. The optics used by off the shelf web-
cams are smaller than the ones employed by high performance eye trackers,
making the FoV wider than the one obtained by most eye trackers. Further-
more, if no IR light sources are employed, more artifacts and interferences
from external light sources appear in the image resulting in a lower image
quality. All these new obstacles need to be overcome in the image process-
ing stage (in the eye tracking stage). In addition, if no IR light sources are
employed, glints cannot be employed anymore as tracking features for gaze
estimation. Figure 7.1 shows a typical eye image from a high resolution ca-
mera with IR light and from a webcam with natural light. The differences
between both inputs that were mentioned above can be appreciated. In
the eye image captured by the webcam, the pupils cannot be distinguished

IR light Natural light

Fig. 7.1. Comparison between eye images from a high resolution camera with IR light
and a webcam with natural light.
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clearly anymore, therefore, the iris is used instead. Despite this, the term
pupils is still frequently used. There are different approaches to detect the
iris [94, 79, 80].

Now that no glints are present in the image, additional features need to
be used as head position reference to implement gaze estimation methods
that are robust to HM. In the work by Ishikawa et al. [95], they apply
geometrical models based on the midpoint of the corners and appearance-
based methods to estimate gaze. In the same manner, Chen and Ji [96] also
employ the midpoint of the corners using a more precise geometrical model
to estimate gaze. Torricelli et al. [31] use neural networks as gaze estimation
method with acceptable accuracies in free-head movement scenarios.

In Shao et al. [39] and Ramanauskas and Daunys [40], gaze estimation
methods based on polynomial regressions that use eye corners are described.
It is assumed that the pupil (iris) center-eye corner (pc-ec) vector is equi-
valent to the pc-cr vector, since the eye corners are considered to be a
reference of the head. However, no study has been published to show the
feasibility of iris and eye corners as valid tracking features.

This chapter is dedicated to gaze estimation methods based on eye cor-
ners. First, polynomial regressions based on the eye corners are studied in
Section 7.1. The results of this section have already been partially pub-
lished [97]. Then, the use of the head pose is explored as a way to provide
polynomial regressions with robustness to HM in Section 7.2.

7.1 Polynomial regressions based on eye corners

In this work, the pc-ec vector is analyzed as a possible equivalent of the
pc-cr vector to be employed as mapping feature for polynomial regressions
in webcam-based eye trackers without IR light. The use of normalized pc-
cr vectors in high performance eye trackers provides the systems with a
high degree of HM freedom. It is assumed that this robustness is thanks
to the glints in the image, which partially represent the head movement
of the user. As the eye corners also depend on the head position, they
are considered a good candidate to be used as a substitute of the glints.
Theoretically, eye corners and glints are not fully equivalent since the glint
position depends on both the head position and the cornea (which rotates
according to the gaze point), while the eye corner depends only on the head
position.

A preliminary study of different mapping features based on the pupil
centers and the eye corners that can be used for gaze estimation in a
webcam-based eye tracker is carried out based on real and simulated data.
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Fig. 7.2. Scheme of left and right eyes showing the relevant features used by the gaze
estimation function.

The range of HM was limited to 5 cm in the z-axis (movements perpendic-
ular to the screen). Then, the evaluation has been extended with simulated
data to a larger range of HM and to the three axes.

The preliminary study is described first and after that, the study
methodology is detailed. As it was already mentioned, the evaluation of
the proposed polynomial regressions was also extended to a larger range of
HM. This evaluation is based only on simulated data and the methodology
is not explained here because it is the same as the one in Section 4.3.2.
Finally, the results and the evaluation are presented.

7.1.1 Preliminary study

In this preliminary study, different aspects of an eye tracking system have
been analyzed. These aspects are related to the considered mapping fea-
tures, the polynomial mapping functions used and of course the fact of
using a single system or an average one. The different aspects considered
in the study are described below.

Mapping Features

The mapping features are based on the ones from previous binocular stud-
ies. Now that no IR light is present, the glints are replaced by the eye
corners. The tracking features used are: the pupil centers and the eye cor-
ners. These are shown in Figure 7.2. Both the inner and external eye corners
are used to evaluate which one gives better results or if a combination of
both should be considered.

The mapping features that rely on the eye corners, the pc-ec vectors, are
designated with ν to differentiate them from ϑ which corresponds to the
mapping features that use glints, the pc-cr vectors. The first two mapping
features proposed are single eye vectors. The first one is the normalized vec-
tor νeye

nfi
based on the eye corner i with i ∈ {in, out} with eye ∈ {left, right}

and the normalization factor nf :
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νeye
nfi

=
pceye − eceyei

nf
, (7.1)

where pceye (pcx, pcy)
eye represents the image coordinates of the pupil cen-

ter of eye eye, the eci
(
ecix , eciy

)eye
represents the image coordinates of

the eye corner i of eye eye and nf is the normalization factor. The sec-
ond mapping feature proposed is the average normalized vector νeye

nf with
eye ∈ {left, right} and nf as normalization factor. It is calculated as the
average of the νeye

nfin
and νeye

nfout
:

νeye
nf

=
1

2

(
νeye
nfin

+ νeye
nfout

)
, (7.2)

where νeye
nfin

and νeye
nfout

represent the coordinates of the vector νeye
nfi

of eye
eye corresponding to the inner corner and outer eye corner, respectively.

For the previous mapping features, there is one polynomial mapping
function per eye, each providing an estimate of the PoR (PoReye), that
can be then averaged. The two mapping features that are proposed next
are average eye vectors and in this case there is only one polynomial map-
ping function for both eyes. The third mapping feature proposed is the
normalized vector νavg

nfi
based on the eye corner i with i ∈ {in, out} and the

normalization factor nf :

νavg
nfi

=
1

2

(
νright
nfi

+ νleft
nfi

)
, (7.3)

where νright
nfi

and νleft
nfi

represent the coordinates of the vector νeye
nfi

of eye
corner i corresponding to the right eye and the left eye, respectively. The
fourth mapping feature proposed is the average normalized vector νavg

nf with
nf as normalization factor:

νavg
nf

=
1

2

(
νright
nf

+ νleft
nf

)
, (7.4)

where νright
nf and νleft

nf are the coordinates of the vector νeye
nf corresponding

to the right eye and the left eye, respectively.
Two normalization factors are proposed: the inter-eye corner distance

and the squared inter-eye corner distance. These are compared to the pupil
distance and the squared pupil distance. Below, the two normalization fac-
tors applied are defined:

• Inter-eye corner distance (g): The inter-eye corner distance cd is the
Euclidean distance between the eye corners in an eye in the image. The
distance is defined as:
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cdeye = ‖eceyein − eceyeout‖ , (7.5)

where cdeye is the inter-eye corner distance of eye eye with eye ∈
{left, right}, eceyein and eceyeout are the two eye corners of eye eye (see
Figure 7.2).

• Squared inter-eye corner distance (h): The squared inter-eye corner dis-
tance scd is the squared Euclidean distance between the eye corners in
an eye in the image. The distance is defined as:

scd = cd2, (7.6)

where scd is the squared inter-eye corner distance and cd is the inter-eye
corner distance.

Taking into account the normalization factors presented, some variables
considered are: νeye

bi
, νeye

ei , νeye
gi , νeye

hi
, νavg

bi
, νavg

ei , νavg
gi , νavg

hi
.

Polynomial mapping function

For this study, the polynomial mapping functions that have been used is
the complete second degree polynomial below:

(
PoRx

PoRy

)eye

= Keye



1
νx
νy
ν2x
ν2y
νxνy



eye

, (7.7)

where PoReye
x and PoReye

y are the PoR in screen coordinates of eye eye
with eye ∈ {left, right}, the νeye

x and νeye
y are the normalized pupil-corner

vectors of eye eye and the Keye is the coefficient matrix of eye eye which
is unknown and to be determined with a user calibration.

As it can be seen in Equation 7.7, there is one polynomial system for
each eye. These two systems are to be calibrated independently during the
same calibration session, providing each of them an estimation of the PoR.

Average system versus single system

The PoR can be estimated with the PoRleft or PoRright for single systems
and with the PoRavg (average between the PoRleft and the PoRright) for
average systems.

In this study, 24 different polynomial regressions are tested, as a result
of the combination of the different normalization factors proposed, the eye
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b e g h

Single

in b2i e2i g2i h2i

out b2o e2o g2o h2o

io b2io e2io g2io h2io

Average

in b2ia e2ia g2ia h2ia

out b2oa e2oa g2oa h2oa

io b2ioa e2ioa g2ioa h2ioa

Table 7.1. Studied polynomial regressions: combination of the different normalization
factors, eye corner used and the type of eye vector.

corner applied for the difference vector and the use of a single eye vector
or an average eye vector. Each polynomial regression is denoted as XYZA,
where X ∈ {b, e, g, h} depends on the normalization factor applied (pupil
distance, squared pupil distance, inter-eye corner distance, squared inter-
eye corner distance), Y = 2 refers to the type of polynomial mapping
function complete second degree, Z ∈ {i, o, io} depends on the eye corner
applied for the difference vector (inner corner, outer corner, average between
the inner and outer corners) and A ∈ {empty, a} depends on the type of
eye vector (single eye vector, average eye vector). All the combinations of
possible polynomial regressions are shown in Table 7.1.

7.1.2 Study methodology

The aim of this study is to evaluate polynomial regressions that do not
employ IR light in terms of accuracy and robustness to HM. The proposed
polynomial regressions based on eye corners are evaluated with both real
and simulated data. The real data were acquired with the webcam acqui-
sition system that has been developed in this thesis for recording purposes
and the simulated data with the eye simulator framework from Böhme et
al. [74]. For this study in particular, the eye simulator framework was en-
hanced to include the eye corners in the eye model to be able to obtain the
pc-ec vectors. The eye corners are assumed to be fixed for a certain head
position. The webcam acquisition system and the simulation framework
were already presented in Section 2 and more details about them can be
found in Section 2.1.2 and 2.1.3, respectively.

The experimental setup consists of a 22-inches color monitor with a
screen resolution of 1650x1050 pixels and a QuickCam Pro 9000 webcam
from Logitech with a 3.7 mm focal length and a 1/4" sensor located under
the monitor, oriented towards the user’s face. The webcam which is set to
a resolution of 1600x1200 pixels and a frame rate of 5 fps captures RGB
images of the user. The calibration position, which corresponds to position
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Fig. 7.3. Experimental setup: On the left, the frontal view of a VOG system with a
monitor and a camera. On the right, a test subject with the head on a chin rest looking
at the screen. The input of the eye tracking system are the eye images captured by the
camera.

2, is 63 cm away from the screen and the two test positions that have been
considered (position 1 and 2), are 58 and 63 cm away from the screen. A
chin rest can be used to regulate the position of the test subjects. The 4x4
grid shown in Figure 2.11 is used as calibration grid and as test grid. The
experimental setup of this study can be seen in Figure 7.3.

The acquisition of real data is based on four test subjects. For the ac-
quisition of the simulated data, the experimental setup is accurately repro-
duced with the software framework. The parameters of the camera optics
have been set accordingly and no light sources have been employed. Note
that a camera without noise and perfect image processing algorithms is
assumed. The simulated results are expected to be lower than the experi-
mental ones, but the behavior of the different gaze estimation methods in
terms of accuracy and robustness to HM is expected to be the same in both
environments.

The data obtained from the acquisition procedures are filtered and pro-
cessed off-line and the 24 polynomial regressions under study are calibrated
and tested. For each grid point, five images are acquired and processed. The
processing consists of determining the iris center and the corner centers of
both eyes. The acquisition software permits to detect the features in sub-
pixel resolution [79, 80]. However, the images were labeled manually for this
study to avoid any systematic error of the image processing algorithms used.
Each of the five obtained features per point are used to calculate a PoR
estimate, which are then averaged, obtaining one estimated PoR per point.
The evaluation of the different polynomial regressions is done in terms of
the accuracy and the HM robustness. To this end, both a static scenario
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and a dynamic scenario have been analyzed. Only the HM perpendicular
to the screen have been analyzed.

To facilitate the analysis, a mean user is computed based on the infor-
mation of the four test subjects; the PoR and the errors of the mean user
are calculated as the average of the PoRs and the average of the errors of
the four test subjects.

For the evaluation, two main parameters are used, the mean geED and
the max geED. These two parameters have been obtained for the 4x4 grid
in the two considered positions and for the four test subjects sk with k ∈
{1 · · · 4}, the simulated user and also for the mean user. For the mean
user, the mean geED is not other than the average mean geED of the
four test subjects. The maximum geED is approximated with the average
maximum geED, obtained by averaging the maximum geED of the four
test subjects.

7.1.3 Results and evaluation

A thorough analysis of new mapping features has been carried out to exploit
the use of the eye corners as substitute of the glints. This has been done
with the aim to design new polynomial regression methods that permit to
reduce the hardware to a camera without IR light source while maintaining
the robustness to HM. The results and evaluation of the preliminary study
and the extension to a larger range of HM are presented below.

Preliminary study

The objective of this study is to evaluate different mapping features based
on the pupil centers and the eye corners that can be used for gaze estimation
in a webcam-based eye tracker. One of the main differences with the studies
presented in previous chapters that used IR light is the low image quality.
The image quality of the eye image areas decreases a lot when a webcam
with a small focal length and no IR light are employed. There are also more
artifacts and interferences from external light sources that appear in the
image. An example of a possible artifact can be observed in Figure 7.4.
This figure shows the real eyes of the test subject 1 when looking at the
4x4 grid. The screen reflections can be visualized in all the eye images. Note
how the pupils move according to where the subject is gazing at. The gaze
estimation with this type of images is based on the iris since the pupils
are not easy to detect anymore. To detect the irises and the eye corners
accurately and precisely without IR light is not an easy task.
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Fig. 7.4. Real eyes of the test subject 1 when looking at the 16 grid points. The pupils
move according to where the subject is gazing at. The gaze estimation with this type of
images is based on the iris since the pupils are not easy to detect anymore. The image
quality decreases abruptly with respect to the systems that use active illumination.

Two types of analysis have been carried out in this preliminary ap-
proach, a static analysis and a dynamic analysis in order to evaluate both
the accuracy and the tolerance to HM. Both analysis are based on real and
simulated data. For the static analysis, only the calibration position (posi-
tion 2) has been considered. In order to test how the accuracy is affected
by the HM, the accuracies of the same polynomial regressions for another
position 5 cm closer to the screen (position 1) is analyzed. The range of HM
is limited to 5 cm in the z-axis (movements perpendicular to the screen)
because this type of movement is considered the most critical one [12].

Different aspects of an eye tracking system have been analyzed:

• The normalization factor applied to the pc-ec vectors (b, e, g, h)
• The eye corner used to construct the difference vectors (i, o, io)
• The type of eye vector (single eye vector, average eye vector)
• Comparison between an average system versus a single system

Static analysis

For the static analysis, only the data obtained from position 2, where the
calibration took place, have been considered. The mean geED and the
max geED in mm of the 24 polynomial regressions at the calibration posi-
tion for the mean user and the simulated user are shown in Table 7.2. The
first thing that draws the attention is that the differences between the real
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Position 2 (mean user)

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

b2i 16.8 38.8 20.7 51.2 16.6 37.3

g2i 20.4 47.2 21.5 51 17.7 41.6

e2i 16.1 37.5 20.5 50 16.3 36

h2i 26.7 64.1 25.4 58.3 21 50.3

b2o 34.5 70.2 32.6 78.7 28.4 62.0

ge2o 29.3 71.7 28.2 64.8 23.9 54.3

e2o 35.6 69.4 33.4 79.6 29 61.9

h2o 30.2 75 29.2 62.9 25.2 57.4

b2io 19.5 40.9 21.3 47.1 16.5 37.3

g2io 20.1 46.6 21.3 47.1 16.8 41.1

e2io 19.4 38.5 21 46 16.4 36.1

h2io 21.7 55.2 22 48.9 17.8 44.5

b2ia - - - - 14.45 34.45

g2ia - - - - 15.3 37.4

e2ia - - - - 14.3 33.3

h2ia - - - - 18.06 40.9

b2oa - - - - 20.86 45.53

g2oa - - - - 18.6 41.8

e2oa - - - - 21.2 45.8

h2oa - - - - 19.2 43

b2ioa - - - - 14.65 30.60

g2ioa - - - - 15 32.3

e2ioa - - - - 14.6 29.3

h2ioa - - - - 16 34.5

Position 2 (simulated user)

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

b2i 2.08 3.22 2.08 3.22 2.08 3.17

g2i 2.08 3.23 2.08 3.23 2.08 3.17

e2i 2.07 3.22 2.07 3.22 2.07 3.16

h2i 2.08 3.23 2.08 3.23 2.08 3.17

b2o 2.08 3.22 2.08 3.22 2.08 3.17

ge2o 2.08 3.23 2.08 3.23 2.08 3.17

e2o 2.07 3.21 2.08 3.21 2.08 3.16

h2o 2.08 3.23 2.08 3.23 2.08 3.17

b2io 2.08 3.22 2.08 3.22 2.08 3.17

ge2io 2.08 3.23 2.08 3.23 2.08 3.17

e2io 2.07 3.21 2.07 3.21 2.07 3.16

h2io 2.08 3.23 2.08 3.23 2.08 3.17

b2ia - - - - 2.08 3.17

g2ia - - - - 2.08 3.17

e2ia - - - - 2.07 3.16

h2ia - - - - 2.08 3.17

b2oa - - - - 2.08 3.17

g2oa - - - - 2.08 3.17

e2oa - - - - 2.07 3.16

h2oa - - - - 2.08 3.17

b2ioa - - - - 2.08 3.17

g2ioa - - - - 2.08 3.17

e2ioa - - - - 2.07 3.16

h2ioa - - - - 2.08 3.17

Table 7.2. Mean and maximum Euclidean gaze estimation error in mm of the 18 poly-
nomial regressions at position 2 for the mean user and the simulated user.

data and the simulated data are very big. These differences where not so
high in the binocular study in Chapter 5 and the extension of the binocular
study in Chapter 6 where the eye tracking system used was based on IR
light and the camera had a 35 mm focal length. The image quality of the
eye image areas decreases a lot when a webcam with a small focal length
and no IR light are employed and the feature detection is not so accurate.

From the simulated data, the gaze estimation accuracies achieved at
the calibration position are comparable for all the polynomial regressions.
However, the real data show differences in terms of gaze estimation errors
depending on the mapping feature applied. Concerning the normalization
factors, there is not one that outperforms the others clearly. It can be
pointed out that the polynomial regressions based on the squared inter-
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Fig. 7.5. Mean Euclidean gaze estimation error in mm of the polynomial regressions
g2io and g2ioa of the right, left and average eye at the calibration position for the 4 test
subjects. The error values of g2ioa are the same for the right, left and average eye.

eye corner distance have higher errors than the ones based on the inter-eye
corner distance and the difference is more notable for the single systems. As
for the eye corner used to construct the difference vectors, the polynomial
regressions based on the outer eye corner give the highest errors according to
Table 7.2. The performance of the polynomial regressions based on the inner
eye corner and the ones based on the average between the inner and outer
corners are comparable. However, taking into account only the errors in the
calibration position is not enough to reach a conclusion about which eye
corner provides a better performance. The gaze estimation errors obtained
with a polynomial regression based on an average eye vector should be
compared to the average eye estimates of the polynomial regressions based
on single eye vectors to have a fair comparison. In general, these polynomial
regressions equal or outperform the polynomial regressions that are based
on the same characteristics such as the same normalization factor and the
same eye corner. If the average systems are compared to the single systems,
the average eye estimation outperforms the single eye estimations.

Figure 7.5 shows the mean geED in mm of the polynomial regressions
g2io and g2ioa of the right, left and average eye at the calibration position
for the four test subjects. The error values of g2ioa are the same for the right,
left and average eye. In this case, the polynomial regression g2ioa which is
based on an average eye vector provides lower gaze estimation errors than
the average eye estimate of the polynomial regression g2ioa for the four
test subjects. For the test subject 4 the difference is minimal and for the
test subject 3 the difference reaches 3.3 mm. For all the test subjects, the
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Position 1 (mean user)

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

b2i 65.9 122.6 74.1 135.2 50.2 85.2

g2i 63.8 116.8 60.9 120.7 43.4 81.6

e2i 94.4 157.8 78.6 128.4 60.2 95.5

h2i 91.3 167.2 75.8 147.4 54.5 105.6

b2o 68.1 136.0 47.4 110.7 42.2 98.4

g2o 71.4 140.6 47.5 118.5 42.1 99

e2o 84.5 140.7 68.4 141.5 49.2 105.2

h2o 84.9 157.3 66.5 129.3 50.2 99.8

b2io 41.1 69.2 41.9 86.8 38.0 69.0

g2io 43.6 77.2 39.4 77 37.2 67.6

e2io 52 85.2 46.7 83.3 45.9 78.5

h2io 55.7 95.6 43.3 91.9 45.2 84.2

b2ia - - - - 48.3 77.2

g2ia - - - - 42.5 75.9

e2ia - - - - 55.9 84.7

h2ia - - - - 49.6 85.8

e2oa - - - - 39.8 89

g2oa - - - - 41.2 95.7

e2oa - - - - 42.9 90.3

h2oa - - - - 46.6 93.9

b2ioa - - - - 37.5 69.2

g2ioa - - - - 36.7 68.4

e2ioa - - - - 46.7 78.2

h2ioa - - - - 45.4 83.5

Position 1 (simulated user)

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

b2i 16.5 24.0 17.8 25.6 17.0 24.1

g2i 16.4 24.3 17.6 25.7 16.5 23.5

e2i 93.1 96.9 93.3 96.9 5.6 9

h2i 97.1 100.8 96.9 100.2 6.3 10.2

b2o 18.8 27.5 17.4 26.2 17.1 24.3

g2o 17.6 25.6 16.4 24.2 16.5 23.5

e2o 82.6 87 81.8 86.4 8.2 12

h2o 86.5 90.7 85.3 89.7 9.1 13.3

b2io 17.5 25.6 17.5 25.5 17.0 24.2

g2io 17 24.9 17 24.9 16.6 23.5

e2io 7.4 10.9 7.4 11 4.9 8.3

h2io 7.9 12 7.9 11.9 5.6 9.4

b2ia - - - - 17 24.1

g2ia - - - - 16.5 23.5

e2ia - - - - 5 8.4

h2ia - - - - 5.7 9.5

b2oa - - - - 17 24.1

g2oa - - - - 16.5 23.5

e2oa - - - - 5 8.4

h2oa - - - - 5.7 9.5

b2ioa - - - - 17 24.1

g2ioa - - - - 16.5 23.5

e2ioa - - - - 5 8.4

h2ioa - - - - 5.7 9.5

Table 7.3. Mean and maximum Euclidean gaze estimation errors in mm of the 24
polynomial regressions at position 1 for the mean user and the simulated user.

average eye outperforms the single eye estimates with differences between 2
to 6 mm. The right eye outperforms the left eye for the test subjects 1 and
3; for the test subject 2 the left eye performs better than the right eye; in
the case of the test subject 4 the performance is very similar for both eyes.
In conclusion, based on Table 7.2 and Figure 7.5, the average eye estimates
are more accurate than the single eye estimates for the calibration position.
The average eye also provides stability to the eye tracking system.

Dynamic analysis

The objective of the dynamic analysis is to evaluate the tolerance to HM
of the different polynomial regressions considered. For this analysis, data
of another position 5 cm closer to the screen than the calibration position
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were collected. The same different aspects of an eye tracking system as in
the static analysis have been studied: the normalization factor applied to
the pc-ec vectors, the eye corner used to construct the difference vector,
the type of eye vector and a comparison between the average systems and
the single systems.

Table 7.3 shows the mean geED and the max geED in mm of the 24
polynomial regressions at position 1 for the mean user and the simulated
user. In this position, the error differences between the simulated data and
the real data are even higher than in the calibration position.

This time, the simulated data also shows differences between the di-
fferent polynomial regressions. Concerning the normalization factor, there
are four normalization factors that have been evaluated: the pupil distance,
the squared pupil distance, the inter-eye corner distance and the squared
inter-eye corner distance. Based on the simulated data, the squared dis-
tances combined with any kind of average (average eye vector or average
eye estimate) provide the highest accuracies with a big difference. Howe-
ver, their performance is very low when they are not averaged. These error
values will not be considered in the analysis since they reach maximum
mean differences of 100 mm, which is too much for simulated data that
considers perfect feature detectors. As for the eye corner, the performance
is very similar when using the inner corner, the outer corner or the average
between the inner and outer corners. The only exception is for the average
eye when using the single eye vectors; in this case the inner corners provide
slightly higher accuracy. In general, the polynomial regressions based on
an average eye vector equal or outperform the polynomial regressions that
are based on single eye vectors with the same normalization factor and eye
corner. The average eye estimates also equal or outperform the single eye
estimates.

According to the real data in Table 7.3, the polynomial regressions that
use the squared distances as normalization factors provide lower accuracies
than the pupil distance and inter-eye corner distances, even for average
vectors. These differences go up to 11 mm in the mean values. This result
contradicts the one obtained with the simulated data. One of the reasons for
this is that when the feature detection errors are high, the gaze estimation
errors greatly increase with the squared factors. In order to use this type
of normalization factors, the feature detection errors need to be reduced
by increasing the image quality and/or improving the feature detectors.
Concerning the eye corners used to construct the difference vector, the
polynomial regressions based on the inner eye corner give higher errors than
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Fig. 7.6. Mean Euclidean gaze estimation error in mm of the polynomial regressions
g2io and g2ioa of the right, left and average eye at position 1 for the 4 test subjects. The
error values of g2ioa are the same for the right, left and average eye

Position 1 (mean user)

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

b2io 4.05 6.81 4.13 8.51 3.75 6.79

g2io 4.30 7.58 3.88 7.56 3.67 6.65

e2io 5.12 8.35 4.61 8.17 4.53 7.71

h2io 5.48 9.36 4.27 9.00 4.46 8.26

b2ioa - - - - 3.70 6.80

g2ioa - - - - 3.62 6.72

e2ioa - - - - 4.61 7.68

h2ioa - - - - 4.47 8.19

Position 2 (mean user)

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

b2io 1.77 3.71 1.94 4.28 1.50 3.39

g2io 1.83 4.23 1.94 4.28 1.53 3.73

e2io 1.76 3.50 1.91 4.18 1.49 3.28

h2io 1.97 5.01 2.00 4.44 1.62 4.04

b2ioa - - - - 1.33 2.78

g2ioa - - - - 1.36 2.94

e2ioa - - - - 1.32 2.66

h2ioa - - - - 1.45 3.13

Table 7.4. Mean and maximum Euclidean angular gaze estimation error in degrees of
8 polynomial regressions at positions 1 and 2 for the mean user.

the ones based on the outer eye corners. The most accurate regressions are
the ones based on the average between the inner and outer corners.

For each position, there is one eye corner that achieves lower errors.
Therefore, based on the simulated and real data, the conclusion is that
there is no eye corner which provides better results. The mapping features
that rely on the average between both eye corners are the most stable ones.
As for the eye vector, the average eye vectors equal or outperform the single
eye vectors that use the same normalization factor and eye corners. The
average eye estimates outperform the single eye estimates in all the cases
but one. For the polynomial regression h2io, the left eye is more accurate
than the average eye.
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Position 1 (simulated user)

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

b2io 1.73 2.53 1.72 2.52 1.68 2.39

g2io 1.68 2.46 1.68 2.46 1.63 2.32

e2io 0.73 1.08 0.73 1.08 0.49 0.82

h2io 0.78 1.19 0.78 1.18 0.55 0.92

b2ioa - - - - 1.67 2.38

g2ioa - - - - 1.63 2.32

e2ioa - - - - 0.50 0.83

h2ioa - - - - 0.56 0.93

Position 2 (simulated user)

Right Eye Left Eye Avg. Eye

Eq. Mean Max. Mean Max. Mean Max.

b2io 0.19 0.29 0.19 0.29 0.19 0.29

ge2io 0.19 0.29 0.19 0.29 0.19 0.29

e2io 0.19 0.29 0.19 0.29 0.19 0.29

h2io 0.19 0.29 0.19 0.29 0.19 0.29

b2ioa - - - - 0.19 0.29

g2ioa - - - - 0.19 0.29

e2ioa - - - - 0.19 0.29

h2ioa - - - - 0.19 0.29

Table 7.5. Mean and maximum Euclidean angular gaze estimation error in degrees of
8 polynomial regressions at positions 1 and 2 for the simulated user.

Figure 7.6 shows the mean geED in mm of the polynomial regressions
g2io and g2ioa of the right, left and average eye at the position 1 for the 4 test
subjects. The error values of g2ioa are the same for the right, left and average
eye. In this case in particular, the polynomial regression g2ioa which is based
on an average eye vector provides very similar gaze estimation errors to the
average eye estimate of the polynomial regression g2ioa . For this position,
the average eye does not outperform all the single eye estimates. For the
test subjects 1 and 4, the left eye is more accurate than the average eye.
Something similar happens to the polynomial regression h2io. It can be
concluded that, as in the binocular studies of previous chapters, using the
average eye equals or improves the accuracy of using the estimate of just
one eye; and this affirmation is generally true under the condition that the
gaze estimation differences between the right and left eyes are not high.

Tables 7.4 and 7.5 display the mean GAEED and the max GAEED

of 8 polynomial regressions at positions 1 and 2 for the mean user and
the simulated user, respectively. The errors in degrees are given to enable
comparison with other publications. In these tables, only the polynomial
regressions based on averaged eye corners are included because this type
of mapping features are the ones that provide the best results. The errors
obtained are comparable to the results reported for other state of the art
methods that rely on a webcam and no IR light. The mean accuracy ob-
tained with the most accurate polynomial regression is 3.62 degrees with a
maximum gaze estimation error of 6.72 degrees which correspond to 36.7
mm and 68.4 mm, respectively. According to the error values obtained, for
the test conditions (HM of +/- 5 cm), the gaze estimation methods permit
to differentiate around 3 zones horizontally and 2 zones vertically in a 22-
inch (470x300 mm) screen. For this calculation, the maximum values are
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Fig. 7.7. PoR (asterisk) and estimated PoR (cross) in pixels of the polynomial regre-
ssions g2ioa at positions 1 and 2 for one of the test subjects.

used because the end system should be reliable and robust. If the mean val-
ues are used, then there could be 6 zones horizontally and 4 zones vertically,
but a system that works properly in mean is not useful. The applications
of an eye tracking system with such an accuracy is clearly not the same as
the high performance eye trackers that rely on IR light and cameras with a
small focal length. Figure 7.7 represents the PoR (asterisk) and estimated
PoR (cross) in pixels of the polynomial regressions g2ioa at positions 1 and
2 for one of the test subjects.

To conclude this section, it is important to point out that the acquisi-
tion tool used for the webcam experiments is not as sophisticated as the
eye tracking system SHAKTI. Usually, commercial eye trackers assure that
the calibration has been successful, allowing only a certain error level and
permitting to re-calibrate certain points if necessary. This is not the case
of the experiments that have been carried out with the webcam, resulting
sometimes in poor calibrations and consequently low test accuracies. Fur-
thermore, the number of frames per grid point that have been used was
relatively low, 5 frames/grid because they were labeled manually to avoid
any systematic error of the image processing algorithms. The experience
has demonstrated that the hand mark is not the best ground truth, since
people can introduce undesired random errors in the marks. In general, the
performance of the gaze estimation methods based on a webcam can be
improved. This is one of the reasons why it is important the use of soft-
ware frameworks to evaluate the real potential of this type of technologies,
independently of the feature detection error.
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Extension to a larger range of head movement

In the preliminary study, different polynomial regressions have been eval-
uated for a limited range of HM of 5 cm in the z-axis. The simulation
framework from Böhme et al. [74] is employed to extend the evaluation to
a larger range of HM and to the three axes. The hardware setup of SHAKTI
but with a different camera is used. The camera has a focal length of 6 mm
and a resolution of 1600x1200 pixels. The chosen range of HM is the same
one as in Sections 4.3.2, 5.3.2 and 6.1.2, 20 cm in each axis, with the cali-
bration position in the middle of the screen, 55 cm from the camera. The
calibration position is (0,0,55) cm in the HM coordinate system (see Figu-
re 2.14). The range of HM considering the HM coordinate system is [-10,10]
cm in the x-axis, [-10,10] cm in the y-axis and [45,65] cm in the z-axis. To
approximate better the errors in a real situation, a Gaussian noise with
zero mean and SD 0.1 pixels is added to the feature coordinates.

This larger range of HM evaluation is done for the polynomial regre-
ssions based on the mapping feature νg and νh. Only average normalized
vectors are considered because in the preliminary study they have been
demonstrated to be more robust features than the ones that only depend
on one of the eye corners. The polynomial regressions based on the mapping
feature νb and νe are not considered in the study because they are pretty
similar to νg and νh. The advantage of normalizing with the inter-eye cor-
ner distance is that the single system relies on monocular data and not on
binocular data. The mapping function used is the complete second degree
polynomial to be consistent with Sections 4.3.2, 5.3.2 and 6.1.2. It is also
out of the scope of this section to assess which polynomial works better.

The main objective of this range of HM extension is to evaluate how
the polynomial regressions based on the mapping features νg and νh per-
form when the user moves in the different axes for a large range of HM.
The preliminary study involved such a small range of HM that it was not
enough to reach general conclusions about the performance of the evalu-
ated polynomial regressions. Furthermore, the consideration of the HM in
the x- and y-axis is also very important. The statement of Morimoto and
Mimica [12] saying that the HM involve relatively low errors in other axes
other than the z-axis only refers to the pc-cr vector. Another aspect to
evaluate is how the average systems perform in comparison to the single
systems now that the range of HM is larger. The performance of the an-
alyzed polynomial regressions is also compared to the previous considered
polynomial regressions.
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Fig. 7.8. Mapping feature νright
g when the user looks at the 8x8 test grid and moves the

head 20 cm in steps of 2 cm in each of the three axes separately.

Firstly, the single systems based on the mapping features νg and νh are
evaluated. Then, the average system based on the mapping feature νh is
approached.

Single system

The first analysis carried out is based on the mapping features νg and νh.

Figure 7.8 represents the mapping feature ϑright
g when the user looks at the

8x8 test grid and moves the head 20 cm in steps of 2 cm in each of the
three axes separately. For more details about this type of graph refer to
Section 4.3.2 where this graph was first shown and explained. The graphs
in Figure 7.8 show that the mapping feature νg is not really robust to the
HM in any of the axes. If the graphs representing the head movements in
the x and y-axis are compared to the same graphs of the mapping feature
vright
B (pupil centers) in Figure 4.12, the eye corners manage to compensate
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Fig. 7.9. Mapping feature νright
h when the user looks at the 8x8 test grid and moves the

head 20 cm in steps of 2 cm in each of the three axes separately.

a lot of the parallel head movement, but not all of it. These graphs are
very different from the ones of the mapping features that rely on IR lights.
The conclusion is that the eye corners are not a good substitute of the
glints. The eye corners used to create the difference vector do not manage
to compensate for the parallel HM as expected. The graph representing
the head movement in the z-axis is very similar to the one of the mapping
feature ϑright

01
in Figure 4.13 and the mapping feature ϑright

b1
in Figure 5.13.

Figure 7.9 represents the mapping feature νright
h when the user looks at

the 8x8 test grid and moves the head 20 cm in steps of 2 cm in each of
the three axes separately. The graphs representing the head moves in the
x and y-axis are very similar to the ones of the mapping feature ϑright

g .
However, the squared inter-eye corner distance does achieve the objective
to compensate the perpendicular movements. The graph representing the
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Fig. 7.10. Mean horizontal and vertical gaze estimation error in mm of the polynomial
regression based on the mapping feature νright

h for a range of head movement of 20 cm
in each of the three axis.

head movement in the z-axis is very similar to the one of the mapping
feature ϑright

a in Figure 4.13 and the mapping feature ϑright
e1 in Figure 6.8.

With the information of how the coordinates of the νright
g and νright

h get
affected with the movement in the different axes, it is possible to have an
idea of the impact in the gaze estimation accuracy. Only the gaze estimation
errors of the polynomial regression based on the νright

h is further analyzed
since it performs better than the other one. Figure 7.10 shows the mean gex
and the mean gey in mm and Figure 7.11 shows the mean geED and the
max geED in degrees of the polynomial regression based on the mapping
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Fig. 7.11. Mean and maximum Euclidean angular gaze estimation error in degrees of the
polynomial regression based on the mapping feature νright

h for a range of head movement
of 20 cm in each of the three axis.

feature νright
h for a range of HM of 20 cm in each of the three axis. Graphs

are shown for the x-z, y-z and x-y head movement combinations. The
polynomial regression based on the mapping feature νright

h is only robust
to head movements in the z-axis. The effect in the gaze estimation errors is
that all the graphs in Figure 7.10 reach very high error values up to 165 mm
except the mean gex for the z-x head movement and the mean gey for the
z-y head movement. The mean geED and the max geED in all the graphs
of Figure 7.11 reach values up to 20 degrees and 21 degrees, respectively.
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Fig. 7.12. Mapping features νleft
h and νavg

h when the user looks at the 8x8 test grid and
moves the head 20 cm in steps of 2 cm in the z-axis.

With these gaze estimation errors graphs, it is clear once more that the eye
corners do not substitute the glints. Unfortunately, they do not compensate
for the parallel HM. The average systems are not expected to change this
aspect of pc-ec vectors.

Average system

The objective of this section is to evaluate how well the average system
based on the mapping feature νavg

g performs and to compare it to the
single system based on the same mapping features. It is expected that the
average eye equals or improves the accuracy of using the estimate of just
one eye. These results from Section 7.1.3 were based on a limited range of
HM (5 cm in the z-axis) and the aim is to see if this holds for a larger range
in all the axes. The graphs corresponding to the HM in the other axes are
not shown because the average system is similar to the single system.

Figure 7.12 represents the mapping features νleft
h and νavg

h when the user
looks at the 8x8 test grid and moves the head 20 cm in steps of 2 cm in the
z-axis. The average eye improves significantly the performance of a single
system when moving in the z-axis. The graph of νavg

h is very similar to the
one of the mapping features ϑavg

a in Figure 5.16. The horizontal component
is compensated. Figure 7.13 shows the mean gex and the mean gey in mm
and Figure 7.14 shows the mean geED and the max geED in degrees of the
polynomial regression based on the mapping feature νavg

h for a range of HM
of 20 cm in each of the three axis. Graphs are shown for the x-z, y-z and x-y
head movement combinations. The mean gex has been reduced.However,
the gaze estimation errors are in general high when the users move their
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Fig. 7.13. Mean horizontal and vertical gaze estimation error in mm of the polynomial
regression based on the mapping feature νavg

h and the average eye for a range of head
movement of 20 cm in each of the three axis.

head in the x- and y-axis. It is confirmed again that the eye corners are not
a good substitute of the glints. The polynomial regressions based on the eye
corners can be used for applications where the users do not move or move
in a small range. The conclusion reached is that when the IR light is not
employed, the head pose is required for robust free-head movement gaze
estimation. The next section studies this type of gaze estimation methods.
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Fig. 7.14. Mean and maximum Euclidean angular gaze estimation error in degrees of the
polynomial regression based on the mapping feature νavg

h for a range of head movement
of 20 cm in each of the three axis.

7.2 Polynomial regressions based on the head pose

Most of the devices which are used daily, such as the laptop, the tablet and
the cell phone, include a webcam. However, not many of them incorporate
IR light sources among their components. There is a great interest in the
community of eye tracking to remove the IR illumination of eye trackers
to promote the use of this technology in our daily lives. As shown in the
previous chapter, the eye corners can be used for gaze estimation with
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acceptable accuracy, but only in scenarios where the head remains static.
It has been shown that the corners are not as good substitutes of the glints
as expected so they can not be used as valid reference of the head position
of the user. If a head-free gaze estimation is desired, only the use of the
eye corners is not appropriated for robustness to HM. In general, any 2D
reference point in the head of the user will fail to provide gaze estimation
with robustness to HM.

In this section, the head pose is explored as a possible feature to achieve
robustness to HM in gaze estimation methods based on polynomials when
no IR light is used. The use of head pose implies that a fully-calibrated
hardware setup and a certain knowledge of the setup geometry is required.
This type of systems are considered mixed methods because they are a
combination of model-based and regression-based methods. The disadvan-
tage of this type of methods is that a hardware calibration is required. This
means losing the strength of only using a regression-based method, such as
the polynomial regressions.

There are already different approaches that use the head pose to provide
HM robustness to feature-based methods when there is not IR light availa-
ble. Valenti et al. [60] defines a calibration plane in such a way that when
the user moves, the calibration points from this plane are re-target on the
computer screen using the head pose information; and the gaze estimation
method is re-calibrated. Xiong et al. [61] uses the head pose to rectify the
3D iris centers and eye contours before estimating gaze. In this work, a
similar approach as the one of Valenti et al. is taken, but instead of re-
calibrating each time the user moves, the gaze estimates in the calibration
plane are translated to the computer screen. Two methods are proposed,
one is an ideal method based on the 3D pupil centers and the other is an
approximation of the ideal one. The objective is to analyze both of them
from a theoretical point of view without the high errors of a practical setup.

First of all, the two proposed mixed methods are presented. Then, the
methods are implemented and evaluated in a simulated framework. For
this first approach, the subject is assumed to be always parallel to the
screen. Hence, only the head position is used. In the future, to consider
other rotations, the rotation of the head respect to the camera should also
be included in the model.

7.2.1 Proposed mixed methods

The aim of this section is to propose mixed methods which are robust to HM
without the use of IR light, based on the pupil centers and the head pose.
A mathematical analysis of the mapping features and the geometry of the
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setup has been carried out to be able to define new mapping features and
appropriate corrections to compensate for HM in the three axes. Firstly, an
ideal model is presented and then, based on this ideal model, a practical
approximation method is proposed. These two models are detailed below.

Ideal mixed model based on the 3D pupil centers and the head
pose

The regression-based methods which are calibrated at a specific working
distance are usually adapted to that specific hardware setup, i.e., the rela-
tive position of the camera, the screen and the user. This is the reason why
the accuracy decreases when the user moves away from this calibration po-
sition. In general, there are two aspects which affect the accuracy when the
user moves away from the calibration position: the relative position to the
camera and the relative position to the screen. These aspects were already
discussed in Section 6.1.1 and they can be explained from a geometrical
point of view. The objective is to find an ideal mixed model that provides
robustness to HM based on the head pose. Solutions to the two sources
of error are proposed from an ideal point of view and they are explained
below.

Correction for the relative position to the camera

When the subject moves away from the calibration position, the relative
position to the camera is required to compensate the HM. However, the eye
is a 3D object and the camera captures 2D images of the eye; it is difficult to
extract from only the 2D pupil center and the 2D eye corner center image
coordinates how the subject moves in the different axes because the 3D
information is lost. This is the main reason why the normalized pc-ec vector
does not work. One solution to this issue is to use the 3D coordinates of
the different features in the global coordinate system. Bearing this in mind,
the mapping feature proposed for the ideal mixed model is the difference
vector between the 3D pupil center and the head position:

νeye
ideal = PCeye −Heye, (7.8)

where PCeye are the 3D coordinates of the pupil center of eye eye with
eye ∈ {left, right} and Heye are the 3D coordinates of the head position.
Although the calculation of the 3D pupil center based on a camera and
no IR light is not an easy task, there are already researchers who have
managed to do it, as Wang et al. [98] and Chen and Ji [23].
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For this first approach, to simplify the model, only the x and y-
coordinates of νideal are used. It is left for further research, the addition
of the z-coordinate into the model. This mapping feature is invariant to
the camera position, but it is still affected by the relative position to the
screen.

Correction for the relative position to the screen

The position of the pupil respect to the eye ball center changes when the
subject moves while looking at the same gaze point in the screen. This hap-
pens because the subject needs to adjust the rotation of the eye. The gaze
angle changes although it is looking at the same point and consequently,
the νideal is different, affecting the accuracy of the gaze estimate. There
are two solutions to this problem: one is to estimate the gaze directions
instead of the gaze points and the other one is a geometrical correction.
For both solutions, the 3D center of the eyeball or an approximation of the
3D eyeball center is required.

When estimating the PoR, the gaze estimation methods based on poly-
nomial regressions are usually optimized for the calibration plane. However,
when the subject moves away from the calibration position, the gaze es-
timates are not optimal anymore because the screen does not correspond
to the calibration plane. These gaze estimates are related to the calibra-
tion plane, but they can be corrected based on the geometry. To obtain
the corrected gaze estimates, the uncorrected estimates need to be trans-
lated from the calibration plane to the new target screen plane. A similar
approach is taken by Valenti et al. [60], where instead of translating the
uncorrected gaze estimates to the new target plane, they propose to trans-
late the calibration points to the target plane and undergo a re-calibration.
They re-calibrate with the original calibration data and using the trans-
lated calibration points as targets. The approach which is proposed in this
thesis can be considered equivalent to the one used by Valenti et al. [60], but
simpler, as it does not require re-calibration. One key point that changes in
the current method is that the eyeball origin is used to do the plane transla-
tion instead of the head origin. The eye ball origin can be considered more
appropriate as the gaze direction starts in the eye and not in the head.
Therefore, the approach followed by Valenti et al. [60] implies certain error
which could be avoided by using the eyeball origin or and approximation
of it to carry out the plane translation.

The proposed geometry correction can be seen in Figure 7.15. It shows
the geometry correction when the subject moves nearer (left) and further
(right) away from the calibration position. To apply this geometry correc-
tion, the origin of the screen coordinate systems to represent the PoR is
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Fig. 7.15. Geometry correction in the z-axis: The calibration is optimized for the cali-
bration plane. When the subject moves away, for example, nearer (left) or further (right),
the uncorrected estimates need to be translated to the target calibration plane, resulting
in the corrected estimates.

positioned at the same level of the eyeball center. This means that there is
a different origin for each of the eyes. This origin is the x and z coordinates
of the eye ball centers in the global coordinate system (see Figure 7.16).
Detailed information about the global coordinate system can be seen in
Figure 2.14 Although the internal origins used are based on the eyeball
centers, the output gaze estimation coordinates are given in the original
screen coordinate systems.

The geometrical correction which was shown in Figure 7.15 can be di-
vided into two types of HM: the perpendicular movement to the screen and
the parallel movement to the screen. For the correction of the HM in the
z-axis, the similarity between triangles is used. The similarity between the
triangles which are formed with the eyeball center, the screen coordinates
origins from the calibration and target planes and the PoRs can be seen in
Figure 7.16. The corrected gaze estimate PoRi for a certain position i is
easy to calculate from the calibration distance wdref , the working distance
wdi and the uncorrected gaze estimate PoRref with the following formula:

PoRi =
wdi
wdref

·PoRref , (7.9)

where PoRi

(
PoRix , PoRiy

)
is the PoR in mm for a certain position i,

PoRref

(
PoRrefx , PoRrefy

)
is the PoR in mm at the calibration plane,
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Fig. 7.16. z-axis correction: the eyeball center, the screen coordinates origins and the
PoRs form similar triangles. The corrected gaze estimate PoRi is easy to calculate from
the calibration distance wdref , the working distance wdi and the uncorrected gaze esti-
mate PoRref .

wdref is the calibration distance and the wdi is the distance from the user
to the camera for position i. The wdref and wdi are both given in mm.

Besides moving perpendicularly to the screen, a user can also move
parallel to the screen. For the correction of the HM in the x and y-axis,
the current eyeball center can be used. As the gaze estimates are given as
a reference to the eyeball center level, all that is needed is to return to the
original screen coordinate system by using the current eyeball center. If the
user has not moved parallel to the screen, the current eyeball center and
the eyeball center at the calibration position will coincide. However, if the
user has moved in the x- and y-axis, a correction is necessary, according to
this formula:

PoRi = PoRref +∆O, (7.10)

where PoRi is the corrected gaze estimation, PoRref is the uncorrected
gaze estimation and where the variation of the screen coordinate systems
is:

∆O(∆X,∆Y ) = Oi −Oref . (7.11)

Figure 7.17 shows the geometry correction when the subject moves to the
left (left) and above (right) of the calibration position.

In the case that the two types of HM take place, the z-axis head move-
ment is corrected first and then, the head movements in the x- and y-axes.
Based on this ideal method, an approximated method is proposed.
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Fig. 7.17. Geometry correction in the x- and y-axis: The calibration is optimized for
the calibration plane. When the subject moves, for example, to the left (left) or above
(right), the uncorrected estimates need to be translated to the target calibration plane,
resulting in the corrected estimates.

Practical approximated method

The reason to propose this method is that the 3D pupil center is not always
easy to calculate. This method is an approximation of the previous ideal
method; it approximates the difference vector between the 3D pupil center
and the 3D head position by using two constant 3D distances: the 3D pupil
distance PD and the 3D inter-eye corner distance ICDeye of eye eye with
eye ∈ {left, right}. These distances need to be estimated or measured
previously.

Below, the proposed vector is presented and demonstrated from a geo-
metrical point of view. The proposed vector is:

νeye
approxi

=
pceye

pd
· PD −

eceyei

icdeye
· ICDeye, (7.12)
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where νeye
approxi is the approximated vector of eye eye with eye ∈ {left, right}

based on the eye corner i with i ∈ {in, out}, pceye represents the 2D co-
ordinates of the pupil center of eye eye, pd is the pupil distance in the
image plane, PD is the pupil distance in the 3D space, eceyei represents the
2D image coordinates of the eye corner i of eye eye, icdeye is the inter-eye
corner distance of eye eye and ICD the inter-corner distance of eye eye in
the 3D space. The approximated vector can be based on the inner or outer
eye corner. From now on, the option considered is based on the inner eye
corners νeye

approxin . Similar formulas would be valid for the case based on the
outer eye corner νeye

approxout .
When the eye is looking at a certain point from a certain head position,

the pupil center and the eye corner in the camera coordinate system are
PCeye(PCeye

x , PCeye
y , PCeye

z ) and ECeye
in (ECeye

inx
, ECeye

iny
, ECeye

inz
) with eye ∈

{left, right}. Given that:

pd =
∥∥∥pcright − pcleft

∥∥∥ ≈ f · PD

PCz
(7.13)

and

icdeye = ‖eceyein − eceyeout‖ ≈ f · ICDeye

ECinz

, (7.14)

the approximated vector can be demonstrated as follows:

νeyeapproxinx
= pceyex

pd · PD − eceyeinx
icdeye · ICDeye

≈
f ·PCx

PCz

f · PD
PCz

· PD −
f ·

EC
eye
inx

EC
eye
inz

f · ICDeye

EC
eye
inz

· ICDeye

= PCx − ECeye
inx

,

(7.15)

where νeyeapproxinx
is the horizontal component of the approximated vector

of eye eye with eye ∈ {left, right} based on the inner eye corner, pd is
the pupil distance, pcright and pcleft are the pupil center of the right and
left eye, icdeye is the inter-eye corner of eye eye, eceyein and eceyeout are the
two eye corners of eye eye, PD the pupil distance in the 3D space, ICDeye

the inter-corner distance of eye eye in the 3D space and f is the focal
length of the camera. The demonstration of the vertical component of the
approximated vector νeyeapproxiny

is not presented because it is very similar:

νeyeapproxiny
≈ PCy − ECeye

iny
. (7.16)

This results in the following approximation:
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Fig. 7.18. Mean horizontal and vertical gaze estimation error in mm of the polynomial
regression based on the mapping feature νright

ideal for a range of head movement of 20 cm
in each of the three axis.

νeye
approxin

≈ PC−ECeye
in . (7.17)

It can be observed how this proposed vector νeye
approxin is an approximation

of the mapping feature νeye
ideal described in Equation 7.8. Instead of using

the head pose Heye, the ECeye
in based on the inner eye corner is used.

Furthermore, the νeye
ideal can be also approximated with the νeye

approxout which
is based on the outer eye corner.

The practical approximated method is based on the νeye
approxin or νeye

approxout .
This vector manages to avoid the issue that the relative position to the
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camera changes when the user moves. For the correction of the relative po-
sition to the screen, the same solutions presented for the ideal method are
valid: to estimate the gaze directions or a geometrical correction to correct
the perpendicular and parallel HM to the screen.

7.2.2 Results and evaluation

The gaze estimation methods which have been presented in the previous sec-
tions have been implemented with the simulation framework from Böhme
et al. [74]. The setup from SHAKTI (details in Section 2.1.1) has been re-
produced, but changing the camera to one with a focal length of 6 mm
and a resolution of 1600x1200 pixels to allow a greater range of HM. The
evaluation is carried out for a large range of HM in the three axes as in
the other chapters. The range of HM is 20 cm in every axis. Considering
the origin (0,14,55) in world coordinates and the HM coordinate system, a
range of HM in the x-axis of [-10,10] cm, in the y-axis of [-10,10] cm and
in the z-axis of [45,65] cm, is considered. To approximate better the errors
in a real situation, a Gaussian noise with zero mean and SD 0.1 pixels is
added to the feature coordinates.

The mean gaze estimation error ge for the two proposed methods: the
ideal mixed model and the practical approximated method is evaluated.

Figure 7.18 shows the mean gex and the mean gey for x-z, y-z and x-y
head movement combinations when using the right eye estimate for the
ideal mixed model. This ideal mixed method is very robust to the perpen-
dicular HM. The x-z graphs show how the x-axis head movement affects the
horizontal component of the ge more than the vertical one; the y-z graphs
show that the y-axis head movement affects the vertical component more
than the horizontal one. Moreover, when the user gets nearer to the screen,
the accuracy suffers more from the HM in the x and y-axis than when the
user is further away. The errors also get higher when the user moves down
in parallel to the screen. Figure 7.19 shows the mean GAEED and the
max GAEED in degrees for x-z, y-z and x-y head movement combinations
when using the ideal mixed model based on the right eye estimate. These
graphs are represented to enable comparison with the results published by
other researchers.

The mean gex and the mean gey for x-z, y-z and x-y head movement
combinations when using the right eye estimate for the practical appro-
ximated model are shown in Figure 7.20. As it happened with the ideal
method, the approximated method is also very robust to the perpendic-
ular HM. On the other hand, the x-axis head movement also affects the
horizontal component of the ge more than the vertical one and the y-axis
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Fig. 7.19. Mean and maximum Euclidean angular gaze estimation error in degrees of the
polynomial regression based on the mapping feature νright

ideal for a range of head movement
of 20 cm in each of the three axis.

head movement affects the vertical component more than the horizontal
one. This can be seen in the graphs showing the x-z and y-z head move-
ments. Moreover, when the user gets to the right, the errors achieved are
higher than when it moves to the left. To enable comparison with other re-
search works, Figure 7.21 shows the mean GAEED and the max GAEED

in degrees for x-z, y-z and x-y head movement combinations when using
the approximated mixed model based on the right eye estimate.
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Fig. 7.20. Mean horizontal and vertical gaze estimation error in mm of the polynomial
regression based on the mapping feature νright

approxin
for a range of head movement of 20

cm in each of the three axis.

If these results are compared to the ones for the polynomial regression
based on the mapping feature ϑa shown in Figures 4.16 and 4.17, the errors
are lower.

The results for the binocular case are not shown because they are very
similar to the graphs from the monocular case.
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Fig. 7.21. Mean and maximum Euclidean angular gaze estimation error in degrees of
the polynomial regression based on the mapping feature νright

approxin
for a range of head

movement of 20 cm in each of the three axis.



8

Gaussian regressions: an alternative to polynomial
regressions for feature-based gaze estimation

Regression-based methods are widely used for gaze estimation due to their
simplicity. They model the relation between the eye image data and the
gaze via a regression and they do not require a calibrated hardware setup.
In particular, feature-based methods, which rely on local features such as
the pupil centers, the eye corners and the glints, are very popular. The most
spread regression function used in this kind of methods is the polynomial
regression and the most common mapping feature that relies on IR light is
the pc-cr vector [36]. When no IR light is present, the pc-ec can be used [97].

Finding an optimal mapping function for gaze estimation is a research
objective. Cerrolaza et al. [35, 36] analyzes a large set of polynomial map-
ping functions with different number of terms and degrees. They conclude
that neither the use of higher orders nor the complete mathematical expres-
sions improve significantly the gaze estimation accuracy. Their conclusions
are only valid for a small range of gaze angles as their experiments are
carried out relative far from the screen, requiring limited range gaze angles
from the test subjects. The work of Blignaut [72, 71] uses a bigger range of
gaze angles where the non-linearity of the pupil movement is more obvious.
Blignaut [71] studies the relationship between the gaze targets and the pc-
cr vectors to propose derived polynomials that optimize the gaze mapping.
More recently, Blignaut [72] compares different polynomial functions that
appear in the literature, in terms of gaze estimation accuracy. According
to his study, the polynomial mapping function that achieves the highest
accuracy is one proposed by Blignaut [71].

Polynomial functions are not the only functions that can be used to map
gaze. Lately, other researchers in the field have studied other types of regres-
sion for feature-based gaze estimation such as generalized regression neural
networks [30], support vector machines [32] and Gaussian regressions [29].
The Gaussian regressions in the work of Zhang et al. [29] is merely for hori-
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zontal user’s head movements. Gaussian regressions have also been used for
post-correction. Ferhat [54] uses two multivariate interpolators [99] to map
the gaze estimations that contain the calibration error to the calibration
targets. Once this mapping is computed, the trained interpolator is applied
to every gaze estimate. In this chapter, alternative regression functions to
estimate gaze are presented: the Gaussian regressions. These regressions
are compared to the polynomial regressions in a simulated environment
when using the same mapping features for three setups with three different
screens: a 10-inch tablet, a standard 22-inch monitor and a 40-inch screen.
It is shown how the Gaussian processes can adapt well to the non-linear be-
havior of the eye movement, providing high gaze estimation accuracies. The
behavior of the eye movement is more linear for smaller screens resulting
in higher accuracies for all the regressions. It is also shown how the de-
gree of the polynomial mapping function does matter when the non-linear
behavior of the eye movement is present.

Firstly, the Gaussian processes are introduced and it is detailed how
they are applied for gaze estimation. Secondly, the study methodology is
explained. Finally, the results and the evaluation are presented. The results
of this chapter have already been partially published [100].

8.1 Gaussian processes for gaze estimation

A Gaussian process is a statistical distribution, where any finite linear com-
bination of samples has a joint Gaussian distribution. A key fact of the
Gaussian process is that it can be fully defined by a mean function and
a covariance function [101]. Therefore, when a zero mean can be assumed,
the process is completely specified by estimating the covariance function. A
commonly used covariance function is the sum of a squared exponential and
independent noise. The squared exponential covariance function, which can
also be called radial basis function (RBF) or Gaussian covariance function,
has the following form:

ky (xp,xq) = σ2
fe

− 1
2l2

(xp−xq)
2

+ σ2
nδpq, (8.1)

where ky is the covariance function for the noisy targets y, xp and xq are
the input vector samples, l is the characteristic length-scale, σf is the signal
variance and σn is the noise variance. The last three parameters are called
hyperparameters and they can be optimized by maximizing the marginal
likelihood using the following derivatives:

∂

∂θ
log p(y|X,θ) =

1

2
Tr

(
(ααT −K−1)

∂K

∂θj

)
, (8.2)



8.1 Gaussian processes for gaze estimation 217

pc
ec1

ec2
cr1 cr2

Fig. 8.1. Tracking features: these are the features, extracted from the eye that are used
to compute the mapping features [100].

where θ (l, σf , σn) represents the set of hyperparameters to optimize, α =
K−1y andK is the covariance matrix. Note that since a zero-mean Gaussian
process has been assumed, the output may need to be centered. When
there are multiple inputs, it is important that these have similar scales.
The normalization ensures that all input features are in the same range.

In the case of gaze estimation, the Gaussian process maps the rela-
tion between the input mapping features and the output PoR. A Gaussian
process for each axis, i.e., vertical and horizontal, is required. The mapping
features are computed using the tracking features that appear in Figure 8.1:
the pupil center, the eye corners and the glints. Two different mapping fea-
tures are evaluated in this work. One is the widely used average normalized
pc-cr vector ϑa(ϑax , ϑay) proposed by Cerrolaza et al. [35, 36] that has al-
ready been analyzed in Chapters 4 and 5 and was specified in Equation 4.8:

ϑa =
1

2
·
(

pc− cr1
‖cr1 − cr2‖

+
pc− cr2

‖cr1 − cr2‖

)
, (8.3)

where pc (pcx, pcy) represents the image coordinates of the pupil center,
cr1

(
cr1x , cr1y

)
and cr2

(
cr2x , cr2y

)
represent the image coordinates of the

glints and ‖cr1 − cr2‖ is the inter-glint distance. And the other one is the
average normalized pc-ec νg(νgx , νgy) proposed by Sesma et al. [97] which
does not not required IR light:

νg =
1

2
·
(

pc− ec1
‖ec1 − ec2‖

+
pc− ec2

‖ec1 − ec2‖

)
, (8.4)

where pc (pcx, pcy) represents the image coordinates of the pupil center,
ec1

(
ec1x , ec1y

)
and ec2

(
ec2x , ec2y

)
represent the image coordinates of the

eye corners and ‖ec1 − ec2‖ is the inter-eye corner distance. This mapping
feature has already been analyzed in Chapter 7.

The Gaussian process needs to be characterized to estimate gaze. For
this reason, the hyperparameters of the covariance function are estimated
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via a calibration procedure similar to the one required to calibrate the co-
efficients of the polynomial regressions. The user has to look at different
points from a calibration grid. The eye data obtained and the known gaze
points are used to optimize the hyperparameters. Once the hyperparame-
ters are learned, the covariance function can be used to predict and estimate
gaze. The more training samples, the more accurate estimates. The GPML
toolbox [102] is used for the implementation.

8.1.1 Comparison to polynomial regressions

The motivation to propose the Gaussian regressions for gaze estimation is
that it can adapt well to the non-linear behavior of the eye movement. Al-
though polynomial regressions are the most spread regression functions in
feature-based gaze estimation, Gaussian regressions are a possible alterna-
tive. In this chapter, three polynomial mapping functions are implemented
and compared to the Gaussian regressions. The first one is the complete
second degree polynomial, which is used in many commercial systems and
research prototypes [12] and it has already been used in Chapters 4, 5, 6
and 7. The second one is the complete third degree polynomial which has
already been used in Chapters 5 and 6. And the third one is the one pro-
posed by Blignaut [71], which is reported to give the highest accuracy for
polynomial regressions in a recent study [72]. This polynomial has already
been used in Chapter 6. In the results published in the work of Sesma et
al. [97], the complete third degree polynomial was not included. However,
given that the degree of the polynomial can play an important roll, it is
included now. The mapping functions are listed below:

• Complete second degree polynomial (complete 2nd degree):

(
PoRx

PoRy

)
= K



1
vx
vy
v2x
v2y
vxvy

 , (8.5)

• Complete third degree polynomial (complete 3th degree):
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(
PoRx

PoRy

)eye

= Keye



1
vx
vy
v2x
v2y

vxϑy

v3x
v3y
v2xvy
vxv

2
y



eye

, (8.6)

where PoRx and PoRy are the PoR in screen coordinates, vx and vy are
the mapping features and K is the coefficient matrix which is unknown
and to be determined with a user calibration.

• Optimized fourth degree polynomial (optimized 4th degree).

PoReye
x = kx0 + kx1vx + kx2vy + kx3vxvy + kx4v

2
x

+kx5v
2
xvy + kx6v

2
x + kx7v

3
xvy,

PoReye
y = ky0 + ky1vx + ky2vy + ky3vxvy + ky4v

2
x

+ky5v
2
y + ky6v

2
xvy,

(8.7)

where PoRx and PoRy are the PoR in screen coordinates, vx and vy are
the mapping features and kx0 · · · kx7 and ky0 · · · ky6 are the coefficients
which are unknown and to be determined with a user calibration. Note
that there is one polynomial equation for the vertical axis and another
one for the horizontal axis, as with the Gaussian regressions.

For comparison purposes, the mapping features used are the same as the
ones used in the Gaussian regressions, which were described in Equa-
tions 8.3 and 8.4. The general designation (v) for the mapping features
is used in the polynomial mapping functions because both the mapping
features that rely on the glints (ϑ) and the ones that rely on the eye cor-
ners (ν) are applied.

8.2 Study methodology

The aim of this work is to evaluate the Gaussian regressions as an alterna-
tive to polynomial regressions for feature-based gaze estimation. For this
purpose, a study was carried out in a simulated environment. The Gaus-
sian regressions are compared to the polynomial regressions when using
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Screen size Screen resolution Working distance

Large screen 40′′ 1920x1080 mm 80 cm

Monitor 22′′ 1680x1050 mm 55 cm

Tablet 10′′ 1280x800 mm 30 cm

Table 8.1. Different setups.

the same mapping features for three setups with three different screens. A
detailed description of the methodology used is given below.

For the analysis, the eye simulator framework from Böhme et al. [74]
was used. It consists of a MATLAB library that permits to simulate a
complete eye tracking environment. It provides the pupil and glint positions
in the image plane with sub pixel precision and gives the possibility to add
Gaussian noise with zero mean and certain SD. The work from Böhme et
al. [74] was enhanced to include the eye corners to be able to obtain the
normalized pc-ec vector. It was done assuming that the eye corners are
fixed for a certain head position. This enhancement was used in Chapter 4
and the results have already been partially published [97].

Three standard working setups are simulated for three different screens:
a 10-inch tablet, a standard 22-inch monitor and a 40-inch screen. The
camera employed is the same for all the three setups, with an image reso-
lution of 1600x1200 pixels and a 1/3” image sensor. Two different camera
focal lengths have been tested per setup: 6 and 35 mm. Two evaluations
have been carried out, one considering perfect feature detectors and the
other one adding Gaussian noise with zero mean and SD 0.1 pixels to the
feature positions. In general, the user is sitting in front of the eye tracker.
The camera is placed below the monitor and if present, the IR light sources
are attached to both sides of the screen. The characteristics of the screen
and working distances used for each of the three different setups can be
seen in Table 8.1. To simulate a realistic scenario, the user is centered on
the screen at different working distances depending on the screen size. To
handle a tablet, a distance of 30 cm seems reasonable, while for working
with a computer, a typical distance can be 55 cm and for controlling a TV
large screen, a user would feel comfortable at around 80 cm away.

The calibration procedure consists of gazing at a 4x4 calibration grid on
the screen and the same procedure is repeated for testing using an 8x8 grid.
The calibration and testing grid are created leaving a 0.05∗screen size and
0.06 ∗ screen size offset at the edges of the screen. The camera captures
30 frames per grid point and the working distances are the same for both
procedures. The data obtained from the calibration and testing in the 3 di-
fferent setups are used to calibrate and test two Gaussian regressions (one
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2nd degree 3nd degree optimized 4th Gaussian

Screen Method gex gey gex gey gex gey gex gey

large screen
pc-cr 8.49 4.97 0.38 0.58 2.85 1.67 0.44 0.76

pc-ec 9.09 5.41 0.50 0.74 3.10 1.85 0.64 0.93

monitor
pc-cr 2.87 1.81 0.08 0.13 1.07 0.67 0.11 0.12

pc-ec 3.08 1.97 0.11 0.17 1.16 0.73 0.13 0.24

tablet
pc-cr 0.94 0.59 0.03 0.04 0.34 0.21 0.03 0.03

pc-ec 1.02 0.65 0.03 0.05 0.37 0.24 0.03 0.03

Table 8.2. Mean gaze estimation errors in mm of the four different mapping functions
based on the two different mapping features for three different setups for a simulated
user when using perfect feature detectors.

with the pc-cr vector and the other one with the pc-ec vector) and 6 poly-
nomial regressions (combinations of 2 mapping features and 3 polynomial
mapping functions) per setup. The evaluation of the different regressions is
done in terms of the accuracy in a static scenario.

For the evaluation, the geED is calculated for every test point. The
mean geED and the max geED are also used to have information about the
global behavior of the regression methods.

8.3 Results and evaluation

The main objective of this work is to proof that the Gaussian regressions
are an alternative for feature-based gaze estimation. The gaze estimation
errors obtained with the Gaussian regressions and the 6 different polynomial
regressions are compared for three setups with three different screen sizes
for the camera focal lengths 6 and 35 mm when considering perfect and
noisy feature positions. The reason to choose three setups with different
screen sizes is to evaluate the effect of the non-linearity behavior of the
eye movement that appears when looking at extreme angles due to the
spherical surface of the eye. This non-linear effect was not evaluated in
Chapters 5 and 6 because the range of evaluated gaze angles was limited
due to the large working distances. The screen size used in the two chapters
was 17-inch and the working distances were 65, 68 and 71 cm away from
the screen.

The good performance of the Gaussian regressions can be seen in Ta-
ble 8.2. The table shows the mean gex and the mean gey in mm of the
four different mapping functions based on the pc-cr and pc-ec vectors for
three different setups for a simulated user when using perfect feature detec-
tors. In this case, the focal length used does not affect the gaze estimation
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Fig. 8.2. Pupil center coordinates when the user looks at the calibration grid points
(red) and test grid points (blue) of the large screen, the monitor and the tablet.

errors. The table shows that the errors of the Gaussian regressions and
the complete third degree polynomials have the same level of accuracy and
that these outperform the complete second degree polynomials and the
optimized fourth degree polynomials.

Moreover, it can be seen in Table 8.2 that in general the gaze estimation
accuracy increases as the screen size decreases. This is due to the more
linear performance of the eye movements when gazing at smaller screens
from a standard working distance. This is an advantage when estimating
gaze with mobile devices such as a tablet or a mobile phone. This can be
observed in Figure 8.2 which represents the pupil center image coordinates
when the user looks at the calibration and test points of the three different
setups. The non-linearity is more evident at the top rows, where the pupil
centers follow a curve. Note how the non-linearity increases at the sides for
the large screen. For the monitor setup, however, the non-linearity is not
so visible and it is practically nonexistent for the smallest screen.

This is not the first time that the outperformance of a higher degree
polynomial is appreciated within simulated data that use perfect feature
detectors. This was also the case in Chapters 5 and 6, but the differences
that appear in real data were not statistically significant. It is expected,
therefore, that for noisy feature positions, the differences between the re-
gressions decrease; and that these differences decrease as the error increases.
This is demonstrated with the gaze estimation errors achieved with the two
evaluated focal lengths when considering noisy features. Table 8.3 shows
the mean geED and the max geED of the four different mapping functions
based on the pc-cr and pc-ec vectors for three different setups for a sim-
ulated user when using camera focal lengths 6 and 35 mm and applying
a Gaussian noise with zero mean and SD 0.1 pixels to the feature coor-
dinates. This Gaussian error implies higher errors for the smallest focal
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2nd degree 3nd degree optimized 4th Gaussian

Screen Method Mean Max Mean Max Mean Max Mean Max

large screen
pc-cr 13.15 18.70 8.65 12.69 9.17 13.96 8.67 12.74

pc-ec 12.05 17.83 4.19 5.28 5.63 9.37 4.26 5.83

monitor
pc-cr 5.05 7.21 3.79 5.39 3.97 5.83 3.79 5.42

pc-ec 4.30 6.32 1.79 2.22 2.31 3.77 1.81 2.23

tablet
pc-cr 1.56 2.12 1.08 1.50 1.15 1.73 1.08 1.53

pc-ec 1.40 2.08 0.52 0.63 0.70 1.17 0.52 0.67

(a) f=6 mm

2nd degree 3nd degree optimized 4th Gaussian

Screen Method Mean Max Mean Max Mean Max Mean Max

large screen
pc-cr 10.72 15.87 1.63 2.51 3.86 7.48 1.72 3.10

pc-ec 11.48 17.30 1.20 2.84 4.07 7.96 1.38 3.88

monitor
pc-cr 3.72 5.57 0.67 0.97 1.51 2.92 0.69 1.02

pc-ec 3.98 5.99 0.38 0.70 1.56 3.09 0.46 1.02

tablet
pc-cr 1.22 1.81 0.19 0.28 0.47 0.93 0.20 0.36

pc-ec 1.32 1.96 0.11 0.17 0.50 1.01 0.14 0.33

(b) f=35 mm

Table 8.3. Mean and maximum Euclidean gaze estimation errors in mm of four different
mapping functions based on the two different mapping features for three different setups
using camera focal lengths 6 and 35 mm for a simulated user and applying a Gaussian
noise with zero mean and SD 0.1 pixels to the feature coordinates.

length; since the image resolution of the eye area is much smaller, the error
differences between regressions decreases. For both focal lengths, the Gaus-
sian regressions have the same level of accuracy as the complete third degree
polynomials, which are followed by the optimized fourth degree polynomi-
als. The regressions that provides the highest errors are the complete second
degree polynomials. The conclusion with noisy feature detectors is that the
Gaussian regressions outperform the complete second degree polynomials
and the optimized fourth degree polynomials, as it happened with perfect
feature detectors. Note that for the 6 mm focal length, the differences of
the optimized fourth degree polynomials with the Gaussian regressions and
the complete third degree polynomials are minimal. Table 8.4 shows the
mean GAEED errors in degrees to enable comparison with other publica-
tions.

There are two aspects to remark about the results obtained with this
simulated analysis. The first one is that the pc-ec vector outperforms the
pc-cr vector for the focal length of 6 mm where the feature detectors are
less accurate.
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2nd degree 3nd degree optimized 4th Gaussian

Screen Method f=6 f=35 f=6 f=35 f=6 f=35 f=6 f=35

large screen
pc-cr 0.94 0.77 0.62 0.12 0.66 0.28 0.62 0.12

pc-ec 0.86 0.82 0.30 0.09 0.40 0.29 0.31 0.10

monitor
pc-cr 0.53 0.39 0.39 0.07 0.41 0.16 0.39 0.07

pc-ec 0.45 0.41 0.19 0.04 0.24 0.16 0.19 0.05

tablet
pc-cr 0.30 0.23 0.21 0.04 0.22 0.09 0.21 0.04

pc-ec 0.27 0.25 0.10 0.02 0.13 0.09 0.10 0.03

Table 8.4. Mean Euclidean angular gaze estimation errors in degrees of the four different
mapping functions based on the two different mapping features for three different setups
for a simulated user when using camera focal lengths 6 and 35 mm and applying a
Gaussian noise with zero mean and SD 0.1 pixels to the feature coordinates.
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Fig. 8.3. Euclidean gaze estimation error in mm of the four different regressions based
on the pc-cr vector for the large screen setup using a camera focal length of 35 mm and
applying a Gaussian noise with zero mean and SD 0.1 pixels to the feature coordinates.
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Fig. 8.4. Euclidean gaze estimation error in mm of the four different regressions based
on the pc-cr vector for the monitor setup using a camera focal length of 35 mm and
applying a Gaussian noise with zero mean and SD 0.1 pixels to the feature coordinates.

The second aspect is that the accurate detection of the eye corners and
the pupils centers in systems which do not employ IR light is not an easy
task, as it was shown in Chapter 7. Therefore, the Gaussian noise with a
SD of 0.1 pixels added to the feature coordinates is not realistic. Although
the potential of the regressions based on the pc-ec vector exists, the feature
coordinates still require to be detected more accurately.

The error behavior within the display is analyzed for the four different
regressions based on the pc-cr vector when using a camera focal length of
35 mm and applying a Gaussian noise with zero mean and SD 0.1 pixels
to the feature coordinates. Figures 8.3 and 8.4 show the geED in mm of the
four different regressions based on the pc-cr vector for the large screen setup
and the monitor setup using a camera focal length of 35 mm and applying
a Gaussian noise with zero mean and SD 0.1 pixels to the feature coordi-
nates. The error distribution is not uniform. These figures also show how
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Fig. 8.5. Euclidean gaze estimation error in mm of the four different regressions based
on the pc-cr vector for a tablet setup using a camera focal length of 35 mm and applying
a Gaussian noise with zero mean and SD 0.1 pixels to the feature coordinates.

the Gaussian regressions and the complete third degree polynomials greatly
improve the accuracy of the complete second degree polynomials. Although
the accuracies are lower, the performance of the optimized fourth degree
polynomials are also very good. The outperformance of the optimized fourth
degree polynomials over the complete second degree polynomials were al-
ready demonstrated with real data in the work of Blignaut [72] and in this
work, the result has been validated with simulated data.

Figure 8.5 represents the same data as Figures 8.3 and 8.4 but for the
tablet. The results are similar to the other figures, but the error differences
between gaze estimation methods are lower than in the other setups because
the behavior of the eye movement is linear in this setup. It can be seen again
that the gaze estimation accuracies generally increase for smaller screens.

The Gaussian regressions have been demonstrated to be an alternative
to polynomial regressions. However, note that Gaussian processes can be
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more computational expensive and that their computation cost increases
with the dimension of the input feature vector.

Furthermore, it can be concluded that the gaze angle range plays an
important roll to be taken into account when evaluating and characterizing
gaze estimation algorithms. There are mapping functions that can adapt
better to the non-linear behavior of the eye movements such as the polyno-
mials with higher degree and the Gaussian functions. Moreover, the gaze
estimation accuracies increase for smaller screens, where the behavior of
the eye movement is more linear. This is an advantage when using gaze
estimation with mobile devices such as a tablet or a mobile phone.

Future steps in this research could include the evaluation of the Gaussian
regressions with real data to validate the promising results that have been
obtained within a simulated environment. The fact that the polynomials
with higher degree are more adequate when the non-linearity of the eye
movement is present would also need to be validated with real data.
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Conclusions and future work

This chapter presents the conclusions of this work and suggests possible
open lines for future research.

9.1 Conclusions

In the introduction of this thesis, various research questions were posed
divided into five sections. The conclusions follow these same sections.

Gaze estimation with a webcam

One of the goals of this thesis was to analyze and study existent gaze
estimation methods when a webcam is used. The impact of the camera
characteristics in the range of head movement and the accuracy of feature
detectors have been analyzed. The results obtained show that the mean
absolute feature detection errors in the 3D space increase as the resolution
of the eye area decreases. The increase of the error is steeper as the image
resolution gets smaller. The pupil and glint detection errors can be approxi-
mated with a Gaussian distribution with zero mean and a SD of 0.1 pixels
when the main source of error considered is the pixelization. Moreover, the
effectiveness of re-sizing the images to increase the feature detection accu-
racy has been demonstrated with synthetic features and general guidelines
have been given to facilitate the process of designing an eye tracker.

Existent polynomial regressions based on monocular information have
been evaluated and compared to a simple model-based method when using
a webcam. The aspects that have been assessed are the impact of the feature
detection errors, the robustness to a large range of head movement and the
distribution of the gaze estimation errors within the display. The evaluated
model-based method is the most robust one. From a theoretical point of
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view, model-based methods outperform polynomial regressions. However,
they are not easy to apply in a real setup and are reported to be very
sensible to noise. The average normalized pc-cr vector can be considered a
very good option for setups where the users move freely.

A good way to describe performance of eye trackers

There are many factors that can affect the accuracy of eye trackers such as
the hardware setup, the camera characteristics and the user’s position. All
these data should also be given when describing the performance of an eye
tracker to enable comparison to other setups and methods. The maximum
error values are also considered very important to design specialized user
interfaces and applications for the eye trackers.

Binocular information and reducing IR lights

A thorough study of polynomial functions based on binocular data in sys-
tems with one and two infrared lights has been carried out for a short
and large range of head movement. New gaze estimation methods have
been proposed and evaluated to assess how the combination of both eyes
affects the accuracy and head movement tolerance. No significant differ-
ences between the polynomial regressions considered have been found for
a static scenario. One of the main contributions of this thesis is that three
normalization factors have been proposed that provide robustness to head
movement to systems with one infrared light. The gaze estimation errors
achieved are comparable to systems with two infrared light sources. One of
the normalization factors is hardware dependent, but this is not the case of
the other two, which can be considered equivalent. In conclusion, the inter-
glint distance stands out as the best normalization for systems with two IR
lights, and the squared pupil and glint distances are the best for systems
with one IR light. Both provide accuracy and robustness to head move-
ment. Furthermore, it has been proven that using the average eye equals or
improves the accuracy of using the estimate of just one eye. An interesting
result is the fact that the accuracy distribution within the display depends
on the hardware setup.

Another important contribution of the thesis is the proposal of an accu-
rate and robust model-based method that thanks to the information of the
extra eye only requires a camera and a single infrared light. The implemen-
tation of the method needs to be optimized, but the preliminary results are
very promising.
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Eliminating the IR light

In eye tracking systems that do not employ infrared lights, the glints cannot
be used as tracking features for gaze estimation. Additional features such
as the eye corners need to be used as head position reference to implement
gaze estimation methods that are robust to head movement. In this thesis,
a study is carried out to evaluate the pc-ec vector as mapping feature
for polynomial regressions in webcam-based eye trackers without IR light.
Based on the results, the pc-ec vector can be used for gaze estimation with
acceptable accuracy, but only in scenarios where the head remains static.
It can be concluded that the eye corners are not as good substitutes of the
glints as expected and consequently they can not be used as valid reference
of the head position to provide robustness to head movement. If a head-free
gaze estimation is desired, the head pose can be used as reference when no
IR light is available. An ideal mixed method is proposed that uses the 3D
pupil centers and the head pose. The 3D pupil center is not easy to obtain,
therefore, an approximation mapping vector is also proposed. These two
mixed methods are evaluated in a simulated environment. The disadvantage
of this type of methods is that a hardware calibration is required. Their
accuracy is also lower than the methods based on IR light because the
image quality is not as good.

Alternative to polynomial regressions

It has been demonstrated in this thesis that Gaussian regressions are an
alternative to polynomial regressions. It is also shown how the degree of the
polynomial mapping function does matter when the non-linear behavior
of the eye movement is present. There are mapping functions that can
adapt better to the non-linear behavior of the eye movements such as the
polynomials with higher degree and the Gaussian functions. The conclusion
is that the gaze angle range plays an important roll to be taken into account
when evaluating and characterizing gaze estimation methods. Moreover, the
gaze estimation accuracies increase for smaller screens, where the behavior
of the eye movement is more linear. This is an advantage when using gaze
estimation with mobile devices such as a tablet or a mobile phone.

9.2 Future work

The work carried out in this thesis suggests new research lines and aspects
that could be further explored.

The feature detection error has been characterized considering mainly
the pixelization and the overlapping of the glints. Further research in these
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detection errors could include other sources of error such as partial occlu-
sions caused by the eyelids or undesired light reflections.

The distribution of the gaze estimation accuracy within the display de-
pends on the hardware setup. The analysis of hardware setups with the
infrared light source located in different positions could be investigated.

The model-based method based on a single IR light that has been pro-
posed gives very promising results. Further research in this direction could
include the optimization of the model and the evaluation in a real setup.
Moreover, the mixed methods could also be assessed with real test subjects
including a current state of the art head pose estimation.

Future steps in this research could also include the evaluation of the
Gaussian regressions with real data to validate the promising results that
have been obtained within a simulated environment. The fact that the
polynomials with higher degree are more adequate when the non-linearity
of the eye movement is present would also need to be validated with real
data.

The head movements that have been considered in this work have
been restricted to translations (parallel and perpendicular movements).
Although a frontal face would be a natural position of a user to control
a device, rotations of the head should also be investigated.

The gaze estimation accuracies increase for smaller screens such as the
ones used in a mobile phone or a tablet. Moreover, when using this kind of
devices, the eyes are usually very near the camera achieving images with
high resolution in the eye area. The implementation of the gaze estimation
methods using the webcam of such devices could be further investigated.



Conclusiones y trabajo futuro

Este caṕıtulo presenta las conclusiones de este trabajo y sugiere posibles
ĺıneas abiertas para futuras investigaciones.

Conclusiones

En la introducción de esta tesis, se plantearon varias preguntas de investi-
gación divididas en cinco secciones. Las conclusiones tienen estas mismas
secciones.

Estimación de la mirada con una cámara web

Uno de los objetivos de esta tesis era analizar y estudiar los métodos exis-
tentes de estimación de la mirada cuando se utiliza una cámara web. Se
ha analizado el impacto de las caracteŕısticas de la cámara en el rango de
movimiento de la cabeza y la precisión de los detectores de caracteŕısticas.
Los resultado obtenidos muestran que los errores medios absolutos de de-
tección de caracteŕısticas en el espacio 3D aumentan a medida que dismin-
uye la resolución del área del ojo. El aumento del error es más pronunciado
a medida que la resolución de la imagen disminuye. Los errores de detección
de pupilas y destellos pueden ser aproximados con una distribución gaus-
siana de media cero y desviación estándar 0.1 pixels cuando la principal
fuente de error considerada es la pixelización. Además, se ha demostrado
la efectividad del re-dimensionado de las imágenes para aumentar la pre-
cisión de la detección de caracteŕısticas con caracteŕısticas sintéticas y se
han dado pautas generales para facilitar el proceso de diseño de un eye
tracker.

Las regresiones polinomiales existentes basadas en información mono-
cular han sido evaluadas y comparadas con un método simple basado en
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modelos cuando se usa una cámara web. Los aspectos que se han evaluado
son el impacto de los errores de detección de caracteŕısticas, la robustez a
un amplio rango de movimiento de la cabeza y la distribución de los errores
de detección de la mirada en la pantalla. El método basado en modelos que
ha sido evaluado es el más robusto. Desde un punto de vista teórico, los
métodos basados en modelos son superiores a las regresiones polinomiales.
Sin embargo, no son fáciles de aplicar en una configuración real y son muy
sensibles al ruido. El vector pc-cr promedio normalizado puede ser con-
siderado una muy buena opción en configuraciones donde los usuarios se
mueven libremente.

Una buena manera de describir las prestaciones de los eye
trackers

Hay muchos factores que pueden afectar a la precisión de los eye trackers
como la configuración del hardware, las caracteŕısticas de la cámara y la
posición del usuario. Todos estos datos deben darse también cuando se des-
criben las prestaciones de un eye tracker para permitir la comparación con
otras configuraciones y métodos. Los valores de error máximo también se
consideran muy importantes para diseñar interfaces de usuario especializa-
das y aplicaciones para los eye trackers.

Información binocular y reducción de las luces infrarojas

Se ha realizado un estudio exhaustivo de funciones polinómicas basadas en
datos binoculares en sistemas con una y dos luces infrarrojas para un corto
y amplio rango de movimiento de la cabeza. Se han propuesto y evaluado
nuevos métodos de estimación de la mirada para evaluar cómo la combi-
nación de ambos ojos afecta a la precisión y a la tolerancia al movimiento
de la cabeza. No se han encontrado diferencias significativas entre las regre-
siones polinomiales que han sido consideradas para un escenario estático.
Una de las principales contribuciones de esta tesis es que se han propuesto
tres factores de normalización que proporcionan robustez al movimiento
de la cabeza en sistemas con una luz infrarroja. Los errores de estimación
de la mirada obtenidos son comparables a los sistemas con dos fuentes de
luz infrarroja. Uno de los factores de normalización depende del hardware,
pero este no es el caso de los otros dos, que pueden considerarse equiv-
alentes. En conclusión, la distancia inter-reflejo se destaca como la mejor
normalización para sistemas con dos luces infrarrojas, y las distancias en-
tre pupilas y entre reflejos al cuadrado son las mejores para sistemas con
una luz infrarroja. Ambas proporcionan tanto precisión como robustez al
movimiento de la cabeza. Además, se ha demostrado que usar el promedio
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de los dos ojos iguala o mejora la precisión de usar la estimación de un solo
ojo. Un resultado interesante es el hecho de que la distribución de precisión
dentro de la pantalla dependa de la configuración del hardware.

Otra importante contribución de la tesis es la propuesta de un método
preciso y robusto basado en modelos que gracias a la información del ojo
extra sólo requiere una cámara y una sola luz infrarroja. La implementación
del método necesita ser optimizada, pero los resultados preliminares son
muy prometedores.

Eliminación de la luz infrarroja

En los sistemas de eye tracking que no emplean luces infrarrojas, los refle-
jos no pueden usarse como caracteŕısticas para la estimación de la mirada.
Otras caracterśticas tales como las esquinas del ojo necesitan ser utilizadas
como referencia de la posición de la cabeza para implementar métodos de la
estimación de la mirada que sean robustos al movimiento de la cabeza. En
esta tesis, se ha realizado un estudio para evaluar el vector pc-ec como map-
ping feature para regresiones polinomiales en eye trackers basadas en una
cámara web sin luz infrarroja. En base a los resultados, el vector pc-ce se
puede utilizar para la estimación de la mirada con una precisión aceptable,
pero sólo en escenarios en los que la cabeza permanece estática. Se puede
concluir que las esquinas de los ojos no son tan buenos sustitutos de los
destellos como se esperaba y, por consiguiente, no pueden utilizarse como
referencia válida de la posición de la cabeza para proporcionar robustez al
movimiento de la cabeza.

Si se desea una estimación de la mirada con movimiento libre de cabeza,
la postura de la cabeza puede usarse como referencia cuando no hay luz
infrarroja disponible. Se propone un método mixto ideal que utiliza los cen-
tros 3D de las pupilas y la postura de la cabeza. El centro 3D de la pupila
no es fácil de obtener, por lo tanto, también se propone un vector apro-
ximado. Estos dos métodos mixtos son evaluados en un entorno simulado.
La desventaja de este tipo de métodos es que requieren una calibración de
hardware. Su precisión es también menor que los métodos basados en luz
infrarroja debido a que la calidad de imagen no es tan buena.

Alternativa a las regresiones polinomiales

En esta tesis se ha demostrado que las regresiones gaussianas son una alter-
nativa a las regresiones polinomiales. También se ha mostrado cómo el grado
de la función de mapeo polinomial importa cuando el comportamiento no
lineal del movimiento del ojo está presente. Existen funciones de mapeo que
se pueden adaptar mejor al comportamiento no lineal de los movimientos



238 Conclusiones y trabajo futuro

oculares como los polinomios de mayor grado y las funciones gaussianas.
La conclusión es que el rango de ángulo de la mirada juega un papel im-
portante que se debe tener en cuenta al evaluar y caracterizar los métodos
de estimación de la mirada. Además, las precisiones de estimación de la
mirada aumentan para pantallas más pequeñas, donde el comportamiento
del movimiento del ojo es más lineal. Esto es una ventaja cuando se usa
la estimación de la mirada con dispositivos móviles como una tablet o un
teléfono móvil.

Trabajo futuro

El trabajo realizado en esta tesis sugiere nuevas ĺıneas de investigación y
aspectos que podŕıan ser explorados más a fondo.

El error del detector de caracteŕısticas se ha caracterizado considerando
principalmente la pixelización y el solape de los destellos. Una investigación
más exahustiva de estos errores de detectión podŕıa incluir otras fuentes de
error tales como oclusiones parciales causadas por los párpados o reflejos
de luz no deseados.

La distribución de la precisión de la estimación de la mirada dentro de
la pantalla depende de la configuración del hardware. El análisis de confi-
guraciones de hardware con la fuente de luz infrarroja situada en diferentes
posiciones podŕıa ser investigado.

El método basado en modelos basado en una única luz infrarroja que
se ha propuesto da resultados muy prometedores. Otras investigaciones en
este dirección podŕıan incluir la optimización del modelo y la evaluación en
un setup real. Además, los métodos mixtos también podŕıan evaluarse con
sujetos reales, incluyendo un método de estimación de la pose de la cabeza.

Pasos futuros en esta investigación también podŕıan incluir la evaluación
de las regresiones gaussianas con datos reales para validar los resultados
prometedores que se han obtenido en un entorno simulado. El hecho de que
los polinomios con mayor grado sean más adecuados cuando la no linealidad
del movimiento del ojo está presente también tendŕıa que ser validado con
datos reales.

Los movimientos de la cabeza que se han considerado en este trabajo se
han limitado a las translaciones (movimientos paralelos y perpendiculares).
Aunque una cara frontal seŕıa una posición natural de un usuario para
controlar un dispositivo, las rotaciones de la cabeza también deben ser
investigadas.

La precisión de estimación de la mirada aumenta para pantallas más
pequeñas, como las que se utilizan en un teléfono móvil o en una tablet.
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Por otra parte, cuando se utiliza este tipo de dispositivos, los ojos están
por lo general muy cerca de la cámara proporcionando imágenes con alta
resolución de la zona del ojo. La implementación de métodos de estimación
de la mirada utilizando la cámara web de tales dispositivos podŕıa ser in-
vestigada más a fondo.
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Abbreviations

fde approximated feature detection error in the eye image in mm
GAE approximated angular gaze estimation error
gde approximated glint detection error in the eye image in mm
pde approximated pupil detection error in the eye image in mm
A eye area in the 3D space in mm
a image eye area in pixels
FDE feature detection error in the 3D space in mm
fde feature detection error in the in the eye image in pixels
GAE angular gaze estimation error
GDE glint detection error in the 3D space in mm
ge gaze estimation error in the screen
geED Euclidean gaze estimation error
PDE pupil detection error in the 3D space in mm
pde pupil detection error in the in the eye image in mm
fde feature detection error
FoV field of view
gde glint detection error
HM head movement
IR infrared
pc-cr pupil center-corneal reflection
pc-ec pupil center-eye corner
pde pupil detection error
PoR point of regard
SD standard deviation
VOG video-oculography
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